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Structure preserving Kaczmarz methods based on relaxed greedy
selection for solving quaternion linear systems

Yuegui Zheng?, Xiaojian Ding?, Baohua Huang®”

?School of Mathematics and Statistics, Key Laboratory of Analytical Mathematics and Applications (Ministry of Education),
Fujian Normal University, Fuzhou 350117, P.R. China

Abstract. In this paper, we study randomized Kaczmarz iteration method for the quaternion linear systems
and propose a structure preserving relaxed greedy randomized Kaczmarz iteration (QRGRK) method. In
order to accelerate the convergence, we utilize Polyak’s momentum acceleration technique and present the
structure preserving PmQRGRK method. We provide the asymptotic convergence theory for the proposed
iterative methods and demonstrate that they converge to the exact solution in expectation. Numerical
examples are presented to illustrate the effectiveness of the proposed QRGRK methods compared with the
ME-RGRK and RGRK methods for the real linear systems arising from the quaternion linear systems. In
addition, we demonstrate the numerical advantage of PmQRGRK method over QRGRK method in terms
of iteration counts and computing time.

1. Introduction

Quaternion linear systems have a wide range of applications in many problems in science and engi-
neering, such as quantum mechanics [5], signal processing [31], color image restoration [11, 37] and neural
network [24]. Therefore, more and more researchers are interested in such problems and have made a lot
of valuable achievements [6, 9, 19, 34].

Let Q and Q™" denote the quaternion skew-field and all m X n matrices over the quaternion skew-field,
respectively. Given a quaternion coefficient matrix A € Q™ and a right-hand side quaternion vector
c € Q", we aim to find an unknown quaternion vector x € Q" which solves the following linear systems
over the quaternion skew-field

Ax =c. (1)
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In contrast to traditional linear systems over real or complex number field, there are a lot of challenges in
dealing with the quaternion linear systems (1) because of quaternion algebra is associative but noncom-
mutative. It is obvious that the quaternion linear systems (1) can be equivalently transformed into a real
matrix equation

R(A)Z(X) = %(c), (2)

where Z(-) is a linear homeomorphic mapping from quaternion matrices (or vectors) to their real counter-
parts. To solve the general (real) linear systems (2), iterative methods can be employed, for example, Krylov
subspace methods [15, 27, 29], splitting iterative method [18, 32] and randomized Kaczmarz-type iteration
method [3, 30]. However, the amount of computation and storage of the above mentioned methods for
solving (2) are greatly increased with the increasing of the dimension since the dimension is expanded to
four times the original dimension, e.g., A € Q"", whereas %Z(A) € R¥">4",

For solving the consistent linear systems, the Kaczmarz method [14] is one of the most popular iterative
algorithms due to its simplicity and efficiency. In order to improve the convergence of the Kaczmarz
algorithm, in 2009, Strohmer and Vershynin [30] proposed a randomized Kaczmarz (RK) algorithm based
on “linear convergence”, which processes the coefficient matrix A in a random order rather than a certain
order. For more details on the convergence principle of the RK method and the algorithm induction, see
[1,2,20].

The RK method for a real linear system Ax = ¢, where A € R™" and ¢ € R", is simple yet powerful
iterative solvers [30]. At the k-th iterate, the RK method selects the row index iy with the probability
lA;,I?/I|Al2, and then updates x* by

k+1 _ ok Ci — Aj Xt T

Y EEE TR (Ai,)" )
To improve the convergence rate of RK method, Bai and Wu [3] established a greedy randomized Kaczmarz
(GRK) algorithm which performs a greedy probability strategy to extract larger entries of the residual vector
at each iteration. By introducing a relaxation parameter in the probability criterion, the GRK method is
further generalized to relaxed greedy randomized Kaczmarz (RGRK) method which outperforms the GRK
method in terms of both iteration numbers and running times if a suitable relaxation parameter is selected
[4]. There are other extensions of RK method for the real linear systems, such as block and randomized
variants and heavy ball momentum variants, see [16, 17, 21, 35, 40] and the references therein. In addition,
the RK algorithm has been extended to solve the system of matrix equations, e.g., ME-RGRK [33], PmRGRK
[36], NmRGRK [36], GRABK [22] and hierarchical matrix form of RK algorithm [28]. When Kaczmarz-
type method is directly applied to solve the resulting real linear systems arising from quaternion linear
systems, the storage and computational operations are costly. Consequently, we aim to develop a structure
preserving quaternion Kaczmarz-type iterative algorithm, which inherits the algebraic symmetry of Z(A).

The main contributions of this paper are given below.

e Based on the Petrov-Galerkin conditions and the relaxed greedy probability strategy, we propose a
structure preserving quaternion relaxed greedy randomized Kaczmarz (QRGRK) method for solving
the quaternion linear systems (1).

e Due to the advantages of momentum acceleration technology, we incorporate the Polyak’s momentum
acceleration technique into the structure preserving QRGRK method for improving the convergence
behavior and study the structure preserving QRGRK method with Polyak’s momentum (PmQRGRK).

e We provide the theoretical proof of convergence for the structure preserving QRGRK and PmQRGRK
methods and demonstrate that they can converge to the exact solution in expectation.

This paper is organized as follows. In Section 2, we give some notations and review some useful
definitions and lemmas. Based on the Petrov-Galerkin conditions and the relaxed greedy probability
strategy, we propose a structure preserving quaternion relaxed greedy randomized Kaczmarz (QRGRK)
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method for solving the quaternion linear systems (1) and provide its convergence analysis in Section 3. In
Section 4, we cooperate structure preserving QRGRK with Polyak’s momentum acceleration and present
the PmQRGRK method. In Section 5, numerical examples are provided to illustrate the convergence of the
proposed QRGRK method and demonstrate that its performance is better than that of the traditional RGRK
and ME-RGRK methods. In addition, the effectiveness of PmQRGRK is supported by some numerical
results. Finally, we give some conclusions in Section 6.

2. Preliminaries

In this section, we give some notations and introduce some basic definitions and lemmas. A quaternion
p € Q composed of a real part and three imaginary parts, typically represented in the following form
P = po +pii+p2j +psk, (4)
where po, p1,p2,p3 € R, and i, j, k are three imaginary units such that
i?=j*=k*=-1,ij = —ji = k, jk = -kj = i, ki = -ik = j.

For a quaternion p € Q of the form (4), the scalar (real) part of is denoted by R(p), whereas the vector part
3(p) = p1i + p2j + psk comprises three imaginary parts. The quaternion product of p and q is given by
Pa = (podo — P11 — p2g2 — p3q3) + (Pod1 + prgo + P23 — paga)i
+(poqz = p1gs + p2qo + p3qu)j + (Poqs + prgz — p2d + paqo)k.

The conjugate of a quaternion p € Q is defined by p* = pg — p1i — p2j — psk, while the conjugate of the
product satisfies (pq)* = q*p*. The modulus of a quaternion p € Q is defined as |p| = |/p5 +p; +p5 +p3
and |pq| = Ipliql- The inverse of a quaternion p # 0is p' = p*/Ipl*>. For any matrix A € Q™" let AT,
A, A%, A, 0max(A) and omin(A) denote the transpose, the conjugate, the conjugate transpose, the Moore-
Penrose inverse, the largest and the smallest nonzero singular values of the matrix A, respectively. The
column space and row space of A are respectively denoted as Range(A) = {v: v = Au,u € Q"} € Q™ and
Null(A) = {u € Q" : Au = 0} € Q". I® stands for the identity matrix of order n. If A is a square matrix,

then tr(A) denotes the trace of A. For a positive integer m, let [m] = {1,--- ,m}. The symbol [E[-] denote the
expected value conditional on the first k iterations, i.e.

