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Super-biderivations of the Hamiltonian Lie superalgebra H(m, n; t)
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Abstract. Let H denote the Hamiltonian Lie superalgebra H(m, n;t) over a field of characteristic p > 3,
which has a finite Z-grading structure. In this paper, we take a canonical torus Ty of H, which is an abelian
subalgebra of H. By the decomposition of the weight space of H with respect to Ty, we show the action
of the unique linear map related to the symmetric super-biderivation on the elements of the generators of
H. Moreover, we prove that each symmetric super-biderivation of H is zero. Further, we get that each
super-biderivation of H is inner. As applications, the super-commutative post-Lie superalgebra structures
and the linear super-commuting maps on H are described.

1. Introduction

Lie superalgebra is a generalization of Lie algebra, which comes from the super-symmetry in mathe-
matical physics. In recent years, many scholars have been studying derivations and the generalization of
derivations of Lie superalgebras[1, 2, 9, 11, 14-16, 23]. The super-biderivations are a class of generalized
derivations. In [3], the concept of biderivations was introduced and studied. In [22], Yuan, Chen and
Cao characterized the super-biderivations of Cartan type Lie superalgebras over the complex field C and
proved that all super-biderivations of Cartan type simple Lie superalgebras are inner. It is well known
that any biderivation can be decomposed into a skew-symmetric biderivation and a symmetric one. The
skew-symmetric biderivations of Lie algebras and Lie superalgebras have been sufficiently studied. It is
worth noting that in [4], skew-symmetric biderivations over a field of characteristic p different from 2 are
described in a unified way. In [20], Xu and Wang generalized the notion of biderivations of Lie algebras
to the super case. In [9, 16], the authors proved all skew-symmetric super-biderivations on the centerless
super-Virasoro algebra and the well-known super-Virasoro algebra are inner. Moreover, Li and Sun found
that there exist non-inner skew-symmetric super-biderivations of the super Heisenberg-Virasoro algebra.
In [15], Tang et al. proved that all skew-symmetric biderivations on any perfect and centerless Lie super-
algebras are inner. The study of symmetric super-biderivations of Lie superalgebras is less than that of
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skew-symmetric super-biderivations. The study of symmetric super-biderivations can be reduced to the
study of the related linear maps. In [8], all symmetric super-biderivations of some Lie superalgebras related
to the Virasoro algebra are determined by a general method. As an application, commutative post-Lie su-
peralgebra structures on these Lie superalgebras are also obtained. However, there is not a unified method
to characterize the symmetric super-biderivations of Lie superalgebras, so there are still many problems to
be studied about the super-biderivations on Lie superalgebras.

The simple modular Lie superalgebra of Cartan type is a class of modular Lie superalgebras, which
is over prime characteristic fields. In [24], Zhang and Liu constructed four classes of Lie superalgebras
of Cartan type, which are W, S, H and K. Four other families of Z-graded Lie superalgebras of Cartan
type were constructed over a field of characteristic p > 3, which are HO, KO, SHO and SKO [10, 12-14].
In [5], the derivations of modular Lie algebras of Cartan-type were studied. In [2], super-derivations for
the eight families of finite or infinite dimensional graded Lie superalgebras of Cartan-type over a field
of characteristic p > 3 are completely determined by a uniform approach. All skew-symmetric super-
biderivations of gengralized Witt Lie superalgebra W(m, n;t) and contact Lie superalgebra K(m, n; t) were
proved tobe innerin [6,25]. In[17, 18, 21], there were similar results for H(m, n; t), S(m, n; t) and KO(n, n+1; t).
In [1], Bai and Liu proved that all skew-symmetric super-biderivations are inner and all symmetric super-
biderivations are zero for simple modular Lie superalgebras of Witt type and special type. As applications,
the linear super-commuting maps and the super-commutative post-Lie superalgebra structures on simple
modular Lie superalgebras of Witt type and special type are described. It is natural to wonder whether
several other classes of Cartan-type simple modular Lie superalgebras have similar results.

In this paper, we study the super-biderivations of the Hamiltonian Lie superalgebra H(m, n; t) (denoted
as H for short). We use the weight space decomposition of H with respect to a canonical torus Ty and prove
each symmetric super-biderivation of H is zero. Furthermore, we get that each super-biderivation of H is
inner. The paper is organized as follows. In Section 2, we review the basic notations. In Section 3, we take a
canonical torus Ty of H, which is an abelian subalgebra of H. By the decomposition of the weight space of H
with respect to Ty, we show the action of the unique linear map related to the symmetric super-biderivation
on the elements of the generators of H. Moreover, we prove that each symmetric super-biderivation of H
is zero. Furthermore, we get that each super-biderivation of H is inner. In Section 4, as applications, the
linear super-commuting maps and the super-commutative post-Lie superalgebra structures on Hamiltonian
superalgebra are described.

2. Preliminaries

In this paper, we always assume that the base field [F is algebraically closed and of characteristic p > 3.
All vector spaces V are over [F and Z,-graded, i.e., V = V3 ® V3. For each Z,-homogeneous element v € V,
we denote by d(v) the parity of v. If V = @2V is a Z-graded vector space and x € V is a Z-homogeneous,
write zd(x) for the Z-degree of x. Once the symbol d(x) or zd(x) appears in this paper, it implies that x is a
Z>-homogeneous element or that x is a Z-homogeneous element.

