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Approximation of functions of bounded derivatives by Legendre
wavelet method

Jitendra Kumar Kushwaha?®", Ajay®

?Department of Mathematics and Statistics, Deen Dayal Upadhyaya Gorakhpur University, Gorakhpur-273009, India

Abstract. Since few last decades, a number of researchers have been working on wavelet methods and
on approximation of functions with bounded derivatives in various function spaces. But they investigated
the function f € L?[0, 1) whose either first, second, third or fourth derivative is bounded. Their results did
not give any idea about a function whose fifth or higher order derivative is bounded. Therefore in present
investigation we have taken a function f € L?[0,1) whose fifth and m" order derivative is bounded and
found their error estimation by using Legendre wavelet method.

In this paper, we have established two new theorems on wavelet approximation of a function f with
0 < |f°(f)] < oo V¥Vt €[0,1]. Four new estimates E;leo, Engzl,l' Efﬁl , and E;ﬁl’M of any function f on [0, 1)
having bounded derivatives are calculated by Legendre Wavelet Method.

1. Introduction

In the start of 19" century many researchers found the degree of approximations of functions belonging
to various classes by using certain summability methods. Later on, the mathematician had started to use
wavelet methods to find the error estimation of functions belonging to different spaces. Wavelet methods
give more accurate results as compare to other existing techniques to find the degree of approximation of
function of a given class. In recent years, several investigators have determined the degree of approximation
of functions of bounded derivatives by using Legendre, Hermite and other wavelet methods. But they have
used only lower order bounded derivatives in their investigations. In present scenario it becomes very
important to use functions of higher order bounded derivatives for the advance study of approximation
theory in prospective of wavelet analysis. Working in this direction Debnath [3], Mhaskar[2], Sablonniere[4],
Lal & Kumar[[7],[8],[15],[9]], Lal et al.[10], Kumar[11], Kumar et al.[[12],[13],[14]] have studied the degree
of approximation of bounded derivative functions belonging to different classes by using various wavelet
method. The technique of Legendre wavelet method is also used by Lal & Rakesh[6] and Lal & Indra
Bhan[5] to determine wavelet approximation of the function f with 0 < |f (f)] < o0, 0 < |f ()] < o0 and
0<If"(t <o0,0<|f(t) < oo Vte[0,1) respectively. Present investigation is the estimation of wavelet
approximation of a function f whose fifth order derivative is bounded ie. 0 < [f°(t)] < ooVt € [0,1). Thus,
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we could arrive at a significant observation regarding the comparative error estimation in the approximation
of functions using Legendre wavelet methods.

2. Definitions and Preliminaries

2.1. Wawvelet and Legendre Wavelet

The concept of wavelets, as a family of functions generated from translations and dilations of one
function which is called “Mother wavelet”, was first introduced by Jean Morlet et. al. in 1982. The
mathematical representation of “Mother wavelet” is given by-

L
Vil

where a,b are scaling and translation parameter respectively and determines the location of wavelet.
Legendre wavelets are a type of wavelet function derived from Legendre polynomials. It is denoted by
P, m(f) and defined on the interval [0, 1) by

Yo p(t) = 4}(?,) a,beR,a+0 (1)

Iobp okp_q) if Bl <y < B2
Dom(t) = m+ 322L, (2% —7), if S = x < 55 )
0, otherwise,

wherek=1,2,3---, fi = 2n—1and m is the order of Legendre polynomials. Few Legendre polynomials
are given by-

L)=1 & L=t L=306f-1)
and recurrence formulae for Legendre polynomial is given by:

2m+1

m
L) = (2

)th(t) - (m)LM—l(t)/ m=1,2,3--

In the Hilbert space L2[-1,1] the set {L,,(t):m=1,2,3---}is a complete orthogonal set. On the interval
[-1,1], the orthogonality of Legendre polynomials is defined as

1 2 ’
—_— =, for m=m;
(Lot Ly ) = [ L) Tyt = 57 | ®
1 0, otherwise,
2.2. Legendre Wavelet Series and Wavelet Approximation

The function f(t) € L?[0, 1) can be expressed in the Legendre wavelet series as following:

f(t) = i i Cn,mlljn,m(t)
m=0

n=1

t
where ¢ = (f, Yum) = f fOYum(t)dt. The (2"’1, M)th partial sums of the Legendre wavelet series are given
0
by:

