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Cohomology and deformation for dendriform algebra with a derivation

Jingru Ren?

?School of Humanities and Fundamental Sciences, Shenzhen University of Information Technology, Shenzhen 518172, P.R.China

Abstract. Dendriform algebras can be regarded as associative algebras whose product is decomposed into
two operations satisfying some laws of dendriform algebra, which together form the associative law of the
undecomposed associative algebra. We introduce a cohomology theory for dendriform algebras equipped
with derivations and show the deformation theory is controlled by the cohomology and the collection of
equivalence classes of abelian extensions is given by the second cohomology.

1. Introduction

A dendriform algebra is a vector space together with two operations whose sum gives an associative
algebra structure of the underlying space. Dendriform algebra is defined by Loday in [10] as well as its
(co)homology theory. According to Loday [10], the original motivation for dendriform algebra is that it
appears as the Koszul dual of the dialgebra operad, which is another type of algebra introduced in that
same paper for the purpose of studying periodicity phenomena in algebraic K-theory.

A derivation for an algebra is a generalization of the usual derivatives for functions. To be precise, a
linear map d : A — A is called a derivation for an associative algebra A if d satisfies d(ab) = d(a)b + ad(b)
for all a,b € A. Derivations for different algebraic structures are useful in many ways. For example,
in constructing homotopy Lie algebras [14], deformation formulas [1], differential Galois theory [12]. Lie
algebras with derivations (called LieDer pairs) are recently explored in [13]. In particular, the authors define
and investigate LieDer pairs cohomology theory, as well as how its relationship with deformation theory
and (central) extensions of LieDer pairs. Later, similar cohomology theory and deformation theory/(central)
extensions for other types of algebras (including 3-Lie algebras, associative algebras, Lie triple systems,
Leibniz algebras, Leibniz triple systems, Hom-Lie algebras, Hom-Leibniz algebras, etc.) equipped with
derivations are discussed in [7], [4], [6], [2], [15], [8], [9].

In this paper, we introduce a cohomology theory for dendriform algebras with derivations, study their
formal one-parameter deformation theory and abelian extensions. Similar relations between Hochschild co-
homology, algebraic deformation theory and abelian extensions of associative algebras/LieDer pairs/LeibDer
pairs are obtained. It is shown that the infinitesimal of any deformation is a 2-cocycle, the rigidity of the
underlying dendriform algebra (that is, all deformation is equivalent to the undeformed deformation) is
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controlled by the vanishing of the second cohomology, the extension of a finite order deformation to the
next order is possible if the third cohomology vanishes and the collection of equivalence classes of abelian
extensions is given by the second cohomology of the underlying dendriform algebra with a derivation.

Although we only mention dendriform algebras with derivations, the method used in this paper can be
generalized to any Loday algebra with a derivation (the word Loday here refers to the algebras appeared
in [16] [17]) as the constructions used in our approach mainly relies on the fact that the sequence of cochain
modules of these algebras forms an operad with a multiplication (See Theorem 1.5 [16]). However, it is
still necessary to workout the specifics for different types of algebras because the difficulties have shifted
for concrete algebras. For dendriform algebras with derivations, for example, it boils down to finding out
how to put everything together using the functions of the dendriform pre-operadic system (See Section
three) and this does not come for free from the abstract operad setting. There are many details in this paper
because some of them are not found in the literature, and it was our goal to make the paper as self-contained
as possible.

Convention All vector spaces considered in the this paper are over a field k with characteristic zero.

2. Preliminaries

Our reference for operad theory is [11]. Recall that a nonsymmetric operad consists of a sequence of
vector spaces O = {O(n)},>1 and for each integers k, 1, - - - , nx a composition

Y:0k)®@0n1)®---@0(m) = Ony + -+ + ny)

and an element id € O(1) satisfying the associativity and identity properties. All operads considered in this
paper are nonsymmetric so we simply call them operads below.

An equivalent way to describe an operad is a sequence of vector spaces endowed with the so-called
partial compositions

0;: O(m)®0(n)— O(m+n-—1)

for1 < i< mandn >0 and an element id € O(1) satisfying associativity, equivariance and unitality
requirements. The two compositions are related by

folgzy(f/ldrrldl g ,ld,,ld)

——
jth

(i1, gm) = ¢ ((f Om Gm) Om-1 Gm-1) - +) ©1 g1)

for f € O(m). For any operad (O, y,id), one can define certain brace operations
(Mg gah = Y COVFrid, o gu,e gu - id)

where € = } |g,li, (recall that [g| = m — 1if g € O(m) and i, is the total number of inputs in front of g,) and
p=1

the summation is given by all possible substitutions of the g;’s into f in the prescribed order. Further, there
is a circle product o : O(m) ® O(n) —» O(m + n — 1) defined by
fog:=1fflgh= Y (D forg
i=1

and the bracket [f, g] := f o g — (-<1)/Wg o f is a degree —1 graded Lie bracket on @ O(n).

n>1
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Suppose O has a multiplication, i.e., an element = € O(2) such that o 7t = 0, then 7 defines a homotopy
G-algebra structure on @O(n) [5]. This is in particular a dg Lie algebra with the above bracket and

nz1

differential d(-) := [r, -]
Definition 2.1. A dendriform algebra is a k vector space D with two binary operations <, >: D® D — D such that
x<y)<z=x<({y<z+y>2)
x>y)<z=x>(y<2)
xX<y+x>y)>z=x>(y>2)
forany x,y,z € D.
Note that for any dendriform algebra D, the product defined by x = y := x < y + x > y is associative.