2.1. Definitions and notions

First, we recall the definitions of derivation and biderivation. Let g be a Lie algebra over a field F, a
linear map D : ¢ — g is a derivation if

D([x, y]) = [D(), y] + [x, D(y)],

for all x,y € g. A bilinear map ¢ : g X § — g is a biderivation if it is a derivation with respect to both
components, meaning that

Y, [y 2]) =[x, y), 2] + [y, ¢(x, 2)],
U(lx, vl 2) = [, 2), y] + [x, (v, 2)],
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forall x,y,z € g.

Let us recall some facts related to the super-derivation and super-biderivation of Lie superalgebras.
A Lie superalgebra is a vector superspace L = Ly @ L1 with an even bilinear mapping [-,-] : LXL — L
satisfying the following axioms:

[x/ ]/] :(_1)d(X)d(y) []// x]/
[x, [y, 211 =[Ix, y], 2] + (=1)39O)[y, [x, z]],

forall x, y,z € L. A homogeneous super-derivation D of L is a homogeneous linear transformation of L such
that

D([x, y]) = [D(x), y] + (-1)?P1O[x, D(y)],

for all x, y € L. Write Derg(L) (resp. Derj(L)) for the space of all super-derivations of Z,-degree 0 (resp. 1)
of L. Clearly,

Der(L) = Dery(L) ® Der;i(L).

Definition 2.1. [9] Let L = L ® L1 be a Lie superalgebra. We call a bilinear mapping ¢ : L X L — L a super-
biderivation of L if it satisfies the following equations:

(P([X, y]/ Z) :(_1)d(¢)d(X) [X, qb(yr Z)] + (_1)d(y)d(z)[¢(x, Z)/ y]/
O, [y, 2]) =[P(x, y), z] + (=1) Py, ¢ (x, 2)]

for all Z-homogeneous elements x, y,z € L.

Definition 2.2. A bilinear map ¢ : L X L — L is called a symmetric biderivation of L, if
x,y) = ()W y, ),

for all Z,-homogeneous elements x, y € L.

Definition 2.3. A bilinear map ¢ : L X L — L is called a skew-symmetric biderivation of L, if
o, y) = ~(=1)* N Wep(y, x),

for all Z,-homogeneous elements x, y € L.

A super-biderivation ¢ of Z,-degree y of L is a super-biderivation such that ¢(L,, Lg) C Ly1p+, for any
a, B € Z,. Denote by BDer, (L) the space of all symmetric super-biderivations of Z,-degree y. Obviously,

BDer(L) = BDery(L) @ BDer;(L).

Notice that every super-biderivation ¢ of a Lie superalgebra L can be written as the sum of a symmetric
one and a skew-symmetric one, namely,

(x, y) = dlx, y) + (—1;d(x)d(y)¢(y, x) . ox,y) — (_1;d(x)d(y) oy, x)’

forallx,y € L.

Definition 2.4. [9] Let A € F, if the bilinear map ¢, : LXL — L is defined by ¢ (x, y) = Alx, yl, for all homogenous
X,y € L, then ¢, is a super-biderivation of L. This class of super-biderivations is called inner. Denote by IBDer(L)
the space of all inner super-biderivations.
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Definition 2.5. [1] A super-biderivation S of L is called weakly inner if there exists a Lie superalgebmf containing
L and a map ¢y, said to be related to 9, from L to L such that

S(x,y) = [¢s(x),yl, ¥ x,y € L.

It is said to be inner if, in addition, ¢y is a scalar transformation, i.e., 9(x,y) = A[x, y], for all x, y € L and
A el

Definition 2.6. [1] A Lie superalgebra L is called weakly complete if there is a Lie supemlgebmz such that L embeds
in L as an ideal and satisfies

DerL =ad;L, Ann;L={xeL|[xL]=0}=1{0}.
Definition 2.7. [16] For a Lie superalgebra L = Ly @ L, a linear map ¢ : L — L is said to be super-commuting if
[p(x),x] =0, V x € L.
If ¢ is a linear super-commuting map of the Lie superalgebra L, then we have
[px+y),x+yl=0, Vx,yeL.
This implies that
[p(x), y1 = (D) D[x, ()], ¥ x,y € L.

Definition 2.8. [19] Let L = Ly ® L1 be a Lie superalgebra. A super-commutative post-Lie superalgebra structure
on L is a bilinear product x - y on L satisfying the following identities:

x-y= (_1)d(X)d(y)y - X,
[yl z=x-(y-2) - ()W (x2),
x-[y,zl =[x g,z + ()W y,x - 2],
forallx,y,z € L.
The super-commutative post-Lie superalgebra structure on L defined by x -y = 0, for all x, y € L is said to

be trivial.

2.2. Hamiltonian Lie superalgebra H(m, n; t)

Let us recall the generalized Witt Lie superalgebra and the Hamiltonian Lie superalgebra in simple
modular Lie superalgebras. Fix two positive integers m > 1 and n > 1. Putly = {1,...,m},I; = {m +
1,...,m+mn},I =IyUI. Settwo m-tuples t = (t,...,t,) and © = (my,...,7y), where 7; = p'i — 1. Put
la| = Y., ; and write

Am;t) ={(ar,...,an) EN"|0<; <m;,i=1,...,m},

where IN”* denote the space of natural numbers. Let O(m;t) be the divided power algebra with [F-basis
{x® | & € A(m; )} under the formul:

Dy = (“ ; ﬁ)x<“+ﬂ>, Va,peN" (1)

Let A(n) be the exterior superalgebra of n variables x,41, ..., Xs, where s = m + n. Set A(m, n; ) = O(m; t) ®p
A(n), which is an associative superalgebra with respect to the usual Z,-grading. Set

