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On S-Artinian and S-Noetherian dimensions

Maryam Davoudian®”, Khadijeh Mohammadian®

*Department of Mathematics, Faculty of Mathematical Sciences and Computer, Shahid Chamran University of Ahvaz, Ahvaz, Iran

Abstract. Let S be a multiplicative subset of a ring R, and let M be an R-module. In this article, we
introduce and study the concepts of S-Artinian dimension and S-Noetherian dimension of an R-module
M. These dimensions are ordinal numbers, and in essence, they measure the deviation of an R-module M
from being S-Artinian and S-Noetherian. We observe some basic facts for modules with these dimensions,
similar to the basic properties of modules with the Krull and Noetherian dimensions.

1. Introduction

Due to the importance of Noetherian and Artinian rings and modules, there are several attempts to
generalize these concepts. Anderson and Dumitrescu introduced the concept of S-Noetherian modules over
commutative rings, [3]. Ahmed and Sanna in [1], tried to characterize the concept of S-Noetherian modules
via a suitable chain condition and a special kind of maximality. An ascending chain Ny € N, € N3 C ... of
submodules of M is called S-stationary if there exists a positive integer k and s € S such that for each n > k
we have sN,, C N;. Let F be a set of submodules of M. A submodule N of F is called S-maximal if there exists
s € Ssuch that for every L € F with N C L we have sL C N. They showed that if every nonempty set of ideals
of R has an S-maximal element then R is S-Noetherian and the latter implies that every ascending chain of
submodules of M is S-stationary. In [7], Bilgin, Reyes, and Tekir characterized S-Noetherian modules over
noncommutative rings. A commutative ring R is called an S-Noetherian ring if for any ideal I of R, there
exist s € S and a finitely generated ideal ] of R such that sI C | C I, see [3]. In [31], Sevim, Tekir, and Koc
studied the duality of the S-Artinian concept. They introduced the concept of S-Artinian rings and finitely
S-cogenerated rings. Let R be a commutative ring and S C R be a multiplicative closed subset. R is called
an S-Artinian ring if for each descending chain of ideals {I,},en Of R, there exist s € S and k € IN such that
sl C I, for all n > k. Also in [29], M. Ozen, O.A. Nazi, U. Tekir, and K.P. Shum studied S-Artinian modules.

The Krull dimension (resp., Noetherian dimension) measures how close a module is to being Artinian
(resp., Noetherian). For the reader’s convenience, we now recall these definitions.

The Krull dimension of a module was defined by Gordon and Robson [15] in the following way.

Definition 1.1. Let M be a left R-module. The Krull dimension of M, which will be denoted by k-dim (M), is defined
by transfinite recursion as follows:
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1. if M = 0, then k-dim (M) = -1,

2. if a is an ordinal number and k-dim (M) « a, then k-dim (M) = a, provided there is no infinite descending
chain M = My 2 M 2 ... of submodules M; such that k-dim (M;_1/M;) ¢ a for all i € N;

3. it is possible that there is no ordinal o such that k-dim (M) = a. In this case, M has no Krull dimension.

Following [18], the Noetherian dimension (the terms dual Krull dimension [2], and N-dimension [8] are also
used) of a module is defined inductively in the following way.

Definition 1.2. Let M be a left R-module. The Noetherian dimension of M, which will be denoted by n-dim (M), is
defined as follows:

1. if M = 0, then n-dim (M) = -1,

2. if a is an ordinal number and n-dim (M) £ a, then n-dim (M) = a, provided there is no infinite ascending
chain My € M; C ... of submodules M; such that n-dim (M;/M;_1) £ a forall i € IN;

3. it is possible that there is no ordinal o such that n-dim (M) = a. In this case, M has no Noetherian dimension.

Motivated by these generalizations, in this paper, we introduce and study the concepts of S-Artinian
dimension and S-Noetherian dimension of an R-module M, denoted by Sa-dim(M) and Sn-dim(M), respec-
tively. These dimensions are ordinal numbers and measure how close a module is to being S-Artinian (resp.,
S-Noetherian). In fact, these dimensions are the S-version of Krull dimension and Noetherian dimension.
In Section 2 of this paper, we investigate some basic properties of S-Artinian dimension. We extend most
of the basic results of S-Artinian modules to S-Artinian dimension. If S is a multiplicative closed subset of
a ring R, we observe that every R-module with Krull dimension has S-Artinian dimension. However, the
converse is not true in general, see Example 2.3. We also observe that the behavior of S-Artinan dimension
is similar to the behavior of the Krull dimension. We show that k-dim M = « if and only if Sa-dim(M) = a,
where S = R — M for each M € Max(R), see Theorem 2.14. If a nonzero R-module M has Krull dimension
and « is an ordinal number, then M is called a-critical if k-dim (M) = a and k-dim AN/I < a for all nonzero N
of M. An R-module M is called critical if M is a-critical for some ordinal a. Section 3 is devoted to a brief
study of S-critical modules, which are the S-version of critical modules. In Section 4, we study some basic
properties of modules with S-Noetherian dimension. The S-Noetherian dimension in fact is the dual of
S-Artinian dimension. In essence, it measures the deviation of an R-module from being S-Noetherian. We
also observe that the behavior of this dimension is similar to the behavior of the Noetherian dimension. We
show that n-dim (M) = « if and only if Sn-dim(M) = a, where S = R— M for each M € Max(R), see Theorem
4.13. If an R-module M has Noetherian dimension and « is an ordinal number, then M is called a-atomic if
n-dim (M) = a and n-dim (N) < «a for all proper submodule N of M. An R-module M is called atomic if it is
a-atomic for some ordinal a. Finally, in the last section, we study the concept of S-atomic modules. In fact,
these modules are the S-version of atomic modules.

2. On S-Artinian dimension of modules

In this section, we define a dimension for modules inspired by a definition found in [29]. Before
addressing it, we recall the definition of an S-Artinian module in the following.

Definition 2.1. Let S be a multiplicative closed subset of a ring R. An R-module M is said to be S-Artinian if for
every descending chain of submodules

Moy2Mi2My2---2M,;, 2---
of M, there exist s € S and k € IN such that sMy € M, for every n > k.
Given the above definition, we can now define the S-Artinian dimension as follows.