2 M

Spaa(HO) =YY comtbum(® = CTp(t)

n=1 m=0

where C and 1(t) are matrices of order 2"'M x 1, represented by

T _
c = [Cl,o,Cl,l,"' 7C1,M,C2,0C2,1,° C2,M, "Czk—l,o,"'Czk—l,M]
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and

90 = [Yr0, 910, Y1 P20, Y21, Yaus, Yoo, ll’zk—l,m]T

h
Legendre wavelet approximation E1 5(f) of any function f(t) € L?[0,1) by (2"‘1, M)t partial sums Sy p(f)
of Legendre wavelet series is given by

Ezk-l,M(f) = min||f - Szk-l,M(f)||2 4)

where 1

ump{fvwwq

If Epi1 py(f) = 0ask — oo, M — oo then Eji1(f) is called the best approximation of the function f of
order (Zk‘l,M).(Zygmund[l],pp.llS)

3. Main Theorems

In this paper we establish following theorems:

Theorem-3.1 Let a function f € L2 [0, 1) such that its fifth derivative be bounded, i.e. 0 < [f°(t)] < o0 V't €
[0,1). Then the approximations of f by Legendre wavelet is given by:

. 2k71
1B (0 = 1f = X cuopuale = O(3)
. ok-1 1
2. E(zk)—lll(f) = ||f - ngl mZ:OCn,mwn,WlHZ = O(;ﬂ)

) 2 1
3. Ezk—l/z(f) = ”f - n§1 mZ=:0 Cn,mlybn,m”Z = O(ﬂ)

Theorem-3.2 Let a function f € L2 [0, 1) such that its fifth derivative be bounded, i.e. 0 < |[f°(t)] < o0, Vte€

00 00 2k—1 M

[0,1) where f(t) = ¥ Y comPum(t) and (Sp-1pf)E) = X Y CumPnm(f). Then the Legendre wavelet
n=1m=0 n=1m=0

approximation E;ﬂl wm(f) of f by (Sy-1 pf)(f) is estimated as-

E(z?-l,M(f) = min||f = Sy p(f)ll2 = O(M)

4. Proofs:

Proof of Theorem-3.1
1-The error eﬁ,o)(t) between f(t) and its expression over any sub interval is defined as-
) /gy _ v n-1n+1 —123 zk_l
ey (t) = cnoPo(t) — f(B), te 7,7), n=123,---27".

Al
2k

10 = [ [ a

=1

ok
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A+l
ok

- f [enotmot) — FOP dt

a1
ok

A+l

= [0 @0 + (0)* - 2600000050 a

2k

i+l i+l i+l
ok ok ok
=, f (Wno(t) dt + f (F(£))* dt — 2,0 f Uno(t) f(t)dt
a1 a-1 a1
ok ok ok

A+l

ok

= Ci,o + f(f(f))2 dt — 2¢,,0Cn,0
-1
ok

2!

A+l

- [vora-g,

Now consider

el
ok
) n-1 2 n-1
f(f(t)) dt:f[f( o +h)] dh, t= o +h
%il 0
1
k-1 R n 2 ~ 1
n—l ’ Tl—l h n (1N —
- ) enr () £ (5
0
+@ ,,,(ﬁ—1)+ﬁfﬁ,(ﬁ—1)
6 2k 24 2k
W (-1 2 :
120 ”( o +9h)] dh,0 < 6 < 1(By Taylor’s expansion)
1 .= .  FT
2 ﬁ—l)] f z[/(ﬁ_l)] fh_[(
[wora= [ @+ [l (50 e [ (%5
0 0 0
WO [ o (=1 h n-1
<[l o [l (o
0 0
A
+f[mf( ~—+ 0n) dh+f2hf( )7 (5 )an
0 0
1 1
o= kT

1946



J. K. Kushwaha, Ajay / Filomat 40:6 (2026), 1943-1967

o (o) e s () (57

0
81 n—1\ (-1 4 1 n—1\ .. (-1
éﬁf( o )s (_2k )*mf(—zk )s (_2k )
1
*T

e T = I L= P L=
() () 2 () ()
e T e P g et P et

0
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16 1 -1\ (-1 16 1 =1\ (-1
ol () (5 ) () ()

o [ (S (5 oo e () (5

Now,

Cno = <f(t)r ¢n,0(t)>

A+l
2k

- f FEpmolb)t

k=1 ﬁ_l , ﬁ_l hz " ﬁ_l h3 s ﬁ_l
C”'Ozzz[f{f( ok )+hf( o )’L?f( o )+Zf ( o )