By ={<iy,i,...,0x>ke€l0,...,n}, m+1<i;<ip <---<i <s}
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be the set of k-tuples of strictly increasing integers in I; and B = U]_ By, where By = 0. Write x* =
Xiy Xiy * X, (x® = 1), where |u| := kand u =< i1, 1i5,...,ix >€ By. Note that zd(x*) = |u|. Denote the number
of times j appears in u be t(u, j) for j € u. Specially, we define [0|] = 0, =0, wl =0and x¥ = X1 - Xs.
Obviously, A(m, n; 1) is super-commutative. For g € O(m; 1), f € A(n), it is customary to write gf instead of
g ® f. Clearly, A(m,n;t) has a Z,-homogeneous F-basis (x@x | @ € A(m; t),u € By). A(m,n;t) possesses a
Z-graded structure:

&
Atm,n;t) = ) Atm, n; Dy,
i=0

where & := |nt| + n and
A(m,n; ) = spanglx@x* | |al + u] = i}.
Including the formula (1), the following formulas also hold in A(m, n; t):

xx = —xix¢, Ykle{m+1,...,s};

¥y =xx®, Yae N ke{m+1,...,s).

Fori € Ipand & = (6;1,0i2 - .., 0im), where 6; ; is the Kronecker symbol, we write 1) as x;. Let D1, D5 ..., Ds
be the linear transformations of A(m, n; ) such that

(a—¢i) ot ]
xla—ey i€l
Di(x(a)x”) = {(—l)i‘lx(“) Sox\ dx;, ie€l.

Put
W(m,n;t) = span]F{x(“)x”Ds |0<a<muelBy,sell,

which is a finite-dimensional simple superalgebra, called the generalized Witt Lie superalgebra. Note that
Il = Y2, 7ti. Then W(m, n; t) possesses a Z-graded structure:

&1
W(m, n;t) = EB W(m, n; D,
i=—1
where & := || + n and
W(m, n; ) = spang (XVx"Dy | |a] + |ul = i+ 1,5 € I}.
Hereafter, suppose m = 2r is even, where r € IN. For i € I, put

i+r, 1<i<r,

i—-r, r<i<m, 1, 1<i<v,

i"=Ri+1, m<i<m+r, o(i)=4-1, r<i<m,
i—-1T, m+1<i<m+2r1, 1, m<i<s,
i others,

where T = | 7]. The restricted linear mapping of Dy on A(m, n; t) is denoted by Dy, that is,

S

Du(f) = ), o) (=1)* ¥ Dy()D;.

i=1
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It is obvious that Dy is an even linear map. For any f, g € hg(A(m, n; 1)), we have

[DH(f), Du(9)] :DH(Z a(i)(=1)PHDD(HDy (9))
-1
=Du(Du(f)(9))- 2)
Set
H(m,n;t) = {Du(f) | f € Am, ;1) \ {xPx}},

where m = (111,..., 1) € Am;t),w =<m+1,m+2,...,5s >€ By. It follows from the Equation (2) that
H(m,n;t) is a simple Lie subalgebra of W(m, n; t), which called Hamiltonian Lie superalgebra. H(m, n;t)
possesses a Z-graded structure:

&-2
H(m, m;t) = @5 Hom,m;
i=—1
where ¢ := || + n and
H(m, n; By = spang{Dp(x*“x*) | la| + [ul = i + 2}.

For convenience, we use H and H; to denote H(m, n; t) and its Z-graded subspace H(m, n; t)[;;, respectively.
Put i; = x;D; and set T = @;¢;Fh;. Choose the torus Ty of H, where Ty = TN H = spang{Dy(x;xy) | i € I}.
Obviously, Ty € H(m, n; £)jo " H(m, n; t)5. Ty is an abelian subalgebra of H. For any Dy (x@x*) € H, we have

[Dr(xixi), Du(x®x")] = o(i)(ay — a; + Spew — Sieu) Du(x®x"), 3)

where 6p = 1 if the proposition P is true, = 0 if the proposition P is false. Fixed an m-tuple a, where
a € IN",0 < a <7 and u € B, we define a linear function («a + (u)) : Ty — FF such that

(o + (u))Dy(xixy) = (@) (ay — @i + Opey — Oiey)-

Further, H has a weight space decomposition with respect to Tg:

H = EB Ha+quy) = Hp) ® @ H),

aeN™,ueBy 7€Qpu

where Qy is the root system of H. The elements in H(,) are called T},-homogenous with weight . Notice
that BDer(H) inherits the T},-grading from H as above, that is, BDer(H) = Baer, BDer(H)(s), where

BDer(H)(a) = {\9 € BDer(H) | S(H(b), H(C)) c H([Hbﬂ), Vb,C € T;{},‘
BDer(H)[,-] = {8 € BDer(H) | S(H[j],H[k]) - H[i+j+k]/ Vi keZ).
3. Super-biderivations of H(m, n; E)

Lemma 3.1. [7] Let M = {Dy(x*)) | 1 < k < m;, i € Ip} and N = {Dy(x®*x,,1)}. Then H is generated by
MU Hy UN, where Hy = {Dy(x;x)) | i, j € I}.

Lemma 3.2. Set
a={(ar...,ar,a1,...,0p) € N*|ay —a; = —gi(modp), 0<k<r1<i<k 0<g; <m},

B=1AB1---,Bt,Pr,---,Br) EN* | By =i =0(modp), 0<t<r, 1<i<t,
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and u € B. Then the following statements hold:
(i) If n is even, we have a weight space decomposition with respect to Tpy:

Hry) = Z FDy (x@*B)xtx™),
0<p<m
neB

where l and I are both in i for | € I;.
(ii) If n is odd, we have a weight space decomposition with respect to Ty:

Ha(uy) =0seu E FDg(x @B xx™) + 5gq, E FDy(x P xtx™),
0<p<n 0<p<n
ii€B i€eB
SEU

where l and I are both in i for | € .