Definition 2.2. Let S be a multiplicative closed subset of R and M be an R-module. The S-Artinian dimension of M,
which will be denoted by Sa-dim(M), is defined by transfinite recursion as follows:
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1. Sa-dim(M) = 0 if and only if M is S-Artinian.
2. If a is an ordinal number and Sa-dim(M) £ «, then Sa-dim(M) = a provided that there is no infinite
descending chain of submodules M = My 2 My 2 M, 2 -- - such that Sa—dim(%) £ aforeachi € IN.
3. It is possible that there is no ordinal a such that Sa-dim(M) = «. In this case, M has no S-Artinian dimension.
We define the (right) S-Artinian dimension of a ring to be its dimension as a (right) module over itself.

Werecall that, the definition of the S-Artinian dimension of an R-module M is modeled after the definition
of Krull dimension, see [15]. Specifically, we define Sa-dim(M) = 0 if and only if M is an S-Artinian module.
We define Sa-dimM = 1 if M is not S-Artinian, but for every descending chain of submodules

M; DM, D

almost all of the quotients M— are S-Artinian.
For example, consider the Z-module Z with S = Z \ {0}. This module is not S-Artinian, since the chain

2752275232522 5277527 > - ..

is not S-stationary. However, for each submodule nZ of Z, the quotient -% is Artinian, and hence S-Artinian,
see [6, Example 1]. This implies that Sa-dim Z = 1.

Example 2.3. 1. Let S be a multiplicative closed subset of a ring R. Every R-module with Krull dimension has
S-Artinian dimension. However, the converse is not true in general. To see this, let R = (®ie;Z) ® Q and
S = {((M)ie1, )I0 # § € Q,m; € Z forall i € I}. Then, M = R as a left R-module is an S-Artinian module
and Sa-dim(M) = 0. But it does not have Krull dimension.

2. Let S be a multiplicative closed subset of a ring R. Every Noetherian module has S-Artinian dimension. We first
claim that every module with Krull dimension has S-Artinian dimension, and in fact Sa-dimM < k-dimM.
Let M be a nonzero R-module with k-dimM = a. We proceed by transfinite induction on a.
o Ifa =0, then M is Artinian, and hence S-Artinian, see [6, Example 2]. Therefore, Sa-dimM = 0.

o Now assume o > 0 and the claim holds for all ordinals less than «. Let
My D2M, D M3 2

be a descending chain of submodules of M. Since M has Krull dimension, there exists an integer n such
that for all k > n, we have

k-dim(My /My,1) < a.
By the induction hypothesis, it follows that for each k > n,
Sa-dim(My /M) < a.
Hence the chain satisfies the condition for Sa-dimM < a.

Since every Noetherian module has Krull dimension, see [15, Proposition 1.3], we conclude that every Noetherian
module has S-Artinian dimension.

3. Let S = Z\ {0}. Then, the Z-module Z. is not an S-Artinian module but Sa-dim(Z) = 1.

4. By [15, Theorem 9.8], for every ordinal number «, there exists a Noetherian domain R such that k-dim(R) = a.
Taking S = {1}, we obtain an R-module M with Sa-dim(M) = a.

Example 2.4. Let R = Q[x1,x2, ..., x,] be a polynomial ring over the field of rational numbers. Then, M = R as an
R-module is Noetherian. Take S = {x] : n > 0}.
By [15, Corollary 9.4], R has Krull dimension and k-dim(R) = 1. Consider the descending chain of submodules:
(1) > (1) 2 () 2 (1)) > () > (1) > -

which is not S-stationary. Hence R is not an S-Artinian module. However, by the argument in Eaxmple 2.3(2), we
conclude that Sa-dim(R) = 1.
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Let S be a multiplicative closed subset of R. In [6, Theorem 3.14], it is proved that an R-module M is
an S-Artinian module if and only if N and ¥ are S-Artinian modules for a submodule N of M. Before we
prove a closely related result, we need the following lemma.

Lemma 2.5. Let S be a multiplicative closed subset of a ring R. Let N be a nonzero proper submodule of an R-module
M and a be an ordinal number. If Sa-dim(M) < «, then N and % have S-Artinian dimension, Sa-dim(N) < a, and
Sa-dim(¥) < a.

Proof. Assume Sa-dim(M) < a. Suppose that Ngo 2 Ny 2 N, 2 --- 2 N,, 2 -+ is a descending chain of

submodules of N. From M D> N and Sa-dim(M) < «, there exists k € IN such that Sa-dim(%) < a for each

i > k. Hence, N has S-Artinian dimension and Sa-dim(N) < a. Now, suppose that 1\% 2 % 2 % 22

% 2 --- is a descending chain of submodules of Aﬁd Thus, My 2 M1 2 M 2--- 2 M, 2 --- is a descending

chain of submodules of M. Since Sa-dim(M) < a, there exists k € IN such that Sa—dim(A%) < a for each
i > k. We note that

M; M.
Sa-dim( M’i -) = Sa-dim( MA’ ) < a.
N i+1

Therefore, % has S-Artinian dimension and Sa-dim(A—I\/]I) <a. O

Now, we are in a position to prove the following result.

Theorem 2.6. Let S be a multiplicative closed subset of a ring R. Let N be a nonzero proper submodule of an
R-module M. The following statements are equivalent.

1. M has %Artinian dimension.
2. Nand N have S-Artinian dimension and Sa-dim(M) = max{Sa-dim (N), Sa-dim (%)}.

Proof. (1) = (2) It follows from Lemma 2.5.

(2) = (1) Let max{Sa-dim(N), Sa—dim(%)} = a. We proceed by induction on a. If @ = 0, then N and
% are S-Artinian modules. With the help of [6, Theorem 3.14], there is nothing to prove. Now, assume

that for all ordinals less than «, the statement holds. If My 2 M; 2 M, 2 --- 2 M, 2 --- is an arbitrary
descending chain of submodules of M, then My NN 2 MiNN 2 M, NN 2 ---2 M, NN 2 --- and

M‘};N 2 M};N 2 MZJN 202 A% 2 --- are descending chains of submodules of N and ¥, respectively.
Since N and % have S-Artinian dimension, so there exists k € IN such that Sa'dim(%) < a and

Sa-dim(2N ) < o for all n > k. By the modular law, we have

Mn+lmN
M,NN M, NN _ My + My NN)
Mn+1 NN B Mn+1 N (Mn N N) - Mn+1
and
M, +N _ My+Mp1 +N) M, _ M,
Mn+1 +N— (Mn+1 +N) _Mnm(Mn+1 +N) _Mn+1+(MnnN).
So,
. Mn+1 + (Mn n N) . Mn
Sa-dim( Moo )<a and Sa dlm(Mn+1 TN N)) <a.
Thus,
. Mn+1 + (Mn N N) . Mn
max{Sa-dim( M, ), Sa-dlm(M’1+1 M, N))} <a.
Now, by the induction hypothesis
. Mn . Mn+1 + (Mn N N) . Mn
Sa-dim < max{Sa-dim , Sa-dim <a.
(Mn+1 ) { ( Mn+1 ) (Mn+1 + (Mn N N) )}

Hence, we deduce Sa—dim(%) < a for each n > k. This yields that Sa-dim(M) < a, and we are done. [
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Theorem 2.6 leads the following corollary.