0
h4 e ﬁ_l h5 v
+ﬁf (_21( )+m ( 2k +9h)}dh] 0<6<1
2

-1 B -1
* 505/ ( ok )+fﬁ ( o +9h)dh]

1948
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81 . (a-=1\ (-1 16 1 -1\ ., (-1
3 (5
9 26kf ( 2k )f ( 2k ) 45 27kf ( )f 2k

11 e L |
raazm | () (B v )
0

1
*-1

A-1y 1 1 1 5 o (1
4528kf( )fv( 2k) 180 23k wf ( 2k

1\ (-1
)f (—zk +9h)dh

From equation (5), (6) and (7), we have-
21 [ (Aa-1\P 3227, (A-1\P 21 [..(0-1\]
0))12
18 = S | ()| +mam ()| 5l ()

128 1 [, (A-1\F 1 1O[v(ﬁ—1 )]2
" 2025 2 [f ( 2" )] Timoo J T o)) Ak
0

|
2| et mpal ety 2

vagd () () el () ()

& [ ()5 v

“aw | () (o

L () () 2 (15 ()

7// ﬁ_l ﬁ
v | 7 () (v oo

I
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11 .
- o —kf ( = +9h)dh
0

2

1 910( )v(ﬁ )
1440f f f T + Oh|dh
_1
k-1
1 1 s (=1 ,(A—1
“moow ) ( 2k )f( 2k +9h)dh
0

||€,(10)”§ =Il +12+I3+I4+I5—I6+I7+18—19 +110
I+ Lo+ iz +Tig—Iis + Iig+ iy — Lig + [ig — Ip, say.

Since |f () < T, If (D < &, If (D < G, IfP(H) < G, 11 < G5 Vx€[0,1)

Therefore
Il < 355G bl < £55G, 5l < 555G, il < 355G,
IIs5| < 535 57 C2, ol < 552 72 G2 M7l < 355 Cala, sl < 255 CaGs,
ol < 3256014, hol < T 58 C1Gs, Il < 501G, hal < 850G,
sl < 3855000, 1yl < 5558 02Cs, sl < 7 5 CaCs, el < 15 57 Cala,
7| < 2% 5 CaCs, sl < 13 55 CaCs, Mol < oz 5w CaCs, ool < 2 5 CaCs

Therefore,

||€(0)||2 <L+ LA+ 1+ (gl + sl + [l + 71 + [sl] + 1ol + [Tioll + 111l
+ ||112|| + |13l + (14l + ||115|| + 16l + 17l + sl + [Hxoll + |20l

eyl < 3 23k i ié zik G+ 7 27k 7l ;02285 2ik Gt 2235 2111k C5 20825 211k s
3 ik C1C2 5 25k C1C3 45}2 216k Gla+ 13025 217k GG+ 15 7 ClCS 9 ok CzCs
;jg 217k Cola+ 15 7o CzCS 11365 ;Sk G5 + 1 5 o5 C3C4 46;5 219k C3Cs
125 219k GCs + 21265 2110k CaCs + 61765 2110k CaCs

eI = 5 ﬁcz ié zik G 7 27k 7l 2102285 %C " 222?5 2111k G+ 3 2% e
5 > C1C3 Zg 216k GG+ 18085 217k GG+ 9 ok C2C3 ;ig 217k C2ly
15325 Zik Cols + 145 ;ik Gla+ 48085 219k Gl + 66745 2110k CaCs

< Sl (5] (8] (5) (8] - 55 50

+2C1C5 20,03 200 200 203G 2030Cs 2C4C5]

24k 23k 24k 25k 25k 26k 27k

G G U GV
I = 0+ 58+ 3+ o+ g
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> 2
ZC[ % 1,1 1] C = max[Cy, Ca, Cs, Cs, Cs]

T P ST

Next,

1 oK1 ok-1 k-1 1
= f Z (e ) dt+222 f D)) (t)dt
0 n=1 n=1 n#n’ 0
2k—1

n=1

2k1

—Zue“”nz

<2“2<;21 1 1 1 17

‘n_lﬁ[ 2k T g2k T3k ﬁ]