Ex[-] = E[lio, 11, -+~ , ik1],
wherei;(j =0,1,--- ,k—1)is the jthrow selected at the jthiterate. Then, from the law of iterated expectations,

we have [E[E[-]] = E[-].
The inner product of two quaternion vectors x,y € Q" is defined as [7]

Yy =yx=) yix. ()
i=1

The induced-norm of a vector x is of the form
n
Il = V(xx0 = Viex = VaTx = 4| ) P
i=1

It is seen that Q" is a right quaternionic Hilbert space with the inner product in (5) and (xa; + ya,z) =
(x,z)a1 +(y, ), for x,y,z € Q" and a1, &, € Q [7]. Direct calculations give

(x+y,x+y) =X+ y) + (v, %) +lyl” > 0.
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This implies that
=, y) =€y, < IIXIP + llyl>.
The inner product of two quaternion matrices A, B € Q™" is defined by [7]
(A,B) = tr(B*A).

The induced-norm of a matrix A is of the form

IAllF = V(A, A) = Vir(A"A) =

The R-product of two quaternion vectors x,y € Q" is defined as [25]
x-y =R(yx) = RXy).

Jd
Let f : Q" — R. We say f is differentiable at x = xo + x11 + x2j + x3k if % existsatx; fori =0,1,2,3, and we
i

denote

_of of.  df.  If
Vf(X)_a_JC()+8_JC11+ 3_x2]+3__X3k (6)

The following quaternion singular value decomposition (QSVD) is firstly provided in [38, Theorem 7.2].

Lemma 2.1 ([38]). For a quaternion matrix X € Q™", there exist two unitary quaternion matrices U € Q™" and
V € Q™" such that

Y 0 \..
X:U( 0 O)V, )

where L, = diag(o1,- -+ ,0,), ¥ <min{m,n}and 0;(i =1,2,--- ,r) are the nonzero singular values of X. The set with
all U and V satisfying the equation (7) is called the left singular matrix space and right singular matrix space.

By using the similar proof technique as that in [30, 39], we obtain the following result.
Lemma 2.2. For a quaternion matrix A € Q™" and a quaternion vector x € Range(A®), it holds

Al
AX|| > Imin(A)|IX]| = ————|IxII,
IAXI| = Omin(A)IIX]I KF,Z(!)HXH

where kp2(A) = ||Allp/0min(A).

Proof. For a quaternion matrix A, consider its singular value decomposition A = UXV*, where U'U = [ ()
> 0

W= [0 Y =
V'V 1,2(00

), X, = diag(oy, -+ ,0,), ¥ <min{m,n}and 0;(i = 1,2,--- ,r) are the nonzero singular

values of A.
If a quaternion vector x € Range(A*), then there exists y € Q™ such that

x=A'y = Vi UYy.
This gives

,
P =y UZVVE Uy = 52X s = ) o?isif,
i=1



Y. Zheng et al. / Filomat 40:6 (2026), 2191-2215 2195

where s = (s1,8,- -+ ,8,)T = U’y € Q". Then

7

IAXIP = IAAYIP = [UZV'VETU'YIP = 5/(S27)%s = ) oflsi?
i=1
r 2
Al
> 02,(8) ) s = 02 (A)IXP = x|
=1 KF,Z(A)

The proof is completed. O

Lemma 2.3 ([8]). For a given quaternion matrix A € Q™" and a quaternion vector ¢ € Q™, the quaternion linear
systems Ax = c is consistent if and only if AA'c = c. In this case, its general solution can be expressed as

x=Afc+y-A'Ay,
where y € Q" is an arbitrary quaternion vectot.

According to the definition of inner product and the property of Moore-Penrose inverse, we have

(ATc,y — ATAy) = (ATc,y) — (A'c, ATAy) = (A'c,y) - (ATA)'ATc y)
= <A+C/ y) - <A+AA+C/ Y) = <A+C/ y> - <A+C/ Y> =0.

Then
IXI* = |A*c +y — ATAy|* = [|ATcl? + |ly — ATAy].

This implies that Afc is the least norm solution of the quaternion linear systems (1). In the following, we
always assume that the quaternion linear systems (1) is consistent and x. is an arbitrary solution of (1).
For a quaternion matrix A = Ay + A1i + Aj + Ask € Q™ its real counterpart is of the form [12, 13]

Ay Ay A Az
Ay Ay Az A
A1 A3 Ay A
A3 A1 -Ay A

%(A) — e ]R4m><4n (8)

and the first block column of Z(A) is denoted by

Ap
Z(A). = :ﬁi € RAmxn. 9)
—A,
Assume that
0O 0 -I, O 0o -I, 0 O 0O 0 0 -I
I, = 0O 0 0 -I R = I, O 0 0 S o 0 I, O
"Y1, 0 O o "™ 10 o0 O LV |0 -, 0 0
0 I, O 0 0o 0 -I L, 0 0 O

Then a real matrix M € R*>4" is called JRS-symmetric if J,,M]J! = M, R,,MR] = M and S,,MSI = M [13]. It
is easy to see that a matrix M € R¥"™4" is JRS-symmetric if and only if M is a real counterpart of a quaternion
matrix [13]. Thus we define the inverse mapping of Z to the JRS-symmetric matrix by 271(%(A)) = A.
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3. The QRGRK method

In this section, we give the Petrov-Galerkin conditions on the quaternion skew-field and present the
structure preserving QRGRK method. The proposed method has higher computational and storage ef-
ficiency since it is only necessary to store or overwrite four components of quaternion matrices/vectors,
rather than their real counterparts. Theoretically, the JRS-symmetry of the real counterpart is inherited.

Assume that I' and A are the search subspace in Q" and the constrained subspace in R", respectively.
The approximate solution x**! to (1) is found by imposing two constraints: it belongs to the affine space
x* + T, and the residual vector ¥*! = ¢ — Ax**! is orthogonal to the constrained subspace A with respect to
the inner product. In other words,

X*lex*+T and c—-AX"* LA (10)

Denote ocl.T the ith rows of A and ¢; the ith columns of I™ fori = 1,2,--- ,m. We select two subspaces as
follows

I' = span{a;}, A = span{e;},
where the index i € [m]. Then the next iterate can be written as

X =xk+ a1 (11)
for a quaternion A € Q. Using the orthogonality condition in (10), we have

(c — AX*1 ¢y = 0. (12)
Substituting (11) into (12) yields

0=(c— AX' - Aaid, e;) = (c — AX", ey — (A@id, &) = (c — AX", e1) — (A, e)A.
This means that

¢ —alxk

A= (Aai ) (c — AX' e)) = (e] Aai) ' [e] (c — AX)] = il I ||lz ’
i

where ¢; is the ith component of ¢ € Q™. Thus we obtain the Kaczmarz iterative scheme for the quaternion
linear systems (1) as follows

:
' (13)

T

¢ — X

X =X + & >
lleill

where the index i € [m]. We see from (13) that the (k + 1)th approximate solution x**! is the projection of
the current iterate x* onto the solution space

% ={xeQ": aeiTx = ¢, i € [m]}.
Define the following real value function of the quaternion vector variable

lci — a x*

TP (14)

fik) =
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For Ax € Q", we have

i —a] (x+ AP | — a/x?

filx+ Ax) = fi(x)

llae;l2 lla;l?
(ci — a/x) — a] Ax? ~ lci — a] x|
llcvil? llex;|[?
R[—(c;i — a) %) (a] AX)] + |a] Ax?
llaeill?
= L T *
R[—(&i(c; — a; x))"Ax]

= + o(||Ax][)
[levil |2

¢ —alxt

= —&———— . Ax+o(JAX]).
Il

It then follows from Proposition 4.2 in [25] that

Vi = —a S
0= g,
)=

Thus the (k + 1)th approximate solution x**! in (13) can be thought of as an exact linear search along the

negative gradient direction from the current iterate x*.