Corollary 2.7. Let M = & M; be a nonzero R-module. If each M; has S-Artinian dimension, then M has S-Artinian
dimension and Sa-dim(M) = max{Sa-dim(M;)}’,

Corollary 2.8. Let S be a multiplicative closed subset of a ring R. The following statements hold for an R-module M.

1. If every nonzero proper submodule of M has S-Artinian dimension, then M has S-Artinian dimension and
Sa-dim(M) = sup{Sa-dim(N) : N € M}.

2. If every proper quotient of M has S-Artinian dimension, then M has S-Artinian dimension and Sa-dim (M) <
sup{Sa-dim(¥) : 0 # N ¢ M} + 1.

3. Iffor every nonzero proper submodule N of M, either N or % has S-Artinian dimension, then M has S-Artinian
dimension.

Proof. (1) We put a = sup{Sa-dim(N) : 0 # N ¢ M}. Assume M D M; 2 M, 2 --- 2 M, 2 --- is an arbitrary
descending chain of submodules of M. So, M, 2 M3 2 --- 2 M, 2 --- is a descending chain of submodules
of M. Since M; is a proper submodule of M, then M; has S-Artinian dimension. Thus, there exists k € IN
such that

Sa-dim (37-) < Sa-dim (My) < a

for each i > k. This implies that Sa-dim(M) < a. By hypothesis, for every nonzero proper submodule N
of M, we have Sa-dim(N) < Sa-dim(M). Thus, we infer that @ < Sa-dim(M) and so Sa-dim(M) = «, as desired.

(2) Weputa = sup{Sa—dim(IZ\V—’I) :0#NC M) AssumeMy 2M; 2+ 2 M 2 --- is an infinite descend-
ing chain of submodules of M. Then, we have A]/}/,I C M for each i. Since —;— M has S-Artinian dimension,

then Sa-dim(57- ) < Sa-dim(:4- Y ) <a<a+1foralli. Hence, we conclude that Sa-dim(M) < a + 1.

(B)Let M2 Ny 2N, 2+ 2 N, 2 --- be an infinite descending chain of submodules of M If Ni has
S-Artinian dimension for some k, then 3 N has S-Artinian dimension for eaChz > k. Otherwise, 4 N, an nd 5 N;

1+1
have S-Artinian dimension for each i. Thus there exists k € IN such that has S-Artinian dimension for
all i > k. Hence, M has S-Artinian dimension and we are done. []

Corollary 2.9. Let S be a multiplicative closed subset of R. Assume M is an R-module such that Sa-dim (M) > 1.
If f is an injective endomorphism of M then Sa-dim (M) > Sa-dim ( 7om) T 1

Proof. Put @ = Sa—dim(ﬂiM)). Consider the descending chain M 2 f(M) 2 f2(M) 2 --- 2 f"(M) 2 --- of

) M

submodules of M. From Frion = Fan We have

a = Sa-dim (745) = Sa-dim ( f{jﬁﬁf;))

for each i. Since Sa-dim (%) > «a for each i, we deduce that Sa-dim (M) > a. Hence, Sa-dim (M) > a + 1
and we conclude that

Sa-dim(M) > Sa-dim(%) +1.
O

Let S and S, be two multiplicative closed subsets of a ring R. Below, we discuss the relationship between
two different S;-Artinian dimension and S;-Artinian dimension for an R-module. Before proceeding, we
recall a definition from [13]. Let S be a multiplicative closed subset of a ring R. Theset S*={a € R:aisa
unit of S~!R} is called the saturation of S. Obviously, a multiplicative closed subset S C R is a saturated set if
S=5"
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Theorem 2.10. Let S; and S, be two multiplicative closed subsets of a ring R such that Sy € Sy. The following
statements hold for a nonzero R-module M.

1. If Sia-dim(M) = a, then M has S,-Artinian dimension and S,a-dim(M) < a.
2. M has S*-Artinian dimension and S*a-dim(M) < a if and only if Sa-dim(M) < a.

Proof. (1) Assume Sia-dim(M) = a. We show that Sya-dim(M) < a. We proceed by induction on . If @ =0,
then M is an S1-Artinian R-module. By [29, Lemma 1], M is an S,-Artinian R-module and so Sya-dim(M) = 0
Now, assume that for all ordinals less than «, the statement holds. Let M{ 2 M, 2 --- 2 M,, 2 --- be an
arbitrary descending chain of submodules of M. Since M has S-Artinian dimension, there exists k € IN such
that Sia- dlm( ~) < a, for each i > k. Thus, by the induction hypothesis, ; 2 has S,-Artinian dimension

and S,a- dlm(M—) < a. Therefore, M has S,-Artinian dimension and S,a- dlm(M) <a.

(2) From S C §*, we have S$*a-dim(M) < Sa-dim (M) by part (1). Now assume S*a-dim(M) = a. We proceed
by induction on a. If @ = 0, then M is an S*-Artinian R-module. By [29, Lemma 1, ii], M is an S-Artinian
R-module and so Sa-dim(M) = 0. Now, suppose that for all ordinals less than «, the statement holds.
Let My 2 My 2 --- 2 M,, 2 --- is an arbitrary descending chain of submodules of M. Since M is an
S*-Artinian R-module, there exists k € IN such that S*a- dim(%) < a, for each i > k. Thus, by the induction

hypothesis, 7 2 has S-Artinian dimension and Sa- d1m( —-) < a. Therefore, M has S-Artinian dimension
and Sa- dlm(M) <a. O

We recall the following result from [29, Lemma 1].
Lemma 2.11. Let M be an S-Artinian module with anng(M) NS = @. Then S™'M is an Artinian S™'R-module.
In view of the previous lemma we have the following result.