Proof. (i) Set Dy(x@x") = Dyy(xert-+avee)y; .. x; ) € H,where 0 < g; <p'' —1fori € Ip, u = {j1,..., jo} € By,
the inclusion “>”is straightforward. To show the converse, from Equation (2), we have

[Dy(xixp), Dp(x®x")] = =a(1)(q1611 + -+ + GOy + 61, + -+ + 61,j,) D (x@x"). 4)
It follows from Equation (3) that
ar —ay+ Orey — O1eu = —(q1011 + -+ + GeOpx + Opj, + -+ 0y,)

Then we try to discuss the choice of I € I. If | =i fori € {1,...,k}, it is obvious that @y — a; = —g; (mod p).
Ifl =iforielp\{1,...,k}, itis obvious that ay — a@; = 0(modp). Ifl € {jy,..., jo}, it is clear that I’ ¢ u. If
le 1\ {j1,...,jo}, we have that [ and I’ are both in @. Then the assertion follows.

(ii) By similar calculation and discussion in (i), (ii) can also be proved. [J

Lemma 3.3. [1] Suppose that L is a centerless Lie superalgebra. Then L is weakly complete and any super-biderivation
of L is weakly inner. Furthermore, if § € BDer(L;), where ¢ € T",i € Z and ¢y is the linear map related to 9, then
¢y is T;-homogenous with weight ¢, zd(¢ps) = i and d(¢Ps) = d(I).

Put B = spanIF{Df g liely, 1<k <ti—1}and h =} i h;. Then the following results hold.
Lemma 3.4. [7] Let H = H(m, n; t) be the Hamiltonian Lie superalgebras over a field of characteristic p > 3. Then
Der H = ady(®B = H), where H = H ® FDy(x™x?) @ Y1 FDu(x? ) @ T, i€ Iy, 1 <k; < t; — 1.

Lemma 3.5. For the weight space decompositions of H and H with respect to Ty, we have Em # 0 if and only if
aeQyuUob.

Proof. By a direct computation, we have
T U (Dp(x™x)} U Dy (x*")) | i € I, 1 < k; < t; — 1} C Hg),
as desired. O

From Lemma 3.3 we know that any super-biderivation of H is weakly inner, then we have the following
conclusion.

Lemma 3.6. Let H = H(m,n;t) be the Hamiltonian Lie superalgebra, then there exists a unique linear map ¢y :
H — B < H related to 3. If 9 is symmetric, we have

3(x,y) = [Ps(x), y] = (1)@ [¢s(y),x], ¥ x,y € H. (5)
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Lemma 3.7. Let 9 € BDer(H) be a symmetric super-biderivation. Then 9 = 0 if pg(M U Hy UN) = 0.

Proof. It follows from Lemma 3.3 that

[ds([x, y1), 2] = (=1)* WP [[s(x), 2], y] + (DI, [Ps(y), 2],

for all x, y,z € H, which imples that ¢p({X)) = 0 if ¢p9(X) = 0 for any subset X of H. It follows from Lemma
3.1 that ¢p3(H) = 0. Accordingly, we have 3 =0. O

Proposition 3.8. Suppose that § € BDer (H),,, is symmetric, where € € Ty, and € ¢ Qp U {0}. Then 9 = 0.

Proof. By Lemmas 3.3 and 3.5, we know that ¢3(Ty) C H(E) = {0}. Therefore, for all t € Ty and x € Hy),

where 1 € Qg U {6}, we have 0 = [ps(f), x] = %[f, ps(x)]. Further we get ¢ps(x) € (B < H)g) N (B = H)(es)-
Recognizes that

Mc ZH(km/ Hg c Z Heire)) ® Z He(jy) @ Z Hiyeiiyyy N C Heeyemey),

i€ly i,j€ly i€ly, jel i,jely

and (p — k)ei, (p — Dei + (p — Dej, (p — Dei = (), =@ = (), (p — 2)e1 — (m + 1) € Qp, which implies that
(MUHyUN)NH = {0}. Sowe can get ¢p9(M U Hy UN) = 0. Therefore, it can be known from Lemma 3.7
that$=0. O

Theorem 3.9. Every symmetric super-biderivation S of H is zero.

Proof. By Lemma 3.8, we only need to consider 9 € BDerH) and ¢ € Qp U {0}. Notice that ¢s(h) € B = H
for any h € H. Recall the weight space decompositions of H with respect to Ty mentioned in Lemma 3.2
and M = {Dy(x*)) | 1 < k < p' = 1,i € Iy}, N = {Du(x®*Vx,1)}, Ho = {Du(xixj) | i,j € I}. We claim that
¢9(M UHyUN) =0.

In fact, we consider the following two types.

Typel:nis even.