Definition 2.2. Let D, D’ be two dendriform algebras, a dendriform morphism is a linear map f : D — D’ such
that f(x < y) = f(x) <" f(y) and f(x > y) = f(x) > f(y) for any x,y € D.

Definition 2.3. A linear map ¢ : D — D for a denderiform algebra D is a derivation if p(xoy) = p(x)oy+xo¢(y)
forany x,y € D and o € {<,>}.

A derivation for a dendriform algebra (D, <,>) is a derivation for the associated associative algebra
(D, *) with * =< + >.
Definition 2.4. A dendriform algebra D together with a derivation ¢ is called a DendDer pair or simply a DD pair.

Definition 2.5. Let (D, <,>,¢) and (D’,<’,>',¢") be two DD pairs, a morphism of DD pairs is a dendriform
morphism f : D — D’ that commute with derivations, that is, f o @ = ¢’ o f.

Definition 2.6. Let (D, <p,>p, ¢p) be a dendriform algebra with derivation, a D-representation of D is a vector
space M with actions

<D®M—-M, <Me®D->M >DOIM->M >MD->M
and a linear map om : M — M such that
m<y)<z=m<{y<z+y>2z)
m>y)<z=m>(y<z)
m<y+m>y)>z=m> (y>z)

and
(x<m)y<z=x<m<z+m>z)

(x>m)y<z=x>m<2z)
(x<m+x>m)>z=x>(m>z)

and
x<y)<m=x<(y<m+y>m)
x>y)<m=x>(y<m)
x<y+x>y)>m=x>(y>m)
and
om(x < m) = @p(x) < m+x < Qp(m)
omx > m) = @p(x) > m+x > psm(m)
om(m < x) = pp(m) < x + m < @p(x)
om(m > x) = pm(m) > x + m > @p(x)

forany x,y,z € D and m € M.
Note that any DD pair is a representation over itself.
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Proposition 2.7. Let (D, <p, >p, ¢p) be a DD pair and (M, <, >, om) a D-representation, define (x, m) <g (y,n) :=
(x<py,x<n+m<y)and (x,m) >¢ (y,n) = (x >p y,x >n+m>y). Then (D&M, <g, >e, Pp» ® @um) isa DD
pair.

Proof. The identity ((x, m) <¢ (y,1)) <o (z,1) = (x,m) <¢ ((y,n) <o (z,1) + (y, 1) >¢ (z,1)) is in fact
(x<py)<pz,(x<py)<l+(x<n)<z+Mm<y)<z)=x<p (Y <pz+y>p2),

+x < (y <I+y > D+x < (n < z+n > 2)+m < (y <p z+y >p z))

so it certainly holds. Other identities for being a DD pair can also be checked directly. [

3. Cohomology

3.1. Dendriform algebra cohomology

Dendriform algebra cohomology was introduced in [10] and further discussed with more details in [3].
Recall we denote C, = {[1],[2],---,[n]} to be the set of n symbols and the module of n-cochain, for any
dendriform algebra D, is defined to be Cp(n) := Homy (k[C,]®D®", D) for n > 1. Recall there is a pre-operadic
system [16] on {C,, : n > 1}, that is, a collection of functions

Ro(k/ nl/ e /nk) : Cn1+-~-+nk - Ck

R,(k, ny,---, nk) : Cn1+~--+nk - k[Cn,]
for k,n; > 1,1 < i < k satisfying certain conditions, which in turn gives an operad structure for {Cp(n)}u>1

(Theorem 1.5 [16]). In particular, we have

Ro(2,1,1): Co > G, Ri(2,1,1),R(2,1,1): Co—=C1,  Ro(1,2):Co—>Ci,  Ri(1,2): G- G

[r] = [r] [r]—[1] [r] = [1] [r] = [r]
There is a multiplication 7= € Cp(2) of the operad {Cp(n)},>1 defined by

a<b,if[r] =[1]

n([rl;a,b) := {g > b, if [r] = [2]

and the differential of dendriform algebra cochain complex is dr(-) := [rr, =] : Cp(n) = Cp(n + 1) and given
explicitly by
@ HArLx1, -+ xna1) = TR(2; L, m)[r]; x1, f(R2(2; 1, m)[r]; %2, -+, Xns1))

n
+Z(_1)lf(RO(n/ 1/ 7 2 st ,1)[7’];x1,"‘ /xi—lln(Ri(n; ]-/ /2/”' 11)[r];xi/xi+1)/xi+2/"' /xn+1)
i=1
- ith
+(=1)" e (Ro(25 1, DI fRUZ 1, DL 2, %), )

for[r] € Cpy1and x1,- -+ ,xu01 € D.