Proposition 2.12. Let S be a multiplicative closed subset of a ring R. Assume M is an R-module such that
anng(M)N'S = @. If M has S-Artinian dimension and Sa-dim(M) = a, then the ST R-module S™*M has Krull
dimension and k-dim (S7'M) < a.

Proof. Assume Sa-dim (M) = a. We proceed by induction on a. If @ = 0, then M is an S-Artinian R-module.
By Lemma 2.11, S"'M is an Artinian S~!R-module and so k-dim (S~!M) = 0. Now, assume that the statement
holds for all ordinals less than a. Let Mj 2 M, 2 --- be a descending chain of submodules of the S7IR-
module S'M. For each i, there exists an R-submodule N; of M such that M; = S™IN;. Hence, we have the
descending chain Ny 2 Ny NN, 2 --- of submodules of the R-module M. Since Sa-dim(M) = «, there exists

an integer k such that Sa-dim(—N1 m\zszf fr?l\l,\] N 1) < a, for each i > k.
1 1+
Nin-NN;

By the induction hypothesis, we have k-dim (S‘l(m)) < a, for each i k But when-

ever A and B are submodules of the R-module M and A C B, we have S~ 1( ) = B this implies

that k—dim(%) < a, for each i > k. Thus, k—dim(%) < a, for ach i > k, (note,

ST Nin---NN;) = SNy N---NS'N;). This implies that k-dim (37-) < « for each i > k. Therefore
k-dim (S7'M) < a, as desired. O

As noted earlier, if M has Krull dimension, then M has S-Artinian dimension. In the following, we give
a sufficient condition under which the converse is true. To state it, we need recall some definitions. An
R-module M is called multiplication if for every submodule N of M there exists an ideal I of R such that
N = IM. For an R-module M, we let Uy(R) := {r € R : M = M}. Clearly, U(R) € Um(R) and Upm(R) is a
saturated multiplicative closed subset.

Corollary 2.13. Let S be a multiplicative closed subset of a ring R and M be a multiplication R-module. The following
statements hold.

1. If S € Um(R), then M has Krull dimension if and only if M has S-Artinian dimension.
2. If S € Um(R) and M has S-Artinian dimension, then M has finite Goldie dimension.
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Proof. (1) The proof follows from [29, Lemma 1, iii].
(2) It follows from part (1). O

Let M be a nonzero R-module. Clearly, Sp = R\ P is a multiplicative closed subset of R for a prime
ideal of R. Following [29], we say M has P-Artinian dimension, denoted by Pa-dim(M), whenever M has
Sp-Artinian dimension.

Theorem 2.14. Let M be a nonzero R-module. The following statements are equivalent.

1. M has Krull dimension and k-dim(M) = a.
2. M has P-Artinian dimension for each P € Spec(R) and Pa-dim(M) = a.
3. M has M-Artinian dimension for each M € Max(R) and Ma-dim(M) = a.

Proof. (1) = (2) = (3) Clear.

(8) = (1) We proceed by induction on «, where a is an ordinal number. If Ma-dim(M) = 0, then M
is an M-Artinian module. By [29, Theorem 2], M is an Artinian module. Thus, it has Krull dimension
and k-dim(M) = 0. Now, assume that the statement holds for all ordinals less than a. Suppose that
Ma-dim(M) = e¢ and My 2 My 2 --- 2 M, 2 --- is a descending chain of submodules of M. Since
M has M-Artinian dimension, there exists k € IN such that Ma- dim(Ml) < a for each i > k. By the

induction hypothesis, M M has Krull dimension and k-dim (M—) < a. Hence, we have k-dim (M) < a. Since
Ma-dim (M) < k-dim (M) we conclude that Ma-dim (M) = k- dim M)=a. O

We close this section by two results about rings with S-Artinian dimension.

Corollary 2.15. Let S be a multiplicative closed subset of a ring R. Let M be a finitely generated R-module. If R has
S-Artinian dimension, then Sa-dim(M) < Sa-dim(R).

Proof. Since M is a finitely generated R-module, we infer that M ~ £, where F ~ Rf and N C F.
So, we have Sa-dim (M) = Sa—dim(l%) < Sa-dim (F) = Sa-dim (RF). By Corollary 2.7, Sa-dim (F) =
max{Sa-dim(R), ..., Sa-dim (R)}. Hence Sa-dim (M) < Sa-dim (R). O

Corollary 2.16. Let S be a multiplicative closed subset of a ring R. If R has S-Artinian dimension and c € R is a
non-zero-divisor of R, then Sa—dim(%) < Sa-dim(R).

Proof. Consider the descending chain of left ideals Rc 2 Rc? 2 -++ 2 Rc" 2 ---. Smce R has S-Artinian
dimension, there exists k € IN such that Sa-dim( chﬂ) < Sa-dim(R) for each n > k. But ~ % for each n,

and so Sa—dim(%) < Sa-dim (R). O

4 ch+1

3. S.a-critical modules

We recall from [15], that an R- module M is called a-critical if k-dim(M) = a, which a > 0 is an ordinal
number, and k—dim(%) < aforevery submodule N of M. This section introduces the concept of an S.a-critical
submodule and explores its relation to the S-Artinian dimension.

Definition 3.1. Let S be a multiplicative closed subset of a ring R and let o > 1 be an ordinal number. We say an
R-module M is S.a-critical if Sa-dim(M) = a and Sa—dim(%) < a for every proper nonzero submodule N of M.

Lemma 3.2. Let S be a multiplicative closed subset of a ring R and M be an S.a-critical R-module. Every nonzero
submodule of M is an S.a-critical R-module.

Proof. Let N be a submodule of M. Since M is an S.a-critical R-module, we have Sa-dim(¥) < a. In view of
Lemma 2.6, we infer that

a = Sa-dim(M) = max{Sa-dim(N), Sa- dlm(M)
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This yields that Sa-dim(N) = a. If B is a nonzero submodule of N, then Sa-dim (%]) < Sa-dim (%A) < a. Thus,
Sa-dim (%) < a for each 0 # B € N. This yields that N is an S.a-critical R-module, as desired. [

We recall that a uniform module is a nonzero module M, such that the intersection of any two nonzero
submodules of M is nonzero. Now we have the following result.