Note that c = Ax, and ¢; = aiTx*. By the relation (13), we have

~. 1T

ai; k
e =) (15)

xk+1 — Xk +

Denote the kth error matrix by h* = x* — x,. We immediately have

~ .1 ~. a1
kel _pr_ Hii (o —x.) = h — Hili K
- 2 T 27
lleill lleill
Then
~ T ~. .1
[bels [ e ¥
||hk+1“2 — <hk _ 12 hk, k_ 12 hk>
lleill lleill
. ~ . T AT A
oo i X i
= (h,n" —< —hf, hk> - <hk, : lzhk> +< —Lht, — ’zhk>
lleill llill el lleill
Al A1 Al .l
(71 % X o i«
— ”hk”2 _ (hk)* i hk _ (hk)* i hk + (hk)* i I 1k
llxill? llxill? llexil 21l exil 2
S G G Y
llxill?
|C1' - af.TXk|2
k12 k12 k
= b - = |Ih'[]* — wi(x"), (16)
llexil |
where
( k) |Cl' - Ll'iTxk|2
wix') = ————
llexill?

Formula (16) inspires us to choose index i € [m] to make the corresponding loss as large as possible.
Next, we present our structure preserving quaternion Kaczmarz method for the quaternion linear
systems (1) by using the relaxed greedy selection strategies as in [3, 33].
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Let the row index i € [m] be chosen with probability

lleill”
>
AR

P(Row =1) =

The main idea of the relaxed greedy selection strategy is to choose an index i in a compromise way, whose
loss is convex combination of mean and largest ones. That is, we select a relaxation parameter 0 € [0, 1]
and compute

w;,(¢) = 0 max {6} + (1 - O[],

where

. T
lleil® lei — & x lle — Ax“|?
AN llaill? Al

k|2
E[w;(x)] = =

ielm]

measures the mean loss. Then we define the following index set

Uy = {ik sw;, (X > erlg[%wi(xk) +(1- 9)%}. (17)
Since maxie[m w;(x*) > E[w;(x")], the index set U is nonempty and there always exists i € Uy. Let

O = e~ A {wi(xk)} ¥ ﬁ;”‘; (18)
Then the index set Uy can be rewritten as

Uy = i : 03, (¢) 2 Selle = AXIP) = i 2 0, () > Sill ARSI (19)

When we randomly select an index from U, the QRGRK method is stated as in Algorithm 3.1.
Remark 3.2. As a special case of QRGRK, when 0 = 1, the row index iy is selected determinately from the index set
U, = {ik : wik(xk) = max wi(xk)}. (20)
i€[m]
In this setting, we call it the QRGRKIMAX method. When 6 = 0.5, the contributions of m[a>]< {wi(xk)} and E[w;(x")]
1€(m
are equal, we call it the QGRK method.
In the calculation, the required quaternion matrix-vector multiplication, quaternion vector-number

multiplication, the norm of a quaternion vector and the norm of a quaternion matrix are realized by the
function (8) as follows:

Axi = %71 (R(AX) = B~ (R (A)Z (X)), (21a)

el [% [a» il ] = %! [%(@» \R [—Cik — X ]] (21b)
" a2 " e 1P " lai > |)

i, = 27" (%(a; @) = %7 (% ()% (i), (21¢)

IAlIF = 27 (Z(A"A)) = 27 (R (A)Z(A)). (21d)
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Algorithm 3.1 The QRGRK method

Input: A coefficient matrix A € Q™" and a right-hand side vector ¢ € Q™, an initial vector x’ € Q" and a
relaxation parameter 0 € [0, 1].
Input: last iterate x**1.

1: fork=0,1,2,---,do

2:  Compute
0 1-6
8 = ————— max {w;(x*)} + .
= e e T [0) + 2
3:  Determine the index set U according to
Uy = {i : w;, (<) 2 5ille - AP}
4 Compute the ith entry T¥ of the quaternion vector T according to
»ijc_ ci—afl.Tx, if i e Uy,
i 10, otherwise.
L : " o mP
5:  Select an index i € U with probability P(Row = i) = W
T yk
) k+1 _ ok _lc,-kfaix
6. Compute x*** = x* + a,kW.
7: end for

We can implement the above calculations by only storing the first block columns of their real counterparts,
which saves three-quarters of the computational operations. That is,

R(Ax)e = BAVR(X)., (22a)

K &ikm] =Z(&; )%’[Cik_—aiTka] , (22b)
g | = Tl |

il = 12 @, )l IAIR = I2(A)IE. (220)

This is the main idea of structure preserving reduction.

For the convergence property of the QRGRK method, we can obtain the following result.

Theorem 3.3. Assume that the quaternion linear systems (1), with the coefficient matrix A € Q™" and the right-
hand side ¢ € Q™, is consistent. Then the iteration sequence {xk}k_o, generated by the QRGRK method starting from

an initial vector x° € Q", converges to the solution x. in expectation. Moreover, for all k > 1, the mean squared error
in expectation satisfies

k

k+1 2 0 2
Bl =31 < [ ]zl - x.I3,
1=0
where the parameters
Tk
T0:1—2—, Tkzl— 5

KH(A) KH(A)
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with

=—||A||F+(1 0), yi=IAIE =) llaall? and O = {i: wi(x") = 0, € [m]}.
(IS0

Proof. From the relation (19), the expectation of the randomized loss with i is bounded by

Eilw;, ()] = Z P(Row = i)w;,(X") > &/|Ah|2 Z P(Row = i)
iveUy ir €Uy
SARE 3 o I [ (23)
= k5 v
K7,(A)

where the second inequality follows from Lemma 2.2. This, together with the relation (16), yields

A
K7, (A)

E[IWYP] = ElNRAP] - Exfw;, (x k)]<(1 Ok ]]E[IIthIZ]' (24)

For k = 0, by the relation (18), we have

||A||§ max {w;(x)}

Al i
SlAR = oA max {wi(x")} + (1= 0) = = +(1-6)
llc — AXO”2 Z lei—a/ X ||a<-||2
[leil? !
IAJE: max {wi(x)}
+(1-6)=0+(1-0)=1. 25
max (@) ¥ a0 7010 @)
€[m] i€[m]
For k > 1, it follows from the relation (18) that
”AHZ ||A||12: Izlel[a)]( {wz(xk)}
Sell Al e maw)] + (1= 0) = 0 +(1-0)
llc — Ax|2 iefm Y lei—a] x |2|| 1P
iepm] IIaH2 &i
IAIf max froi ()| IAIf max{zi<)
= 0 +(1-6)>0 +(1-0)
Y wedlaf maxwGON ¥, — T el
ie[m] i€[m] i€y
B A2 c-0) - ollA ||§+(1_6)_ 26
AR = T llalP Y —

ieQdy

where O = {i : wi(x*) = 0, € [m]} and y¢ = |AI2 = Ljeq,, llaill?. Combining (24)-(26) yields

— k(12 : —
(1- ks )RR ifk=0,

Al
k+1 F k2
E[|In*"] < (1 Ok 1%2(A)]]E[”h 7] <

(1 T (A))IE[HthIZ], ifk > 1.