More generally, let D be a dendriform algebra and M a D-representation, the n-cochain of D with
coefficients in M is defined to be C},(D, M) := Homy(k[C,] ® D®", M) for n > 1 and the differential is: for any
[rleCiyiand xq,--+ ,x401 €D

@HArlx1, - xu1) = a(Ro(2; 1, m)[r]; x1, f(R2(2; 1, m)[r); x2, -+, Xi41))
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+Z(_1)lf(R0(7’l, 1/ 7 2 st ,1)[1’],‘361,-'- ,xi,l,T((R,'(Tl,‘ 1/ /2/“' /1)[7];xi/xi+l)/xi+2/“' /xn+1)
= ——
ith
+(=1)" 1 B(Ro(2; 1, DIrL; f(R1(2m, D[ x1, -+, Xu), Xns1)
where a : k[C;] ® (D® M) — M and § : k[C2] ® (M ® D) — M are maps defined by

x<m, if[r] =[1]
x>m, if [r] = [2]

m<x, if[r] =[1]
m > x, if [r] = [2]

a([r]; x,m) == { Blrl;m, x) = {

In particular, a linear map f € C})(D, M) = Hom(k[C1] ® D, D) = Hom(D, D) is a 1-cocycle (i.e., df = 0) if
fisaderivation for D, i.e, f(x <y) = f(x) < y+x < f(y)and f(x > y) = f(x) > y+x > f(y) forany x,y € D.
Similarly, f € C3(D, M) is a 2-cocycle if

x< f(1+ 2Ly, 2) - f(Lx<y,2)+ f([1x,y <z+y>2) - f([1Lx,y) <z=0 (1)
x> f((1Ly,2) - f((ULx > y,2) + f(RLx,y <2) - f(RLx,y) <z=0 (2)
x> f(2Ly,2) - fRLEx<y+x>y2)+ f(RLx,y>2) - f([1]1+ 2Lx,y) >z=0 (3).

Lemma 3.1. Let (D, <, >) be a dendriform algebra and 1 the multiplication of the dendriform algebra cochain operad,
then ¢ € Cp(1) = Homy(k[C1] ® D, D) is a derivation if and only if [rt, ] = 0.

Proof. Indeed, we have
[, @I([r];a,b) = (o1 @ + Mo @ — @ oy M)([r];4,b) = (1 01 @)([1];4,b) + (70 02 @)([r];4,b) — (¢ 01 T)([r];4,b)
=1(Ro(2; 1, [r]; p(R1(2;1,1)[r]; ), D) + m(Ro(2; 1, D[r]; 2, (R2(2; 1, 1)[r]; b))
—@(Ro(1;2)[r]; m(R1(1; 2)[r]; a, b))
= 1([r]; p(1;a), b) + n([r]; 2, (1, b)) — @(1; ([r]; a, b))
= n([r]; p(a), b) + ([r]; a, (b)) — p(n([r]; a, b))

B p@)<b+a<el)—e@<b),if[r] =[1]
" \e@) > b+a> ob) - @ >b), if [r] = 2]

Then [r1, @] = 0 precisely when ¢ is a derivation for D. [

3.2. DD pair cohomology
Fix a DD pair (D, ¢) and a D-representation M, define a cochain complex as follows:

0 1 2

2 (D, M) : 0 —— CL(D, M) —— C2(D, M) & Cl (D, M) ——> -~
The differential d : C},,(D, M) — C3,(D, M) is defined to be d(f1) := (df1, -6 1) and fori > 2,
d: Cp(D,M) - C35(D, M)
(fi, gi-1) & (@dfi, dgio + (=1)'5f)

for any f; € C})(D, M), fi € CB(D, M) and g1 € CiD_l(D, M), where d is the differential of the dendriform
algebra cochain complex (d = d if the coefficient M is taken to be the dendriform algebra D) and 6 :

Ctp(D, M) — Cf (D, M) is the map that sends an element f to ), fo (id® - ®pp®---®id) — pp o f. Note
i=1
that we have 6(f) := [¢p, f] when the coefficient M is taken to be D.
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Lemma 3.2. d(6f) = 6(df) for any f € C},(D, M).

Proof. The lemma holds if (M,¢oym) = (D,@p) as d = d; = [r,—] and 6f = [@p, f] in this case, so the
LHS = [r, [pp, f1l = [[7, pl, f1+ [pp, [7, fI1 =0, f1+ [¢p, [, f]] = RHS by Lemma 3.1.