Lemma 3.3. Let S be a multiplicative closed subset of a ring R. If M is an S.a-critical R-module, then M is uniform.

Proof. Assume, for a contradiction, M is not uniform. Hence, there are two nonzero submodules A; and A,
of M such that Ay N A, =0. Since0 # A1 C Mand 0 # A, C M, we have A1 ® A, € M. From Lemma 3.2, we
deduce that A; and Aj; are S.a-critical submodules and Sa-dim(A;) = Sa-dim(A;) = Sa-dim(A; & Ay) = a.

By Lemma 3.2, we have A; @ A; is an S.a-critical R-module. Since @ ~ A,, we conclude that
o = Sa-dim (4;) = Sa-dim (“2922)) < Sa-dim (4; ® 4y) = a.
That is a contradiction. [

Lemma 3.4. Let S be a multiplicative closed subset of a ring R. If M is an S.a-critical R-module and f : M — M is
a nonzero endomorphism, then f is one to one.

Proof. Assume, for a contradiction, Ker f # 0. Since M is an S.a-critical R-module, Sa-dim (M) = a and
Sa-dim(%) < aforeach0 # N ¢ M. From 0 # Ker f ¢ M, we have Sa-dim(K%) < Sa-dim(M). But,

( Klgf) ~ f(M) € M, and so Sa-dim ( Kﬂf f) = Sa-dim (f(M)). Clearly, every submodule of an S.a-critical
module is an S.a-critical module. Thus, we infer that Sa-dim (f(M)) = Sa-dim (M) = a, a contradiction. [

Lemma 3.4 has the following corollary.

Corollary 3.5. Let S be a multiplicative closed subset of a ring R. If R has S-Artinian dimension and I is a left
S.a-critical ideal of R, then one of the following occurs:

1. > =0.
2. There exists 0 # ¢ € I such that Lann(c) N1 = 0.

Proof. Assume that I> # 0. Thus, there exists 0 # ¢ € I such that cI # 0. Define f : I — I such that
f(x) = xc. It is clear that f is a homomorphism. In view of Lemma 3.4, f is a monomorphism, so
Lann(c)NI=Ker f =0. O

Proposition 3.6. Let S be a multiplicative closed subset of a ring R. If an R-module M has S-Artinian dimension
then it is an S.a-critical submodule for an ordinal number .

Proof. Let N be a nonzero submodule of M with the least S-Artinian dimension . Assume, for a contradic-
tion, N is not an S.a-critical submodule. Hence, there exists 0 # N; € N such that Sa—dim(Nﬂl) = a. By our
assumption, we have Sa-dim(N;) = a. If N is not an S.a-critical submodule, then there exists 0 # N, C N;
such that Sa—dim(%) = a and Sa-dim(N,) = a. By continuing this method, M does not have any S.a-critical
submodule and there exists Ny O N, D -+, which is an infinite descending chain of submodules of M and
Sa-dim(%) = a for each i. This is a contradiction. [J

Lemma 3.7. Let S be a multiplicative closed subset of a ring R. If M is a nonzero Noetherian R-module and
Sa-dim(M) = a, then M has a proper nonzero submodule N such that % is an S.a-critical module.

Proof. Consider the set }, = {N ¢ M : Sa—dim(%) = a}. From 0 € Y, we have ), # @. Since M is a
Noetherian R-module, we infer that ), has a maximal element, say N. Thus, Sa-dim(%) =aand N Cc M.

M
It suffices to show that Sa-dim(¥) < a for each 0 # X < M. In view of Lemma 2.6, we infer that
N

Zi~zIz

Sa-dim(%) = max{Sa-dim(%), Sa-dim(%)}. However, % ~ £ and so Sa-dim(%) = Sa-dim(%). Thus,
N N
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Sa-dim(%) = max{Sa-dim(%), Sa-dim(%)}.
From Su-dim(%) = a, we deduce that
Sa-dim(%) < a, Sa-dim(¥) < a.
By our assumption, K ¢ M and so K € Y if Sa-dim(¥) = a. Notice that N C K contradicts the maximality

M
of N. Thus, Sa—dim(%) < a and Sa-dim(¥) < a. Hence, % is an S.a-critical module, as desired. O
N

4. On S-Noetherian dimension of modules

In this section, we define a dimension for modules inspired by a definition found in [7]. Before
proceeding, we recall the definition an S-Noetherian module in the following.

Definition 4.1. Let R bearingand S C R a multiplicative subset. A left R-module M is said to be S-finite if sM C F
for some s € S and some finitely generated submodule F of M, and M is said to be S-Noetherian if every submodule of
M is an S-finite module. A left ideal I of R is S-finite if it is S-finite as a left R-module, and R is called left S-Noetherian
if the left R-module M = R is S-Noetherian.

We recall from [7], a chain of submodules {N;}; € I of a left R-module M is said to be S-stationary if there
exists j € [ and s € S such that sN; C N; foralli € I.

Theorem 4.2. Let S be a multiplicative subset of R and M a left R-module. The following are equivalent:

1. Mis S-Noetherian.
2. Every nonempty chain of submodules of M is S-stationary.
3. Every nonempty set ¥ of submodules of M has an S-maximal element.

Proof. See [7, Theorem 2.3]. [
With the help of the above definition, we can now define the S-Noetherian dimension as follows.

Definition 4.3. Let S be a multiplicative closed subset of R and M be an R-module. The S-Noetherian dimension of
M, which will be denoted by Sn-dim(M), is defined by transfinite recursion as follows:

1. Sn-dim(M) = 0 if and only if M is an S-Noetherian module.

2. Ifwisan ordinal number and Sn-dim(M) £ «, then Sn-dim(M) = a provided that there is no infinite ascending
chain of submodules Mg € My C --- of submodules M; such that Sn-dim (%) £ aforeachi € IN.

3. It is possible that there is no ordinal o such that Sn-dim(M) = a. In this case, M has no S-Noetherian
dimension.

We define the (left) S-Noetherian dimension of a ring to be its dimension as a (left) module over itself.

Remark 4.4. Obuviously, every module with Noetherian dimension has S-Noetherian dimension. However, the
converse is not true in general. For example, consider R = [];2oFp and S = {1} U aA*, where A* = ]2, .. By
[6, Example 5], R is an S-Noetherian ring and Sn-dim(R) = 0, but it does not have Noetherian dimension.