Case 1: ¢ = a + (u), where u € B is not empty and [u| < 5 — 1. Suppose that, for i,h € Iy and i # h,
jleh\{ufand j# ¢ cu, l<k<m,

Ps(Dr(x*)) = Z bg’g'k'iDH(x(Mk“ﬁ Jxx");
0<p<m
iieB
Ps(Dr(xe)) = Y | B Dyy(x P, x";
0<B<m
i€B

¢S(DH(xixh)) — Z bg,;l,i,hDH(x(a+s,-+sh+ﬁ)xuxﬁ);
0<p<m
€B

QDS(DH(xixj)) _ Z bg,;z,zr]DH(x(a+e1+/3)xuxjxﬂ);
0<p<m '
ieB
e

¢s(Du(xjx)) = Z bg’f-f’j’[DH(x(“”g)x"x]-xlx“);
0<p<m
i€eB
jl¢a

O (DH(X(zsl)merl)) =Om1¢u Z bg[,;t,Z-l,mﬂ DH(x(“”g”ﬁ)x”me xﬁ),
0<p<m

neB
m+1¢i
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where [ and I’ are both in i for [ € I;.
It is obvious that (Ps(DH(X,‘x]'r)) = <j)s(DH(xjrxp)) = (PS(DH(X]")) = (PS(DH(X(Z&)me)) =0form+1 € u. For
¢ cuande # j,I, from

[¢5(Dr(x))), Du(x.)] = Z (—1)1("’el)bgfg'jDH(x(a+ﬁ)xu\{e/}x;'x'z),
0<p<mn
7eB
Jéi

[(PS (DH(xe))/ DH(XI)] — Z (_1)d(9)+’[(u,]")bg:g,EDH(x(aﬂi)xu\{jl}xexﬁ)
0<p<m
i€B
jen

n Z (_1)d(3)+|u|+1(ﬂ,j’)+1(12,j)bgl,;,eDH(x(a+ﬁ)xuxexjxﬁ\{j,j’])l
0<p<m
ineB
jei

and
[¢s(Du(x))), Du(xe)] = =[¢s(Dr(xe)), Du(xj)],
we have ¢3(Dp(x))) = ¢s(Du(x.)) = 0. By

0= [pa(Du (), Due)] = ) (~1) OO paakip (ylekersf i) ),

0<B<m
ieB
0 = [o(Du(xixy), D] = Y (~1) Ot Py (lasesran e o),
0<p<n '
ieB
0 = [¢s(Dr(xix))), Du(x)] = Z (—1)d(9)”(a’3/)bg'§'l'] Dy (x@ By o,
0<p<m '
eB
e
0= [ps(Drlxp)), Dr(x)] = Y, (w1 @b Dy (),
0<p<m '
i€eB
jlgi
0 = [ps(Du(x®Vx,41), D (xe)] =0ms1¢u Z bg:;,Z-l,m+1DH(x(a+2£1+ﬁ)xu\[g']xm+1xﬁ),
0<p<
B
m+1¢i

we can get

¢s(Du(x* ) = ps(Du(xixy)) = ps(Du(xix))) = ps(Du(xjx1)) = ps(Dp(x*Vxy.1) = 0.

Consequently, we get ¢p9(M U Hy UN) = 0.
Case 2: ¢ = a + (u), where u € B is not empty and [u| = 4. Suppose that, for all i, € Iy and i # h,
jleh\{ufand j#1,1<k<m,

(PS(DH(x(ks,))) — Z bg,u,k-iDH(x(a+ks,-+ﬁ)xu);
0<p<m

Go(Dplxim)) = Y by Dyy(xlererssxny;

0<p<m
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Gs(Duxiy) = Y By Dy(x*Fixix));

0<p<m
¢s(Du(xjxy)) = Z bg'u'j'lDH(x(Mﬁ )xxjx);
0<p<m
Ds(Du(50)) =B ), b2 D D),
0<p<m

where [ and I’ are both in 7 for [ € ;.
It is obvious that ¢s(Dy(x;)) = 0. We have

[ps(Dr(x*)), Dr(x;)
[¢s(Du(xixy)), Du(xj)

)] =[ps(Du(xj)), DH(x(kg))] =

)]
[¢s(Dn(xix))), Du(xj)]

]

)]

=

[¢s(Dr(x;)), Du(xixy)] =
[¢s(Du(x)), Du(xixj)] =
=
[

[¢s(Du(xjx1)), Du(x;)
[ (D (x®*Vx,1)), Du(x;)

(]»’)S(DH(x] ), DH(x]xl)] =
$s(Du(xj)), DH<x<2*1>xm+1)] =

which implies that

¢s(Dr(x*)) = ps(Drlxixn)) = Ps(Du(xix))) = ¢ps(Dp(xjx))) = Ps(Dr(x*xpe1)) = 0.

Case 3: ¢ = a. Suppose that, fori,h € lpandi#h, jlejand j# ], 1<k < T,

Ps(Dp(x*)) = Z bgﬁ Dy (x @ FH D) 1+ 8 g ees=0 (D (™)
0<p<
g

m m
ki (P ey) iy .
+Zldg1DH(xP a)+Ze ix,D, +ZlfgiDg );

g= 9=

¢s(Du(x)) = Z bg:éDH(x(‘l+ﬁ)xjxﬁ);
0<p<m
7eB
e
¢s(Du(xixy)) = Z bgihD (A AHEFDHDLT) + S, =o€ D(x™x®)
0<B<
e

m
+ ZdlhD @07y + ¢ ZxﬂDu + Y DL,

a=1 g=1
s (Dp(xix))) = Z by Dy (e P,

0<p<m
ii€B
jéeiu
il i
(PS(DH(xjxl)) = Z bgl]l DH(x(tHﬁ)x],xlxu)’.
0<p<m
iicB
jlén

Qbs(DH(x(zgl)me)) — Z bg,,§~1,m+1DH(x(a+251+ﬂ)xm+1xﬁ)l
0<p<m
neB
m+1¢i

where l and I’ are both in 7 for [ € .
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From
[¢s(Du(xixj)), Du(xy)] = Z bg;] Dy (x@*etPyT),
0<p<m
7cB
jéi