For any coefficient_(M, <, >, Om), consic}er the DD pair (D®M, <, >e, Pp®¢@m) in Proposition 2.7. Extend
the map ftoamap f € C;DD(D & M) by f([r]; (x1,m1),--- , (xi,m;)) := (0, f([*]; x1,- -+ , x;)) (note that f is the
restriction of f to k[C;] ® D® and f = 0 implies that f = 0). Observe that df = d,f and 6f = 6f so
d(6f) = dpdf = dn(6f) = 6(drf) = 8(df) = 6(df) and it follows that d(6f) = 6(df) for any f. O
Proposition 3.3. The map d satisfies 9* = 0.

Proof. Indeed, d(A(f1)) = (dfi, —5f)) = (d(dfi), d(=5f1) + 5(df,)) = O for f € CL(D, M) and
A(fi, gi1)) = Adfi, dgia + (-1)'6f) = (d(df), d(dgi1) + (=1)'d(6f) + (-1)6(df;)) = 0

forany f; € CBD(D, M)and gi1 € CiD‘é(D, M). O

Therefore C},,(D, M) is indeed a complex and we define a cohomology theory for (D, <p, >p, ¢p) with
coefficients in (M, <, >, pp) as the homology of this complex and denote the DD pair cohomology by
H} (D, M). It is denoted by C}, (D) and H} (D) if the representation is taken to be the DD pair itself.
Similar cohomology theories were defined for Lie algebra with a derivation in [13] and Leibniz algebra
with a derivation in [2].

4. Deformation theory

We only talk about cohomology whose coefficient is the DD pair itself when discussing deformation
theory, so we fix a DD pair (D, <, >, ¢) throughout Sections four and five. Denote by DI[[t]] the space of
formal power series with coefficients in the dendriform algebra D. An element fy + fit + fot? + -+ of D[[t]]
is sometimes denoted by (fo, f1, f2, - - -) for convenience.

Definition 4.1. A formal one-parameter deformation of a DD pair (D, <,>, @) consists of three formal power
series

<=< +Z <; t with <;€ C3,(D)
p

= +Z >t with > C2 (D)
i=1

pr=¢@+ 2 @it with ¢; € Ch(D)
i=1

such that (D[[t]], <¢, >+, @) is a DD pair, that is, for any x, y,z € D we have
<ty <tz=x<t (Y<tz+Yy> 2

x> y)<iz=x> (Y < 2)
X <ty+x>y)>z=x> (Y >t 2)

and

Pr(x <t y) = @i(x) <t ¥y +x < Pi(y)
Pr(x >t y) = Pr(x) >t y + x> i(Yy)-
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Therefore, by comparing coefficients for the t" terms on both sides gives

Z((x<iy)<jz—x<i(y<jz+y>jz))=0

i+j=n
Z((x>,- V) <jz—x>i(y<;2)=0
i+j=n

Z((x<,~y+x>iy) >iz=x>i(y>;z)=0

i+j=n

and

Z pilx <jy) = Z (@j(x) <iy+x < (Pj(y))

i+j=n i+j=n

Y i)=Y (@0 > y+x i 9i(y).

i+j=n i+j=n

For i > 0, define 7; : k[C,] ® D®? — D by

. fx <y if[r] =1[1]
T[l([f’], X, y) L {x >i y, 1f [7’] — [2]
(note that 1ip = 7). The above identities can then be expressed as
Z miom; =0 and Z(goionj—niO((pj®id)—ni0(id®q0]-)) =0 4

i+j=n i+j=n

foralln > 0.
The case when n = 1 means exactly that

d(m)=mom+mon=0

dn(p1) +6(m)) =pom —mopr+@promn—mop=0
that is, (111, 1) is a 2-cocycle of the DD pair cohomology of (D, <, >, ).
The element (711, ¢1) is called the infinitesimal of the deformation. Apparently, (71, ¢,,) is a 2-cocycle if
(1, 01) = -+ = (Ttu=1, Pn-1) = 0 and (71, ) # 0.
Definition 4.2. Two deformations (<, >, @) and (<], >}, ;) of (D,<,>, @) are equivalent if there is a formal

isomorphism fi = id + ), fiti with f; € C})D(D) such that
i=1

filx <ey) = ) < fily),  fillx > y) = filx) > fy) and  @i(f1(x) = fi(i(x))
forany x,y € D.

Again, by comparing coefficients of the " terms the above equalities gives

D fe<i= Y, <iefief)

i+j=n i+j+k=n
Y. foxi= Y, >ie(fi®f)
i+j=n i+j+k=n
thatis, ). fiom;= )}, m(fi®f)and }. @/ofi= ) fiop, Forn=1 weget
i+j=n i+j+k=n i+j=n i+j=n

fion+m=m+n(i®id)+n(id® fi) © (1 —m) =n(iQid)+n({d® fi)— fion=mo fi—fion

Pr+ficp=¢i+pofi
hence (111, ¢1) — (11}, ¢7) = J(f1). Thus we have shown
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Proposition 4.3. The infinitesimals of two equivalent formal deformations of (D, <, >, @) correspond to the same
cohomology class.
4.1. Rigidity

Definition 4.4. A formal deformation (<, >, @t) of a DD pair (D, <, >, @) is trivial if it’s equivalent to (<, >, @).
A DD pair (D, <, >, @) is rigid if every formal deformation is trivial.