(k—1)2C21 _ - i _2

- 23k ok ' D2 93k ' D4k

_¢n,1r,1 1 1P

ﬁ[+§+ﬁ+ﬂ+ﬁ]

Then,

C 1 1 1 1

(Bheo) < 1+ 3+ 33+ o * )

1
1 _
Hence, (Ezk,l’o(f)) = O(?)
2-The error eﬁ,l)(t) between f(t) and its expression over any sub interval is defined as-

n-1#n+1 _
V(1) = cuonolt) + o1 () — F(1),  te [—zk s ) n=123.2

Atl
2k

1 = [ a

i1
ok

Atl
2k

_ f [enoWno(®) + entthma(t) — FOP dt

=1
2k

1
2
= f ( ;O)(t)) dt,2" term vanished due to disjoint supports of ¢, and ¢/,.
0

1952
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= f [ci,o (@00 + 2y (Yu1 () + (F(B)* + 200,000,100 (B (£)

=1
2k

= 2611 (O 0) = 2n0tua(D )|

i+l i+l i+l

oF oF oF
eI = 2, f (Wuo())* dt + 2, f (W) dt + f (1) dt
ok ok ok
oF oF oF
- ch,OCn,l f‘,bn,O(t)'qbn,l (t)dt - 2Cn,1 fl]bn,l(t)f(t)dt - 2Cn,0 fl#n,O(t)f(t)dt
-1 -1 -1
ok ok ok

A+l

ok
1 2
e )||§ = C;21,0 + ci/l + f(f(t)) dt — 20,010 — 2Cn1Cn 1
A-1

ok

A+l

3
- f () dt -Gy -2,
=1

ok

Now,

Cn1 = <f(t)/ l,ljn,l (t)>

i+l

= f SO (b)dt

2k

i+l

= \/gzﬁ f F(OL 2kt — A)dt

ji
2

i+l

:\Ef

F()(@5t - )dt

-1
2k

i+l

= \/g : f F(HQ - 2n + 1yt

=1

2k

1

k-1
k -1 p(f—1 n-1

:\/;22ff( o +h){2( o* +h)—2n+1}dh, t= o +h

0

F1

— =22 [ )2 (5 en)-2n 1)
0

1953
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1
FT
+fhf'(nz_kl+h){2"(n2_k1+h)—2n+1}dh
0
]. 2 ’ ﬁ_]. k ﬁ_].
+§fhf ( - +h){2( - +h)—2n+1}dh
0
1 3 ,r7 ﬁ_l k ﬁ_l
+6fhf ( = +h){2( = +h)—2n+l}dh
0
) 2n+1}dh
o | (5 "(ﬁ1 )20+ 1}
+10fhf( = h){z ~ 400 =20+ 1)
0
L
k
f(zkh—l)dh
0
f 1 2%h - 1)dh

0 0

o*1 -1

1 (n-1 4nk 1 5nks v(ﬁ_l
+24f(2k )fh(Zh 1)dh+120 B - (2

1 = \/5 [322kf(

)

21 1 ﬁ_l
o) gl (5

oS (5

-1

R AL E NN PR
t el ( o +h)+1zofh(2h Df
), 321 (-1 21 (-1
¢ 52[57 (2k ) 323kf( ) 5o/ ( 2k +h)
8 1 -1 1 A
0 5k v il —
o) ( o +h)+120fh @h = Df(
0

3,041 ,(n-1 2 41 . (n-1 2 41 ., (n-1 2
2 _ k
é1= 3255w () + 55 (o +1) + et (5 +0)
1 2
%1

)2+ 1;0fh5(2"h 1)f"(

0

2_,(1 + Gh)dh]

8
o

—

o4 1, (
2025 210k

1954
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8 1 -1 n(f=1 8 1 -1 w (=1
25kf( “h)f (P )+ 1526kf( 1) (5 )

32 1 nn—1 nn—1
135z7kf( +h)f ( o +h)