Let S be a multiplicative closed subset of a ring R. In [6, Theorem 3.1], it is proved that an R-module M
is an S-Noetherian module if and only if N and &} are S-Noetherian modules for a submodule N of M.

Lemma 4.5. Let S be a multiplicative closed subset of a ring R. Let N be a nonzero proper submodule of an R-module
M and a be an ordinal number. Then, Sn-dim(M) = sup{Sn-dim (N), Sn-dim (%)}.

Proof. The proof is similar to the proof of Theorem 2.6. [J

Proposition 4.6. Let S be a multiplicative closed subset of a ring R and M be an R-module. The following statements
are equivalent.
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1. Sn-dim(M) = a.
2. (a) Sn-dim(M) £ a.
(b) For each family F of submodules of M, there exists N € F such that Sn-dim(§) < a foreachN C P € F.

Proof. (2) = (1) Let My € M; € M; C -+ be an infinite ascending chain of submodules of M. Consider
the family ¥ = {Mj, My, ...}. Thus, there exists M; € ¥ such that Sn-dim(AMif) < a for each j > i. Thus,
Sn-dim ( ”1) < a for each j > i, and hence Sn-dim (M) = «a, as desired.

1)=?) Let Sn-dim(M) = aand ¥ be a family of submodules of M. Take N € ¥ Thus, either Sn—dim(%) <a
foreach N C P € ¥ or there exists N C P; € ¥ such that Sn-dim(f\,—‘) > a. The proof is complete if P satisfies
the condition. Otherwise, there exists P; C P, € ¥ such that Sn-dim(lpj—f) > a. By continuing this method,

if the assertion is not true, then we have the chain P; C P, C P3 C --- where Sn-dim( pz";l) > a for each i, a
contradiction. [

The proof of the following result is similar to the proof of Corollary 2.15, and thus it is omitted.

Corollary 4.7. Let S be a multiplicative closed subset of a ring R. If R has S-Noetherian dimension, then Sn-dim(R) =
sup{Sn-dim (M)| M is a finitely generated R-module}.

Corollary 4.8. Let S be a multiplicative closed subset of a ring R. The following statements hold for an R-module M.

1. If every nonzero proper submodule of M has S-Noetherian dimension, then M has S-Noetherian dimension and
Sn-dim(M) < sup{Sn-dim(N): N c M} + 1.

2. Ifevery proper quotient of M has S-Noetherian dimension, then M has S-Noetherian dimension and Sn-dim(M) =
sup{Sn-dim(4) : 0 # N ¢ M}.

3. If for every nonzero proper submodule N of M either N or % has S-Noetherian dimension, then M has
S-Noetherian dimension.

Proof. (1) Assume sup{Sn-dim(N) : N ¢ M} = a. Let My S M, C--- C M, C --- be an arbitrary ascending
chain of submodules of M. Thus, Sn—dim(%) < Sn-dim(Mj;1) € @ < a + 1 for each i. Hence, we have
Sn-dim(M) < a + 1.

(2) Assume sup{Sn- dim(M) :0#NCM}=a. LetM; CM, C--- C M, C--- be an infinite ascending chain
of submodules of M. Thus, we have the chain ’” - ’*2 C ... of submodules of ]\% Since Sn-dim(]\%) <a,
M]'+1
there exists an integer number k such that Sn- -dim(— 7—) = Sn-dim( ”1) < Sn—dim(%) < a foreach j > k.

Mi

This implies that Sn-dim(M) < a, as desired.
(B)Let Ny €Ny C--- € N, C--- be an infinite ascending chain of submodules of M. If Nﬂk has S-Noetherian

dimension for some k, then N"” has S-Noetherian dimension for each i > k. Otherwise, assume that N;
Nz+1
N;

and have S-Noetherian dlmensmn for each i. Thus, there exists k € IN such that N’“ has S-Noetherian
dimension for all i > k.This yields that M has S-Noetherian dimension and we are done O

In view of [5, Theorem 3.1], now we have the following result.

Corollary 4.9. Let R be a commutative ring and S be a multiplicative closed subset of R which contains no zero-
divisors of R. We recall that Sa-dim(R) = 0 if and only if R is S-Artinian and Sn-dim(R) = 0 if and only if R is
S-Noetherian. In view of [5, Theorem 3.1], if R is an S-Artinian ring, then R is an S-Noetherian ring. So by above
result Sa-dim(R) = 0 implies that Sn-dim(R) =

Lemma 4.10. Let M be an R-module. The following statements hold.

1. If S1 € S, are two multiplicative closed subsets of a ring R and M is an S1-Noetherian module, then M is an
Sy-Noetherian module.
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2. Let S* be the saturation of a multiplicative closed subset S of a ring R. An R-module M is S-Noetherian if and
only if it is S*-Noetherian.

3. Let M be a multiplication R-module and S C Upm(R) be a multiplicative closed subset of R. An R-module M is
Noetherian if and only if M is an S-Noetherian module.

4. Let M be an S-Noetherian module with anng(M) NS = @. Then S™'M is a Noetherian S~'R-module.

Proof. (1) It is clear.

(2) Let M be an S-Noetherian module. Since S C S* are two multiplicative closed subsets of R, thus M is an
5*-Noetherian module by part (1). For the converse, assume that M is an 5*-Noetherian module so every
submodule of M is an §*-finite module. Let N be a submodule of M, then N is an S*-finite. So *N C F for
some r € §* and some finitely generated submodule F of M. Since r € 5*, we infer that { is a unit of S'R
and so {7 = 1 for some s € S and a € R. This implies that uar = us for some u € S. Puts’ = us. Then, s’ € S
and uarN = s’N C uaF C F.

(3) It is straightforward.

(4) A submodule of S7'M is of the form S'!N where N is a submodule of M. Since N is an S-finite
submodule of M, there exist s € S and a finitely generated submodule F of M such that sN € F € N . Then
S7IN =S§71(sN) C ST'F € S7IN, so S™!N = S7!F is a finitely generated submodule. [

Theorem 4.11. 1. Let Sy C Sy be two multiplicative closed subsets of a ring R and let M be an R-module. If

Sin-dim(M) = a, then M has S,-Noetherian dimension and Syn-dim(M) < a.

2. Let S be a multiplicative closed subset of a ring R. An R-module M has S*-Noetherian dimension and
S*n-dim(M) < a if and only if Sn-dim (M) < a.