Theorem 4.5. The DD pair (D, <, >, ¢) is rigid if H /(D) = 0.

Proof. The infinitesimal (711, 1) of any formal deformation (<, >, ¢;) is a 2-cocycle so there is some f; €
Cpp(D) such that

(M1, 1) = =d(f1i) = —(mo (A®id) + o (id® fi) — fiom,po fi— fiop) (¥

as H2 (D) = 0. Define f, := id + fitand f! =id — fit + f2* +--- the inverse, set
T, ::fflontO(ﬁ®ﬁ)=(id—f1t+f12t2+~--)o(n+(n0(f1®id)+n0(id®f1)+n1)t+-~-)

=n+(mo(fiQid)+no(d® fi)+m — from)t+---

@n+(...)t2+... (:;7‘(+n£t2+...)

P =filo(prof)=(id—fit+ fit +-)o(p+(@ofitot+:)
=@t+@ofitor—fiopt+--

(;)(P+()t2+ (::(P+§0,2t2+”')'

It is obvious that (<}, >/, ¢;) with — </ — := nj([1]; -, -) and — >] — = mj([2]; —, —) defines an equivalent
formal deformation of (<, >¢, ;).

To sum up, we have shown that the degree one terms in 7j, ¢; vanish by the fact that (71, ¢1) has a
preimage f1. Now, (77, ¢5) is again a 2-cocycle so by repeating the above argument we conclude that (7t;, ¢¢)
is equivalent to (1, ). O

4.2. Finite order deformations and extensions
n n
Definition 4.6. 1. Anordern deformation ofa DD pair (D, <, >, @) are finite sums <;= Z <t >= Z > t
i=0 i=0

and @; = Z(piti that makes (D[[t]]/(t**1), <¢, >+, @) into a DD pair.
i=0

2. Let (<¢,>1, 1) be an order n deformation and <u.1,>p1€ C3 (D), @uia1 € Ch(D) such that (<; + <1
L >+ > 1, @ + @ t"Y) ds an order n + 1 deformation, we say (<, >+, @) extends to an order n + 1
deformation.

Let (<t + <u41 "1, > + >0 t”“,(pt + (pnﬂt”*l) =: (<41, >1+1, P1+1) be an extension of (<, >, ¢;), then
equations in (4) on page 7 give, fori = 1,2,--- ,n, that

Mo +TMom_1--+mon=0& —d () = E Tls O T}
s+t=i,s,t>1

—de(ri)= Y, mony ()

p+g=n+1,p,q>1
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and similarly

Y (@om -0 @id)-mo(@®p) =0 Y gyl = [, - [p, 7]

S+t=i s+t=n
s,t>1

Y, (o -mo(p@id)-m,0([@ep) =0 Y [yl = [0, @ual = [p,mual  (6)
p+g=n+1 p+g=n+1
py>1

so being extensible it’s really asking (5) and (6). Define ob(<;, >, ¢1) == ( X msom, Y. [ppmyl) €
s+t=n+1 p+g=n+1
st=1 pg>1
C} (D) & C% (D) to be the obstruction to extend the order n deformation (<;, >, ¢;) to an order n + 1

deformation of the DD pair.
Proposition 4.7. The obstruction is a 3-cocycle for the cohomology of the DD pair.

Proof. It’s enough to show

A Y, mom, Y Ipp )=l Y, mom),=5( Y, mom)+dl Y, [pp D) =0.

s+t=n+1 p+q=n+1 s+t=n+1 s+t=n+1 p+g=n+1
st=1 pg>1 s,t>1 s, t>1 pg>1

Indeed, we have
de( Y 70 7)€ ~dn(70 My + Ty 0 M) = ~da(dn(Tper)) = 0

s+t=n+1
st=1

=60 Y meom)+da( Y 1pp ) B 6(da(rtuin) + da(lm, @il - [, Tt )

s+t=n+1 p+g=n+1
s,t=1 pg>1

= O(dn(Ttn41)) + dr(—06(1Tn41) + dn((Pn+1)) =0
by Lemma 3.2 and the fact that d,, is a differential. [

Call the cohomology class [0b(<¢, >, ¢¢)] defined by the obstruction ob(<;, >, ¢;) the obstruction class
for (<, >, @) to be extensible.

Theorem 4.8. Any order n deformation (<, >, @) is extensible if and only if the obstruction class is trivial.

Proof. Suppose (<¢, >+, ¢;) is extensible so there are <41, >n11€ C%)D(D) and @41 € C%)D(D) such that equali-
ties (5) and (6) hold true, that is, we have ob(<¢, >+, ¢;) = (7141, Pns1) SO the obstruction class [ob(<¢, >+, ¢+)]
is trivial.