[ps(Dr(xy)), Du(xix)] = Y 0@)b) D@0y x ")
0<p<m
B
jen

+ ) @i+ B+ Dby] Dy(xe+ehx),
0<p<m
ieB
j'en

and
[¢s(Du(xix))), Du(xy)] = =[¢ps(Du(x;)), Du(xix))],

we can get ¢3(Dy(xj)) = 0 for 0 < a; + f; < 11;, ¢3(Du(xix;)) = 0 for 0 < a; + B; < 7;. Due to the arbitrariness
of i € I, we only need to consider the case of @ + § = 0 and a + = 7. Therefore, we assume

Gs(Dnlxy) = by Dulyc);
i€eB
i

Ps(Drxixy) = Y by D™,
neB
jen

It follows from

e ii
[s(Duep), Du(xp)l = )| by Dy Pxx”,
0<p<m
i€B
jlen

[95(Dr(x), D]l = Y byt Dr(x™x) = Y (=1 @by Dy ™),

icB ieB
j ¢ j ¢
Iei

and

[ps(Dr(xjx1)), Du(xj)] = [¢s(Dr(xj)), Dulxjx)],

that ¢y(Du(xjx1)) = ¢ps(Dnu(xj)) = 0. From

0 = [pa(Dr(xixj)), Dyl = Y | byt D™ = Y b5 Dyy (e 21,

neB neB
jlen jéi
leii

we have ¢y(Dy(xix))) = 0. By

0 =[ps(Dp(x*)), Dy (x;))]
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= Y DDA + 6o (D (xPx ) + D),
0<B<m
ieB

we can obtain that
s (Du () = 6ske, Q(delD (x@“ﬂ>+2e %D, +ka’D“

Due to
0 =[¢s(Du(x*?)), Dp(xix;)]
—d Dy (V" D)y ) — D, — DY D,
we have ¢3(Dy(x*))) = 0. Similarly, from
[¢s(Dr(xixp)), Dr(x))] =[¢s(Dru(x))), Du(xixn)] = 0,
[¢5(Dr(xixy)), Dr(xix;)] =[¢s(Dr(xix;)), Du(xixp)] = 0,
[ps(Dp(x*x41)), D(x))] =[¢s(Dr(x;)), Du(Dp(x*Vx041))] = 0,
[s(Dr(x®Vxy41)), Dr(xix;)] =[¢s(Du(xix;)), Du(Du(x®Vx,.1))] = 0,

we can get (Ps(DH(x,'xh)) = qbs(DH(x(Z“)me)) = 0. This implies (PS(M UHyUN) =0

Type II : 11 is odd.

Case 1: € = a + (u) + (s), where u € B is not empty, |u| < [%J —1and s ¢ u. Suppose that, for all 7, 1 € I
andi#h, jleh\{uland j#], ¢ eu l<k<m,

GoDu(x) = Y DR Dy (H P iy,
0<p<m
neB
¢9(Du(xe)) = Z bg,’g""DH(x(“J’ﬁ)x“xex'zxs);
0<p<m

eB

Ps(Dr(xicy)) = ) b3 Dy (evertnsPpiy, ),

0<p<m
ie€B
¢s(Du(xix))) = Z bg:;‘”’]’DH(x(“”"Jrﬁ)x”x]-xﬁxs);
0<p<n
€B
jéi
il ii
¢s(Dy(xjx) = Z bg,;] Dy (x“*Pxxjxix"x,);
0<p<m
i€B
jlén
,2:1,m+1 il
gbs(DH(x(zgl)xnﬁl)) =6m+1¢u Z bgz " D (x(“+251+ﬁ)x”xm+1x”xs),
0<p<m
neB
m+1¢i

where [ and [’ are both in i for [ € I;. It is obvious that ¢s(Du(xixj)) = ¢s(Du(xpxr)) = ¢s(Du(xj)) =
$s(Du(xs)) = Ps(Du(x®Vx11)) = Go(Dru(xixs)) = ¢s(Du(xjxs)) = 0 for m + 1 € u. Similar to the prove of
Case 1in Type I before, it is clear that (MU Hy UN) =0

Case 2 : ¢ = a+(u), where u € B is not empty, |u| < [%J —1lands ¢ u. Suppose that, fori, h € [y and i # h,
jleh\{ustandj#1, ¢ eu,1<k<m,

QDS(DH(X ké,))) _ Z baukzD (x(a+k£,-+ﬁ)xuxﬂ);
0<p<n
eB
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s(Du(x.)) = b5 Dy (x P x x,x");
B
0<p<m
ieB

Ps(Dr(xs) = Y | B Dy (x*Pxxx,);
0<p<n
€eB

$s(Dr(xixy)) = Z bg,;z,i,hDH(x(a+si+eh+ﬁ)xuxﬂ);
0<p<m
eB

bs(Dr(xix;)) = Z bg’;,i'jDH(x(““ﬁﬁ)xuxjxﬁ);
0<p<n
ieB
j¢a

Ps(Dr(xixs)) = Z bg’g'i'sDH(x(‘”“ﬁ)x”xl‘xﬂxs);
0<p<n

ieB
Jis¢i

il ii
Gs(Dr(xpn) = Y bye " Dy(x P ppc”;
0<p<m
neB
jlga

Po(Dlxix)) = Y, By Dr(x*Fxxjxx,);
0<p<m '

iieB
js¢il

ﬁbS(DH(x(ZEl)anl)) =Opatgn Z bg’,g,Z-l,m+lDH(x(a+2£1+ﬁ)xuxm+1xﬂ),

0<p<m
ieB
m+1¢ii

where [ and I’ are both in i for [ € I;.