The proof is completed. [
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Remark 3.4. The set Qy is nonempty for k > 1. In fact, if we select the same rows at the (k — 1)th and kth iterations,
ie., iy = ix_1, then

¢ —al X1 2
i, — ol X Ci ~ “i(xk R e )
wik(xk) = = =
llevi 1> ||6¥z'k||2
i — al X1 = (¢ — al X
- llev;, |17
This means that i1 € ().
Remark 3.5. Since yi = ||Al2 — Licq, llaill® < [|Al|2, we have
0 2
m=—lAlF+1-0)> — IIAIIF +(1-0)=1
Vk Allz
Then
1
Te=1- ZTIk <1-——.
KRZ(A) KEZ(A)
It follows from Theorem 3.3 that
k k+1
ElIX - xelB] < [T ulb® = I < [1 -5 (A)] X = x.II2 27)
1=0 E2

forall k > 0. This shows that the convergence factor of QRGRK method given by Theorem 3.3 is slightly better than
that given by the relation (27).

Corollary 3.6. The expectation of w;(x*) with respect to i € Uy is bounded by

1
E[lIx - x.I3] >

E[w;(x"
[wi(x)] = FZ(A) A

E[lIx - xI3], (28)

where

——||A||F+<1 0), ye=IAIE =Y lleull? and O = {i: wi(x") =0, € [m]}.
(IS0

Proof. The first inequality follows from the relations (23), (25) and (26). Since yx < ||A||12:, we have

0
Mk = ﬁIIAII§+(1—9) > —JAlIF+(1-6)>1.

IIAII2

The proof is completed. [

4. The PmQRGRK method

In this section, we incorporate Polyak’s momentum acceleration technique into the structure preserving
QRGRK method and propose the structure preserving PmQRGRK method for solving the quaternion linear
systems (1). The Polyak’s momentum acceleration technique is first introduced to modify the gradient
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descent (GD) method for improving the convergence [23]. As described earlier, Kaczmarz iterative scheme
can be viewed as a special kind of gradient descent algorithm for minimizing the objective function

lci — al x]?

llevill?

fit) =

By using the Polyak’s momentum technique, the explicit expression for the Polyak’s momentum variant of
quaternion linear system Kaczmarz iteration format is given by

ci, — alxt
k+1

X = Xk ¢ @y, ———— + B — XY,
llevic 1>
where a is a positive real number that represents the step size and  is nonnegative real number that
represents the momentum parameter.
Based on the relaxed greedy index selection strategy in our proposed structure preserving QRGRK
algorithm, the structure preserving PmQRGRK method for solving the quaternion linear systems (1) is
described as in Algorithm 4.1.

Algorithm 4.1 The PmQRGRK method

Input: A coefficient matrix A € Q™" and a right-hand side vector ¢ € Q™, two initial vectors XX, xl e Q" a
relaxation parameter 0 € [0, 1], a step size @ > 0 and a momentum parameter § > 0.
Input: last iterate x**1.

1: fork=0,1,2,---,do

2:  Compute

1-6
IAIZ

O max {w,-(xk)} +

" Jlc — AxH|2 el
3:  Determine the index set U according to

U = {ix : w;, () 2 5ille - AP}
4 Compute the ith entry T¥ of the quaternion vector T according to

_ —ajx, ifieU,
i, otherwise.

P
5:  Select an index 7 € U with probability P(Row = §) = ﬁ#

I —a‘r x*
6: Compute X! = x* + ac‘tikiai—k”@ + B(xE — Xk,

7. end for

Remark 4.2. As a special case of PmQRGRK, when 0 = 1, the row index iy is selected determinately from the index
set

U = {ik : wik(xk) = xrl[a>]< wi(xk)}. (29)
1e|lm

In this setting, we call it the PmQRGRKIMAX method. When 0 = 0.5, the contributions of m[a>]< {wi(xk)} and
€e\m
E[w;(x")] are equal, we call it the PmQGRK method.
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In the implementation of PmQRGRK method, the required quaternion matrix-vector multiplication,
quaternion vector-number multiplication, the norm of a quaternion vector and the norm of a quaternion
matrix are realized as in (22) by using the idea of structure preserving in order to solve the computations.

Next we analyze the convergence property of structure preserving PmQRGRK method. First we give
the following lemma which will be used in our analysis.

Lemma 4.3. [17, Lemma 9] Let a1 = ap > 0 and {ax}}” ) be a sequence of nonnegative real numbers satisfying the
relation

App1 < W0k + WoU—1, Yk >1,
where wy > 0, w1 + wy < 1 and at least one of the coefficients wy and w; is positive. Then

ge1 < g5 (1 + q2)ag, Yk 20,
where q; = (wq + w% + 4wy)/2 and g = q1 — w1 = 0. Moreover, g1 > wy + wo, with equality if and only if w, = 0.

Theorem 4.4. Assume that the quaternion linear systems (1), with the coefficient matrix A € Q™" and the right-
hand side ¢ € Q™, is consistent. Let w1 = (1 + 3B +28%) — Qv + ap — a?)/x2,(A) and w, = 2% + (1 + a)B. If
0<a<2 B>0and wy +w, <1, then the iteration sequence {xk};zo, generated by Algorithm 4.1 starting from
two initial vectors x° = x! € Q", satisfies

K
Wi+ 4wy +wy | | Jwd + 4w,y —wy

E[I}X*! - x.J1°] < 5 5 + 1] - x|
Proof. From Algorithm 4.1, we have
k+1 2 ko, o= ST o X" kK1 2
X = x| = |Ix*+ad,———— + (X" —x) = x|
llexi, |12
= IO = %) + a0, (<) + B¢ - x) = B = x)I?,
where
o S alx*
v, (x°) = R (30)
It follows that
WP = b+ a0, () + B(h* - WP
= [Ib* + a0, (O + p(bF + ad;, v, (), B — hF1)
+ B -0 R+ aa v, (X)) + B - BT
= Sp1+ Sk +Sk3, (31)
where
ski = | + a0, (NP,
ska = P(OF+aa; v, (), hE — W1 + (hk — h*1 hF + aa;,v;, (X))
sks = PAlIRE —h?
Notice that

lc;, — al x 2
I, 0, )P = —(h¥, @, 0, (X)) = —(@;,0;,(x"), h*) = - > = w;, (x"). (32)

llevi, I
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Then

I + aa;,v;, ()P = 0P+ ach®, @0, () + a0, (), B + a?lla;, 0, (X113

DI = ao;, () = aw;, () + a?w; () = [0 + (@ = 2a)w;, (). (33)