Conversely, [ob(<t, >, @;)] = 0 means ob(<, >, @1) = N1, Pus1) for some (Myi1, Pri1) € C%)D(D) ()
Chp(D) so equalities (5) and (6) are satisfied, hence (<;, >, @1) := (<t + <ps1 P77, > + >pp1 P, Q1+ @i t™)
is a deformation of order n + 1. [J

Corollary 4.9. Every finite order deformation is extensible if H3 (D) = 0.
Corollary 4.10. Every 2-cocycle of the DD cohomology is the infinitesimal of some formal deformation if H (D) = 0.

Proof. Every 2-cocycle (111, ¢1) € C3, (D) ® C2 (D) gives rise to an order 1 deformation (< + <1 t,> + >
t, @ + @it) with x <1 v := m1([1; %, y), x >1 ¥ := m1([2]; x, y), which in turn extends to a formal deformation
asH? (D)=0. O
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5. An intrinsic characterization

We can define a degree -1 graded Lie bracket on the graded space € C (D) by
n

m n -1 m+n—
cn (D) x (D) ——————— Cr+=1(D)

(f ), (", 9 ——(f, f1.D)"™f, g1+ Mg, fD)
therefore the shifted graded space @ C(D) carries a graded Lie bracket. An element (f,g) € C3 (D) =
C3(D) @ Cp,(D) is a Maurer-Cartan element of the graded Lie algebra EB CHND) if [(f, 9), (f, 9)]lop = 0. As

[(f,9), (f, 9lop = ([f, f1,2[f, 9]) = O, this means f € C? (D) isa multlphcatlon and g € CL(D) is a derivation
with respect to the multiplication f (by defining — < — := f([1];—, —) and — > — = f([2]; -, —), we see gis a
derivation). In fact, we have just shown

Proposition 5.1. Let (D, <, >, @) be a DD pair, then (@ Chp(D), [, =1pp) is a graded Lie algebra and the Maurer-
n
Cartan elements are precisely the DD pair structures on D.

Let (D, <, >, @) be a DD pair, then the graded Jacobi identity of the above graded Lie algebra structure
indicates that the map
d(n Q) - : CP D(D) g Cn+1(D)

defined as d()(f, 9) := [(7, @), (f, 9)]pp is a graded derivation of the graded Lie algebra structure such that

d(z7T 0= =0, that is, we have

Proposition 5.2. (@ Chp(D), [=, =Ipp,d(n)) is a dg Lie algebra, for any DD pair (D, <, >, ).

Theorem 5.3. Let (D, <,>,¢) be a DD pair and (’,¢’) € C3 (D) = C3(D) @ CH(D). Then (D,< + </,> + >/
, o+ @) (with— <" —:=7'(1;,-,-),— > — =1 (2;,—,-)) is a DD pair if and only if (7', ¢’) is a Maurer-Cartan
element of the dg Lie algebra (EB Chp(D), [=, =Ipp, d(np)), i-., (T, ") satisfies the Maurer-Cartan equation

n

' 1 r o )
d(ﬂ/(lj)(n I(p ) + E[(T( /(P )/ (T( /(P )]DD =0.

Proof.
(D,<+<,>+>",p+¢)isaDDpair & [(m+r,¢+¢),(+7,0+¢)|pp =0

< 2[(7_[/ (p)/ (T(,/ (P,)]Der + [(T(,/ QO/)/ (T(,/ (P,)]DD =0
< d(n,q))(ﬂ,, @,) + %[(ﬂ,, (P/)l (71,, @/)]DD =0
as [(ﬂ, §0)/ (71, (P)]DD =0. O

6. Abelian extensions

Definition 6.1. Let (D, <p, >p, ¢p) be a DD pair and (M, <y, >m, @m) a trivial DD pair (i.e., the two dendriform
operations <m=>m= 0). A abelian extension of D by M is an exact sequence of DD pairs

0—- (M/ <M, >M, (PM) _l> (E/ <E,”Es (PE) ﬁ) (D/ <D,>D, (PD) -0

such that p has a section, that is, a linear map s : D — E such that p o s = id.
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For any abelian extension, E = D @& M vias : D — E and s,i,p are the obvious ones and it induces a
D-representation structure on M by
x <m:=s(x) <g i(m) = (x,0) <g (0,m), x> m:=s(x) > i(m) = (x,0) >¢ (0,m)
m < x :=i(m) <g s(x) = (0,m) <g (x,0), m > x :=i(m) > s(x) = (0,m) > (x,0)
and
pm(m) := @e(i(m)) = (0, m).
Also, notice that we have
(0,m) < (0,n) = i(m) <g i(n) = i(m <p n) = (0,m <p n) = (0,0)
(0,m) > (0,n) = i(m) > i(n) = i(m >p n) = (0,m >p n) = (0,0)
as i is a DD pair morphism and <p=>u= 0.