11 -1 .
+ o5m +h)f( = +9h)dh
0
L8 1 n-1 32 1 ( )
15 27k (2 )f ( oF +h) 13528kf( )f
)
5535 | -0 (T ) (S o)
toogm | E@n=Df (T + ) (o + on)an
0
32 1 -1 A1
22529kf( +h)f ( o +h)
1
T
11 [ s -1 11
+ o5 | H@H-1f (?+h)f”( _ eh)dh
0
=
21 [ o (-1 n-1
+ oo | HQR-1f ( - +h)f”( - +9h)dh]
0
Therefore,
21 -1 2 21 (-1 2 61 . (n-1 2
2
mf( o) + 55t () s (5 )
1 2
1
NER WL )gki sen-nr (=L o)
*am oS *32 120 | MR-V dh
0
41 41 ,/h-1 Y (f—1
324kf( )f( ) Eﬁf( 2k +h)f ( 2k +h)
16 1
v ozt (5 o) (5 )
zk—l
11 1 P
602kfh5(2"h 1)f( +h)f”( - +9h)dh
0
41 -1 (=1 16 1 ;
vzl (G o) (G ) B () (e )

61021’(fh5(2kh_1)fiv(ﬁ2_kl+h)f (Azk )dh
0
)£ (5 )

8L (e
S1 (1
+ 1) £ ("o o)

75 28k el

1
*1

1

100 2%
0

B - 1)f (
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Py

1 h5 (Zkh 1)fw (

225 24k
0

From equation (6), (7), (8) and (9), we have-

1 +h)f (” eh)dh 9)

2 2 2
W 8 1 ( 1 ) 32 1 ( )
lew "Mtz = 4525kf( ) ek W RET A
i | 1 {r (o)} an- 53 [ i (B o)
* 12200 f VA dh 120/ (T +On)dn
0 0
1 2
T
EED N PP 1)f”( )dh _8 f(A )f( h)
271120 5 20k
0
o=
1 (e (=1 v(ﬁ—l )
s hf( - +h)f 4 On) dn

11 5 ( -1 ) v(ﬁ—l )
6022kfh(2h Df +h) (= + Oh)dh
0
4 1 2 ﬁ_]. 1" ﬁ_l 16 1 iv
e ( 2 +h)f ( " ) 31527kf( )f ( h)

]. 7// ﬁ_l v ﬁ_].
+mfhf ( - +h)f( - +9h)dh
0

e

) (5
)

1\ (-1
+h)f( = +6h)dh

_li 5ok
%02 kbfh(Zh 1)f(
4

mwl ()

F
1
_— 8
360 f
0

1
*1

1 1 5 k L1 (ﬁ -
100 23¢ @h=1f 2k
0

1\ (-1
+h)f( = +6h)dh
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1 1 s (=1 n-1
180 2% fh / ( 2t +h)fv( 2 +9h)dh
0

+—1440fhf > +h)f % + 6h|dh

(=}

=

RN S - iv(ﬁ—l )v( —1 )
555 57 fh(Zh DFe (S5 + )£ (e + O )dn
0

||€;(10)||§ =h+h+L+L-Is-Ig—I;+Ig—Io—Iip+1Inn
+Ip + i3 —hhy— L5 + hieli7 —Iig —Iig + Io — Iy — I, say.

Since |f ()] < G, If (NI < G, If (I < G, IfP (B < Co, If(DI < G VEE[0,1)

Therefore,
Ihl < 45 25 C%f Ll < 375 %C Il < 2025 29kC || < 2475 21Tk w3
II5| < 55z 57 G2, ol < 15 707 G2 M7l < $ 5 Cala, Il < 2255 GiGs,
ol < & 501G, ol < E GG, Il € 500G, ol < 35700,
sl < 5% Cls, hal < 1% 5 CoGs, sl < &5 Cals, Mol < 54 Cala
7] < 57 CaCs, Mgl < 795 35 CaCs, Mol < 135 75 C3Gs, 1ol < 7% 55 Cals

2 1
IInl < 77 675 210k CaGs, | < 9345 210k CaCs

1957
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Therefore,
e 13 < 13l + oMl + Il + Ll + sl + 6l + HEL + sl + sl + Exoll + MExall + [1Exal
+ ||113|| + [l + 14sll + sl + [zl + sl + [Haoll + [12oll + ||121|| + (22|l
8 1 2 1 2 1, 8 8 1

eIl < 45 25k CZ 175 27k 775 5005 29kC 2475 211kC 2025 211k Gt 1323 211k s * 5 26k e
L3201 16 1 16 1
*+ 105 7 7 C1Cs + 45 27k ClCS 63 77 C1C5 45 o CzCs 315 7% 0l + 15 o C2C5 135 7% —5 2G5
L 81 64 1 8 1 8 1 16 1
* gt t 75 > C3C4 305 29% 2365 T 705 79k 355 * 135 50 365 + 555 ok 4L
16 1 2 1
675 210k —CaCs5 + 9 45 X ——C4Cs

ope 21, ), 32 1 25024 1, 64 1

el < 35 szC 175 27kc 2025 29k C‘* 1091475 21 5 5 26k G 05 2ws 45 26k G
16 1 484 1 832 1 608 1
315 27k el ¥ g pmals ¥ 75 28k OO+ 2835 2K o 4725 210F 45