Sk

Direct calculations give

sk = B(hE + a@; v;, (), B — W7y + B(hF — W1 0 + aa 0 (F))
= B [¢h, b — 05Ty + (hF = W, 09| + o (@303, (¢), b — BT + (hF — BT, a0, () |
= BL2IIFI7 = (W, BTy — (01, )] + (@, v;, (x5), b + (b, @;,0;,(¢))]
—aB(@;,v;, (<), ) + (W, @0, ()]
= [3BIINEI7 + BIN T + afl—w;, (x*) — w;, ()] + apllla,vi, X3 + W]
< [3BINEIP + BIWPT + afl—w;, (x*) — w;, ()] + aplw;, (X") + [
= 3|7 + B + a2 — apw;, (xF). (34)

Using the inequality|x — ylI* < 2(|)x — z|[* + |ly — zI[*) for any vectors x, y and z with compatible dimension,
it holds that

sk3 = IS — WP < 287(II0KP + [P (35)
Combining the relations (33), (34) and (35) yields

WP = sp + sk + sk3

< [P + (0 = 2a)w;, (x*) + 3|12 + Bl 2

+aplh* ! — apw; () + 28717 + [Ih*1))

(1+ 38+ 28H)IIDF|? + (% — 2a — ap)w;, (XF) + [287 + (1 + a)B]|IW* 2. (36)

A

Since 0 < a < 2 and B > 0, we have a® — 2a — af < 0. Taking expectation with respect to i € Uy yields
Ex NPT < (1 + 38 + 287 EelIfIP] + (o — 2a — a)Exlw;, ()] + [26” + (1 + a)BIE[I|P]
(1+ 3B + 28)EllIIP] — 2a + ap — ) /12, (A ElINIP] + [267 + (1 + a)BTEx W]
[(1+38 +26%) — Qo + aB — a®)/ ki, (A)E[IINIPT + [267 + (1 + a)BIE[IR 1.

IA

where the second inequality follows from Corollary 3.6. Taking expectation over the whole history, we
have

+1 2 k 2 k-1 2
E[I™ = xll3] < wiE[lx = %51 + w2 E[IX = x.[l3]-

It is seen that wp, = 282 + (1 + a)f > 0 since 0 < a < 2 and B > 0. By the assumption that w; + w, < 1, the
desired result is obtained according to Lemma 4.3. [

Remark 4.5. Let & =4 +a — a/k},(A) and & = a2 — a)/k},(A). [f0 < a < 2and

0<p<(/E+165-5)/8

then
Wi twy =47+ E-E+1<1

and the condition in Theorem 4.4 is satisfied.
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5. Numerical experiments

In this section, we demonstrate the efficiency of our proposed QRGRK and PmQRGRK in solving the
quaternion linear systems (1). All tests were conducted using MATLAB (R2022b) on a personal computer
with Intel Core 15-13420H CPU @2.10GHz/16.00GB.

Let A = Ag +A1i+A2j +A3k (S (Q'”X”,x = Xp +x1i+x2j +X3k e Q7 and ¢ = Co +C1i+C2j +C3k e Q"
ME-RGRK and ME-MWRK [33] are utilized to solve the following real linear matrix equation arising from
the quaternion linear systems

Z(A)Z(x) = Z(c).
GRK [3] and RGRK [4] are used to solve the following real linear systems
ZA[x x1 x2 x31"=[co a1 2 5]

We also report the numerical performance of QRK method for solving the quaternion linear systems (1),
which is a natural generalization of RK method [30] over the quaternion skew-field. We comment here that
QRGRK reduces to QRK if the row index i € [m] is selected with the probability ||a;, .|[*/ ||A||§ without using
the relaxed greedy selection strategy.

For the above-metioned methods, we count the number of iterations (denoted by “IT”), the computation
time in seconds (denoted by “CPU”), and the relative residual norm (denoted by “RRN”). Here RRN is
defined as

lle — Ax|

RRN = ————.
llell

The stopping criterion is that the relative residual norm is less than tol = 107® or the maximum number of
iterations 80000 is exceeded.

5.1. Random data

In this subsection, we report the numerical performance of the above methods on random data.

Example 5.1. Consider the quaternion linear systems (1), where the coefficient matrix A € Q™" and the solution
vector x € Q" are randomly generated by MATLAB built-in functions. Then the right-hand side vector ¢ € Q™ is
generated by ¢ = Ax.

We compare the numerical results of QRGRK, GRK, RGRK, ME-RGRK and ME-MWRK methods. With
a special focus on the case when 0 = 0.3,0.5,0.7 and 1. QRGRK is designated as QGRK when 6 = 0.5, and
QRGRK is referred to as QRGRKIMAX when 6 = 1, see Remark 3.2. We report the IT, CPU and RNN for
different values 6 and (m, n) in Table 1. From Table 1, we see that QRGRK converges in fewer iterations and
costs less running time than GRK, RGRK, ME-RGRK and ME-MWRK, while their relative residual norms
are comparable with each other. The convergence curves of QRGRK, RGRK and ME-RGRK are shown in
Figure 1, which indicates that QRGRK stops earlier than RGRK and ME-RGRK.

The result in Table 1 and Figure 1 reveals a clear trend: the QRGRK method, due to its property of
preserving the quaternion structure, outperforms the ME-RGRK and RGRK methods.

Example 5.2. Consider the quaternion linear systems (1), where the coefficient matrix A and the right-hand side
vector ¢ are the same as in Example 5.1.



Y. Zheng et al. / Filomat 40:6 (2026), 2191-2215

Table 1. Numerical comparison results for Example 5.1.