Definition 6.2. Two abelian extensions (E, <g, >g, @g) and (F, <p,>r, @r) are equivalent if there is a DD pair
morphism 1 : (E, <g, >g, ) = (F, <p, >r, Qr) such that the following diagram commutes

0 M——e-".p 0
0 M——F—=D 0

For an D-representation M, denote by Ext(D, M) the equivalence classes of abelian extensions of D by M
with the above induced D-representation structure on M.

Lemma 6.3. Suppose E is an abelian extension of D by M. Then
1. (x/ 0) <E (y/ O) = (.’X‘ <D }/,f([ll, X, ]/)) and (x/ O) >E (yl O) = (x >D y/f([zl/ X, ]/))fOT’ some f € CZDD(D/M)

2. pe(x,0) = (pp(x), g(x)) for some g € CBD(D, M).

3. Suppose there is an equivalent abelian extension F as in the Definition 6.2, then n: D® M — D & M must has
the form (x,m) = (x, m + h(x)) for some h € C}, (D, M).

Proof. 1. p is a DD pair morphism gives p((x,0) <g (y,0)) = x <p y and p((x,0) > (1,0)) = x >p y
hence we know there is such an f € CIZDD(D,M). Indeed, the second coordinates of (x,0) <g (y,0) and
(x,0) >g (y,0) are elements in M determined by x, y and respectively <g, >¢ and this means exactly
that there is an element f in C, (D, M) gives the second coordinates.

2. Similarly, the existence of g € C},,(D, M) is also a consequence of p is a morphism of DD pairs, this
time it comes from p o ¢g = @p o p.

3. From the diagram
0——M—>De&M-——D—0

1T

the commutativity of the right square indicates that n(x, m) = (x, a(x, m)) for some a : D&M — M.
Meanwhile, the commutativity of the left square gives 1(0, m) = (0, a(0, m)) = (0, m) so a(0, m) = m for
any m € M. Now,

n(x,m) = 1(x,0) + (0, m) = (x,a(x,0)) + (0, a(0, m)) = (x, m + a(x,0))

define a(x, 0) =: h(x) finishes the proof.
|
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Lemma 6.4. 1. Any2-cocycle (f,g) € C3 (D, M) gives rise to an abelian extension 0 — M — D&M — D — 0.
2. Any abelian extension of D by M gives rise to a 2-cocycle of the DD pair cochain complex.

Proof. 1. For any such 2-cocycle (f,g), we have df = 0, that is, f is a 2-cocycle for the dendriform
cohomology of (D, <p, >p) with representation M and dg+ 6 f = 0. There are operations on E := D&M
given by

(x,m) <g (y,n):=(x<py,x<n+m=<y+ f([1];x,y))

(x,m)>g (y,n):==(x>p y,x>n+m>y+ f(12];x,y))
Pe(x, m) == (pp(x), pm(m) + g(x)).

One checks directly that the first two operations defines a dendriform algebra structure on Eas df = 0
and dg + 6f = 0. For example,

(m) <e ) <e @D = com) <e ((v,m) <6 @D + (v, m) = (D)
is equivalent to
(x<py)<pz,(x<py) <l+(x<n)<z+(m<y)<z+f([1xy) <z+ f([1};x <p y,2))
=(x<p(y<pz+y>pz), x<y<Il+y>D+x<m <z+n>2z)+m < (y <p z+Y >p 2)
+x < (f(11, y, 2)+f(12L y, )+ f((1); x, y <p 2)+f([1]; x, y >p 2))
which means
fALxy) <z+ f(Ax <p y,2) =x < f((1}; y,2) + x < f(12L;y,2) + f([1; %,y <p 2) + f([1L;x, ¥ >p 2).

By equality (1) on page 5 (since d f = 0), LHS = x < f([1]1+[2];y,2) + f([1];x,y <p z+ y >p z) = RHS.
The remaining two equalities for the dendriform algebra structure can be proved similarly using
equalities (2) and (3) on page 5.

To show that ¢ is a derivation on E, we need to prove
pe((x,m) <g (y,n)) = @ex,m) <e (y,n) + (x,m) <g Pe(y,n)
@e((x,m) > (y,n)) = Qe(x,m) > (y,n) + (x,m) > Qe(y, n)

the first equality is in fact
(pp(x <D ¥), Pmx <n)+em(m < y) + eu(f([1Lx, ) + 9(x <p y))

= (pp(x) <p ¥ +x <p @p(y), Pp(x) < 1+ x < Ppm(n)

+pm(m) < y+m < @p(y)+g(x) < y+x < gy)+f([11; ep(x), v)+f([11; x, oo (y))
that is,

9(x <p y) = x < g(y) = 9(x) < y) + em(f([1L;x, ) = f([(1L; 9o (), y) = f([1;x, @p(y)) = 0
©dg+of =0.
The second equality can be proved in exactly the same way. Therefore,
0— (M, <, > ¢oMm) 4 (E,<E, >E, PE) LS (D,<p,>p,pp)— 0

is an abelian extension with the obvious section s.
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2. Recall that E = D @ M via s : D — E for any abelian extension 0 — M 4 E% D— 0and Lemma 6.3
indicates that there are maps f and g such that