3. Let S bea multiplicative closed subset of a ring R. Assume M is a multiplication R-module such that S C Up(R).
Then, M has Noetherian dimension if and only if M has S-Noetherian dimension.

4. Let S be a multiplicative closed subset of a ring R. Assume M is an R-module such that anng(M) N S = @. If
M has S-Noetherian dimension and Sn-dim (M) = a, then the S~'R-module S~'M has Noetherian dimension
and n-dim (S7'M) < a.

Proof. (1) Assume Sin-dim(M) = a. We proceed by induction on a. If a = 0, then M is an S;-Noetherian
R-module. By Lemma 4.10, M is an S;-Noetherian R-module and so S;n-dim(M) = 0. Now, assume that for
all ordinals less than «, the statement holds. Let My C M, C--- C M, C --- be an arbitrary ascending chain
of submodules of M. Since M has S1-Noetherian dimension, there exists k € IN such that Sln—dim(MM;*il) <a,
for each i > k. Thus, by the induction hypothesis, M has S,-Noetherian dimension and Szn—dim(%) <a.
Therefore, M has S,-Noetherian dimension and Sgn-ldim(M) <a. l

(2) From S € §*, we have S*n-dim(M) < Sn-dim(M) by part (1). Now, suppose that S*n-dim(M) = a.
We proceed by induction on a. If @ = 0, then M is an S*-Noetherian R-module. By Lemma 4.10, M is
an S5-Noetherian R-module and so Sn-dim(M) = 0. Now, assume that for all ordinals less than a, the
statement holds. Let My S M, C--- € M, C -+ is an arbitrary ascending chain of submodules of M. Since
S*n-dim(M) = a, there exists k € IN such that S*n—dim(MM;*il) < a, for each i > k. Thus, by the induction
Min

hypothesis, 77 has 5-Noetherian dimension and Sn—dim(%) < a. Hence, M has S-Noetherian dimension
and Sn-dim(M) < a.

(3) The result follows from Lemma 4.10.

(4) Assume Sn-dim(M) = a. We proceed by induction on a. If @ = 0, then M is an S-Noetherian R-module.
By Lemma 4.10(4), we infer that S™'M is a Noetherian S~'R-module, and so n-dim (S™'M) = 0. Now, assume
that for all ordinals less than «, the statement holds. Let M; € M, C --- be an ascending chain of submodules
of the S"'R-module S~*M. For each i, there exists an R-submodule N; of M such that M; = S~IN;. Hence
we have the ascending chain N; € N; + N, C - -- of submodules of the R-module M. Since Sn-dim(M) = «a,
there exists an integer k such that Sn-dim(NttNetNis1y oy for each i > k.

Ni+-+N;
By the induction hypothesis, we infer that n-dim (S7( %)) < a, for each i > k. But when-

ever A and B are submodules of the R-module M and A C B, we have S‘l(%) ~ SSA this implies that

STB’
ST (N1 +-4+Ni+Nis1) . Myt MiA Moy .
SN TNy ) < a, for each i > k. Thus n—dlm(—M1 —ys ) < a, for each i > k, (note, we recall

n-dim (
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that STI(N; + Ny + - -+ Ni) = STIN; + S7IN, + - - - + STIN}). Hence n-dim (A%) < a for each i > k. Therefore,
n-dim (S7'M) < @, and we are done. [J

Let M be a nonzero R-module and let P be a prime ideal of R. Let Sp denote the set R \ P. We say M has
P-Noetherian dimension, denoted by Pn-dim(M), whenever M has Sp-Noetherian dimension.

Theorem 4.12. Let M be a nonzero R-module. The following statements are equivalent.

1. M is a Noetherian module.
2. M is a P-Noetherian module for each P € Spec(R).
3. M is an M-Noetherian module for each M € Max(R).

Proof. See [23, Proposition 2.2 ] and [6, Proposition 2.6]. [

Theorem 4.13. Let M be a nonzero R-module. The following statements are equivalent.

1. M has Noetherian dimension and n-dim(M) = a.
2. M has P-Noetherian dimension for each P € Spec(R) and Pn-dim(M) = «
3. M has M-Noetherian dimension for each M € Max(R) and Mn-dim(M) = «

Proof. (1) = (2) = (3) Clear.

(3) = (1) We will proceed by induction on @, where « is an ordinal number. Assume that Mn-dim(M) = a.
If Mn-dim(M) = 0, then M is an M-Noetherian module. By Theorem 4.12, M is a Noetherian module. Thus,
it has Noetherian dimension and n—dim(M) = 0. Now, assume that for all ordinals less than «, the statement
holds. Suppose that My C M, C --- C M, C --- is an ascending chain of submodules of M. Since M has
M-Noetherian dimension, there exists k € IN such that Mn- dlm(M’”) < a for each i > k. By the induction

hypothesis, M1 has Noetherian dimension and n- -dim ( ”1) < a. Hence, we deduce that n-dim (M) < «
and Mn- dlm(M) < n-dim(M). This yields that Mn- dlm(M) =n-dimM) =a. O

Theorem 4.14. Let M be a maximal ideal of a ring R. Then, R has Noetherian dimension if and only if R has
M-Noetherian dimension.

Proof. The “only if” part is clear. For the “if” part, we will proceed by induction on a, where «a is an
ordinal number. Assume Mn-dim(R) = a. If Mn-dim(R) = 0, then R is an M-Noetherian ring. Thus, by
[6, Proposition 2.6], R is a Noetherian ring. Hence, it has Noetherian dimension and n-dim(R) = 0. Now,
assume that for all ordinals less than ¢, the statement holds. Consider Mn-dim(R) = aand I C I, C ... C
I, € ... is an ascending chain of ideals of R. Since R has M-Noetherian dimension, there exists k € IN such
that Mn- dim(I’”) < a for each i > k. Therefore, by the induction hypothesis ~ I"” has Noetherian dimension

and n-dim ( ’”) < a. Hence, we conclude that n-dim (R) < a and Mn-dim(R) < n-dim(R). This implies that
Mn-dim(R) = n-dim(R) = . O

By an interesting result due to Lemonnier, is that every module has Noetherian dimension if and only
if it has Krull dimension, see [27, Corollary 6]. We end the section with a conjecture. We have been unable
to prove it, but it seems likely that it is so.