@2 8 1., 32 1, 25024 1 , 16 1

lew 1z ~ 45 25 w 175 27kC + 5005 29 4 ¥ 001475 21 5+ 45 26k GO 315 77 2
484 1 832 1 608 1
%ﬁCZCS 75 > C3C4 2835 ﬁC?,CS 1705 510k ——C4Cs

C Gy o (C 200 200 200 200 200 2LC
el B G (] 550 R R R0 A

G, U GT
s [CZ 2i 224k +2_35k]

202 1 17
¢ [ ?+ﬁ+ﬁ] C = max[Cy, C3, C4, Cs]

T 5k
Next,
k-1 2
(B, 00) = {Z %)]
n=1

2k1 2k12k1

Z () dt+2ZZ f O(p)eD (b)dt

n=1 n=1 n#n’

%_ o%ﬂ

N o

-1

2
( m(t)) dt, 2" term vanished due to disjoint supports of e, and e),.

1l
] g
L —_
o%
—

- Z eI

k-1
202 1 1 172
(B3, ) Zfﬂ“ﬁ*ﬁ*ﬂ]
=1
202 1 177
k-1
G R

_CZ 1 12
'iﬂ“§+ﬁ+ﬁ]
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(Bn0) = 55 1 5 3+ 3w
1 1 1

C[sz 23k+@+ﬁ]

1 1 1

C[sz 2k+ﬁ+ﬁ]

- ()

Hence, (Egm,l(f)) = O(%)

Similarly we can prove the following result-

2k
E(;flz(f) ”f chnm¢nm||2 - (ﬁ)
n=1 m=0

Proof of Theorem-3.2

0<|f°()l < G5, Vte[0,1)

1
f FO Dt
0

i+l

f £+ 2’”; Loir, (2% - )at
1
2m+1 n+1
= Ny ff( - )Lm(t)dt
[2m +1 d(Lm+ (t) = L (1))
7:’”1 ff 12m+1 -t

~(ars)
S\ 21 2m+ 1)

xl{f (2} )~ L) - fl f (o) T = L 1(t>)4

1 oo
Cn,m=(m) ff( o )(Lm 1(t) — Lm+1(t))dt]

-1
[ 1
. 1+ 1 n + 1
(23k+1 (2m+ 1)) ff ( m 1(t)dt_ ff m+1(t)dt]
-1
1 1
i S+ 1\d (Lm(t) - Lm—Z(t))
(23k+1 Qm + 1)) ,ff ( 2k ) Qm-1)

dt

-1
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1

[

-1

n + 1 (Linsa(t) = L(t))
Cnm = (m) ff (2m " 3) dt

n+1 (Li(t) = Liy—2(t))
f 4 @m—1) dt]

n + 1 d (Lis3(t) = Lis1(t))
f f emvs) "

Cnm = 25k+1 (2m + 1)) (zm T 3)

95k+1 (2m + 1)) @2m +3) am+1)

+

2k @m - 3)

25k+1 (2m +1 ) @2m-1)

5k+1 (Zm +1) (Zm -1) @m+1)

n—+1
27k+1 (Zm + 1)) (Zm + 3) 2m + 5 {ff m+1(t)dt]

1

n-+1
2m + 3) (2m +5) ff m+3(t

+

n+ 1
(2m + 3) (Zm + 1) ff m+1(t

27k+1 (271’1 + 1

m 1(t

n+1

(2m —1)(2m 3) ff ml(t
n-+1

( —1)(2m 3) ff Ly 3(t

n+1
(2m - 1) m+1) ff m+1(f

27k+1 (2m + 1)

+

27k+1 (27’]’1 + 1)