(x,0) <e (v,0) = (x <p v, f([1]; %, v))

(x,0) >£ (y,0) = (x >p y, f([2]; x, )
¢, 0) = (¢p(x), 9(x))
we claim that (f, g) is the desired 2-cocycle.
First, the dendriform algebra identities on E implies that df = 0. Indeed,

((x,0) <e (¥,0)) <e (2,0) = (x,0) <e ((,0) <k (2,0) + (v, 0) >£ (2,0))

e (x<p ¥, f((1Lx,y) <e (2,0) = (x,0) <e (v <p 2 f([1}; v,2)) + (v >p 2 f([2}; y, 2))).

Note that (x,0) <g (0,m) = (0,x < m) and (x,0) >¢ (0,m) = (0,x > m) as these are part of the
D-representation structure on M in an abelian extension (See the discussion above Definition 6.2).
Hence the LHS of the above equality is

(x <p y,0) <e (z,0) + (0, f([1}; x, ) <e (z,0) = ((x <p y) <p 2, f([1];x <p ¥,2)) + (0, f([1];x, y) < 2))
and the RHS is
(x,0)<e (y<pz+y>pz f(1]+[2L;y,2) = (x,0) < (y <p 2+ ¥ >p 2,0) + (x,0) <e (0, f([1] + [2]; v, 2))
=(x<p(y<pz+y>p2), f((1lxy<pz+y>p2)+0x < f(1] +[2];y,2).
Therefore the first dendriform identity gives
flLx<py,2)+ f([1Lx,y) <z = f([1;x,y <p z+ y >p 2) + x < f([1] + [2]; y, 2)

which is the first identity of f being a 2-cocycle (that is, equality (1) on page 5). The remaining
identities for f being a 2-cocycle is given by the remaining dendriform identities in a similar way.

Now, the fact that @ is a derivation on E gives the equality dg + 6f = 0. Indeed,
Pe((x,0) <k (y,0)) = @r(x,0) <e (y,0) + (x,0) <¢ @£y, 0)

is in fact
Pe(x <p y,0)+9e(0, f([1];x, v)) = (pp(x),0) < E(y,0)+(0, 9(x)) <k (y,0)+(x,0) <& (¥p(y), 0)+(x,0) <k (0, 9(y))
therefore (also from the discussion above Definition 6.2) we get

(@p(x <p ¥),0) + (0, 9(x <p y)) + Pm(f1]; %, y)) = (pp(x) <D ¥,0) + (0, f([1L; pp(x), ¥))

+(0,9(x) < y) + (x <p @p(y), 0) + (0, f([1]; x, pp(y)) + (0, x < g(v))

which means

g(x <p y) — g(x) <y —x < g(y) + em(f([1L; x, v)) = F(1]; op(x), y) = F(1];x, op(y)) = 0.
Similarly, we get

g(x >p y) = g(x) > y — x> g(y) + pm(f([2]; x, v)) = f(12]; p(x), y) = f(12]; x, op(y)) = 0

from @e((x,0) > (y,0)) = @e(x,0) > (y,0) + (x,0) > @e(y,0) and together these indicate that
dg+6f =0.
Therefore (f, g) € C3 (D, M) is a 2-cocycle. [
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Theorem 6.5. H2 (D, M) = Ext(D, M).

Proof. From Lemma 6.4 (1) we know there one can construct an abelian extension from any 2-cocycle (f, g)
of C4,(D,M). Suppose (f',g') € C2,(D,M) is another 2-cocycle whose cohomology class is the same as
(f,g) (so there is some h € C})D(D,M) such that (f,g) — (f’,¢’) = dh) and (E’ = D ® M, <, >p, ¢r) is the
DD pair obtained (in the same way as above) from (f’,g’). One see immediately that the map E — E’
(where (x,m) +— (x,m + h(x))) defines an equivalence between abelian extension E and E’, so the map
H2 (D, M) — Ext(D, M) is well-defined.

Conversely, there is a 2-cocycle (f, ) € C3,,(D, M) from any abelian extension of D by M by Lemma 6.4
(2). Suppose there is an equivalent abelian extension F as in the Definition 6.2, then from Lemma 6.2 (3) we
know n: E=D@&M— D& M is given by (x,m) — (x,m + h(x)) for some h € C%)D(D, M). Now, from

1((x,0) <e (y,0)) = n(x,0) <r n(y,0)  1((x,0) > (y,0)) = n(x,0) > 1y, 0)

(since n is a DD pair morphism) we get f'([7]; x, y) — f([r]; x, y) = (Oh)([r]; x, y) with f” the 2-cocycle induced
from the extension E’, hence the map Ext(D, M) — H%)D(D,M) is well-defined.

To sum up, we have established two maps between HIZDD(D,M) and Ext(D, M) and they are obviously
inverses to each other. [
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