Conjecture Let S be a multiplicative closed subset of a ring R. An R-module M has S-Artinian dimension
if and only if it has S-Noetherian dimension.
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5. S.a¢-atomic modules

We recall from [20], that an R- module M is called a-atomic if n-dim(M) = a, which a > 0 is an ordinal
number and n-dim (N) < «a for every submodule N of M.

Definition 5.1. Let S be a multiplicative closed subset of a ring R and a > 1 be an ordinal number. We say an
R-module M is S.a-atomic if Sn-dim (M) = « and Sn-dim (N) < « for every proper nonzero submodule N of M.

Proposition 5.2. Let S be a multiplicative closed subset of a ring R and M be a nonzero Artinian R-module. If
Sn-dim(M) = a > 1, then M has a S.S-atomic submodule for each 0 # f < a.

Proof. Consider the set # = {N € M : Sn-dim(N) > f}. Clearly, M € ¥ and so ¥ # @. Since M is an
Artinian module, # has a minimal element, say N. It suffices to show Sn-dim(N) = B. Assume, for a
contradiction, that Sn-dim(N) > B. Thus, there exists the ascending chain Ny € N, € --- € N, € --- of
submodules of N such that Sn—dim(Nﬁl) > B for each i. Since N is a minimal element of #, we infer that

Sn—dim(NI\’%‘_l) < Sn-dim (Nj41) < 8, a contradiction. [

A submodule K of an R-module M is small (or superfluous) in M, abbreviated K S; M, in case for any
submodule L of M, K + L = M, implies that L = M. Now, we have the following proposition.

Proposition 5.3. Let S be a multiplicative closed subset of a ring R. If M is an S.a-atomic R-module where o # 0,
then the following statements hold.

1. Every nonzero quotient module of M is an S.a-atomic module.

If N is a nonzero proper submodule of M, then N C; M and M is indecomposable.

For each 0 # h € End(M), we get h(M) = M.

End(M) is a domain.

If R is a commutative ring, then yM = M or rM = 0O for each r € R.

If R is a commutative ring, then P = ann(M) is a prime ideal and M is a divisible &-module.
For each 0 # h € Hom(M, %), where N # M, h is endomorphism.

NG ®N

Proof. (1) Since M is an S.a-atomic module, Sn-dim(M) = « and for every nonzero proper submodule N of M,
Sn-dim(N) < a. From a = Sn-dim(M) = max{Sn-dim(N), Sn—dim(%)}, we have Sn—dim(%) = a. We consider
the proper submodule 0 # % of ANA such that N ¢ K ¢ M. Thus, Sn-dim(K) < «, Sn—dim(%) < Sn-dim(K) < a.
(2) Assume, for a contradiction, that N + N1 = M for some submodule N; of M. Since N is a proper nonzero
submodule of M, Sn-dim(N) < «a. If Ny is a proper submodule of M, then

Sn-dim(}) = Sn-dim(*¥) = Sn-dim (k) < Sn-dim(Ny) < .

Thus, Sn-dim(M) = max{Sn-dim(N), Sn—dim(%)} < a. This is a contradiction and so M = Ny and N Cs M.
(3) Let 0 # h € End(M) and Kerh # M. From (1), we have Sn—dim(%) = a. We note that % =~ h(M).
If h(M) is a proper submodule of M, then Sn-dim(h(M)) < a. But Sn—dim(%) = Sn-dim(h(M)) = «a, a
contradiction. Hence, we conclude that /(M) = M.

(4) Let hy, hy € End(M) and hyhy = 0. From (3), hy # 0 and hyh (M) = hi(M) = 0. Hence, we have h; = 0.

(5) Assume that ¥tM # 0. From (3), we deduce that the homomorphism f : M — M where f(m) = rm is an
epimorphism. Hence, we have f(m) = rM = M.

(6) Leta,b € R and ab € ann(M). It suffices to show a € ann(M) or b € ann(M). Assume b ¢ ann(M). From (5),
bM = M and so abM = aM = 0. Hence, a € ann(M) and ann(M) is a prime ideal. Now, since ann(M) = P C R,
we deduce that there exists r € R\ P such that M = M. Thus, for each m € M, there exists m’ € M such that
rm’ = m. Hence, (r + P)m’ = m and so M is a divisible %-module.

(7) Assume f : M — % such that 0 # N ¢ M. Since M and % are S-atomic modules, we have
a = Sn-dim(M) = Sn-dim(%). Hence, Sn—dim(%) = Sn-dim(Im(f)) < a and so Sn—dim(%) < a.
But, Sn-dim(M) = sup{Sn-dim(Ker f), Sn-dim(KEer)} < a, a contradiction. Hence, Im(f) = M and f is
endomorphism. [
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Corollary 5.4. Let S be a multiplicative closed subset of a ring R and let M be a nonzero R-module. The following
statements are equivalent.

1. M is an S-atomic module.
2. Every proper submodule of M is a small submodule of M and M has a quotient module % such that Sn-dim(N) <
Sn—dim(%).

Proof. (1) = (2) It follows from parts (1) and (2) of Proposition 5.3.

(2) = (1) First, we note that Sn-dim(M) = max{Sn-dim(N), Sn—dim(%)} = Sn—dim(%). If0# N c M, then
by assumption N C; M and we have Sn-dim(N) < Sn-dim(%) = Sn-dim(M). Hence, M is an S-atomic
module. O

Theorem 5.5. Let S be a multiplicative closed subset of a ring R and let M be a nonzero R-module. If Sn-dim(M) = a,
then there is a submodule N ¢ M such that % is an S-atomic module.

Proof. If M is an S-atomic module, then by Proposition 5.3, 4 is an S-atomic module for every N C M.

Assume, for a contradiction, that & is not an S-atomic module for each N ¢ M. Suppose that & is an

S-atomic module with the least S-Noetherian dimension. We show % has a nonzero S-atomic quotient

module that is a nonzero quotient module of M. Without loss of generality, we may assume that M is
not an S-atomic module with the least S-Noetherian dimension. By our assumption, there exists M; C M
such that Sn-dim (M7) = a and M is not an S-atomic module. Notice that Sn—dim (M) = a. By continuing

this method, there exists a proper submodule of such that Sn-dim (—) = o and Sn-dim (1\%) =a.

With this method, we have the ascending Chaln M1 CM, C M3 C--- of submodules of M such that
Sn-dim (M’“ ) = a for every i, that is a contradiction. [
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