It is obvious that ¢o(Du(xixj1)) = ¢s(Du(xjxy)) = ¢ps(Du(xj)) = ¢s(Du(x®Vx,q)) = 0 for m + 1
u. Similar to the prove of Case 1 in Type I before, it is clear that ¢s(Dp(x*)) = ¢s(Dy(xixy))

2167

m

¢s(Dp(x,)) = qbs(DH(xix]-)) = qbs(DH(Xj)q)) = (ﬁs(DH(x(zel)me)) = 0. It only needs to prove that ¢g(Dp(x;)) =

¢s(Dr(xixs) = ¢s(Dp(xjx;)) = 0. Indeed, by

[¢5(Dr(xs)), Du(xe)] = = [@s(Dr(xe)), Du(xs)] = 0,
[¢s(Du(xixs)), Du(xe)] = = [¢s(Dru(x.)), Du(xixs)] = 0,
[¢5(Dr(x;xs)), Dr(xe)] =[¢s(Dr(xe)), Du(xjxs)] = 0,

we can get the result. This imples that ¢s(M U Hy UN) = 0.

Case 3: ¢ = a + (u) + (s), where u € B is not empty and |u| = [%J Suppose that, fori,h € Iy and i # I,

jleh\{ufand j#1,

(:DS(DH(X(kE"))) _ Z bg,u,k-iDH(x(a+k£,-+ﬁ)xuxs)l.

0<p<m

¢s(Du(xixy)) = Z bg’”’i’hDH(x(a”‘H”ﬁ )xx,);
0<p<m

¢s(Dr(xix)) = Z bg'u'i'j Dy (x“+t Py jx);
0<p<m

GsDu(x) = Y, by Du(x*Pxtxx,);

0<p<m
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Gs(Dux) = ) | by Dy Pxtx,);

0<p<m

3 u,2-1,m+1 -
QbS(DH(x(Zél)xm+l)) :6m+1eu Z bgu " DH(x(a+2él+ﬁ)xux1n+1xs)/

0<p<m

where [ and I’ are both in ii for [ € I;.

It is obvious that ¢3(Dn(x)) = ¢s(Du(xs)) = 0. Through a similar proof process as in Case 2 of Type I,
we can obtain ¢9(M U Hy UN) = 0.

Case 4: ¢ = a + (u), where u € B is not empty and |u| = {%J Suppose that, fori,h € lyand i # h, j,l ¢ u
and j#[,1<k<m,,

<P8(DH(X(k6’))) — Z bg,u,k-iDH(x(a+ksi+ﬁ)xu) n Z bg,u,k-iDH(x(a+ks,v+ﬁ)xuxs);

0<p<m 0<p<m

(PS(DH(xixh)) — Z bg,u,k-iDH(x(a+£i+£],+/§)xu)+ Z bg,u,i,hDH(x(a+s,-+£h+ﬁ)xuxs);
0<p<m 0<p<m

Po(Dla) = ) by i P,
0<p<m

_ ba,u,sD (a+B) AU .
Ps(Dr() = Y B Dy(x*Px'x,);
0<p<m
¢s(Du(x)) = Z bg'u'jDH(x(a+ﬁ )x"x)) + Z bg'u'jDH(x(Mﬁ )x"xjxs);

0<p<m 0<p<m

Go(Drlrar) = Y, by D Pty + Y Dy
0<p<n 0<p<n

qbs(DH(x]-xl)) = Z bg’"’j’lDH(x(“*ﬁ)x“x]-xl)+ Z bg'u'j'lDH(x(aJr’B)Xquxlxs);
0<p<n 0<p<n

Gs(Duxx)) = Y | by Dy Ptz x,);
0<p<m

(PS(DH(x(zsl)me)) =6m+1ezu Z bg,u,Z»l,mHDH(x(a+2¢v1+ﬁ)xuxm+l)
0<p<mn
a,u,2:1,m+1 (a+2e1+P) U

+ Om+1gu bﬁ Dp(x X" Xa1Xs),

0<p<m

where [ and I’ are both in i for [ € I;.
In this case, it only needs to prove that ¢3(Dg(xs)) = ¢s(Du(xixs)) = ¢s(Dru(xjxs)) = 0. Indeed, by

[¢s(Dr(xs)), Du(xj)] = = [¢s(Dr(x;)), Du(xs)] = 0,
[¢s(Du(xixs)), Du(xj)] = — [¢ps(Du(x;)), Du(xixs)] = 0,
[¢s(Du(xjxs)), Da(xj)] =[¢s(Du(xj)), Du(xjxs)] = 0,

we can get the result. This imples that ¢p9(M U Hy U N) = 0.
Case 5 : ¢ = a. In this case, there is no need to specifically distinguish whether s is in u or 7. Therefore,
by similar assumption and prove as in Case 3 of Type 1, we can also obtain ¢ps(M U Hy UN) =0. [

It follows from [17] that every skew-symmetric super-biderivation of H is inner. Combining Theorem 3.9
readily yields the following conclusion for characterizing of every super-biderivation of H.

Theorem 3.10. Every super-biderivation of H is inner.



J. Zhang et al. / Filomat 40:6 (2026), 2155-2170 2169
4. Super-commutative post-Lie superalgebra structures and linear super-commuting maps

In this section, we describe the linear super-commuting maps and super-commutative post-Lie super-
algebra structures on H, as applications for the results of Section 3.
Since H is simple, from [19] that we have the following result.

Theorem 4.1. Let H = H(m, n, t) be the Hamiltonian Lie superalgebra. Then a linear map ¢ on H is super-commuting
if and only if ¢ is a scalar transformation.