2206

(m, 1) [ (400,400) | (600,600) | (800,800) [(150,4000) | (150,5000) ] (200,4000) | (200,5000)
0=03
IT | 3586 3618 3981 557 433 640 577
QRGRK |CPU| 0.7649 | 2.1041 | 5.1449 | 08977 | 1.0457 | 14016 | 1.6997
RRN |9.4849¢-07|9.2795¢-07 | 9.9509-07 |9.4976e-07 |9.8304e-07 |9.4570e-07 |9.9997¢-07
IT | 7793 8068 8877 1323 1224 1662 1516
RGRK[4] |CPU| 29179 | 109711 | 32.7239 | 26794 | 3.1788 | 45792 | 52544
RRN |9.9641e-07|9.9566e-07 | 9.6466e-07 |9.5285e-07 |9.9270e-07 |9.9496e-07 | 9.8057¢-07
IT | 31740 31771 37878 5409 5240 6743 6199
ME-RGRK[33] |CPU| 24.2748 | 81.2881 | 426.0728 | 22.2953 | 22.0684 | 34.8505 | 40.9924
RRN |9.9564¢-07|9.9371e-07|9.9112e-07 |9.9607e-07 |9.9811e-07 |9.7769e-07 |9.9714e-07
0=05
IT | 3198 3740 3782 507 498 616 587
QGRK  |CPU| 04887 | 1.6832 | 56177 | 08719 | 1.0977 | 13660 | 1.7889
RRN|9.6792e-07|9.7637e-07 | 9.5683e-07 |9.6395e-07 |9.6389%¢-07 |9.6698¢-07 | 9.7827¢-07
IT | 7339 8759 8699 1235 1245 1460 1299
GRK[3] |CPU| 24794 | 10.6485 | 19.5935 | 25477 | 3.2641 | 42001 | 4.6311
RRN|9.7916e-07|9.8588e-07 | 9.6214e-07 |9.6005e-07 |9.3264e-07 |9.4163e-07 | 9.6461e-07
IT | 30126 34850 36193 4939 4938 5779 5551
ME-RGRK[33] |CPU| 21.3598 | 63.3470 | 210.5820 | 17.6127 | 23.3785 | 29.6373 | 32.8931
RRN |9.9834e-07|9.9976e-07 |9.9645¢-07 |9.9025¢-07 |9.8659%¢-07 |9.9323e-07 |9.9157e-07
=07
IT | 325 3616 3814 83 491 587 570
QRGRK |CPU| 05454 | 15020 | 49530 | 0.8310 | 1.0554 | 1.3242 | 1.6931
RRN |9.9340e-07|9.9597¢-07 | 9.9024e-07 | 9.6521e-07 |9.8343e-07 |9.9699¢-07 | 9.5663e-07
IT | 7818 7961 8287 1091 1113 1370 1153
RGRK[4] |CPU| 2.6853 | 85555 | 18.2414 | 23594 | 2.8142 | 3.6814 | 3.8872
RRN|9.9007e-07|9.9057¢-07 | 9.9870e-07 |9.7020e-07 |9.8320e-07 |9.8475¢-07 |9.5831e-07
IT | 30137 | 33775 34211 314 4410 5580 4989
ME-RGRK[33] |CPU| 21.6233 | 142.1919 | 171.8004 | 14.9318 | 19.3515 | 29.3696 | 30.6972
RRN |9.8423e-07|9.9583e-07 | 9.9976e-07 |9.9485¢-07 |9.5948¢-07 |9.9180e-07 |9.8019e-07
0=1
IT [ 3193 3700 3887 470 36 611 549
QRGRKIMAX [CPU| 03965 | 14888 | 4.6311 | 07402 | 09956 | 1.3370 | 1.5759
RRN|9.9892¢-07|9.9084e-07 | 9.9358e-07 | 9.3283e-07 |9.7406e-07 |9.6450e-07 | 9.6162¢-07
IT | 7164 8744 8852 997 981 1241 1157
RGRK[4] |CPU| 22798 | 9.9804 | 20.7625 | 2.1318 | 25756 | 3.2859 | 3.9586
RRN |9.8478e-07|9.9266e-07 | 9.9468e-07 |9.1634e-07 |9.9480e-07 |9.6102¢-07 |9.5268e-07
IT | 30184 35025 35434 4040 4129 5159 4738
ME-MWRK][33]|CPU| 19.4501 | 147.6971 | 183.5147 | 152816 | 18.2747 | 25.4311 | 34.3186
RRN |9.9972¢-07|9.9820e-07 | 9.9897e-07 |9.7379¢-07 |9.5924e-07 |9.9913e-07 | 9.8552¢-07

In this example, we report the numerical results of PmQRGRK, QRGRK and QRK for different dimension

(m, n) and relaxation parameter 6. For the PmQRGRK method, we choose (¢, ) = (1.6,0.5). PmQRGRK is
designated as PmQGRK when 6 = 0.5, and PmQRGRK is referred to as PmQRGRKIMAX when 0 = 1, see
Remark 4.2. We list the computing time in seconds, the iterations, and the relative residual norm in Table
2. From Table 2, it is clearly seen that both PmQRGRK and QRGRK methods are more efficient than QRK
method in terms of the number of iterations and elapsed CPU time. In Figure 2, we plot the convergence
curves of PmQRGRK, QRGRK and QRK with the relaxation parameter 8 = 0.7 and m = n = 800. Figure 2
shows that the relative residual norm of PmQRGRK and QRGRK methods decreases faster than that of QRK
method with the increasing of the iteration number. In all cases, PmQRGRK method converges faster and
needs less running time than QRGRK by an appropriate selection of step-size &« and momentum parameter f.
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Figure 1. The convergence behaviors of RRN versus IT (left) and CPU (right) given by the QRGRK, RGRK

and ME-RGRK methods for Example 5.1 withm =n = 800 and 0 = 0.7.

Table 2. Numerical comparison results for Example 5.2.

(m, 1) (400,400) | (600,600) | (300,800 | (I50,4000) [(150,5000) [ (200,4000) ] (200,5000)
IT | 7679 8928 10259 2447 2545 2081 3062
QRK CPU| 13604 | 6.1008 | 152766 | 34540 | 4.6180 | 29677 | 8.0580
RRN |9.8507e-07|9.9655€-07|9.9515e-07|9.9975e-07 |9.8337e-07 |9.9719¢-07 | 9.6126e-07
=03
IT | 3067 3360 1297 481 443 133 552
PmQRGRK |CPU| 05826 | 1.9800 | 5.6979 | 0.8292 | 09774 | 0.6980 | 1.5773
RRN |9.4557¢-07|9.6007e-07 | 9.8160e-07 | 9.0167e-07 |9.0846e-07 |9.6128¢-07 | 9.4848e-07
IT | 3138 3656 1223 518 508 496 594
QRGRK CPU| 06108 | 24656 | 6.1829 | 08634 | 1.0579 | 07292 | 1.7379
RRN |9.4588¢-07|9.2891e-07|9.3432e-07 | 9.9069¢-07 |9.9952¢-07 |9.6150e-07 | 9.5386e-07
=05
IT | 2962 3598 3913 120 a2 515 506
PmQGRK |CPU| 05828 | 22469 | 64063 | 0.6905 | 09302 | 1.1428 | 1.4943
RRN |9.9704e-07|9.3380e-07 | 9.8940e-07 | 9.5296e-07 |9.2194e-07 |9.3331e-07 | 9.4577e-07
IT | 3301 3581 3988 497 519 574 589
QGRK CPU| 06556 | 25739 | 64691 | 07792 | 1.1016 | 12299 | 1.6604
RRN |9.6964¢-07|9.8490e-07 | 9.9023e-07 | 9.7964e-07 |9.8190e-07 |9.6647e-07 | 9.3163e-07
=07
IT | 2930 3348 3660 387 402 518 75
PmQRGRK |CPU| 05602 | 2.0363 | 52507 | 0.6811 | 08557 | 1.1860 | 1.4062
RRN |9.8689¢-07|9.8221e-07|9.5437e-07 | 8.8962e-07 |9.0705e-07 |9.4005¢-07 | 9.6977e-07
IT | 3321 3623 3967 489 487 646 542
QRGRK CPU| 06521 | 20702 | 54902 | 0.8023 | 1.0021 | 13672 | 1.5143
RRN |9.9365e-07|9.7034e-07 | 9.8987e-07|9.9388e-07 |9.5261e-07 |9.4812¢-07 | 9.7740e-07
0=1
IT | 3262 3427 3500 383 369 163 440
PmQRGRKIMAX|CPU| 0.6393 | 1.9017 | 4.8326 | 0.6180 | 0.7789 | 1.0308 | 1.2701
RRN |9.7905¢-07 | 9.8603e-07|9.1515e-07 | 7.9726e-07 | 8.6315¢-07 |9.8607e-07 |9.1267e-07
IT | 3560 3580 3938 500 470 579 540
QRGRKIMAX |CPU| 0.6800 | 24889 | 54521 | 07518 | 09128 | 1.0979 | 1.5146
RRN |9.5027¢-07|9.8655¢-07 | 9.6314e-07 | 9.8550e-07 |9.9251e-07 |9.7178e-07 | 9.4985¢-07
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Figure 2. The convergence behaviors of RRN versus IT (left) and CPU (right) given by the PmQRGRK,
QRGRK and QRK methods for Example 5.2 with m = n = 800, 6 = 0.7 and («, f) = (1.6,0.5).