+

|
|
|
|
o
7
|
|
|
|
|

27k+1 (2m + 1)) @m +3) Qm+1) ff 2k

27k+1 (zm + 1)

ff Vl+1 (Lyps1(t) — Ly 1(t))dt—

f (%5 1) -,

ff I’Z + 1 m+1(t) L, 1(t))dt_
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f I3

1

7

27k+1 (2m +1 ) 2m - l) @2m+1)

Cnm = (27k+1 Qm + 1)) Qm + 3) @m +5) {
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" - 1) m_l(t)dt]
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n+1
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Ty = Lm+5(t)
U7 2m+3)2m + 5)2m + 7)(2m + 9)
1 1
7= Lm*3(t)[(2m T 3)(2m+5)2m +3)2m +5) | (2m +3)2m + 5)2m + 7)2m + 9)
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el L"’”’(t)[(zm “Dem+ 1)6;2m T 3)m+ 5)]
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5
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1 1
f ()t = f L (bt
e}
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1 2
L51+5(t)
= V2 f (2m + 3)2(2m + 5)2(2m + 7)2(2m + 9)2 dt]
-1
1

1
2

2
:\5\f(hn+3FQm+5VQm+7FQm+9FQm+1Ddﬂ
-1
_ 2V2x1 an
2m + 3)(2m + 5)2m + 7)2m + 9)(2m + 11)2
Similarly,
1
[ rmopa - 2V2x 6 : (12)
4 2m-1)2m+1)(2m + 3)(2m + 5)(2m + 7)2
1
f fes(t) Pt = 2¥2x10 : (13)
< (2m - 1)(2m - 3)2m — 1)2m + 1)(2m + 3):
1
f st = 22 x10 : (14)
< (2m —1)(2m — 3)(2m — 5)(2m — 3)(2m — 1)
1
f fes(b) Pt = 2¥2x5 : (15)
< 2m —1)(2m - 3)2m — 1)2m — 7)(2m — 5)2
1
IEGE Az : (16)
< (2m —1)(2m — 3)(2m — 5)(2m — 7)(2m — 9):

From equation (10), (11), (12), (13), (14), (15) and (16), we have-
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21k+1 (2m + 1) 2m + 3)(2m + 5)(2m + 7)(2m + 9)(2m + 11)2
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= Inm|— 11k§6\/§C5 Vm =5
> (2m -9y
Next,
k-1 oo
Sy lAO =YY Comthum(®)
n=1 m=0
k-1 o k-1
FO =Sy mAO =Y Y comtbun® =Y Z o ()
n=1 m=0 n=1 m=0
2k-1 k-1 k-1
= Z Z CrnnWn, m(t) + Z Z ComWPn, m(t) = Z Z CrnnWn, m(t)
n=1 m=0 n=1 m=M+1 n=1 m=0
2k-1 o0
= Z Z Cn,mll}n,m(t)
n=1 m=M+1
Therefore,
1 o
1 = Sa (B = f y ¥ cnmwnma) at
n=1 m=M+1
ﬂl o0
= Z Z ¢z (by orthogonality property of ¥y,)
n=1 m=M+1
< T i 66 V25 ’
- n=1 m=M+1 2%(27” -9y
- 871202 x 21— Y L
911k+1 L (m- 9)10
= 871202 X L dm
- 57 D10k+2 (2m —9)10
M+1
278G [@2m -9
- 2W -9 M+1
2178C2[ 1 ]
© 206 | 9((M +1) - 92
2178C§ 1
210k "9(2M - 7)°
Therefore,

11V25
25k(2M — 7)2

1
4) — I
— Ezkle)_o((2 _7)2.2%), VM > 4.
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5. Conclusion

Present work is devoted to find the approximation of functions of bounded derivatives by using Legen-
dre wavelet method. Theorem 3.1 gives the estimation of degree of approximation of functions f € L2 [0, 1)

of which fifth derivative is bounded. Taking m = 0,1 and 2 the error estimation E(zi)-l,o( ), E(22k)_1,1( f) and

E(;kzl,2 (f) have been determined by using Legendre wavelet technique. Theorem 3.2 is the generalization of

the results of Theorem 3.1. The estimation 1-3(24,()_1 uf)=0 (;2) ,  YM > 4 reduces to the results of Lal
. (2M-7)2 2%
& Rakesh[6] and Lal & Indra Bhan[5] by taking various values of k and M.
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