“"

Recall the super-commutative post-Lie superalgebra structure
nition 2.8, we get the following result.

on a Lie superalgebra mentioned in Defi-

Theorem 4.2. Let H = H(m,n,t) be the Hamiltonian Lie superalgebra. Then any super-commutative post-Lie
superalgebra structure on H is trivial.

Proof. Define a bilinear map 9 : H X H — H by 9(x,y) = x - y, for all x, y € H. From
S, y) =x-y = (1)WY x = 8(y,x) = ()" 8(y, x),

we get 9 is symmetric and d(8) = 0. We claim that 9 is a symmetric super-biderivation of H. In fact, for
any x, Y,z € H, we have

19([3(, y]/Z) :[xl ]/] tZ= (_1)d(2)(d(X)+d(y))z : [-x/ }/]
(=)D . ] 4+ (1) 2. y]
=(-1)*W[3(x, 2), y] + [x, 9(x, 2)],

S(xr [yrz]) =X [%Z] = [X Y, Z] + (_1)d(x)d(y)[y,x : Z]
:[S(X, y)/ Z] + (_1)d(x)d(y)[y, S(X, Z)]

Thus, claim holds. It follows from Theorem 3.9 that the conclusion holds. [J

References

[1] W. Bai, W. D. Liu, Superbiderivations of simple modular Lie superalgebras of Witt type and special type, Algebra Colloq. 30 (2023),
181-192.

[2] W. Bai, W. D. Liu, Superderivations for modular graded Lie superalgebras of Cartan-type, Algebr. Represent. Theory 17 (2014), 69-86.

[3] M. Bre$ar, On generalized biderivations and related maps, J. Algebra 172 (1995), 764-786.

[4] M. Bresar, K. M. Zhao, Biderivations and commuting linear maps on Lie algebras, ]. Lie Theory 28 (2018), 885-900.

[5] M. ]. Celousov, Derivations of Lie algebras of Cartan type (Russian), I1zv. Vyss. U¢ebn. Zaved. Matematika 7 (1970), 126-134.

[6] Y. Chang, L. Y. Chen, Y. Cao, Super-biderivations of the generalized Witt Lie superalgebra W(m, n;t), Linear Multilinear Algebra 69
(2021), 233-244.

[7] Y.Z.Chen, Y. Wang, B. L. Ma, The derivation algebra of the Cartan-type Lie superalgebra H, Chinese Quart. J. Math. 23 (2008), 409-414.

[8] M. Dilxat, S. L. Gao, D. Liu, Super-biderivations and post-Lie superalgebras on some Lie superalgebras, Acta Math. Sin. (Engl. Ser. ) 39
(2023), 1736-1754.

[9] G.Z.Fan, X.S. Dai, Super-biderivations of Lie superalgebras, Linear Multilinear Algebra 65 (2017), 58-66.

[10] J. Y. Fu, Q. C. Zhang, C. P. Jiang, The Cartan-type modular Lie superalgebra KO, Comm. Algebra 34 (2006), 107-128.

[11] W. H. Li, X. M. Tang, J. X. Yuan, Super-biderivations and linear super-commuting maps on the super W-algebra W(2,2), Collog. Math.
153 (2018), 273-300.

[12] W. D. Liu, Y. H. He, Finite-dimensional special odd Hamiltonian superalgebras in prime characteristic, Commun. Contemp. Math. 11
(2009), 523-546.

[13] W. D. Liu, J. X. Yuan, Finite dimensional special odd contact superalgebras over a field of prime characteristic, ]. Lie Theory 79 (2012),
113-130.

[14] W. D. Liu, Y. Z. Zhang, Finite-dimensional odd Hamiltonian superalgebras over a field of prime characteristic, . Aust. Math. Soc. 79
(2005), 113-130.

[15] L.M. Tang, L. Y. Meng, L. Y. Chen, Super-biderivations and linear super-commuting maps on the Lie superalgebras, Comm. Algebra 48
(2020), 5076-5085.



J. Zhang et al. / Filomat 40:6 (2026), 2155-2170 2170

[16] C.G. Xia, D. Y. Wang, X. Han, Linear super-commuting maps and super-biderivations on the super-Virasoro algebras, Comm. Algebra
44 (2016), 5342-5350.

[17] D.Xu, X. N. Xu, Skew-symmetric super-biderivatives of the Hamiltonian superalgebra H(m, n; t), (2025), arXiv: 2508.12067.

[18] D. Xu, X. N. Xu, Skew-symmetric super-biderivations of the special Lie superalgebra S(m, n;t), (2025), arXiv: 2508.12064.

[19] D.Xu, Q.Y Wang, X. N. Xu, Super-biderivations and linear super-commuting maps on simple Lie superalgebras, (2023), arXiv: 2312.13854.

[20] H. Xu, L. Wang, The properties of biderivations on Heisenberg superalgebras, Math. Aeterna 5 (2015), 285-291.

[21] X.N. Xu, Q. Y. Wang, A note on finite dimensional odd contact Lie superalgebra in prime characteristic, Axioms 12 (2023), 1108.

[22] J. X. Yuan, L. Y. Chen, Y. Cao, Super-biderivations of Cartan type Lie superalgebras, Comm. Algebra 49 (2021), 4416-4426.

[23] J. X. Yuan, X. M. Tang, Super-biderivations of classical simple Lie superalgebras, Aequationes Math. 92 (2018), 91-109.

[24] Y. Z. Zhang, W. D. Liu, Modular Lie superalgebras (in Chinese), Scientific Press, Beijing, 2004.

[25] X. D. Zhao, Y. Chang, X. Zhou, L. Y. Chen, Super-biderivations of the contact Lie superalgebra K(m, n;t), Comm. Algebra 48 (2020),
3237-3248.