In the following, we use PmQRGRK with various («, ) to solve the quaternion linear systems, as shown
in Figure 3. Especially, we assign the input parameters m = 150 and n = 4000, and to (a, 8) as (0.5,0.6),
(0.7,0.6), (1.0,0.4), (1.4,0.5), (1.6,0.3), and (1.6,0.5). It can be seen that PmQRGRK method successfully
calculates the approximate solution for all cases, and the satisfactory parameter pairs are selected by
(o, p) = (1.4,0.5) and (1.6, 0.3), respectively. In this case, the number of iterations of the PmQRGRK method
is 450, 406, 409, and 357, respectively, when 6 = 0.3,0.5,0.7, and 1. In a word, PmQRGRK can converge
faster by choosing the appropriate iterative pair of parameters.

5.2. The signal filter problem

In this section, we implement the QRGRK, PmQRGRK, QRK, GRK, RGRK, ME-RGRK and ME-MWRK
methods to solve the signal filter problem introduced by [10].

Example 5.3. Consider the Lorenz attractor, i.e., a three-dimensional nonlinear system, applied in atmospheric
turbulence [26]. It can be formulated as the following system of coupled differential equations

ox dy z _
E—qb(y—x),E—X(p—Z)—y,E—xy—lpz, (37)

where ¢,1, p > 0. Here we choose the parameters ¢ = 10, 1p = 8/3, p = 28 to characterize the chaotic behavior of
the Lorenz attractor. By using the MATLAB command ODE45(f(t, [x, y,z]), [0, T1,[1,1,1]), the equation (37) can
be solved.

Let x(t) = x,()i +x4(t)j + xp(H) k with x,(t), x,(t) and x;(t) being the solutions of (37). The input signal with
the random noise has the following form

c(t) = ¢,(t = V)i + ¢y(t = 1)j + ot — Tk +n(b),

where n(t) is a random noise. The quaternion linear systems (1) is then built, see [10].

(1) First, we demonstrate the superiority of QRGRK method by comparing it with GRK, RGRK, ME-
RGRK and ME-MWRK. The numerical results are reported in Table 3. The convergence histories are
depicted in Figure 4. We observe from Table 3 and Figure 4 that QRGRK method is more efficient than
GRK, RGRK, ME-RGRK and ME-MWRK methods in dealing with the signal filter problem, because it can
achieve lower relative residual norm in shorter time. In addition, the QRGRK method requires less running
time to reach the same number of iterations.
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Figure 3. The convergence behaviors of RRN versus IT given by the PmQRGRK method for Example 5.2
with m = 150, n = 4000.

(2) Second, we illustrate the effectiveness of the momentum technique. We take («, ) = (1.4, 0.5) for the
PmQRGRK method. The IT, CPU and RNN are listed in Table 4 and the convergence curves are plotted
in Figure 5. From Table 4 and Figure 5, we see that the PmQRGRK method is superior to QRGRK and
QRK method in terms of convergence speed and computation time. Besides, the calculation times of the
PmQRGRK method under fixed precision are significantly less than those of the QRGRK and QRK methods,
which shows the superiority of the momentum acceleration.
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Table 3. Numerical comparison results for Example 5.3.

2210

(m, 1) [ (400,400) | (600,600) | (800,800) [(150,4000) | (150,5000) ] (200,4000) | (200,5000)
0=03
IT [ 3199 3814 1221 519 513 601 604
QRGRK  [CPU| 0.6008 | 1.9789 | 59054 | 0.8973 | 1.0956 | 1.3002 | 1.7828
RRN |9.8184¢-07|9.6911e-07|9.7485¢-07 | 9.4518e-07 | 8.8198e-07 |9.7133e-07 | 9.3872¢-07
IT | 7473 8488 8284 1364 1275 471 1429
RGRK[4] |CPU| 27320 | 10.7485 | 60.3266 | 2.8373 | 3.1983 | 3.9460 | 5.3558
RRN |9.8624¢-07|9.9567e-07 | 9.4480e-07 | 9.6902e-07 |9.5563e-07 |9.6091e-07 |9.9939¢-07
IT | 31740 31771 34862 5262 5230 6043 6123
ME-RGRK[33] |CPU| 24.2748 | 81.2881 | 303.4287 | 39.8761 | 27.7110 | 323563 | 45.1065
RRN |9.9564¢-07|9.9371e-07|9.9855e-07 |9.9970e-07 |9.9029¢-07 |9.8253e-07 | 9.8513e-07
0=05
IT [ 3085 3693 3996 436 433 592 605
QGRK  |CPU| 0.6083 | 1.8341 | 5.0547 | 0.8274 | 1.0504 | 1.3371 | 1.7618
RRN |9.8538¢-07|9.8107e-07|9.9308e-07 |9.9488e-07 |9.3114e-07 |9.2450e-07 | 8.9996e-07
IT | 7378 8310 9303 1272 1147 1427 1371
GRK[3] |CPU| 2.8582 | 31.3428 | 41.8742 | 26255 | 29954 | 39049 | 4.6993
RRN9.9593e-07 | 9.8662-07 |9.7479-07|9.6261e-07 |9.6044e-07 |9.5906e-07 |9.9590e-07
IT | 2917 36254 37345 5131 4953 5826 5362
ME-RGRK[33] |CPU| 26.3773 | 289.3727 | 320.1233 | 21.5449 | 26.2200 | 31.6292 | 38.2307
RRN |9.9816€-07|9.9980e-07 | 9.9987e-07 |9.9930e-07 |9.9726¢-07 |9.9988¢-07 |9.8006e-07
=07
IT [ 3050 3575 3987 505 176 603 571
QRGRK [CPU| 06670 | 1.8352 | 53131 | 0.8690 | 09964 | 12829 | 1.6665
RRN |9.7387¢-07|9.9530e-07 | 9.8770e-07 |9.0228e-07 |9.9257e-07 |9.2595¢-07 | 9.7616e-07
IT | 7328 9087 9492 1127 1153 1309 1259
RGRK[4] |CPU| 26754 | 11.4099 | 49.2162 | 24421 | 3.0025 | 3.5138 | 4.2124
RRN |9.8519¢-07|9.8567e-07 | 9.9942¢-07 |9.4977e-07 | 8.9189%¢-07 |9.9545¢-07 |9.9447¢-07
IT | 29625 35550 39516 4520 4445 5710 5329
ME-RGRK[33] |CPU| 26.9594 | 83.1763 | 336.2669 | 19.2479 | 24.4543 | 30.7064 | 64.0556
RRN |9.9376€-07|9.9670e-07 | 9.9649¢-07 |9.9840e-07 |9.8488¢-07 |9.6102¢-07 | 9.7262¢-07
0=1
IT | 3087 3528 4032 481 459 569 551
QRGRKIMAX [CPU| 05220 | 1.6595 | 53536 | 07292 | 09713 | 12168 | 15675
RRN |9.8615€-07|9.7927¢-07 | 9.9905¢-07 | 8.6950e-07 |9.2455e-07 |9.9151e-07 | 9.8825¢-07
IT | 7349 7857 8942 1057 989 1215 1181
RGRK[4] |CPU| 27252 | 88195 | 20.1882 | 22184 | 25596 | 32823 | 4.1435
RRN9.9130e-07|9.9916e-07|9.9168e-07 | 9.7363e-07 |9.6634e-07 |9.9632¢-07 | 9.8943e-07
IT | 26756 37660 35568 4420 3943 5318 1621
ME-MWRK[33]|CPU| 242321 | 87.0046 | 153.6180 | 18.0416 | 19.9316 | 29.2785 | 32.2381
RRN|9.9789¢-07|9.9867¢-07 | 9.9755¢-07 |9.9658e-07 |9.9421e-07 |9.9882¢-07 |9.7217e-07

5.3. Image restoration

In the following, we show an application of our results in the color image restoration problem.

Example 5.4. Let X = Xji + Xoj + Xzk € Q% be the desired unknown true color image, where Xy, X>, X3 € R™®
denote the red, green, and blue channels. Let x = vec(X) € Q° be the quaternion vector obtained by stacking the
columns of X, and A € Q" denote the blurring matrix. Such color image is contaminated by A giving the blurred

color image C = Cyi + Caj + Csk € Q¥°. Denote ¢ = vec(C) € Q. Then the model of color image formation can be
modelled as the quaternion linear systems (1).
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Figure 4. The numerical results for Example 5.3 using QRGRK, RGRK and ME-RGRK methods with
0=07.

Let A = Aji+ Ayj+ Ask € Q" with A1, Ay, As being real Gaussian Toeplitz matrix whose entries are
given by

(i-j)?
tij = 2710 exp(- 202
0, otherwise.

), li—jl<, (38)

We run QRGRK method to restore the blurred color images including “House”, “Female” and “Peppers”
from the USC-SIPI image database?. Figure 6 shows the restored results of three color images. The original
color images, blurred color images and restored color images obtained by QRGRK method are located in the
first, second and third columns of Figure 6, respectively. It is seen that the restoration quality is acceptable.

1)http://sipi.usc.eclu/database/
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Table 4. Numerical comparison results for Example 5.3.

2212

(m, 1) (400,400) | (600,600) | (800,800) | (I50,4000) [(I50,5000) [ (200,4000) ] (200,5000)
IT | 7975 TI041 12417 1732 1839 3204 2690
QRK CPU| 11673 | 5.1081 | 155996 | 27021 | 3.8879 | 6.4181 | 7.0641
RRN |9.7490e-07 | 9.8519e-07 | 9.9954e-07 | 9.7730e-07 |9.8741e-07 |9.9630e-07 |9.9905e-07
=03
IT | 2769 3001 3674 15 383 520 519
PmQRGRK |CPU| 05470 | 15436 | 49573 | 0.7255 | 0.8424 | 19899 | 1.5248
RRN |9.5784¢-07|9.5348e-07 | 9.4351e-07 | 9.4466e-07 | 8.1935¢-07 |9.4935¢-07 | 7.7198e-07
IT | 3791 3810 4073 509 479 638 587
QRGRK CPU| 06014 | 19770 | 53295 | 0.8817 | 1.1074 | 14014 | 1.6365
RRN |9.8868¢-07|9.3621e-07|9.9770e-07 | 9.9716e-07 |9.9815e-07 |9.7358¢-07 | 9.9192¢-07
0=05
IT | 2492 3068 3351 395 372 491 481
PmQGRK |CPU| 03801 | 15960 | 4.3417 | 0.06502 | 0.8234 | 1.0677 | 1.4005
RRN |9.8330e-07|9.3908e-07 | 9.2074e-07 | 9.6984e-07 |9.5082e-07 |9.5502¢-07 |9.1900e-07
IT | 3083 3757 3940 491 483 632 560
QGRK CPU| 04449 | 19591 | 50573 | 07775 | 09951 | 13581 | 1.5658
RRN |9.9225¢-07| 9.9783-07 |9.6708e-07|9.8289%-07|9.8492¢-07 |9.6393e-07 |9,9678e-07
=07
IT | 2547 2960 3767 396 376 157 474
PmQRGRK |CPU| 05671 | 14062 | 4.8722 | 06559 | 07724 | 1.0267 | 1.3802
RRN |9.8271e-07|9.7309¢-079.9916e-07 |9.7074e-07 |9.9353e-07 |8.9072¢-07 |9.0640e-07
IT | 3240 3800 3903 489 68 611 570
QRGRK CPU| 05671 | 14062 | 4.8722 | 0.7783 | 09889 | 12817 | 1.6237
RRN |9.8725¢-07|9.8119¢-07|9.7315e-07 | 9.6421e-07 |9.9135e-07 |9.2956e-07 | 9.4574e-07
=1
IT | 2620 3055 3370 365 368 435 449
PmQRGRKIMAX|CPU| 0.4689 | 1.3410 | 43001 | 06449 | 07160 | 09483 | 1.2842
RRN |9.8270e-07|9.9103e-07|9.6539-07 | 9.3200e-07 | 8.7255¢-07 |9.9182¢-07 |9.9493e-07
IT | 3137 3415 3800 514 459 587 533
QRGRKIMAX |CPU| 05261 | 15030 | 4.8748 | 0.7732 | 09346 | 12774 | 1.5141
RRN |9.9028e-07|9.9253¢-07|9.8171e-07 |9.8799¢-07 | 9.6562e-07 |9.1252¢-07 | 9.8280e-07

We also measure the recovered quality by the relative error (RE) and peak signal-to-noise ratio (PSNR),

which are given by

RE (Xrestored/ xtrue) =

and

PSNR(Xrestored/ Xtrue) =10 10810 ||X

| Ixrestored - Xtrue | |

| |Xtrue ”

3s? x 2552

restored — X‘crue”2 )

The corresponding results are reported in Table 5. We see from Table 5 that QRGRK method is feasible and
effective for the color image restorations.
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Figure 5. The numerical results for Example 5.3 using PmQRGRK, QRGRK and QRK methods with 6 = 0.7.

Table 5. Numerical results for Example 5.4.

Image

IT

Time RRN

PSNR RE

House

51732 295.1598 9.9987e-06 25.4816 0.0495
Female 67438 381.4083 9.9939¢e-06 29.4407 0.0646
Peppers 59559 349.7263 9.9903e-06 26.0788 0.0527




Y. Zheng et al. / Filomat 40:6 (2026), 2191-2215 2214

(a) Original (b) Blurred (c) QRGRK
Figure 6. The restoration results for Example 5.4.

6. Conclusions

In this paper, by using a relaxed greedy probability selection criterion, we propose a structure preserving
QRGRK algorithm for the quaternion linear systems (1) and establish its asymptotic convergence theory.
In order to further improve the convergence performance of the structure preserving QRGRK method,
we employ Polyak’s momentum acceleration technique and present the structure preserving PmQRGRK
method. Our convergence results provide a theoretical guarantee for the convergence of the PmQRGRK
method with constant stepsizes and momentum parameters. Numerical experiments show that the struc-
ture preserving QRGRK algorithm has more advantages than the traditional RGRK and ME-RGRK in terms
of storage and computing time. In addition, numerical results demonstrate that PmQRGRK is superior to
QRGRK method in terms of iteration counts and computing time.
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