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Characterization and stability of multi-Euler-Lagrange-Jensen-cubic
functional equations
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Abstract. The paper aims to investigate an alternative form of multi-Euler-Lagrange-cubic mappings.
We provide a characterization of multi-Euler-Lagrange cubic mappings and multi-Euler-Lagrange-Jensen-
cubic mappings by unifying the corresponding systems of equations into a single defining equation. We
investigate the Hyers-Ulam stability for multi-Euler-Lagrange-Jensen- cubic mappings by applying a fixed-
point method in Banach spaces. Also, we deduce several other results corresponding to well-known
stability results, and provide a suitable counterexample to demonstrate a failure case of stability.

1. Introduction

In 1940, Ulam [26] posed the fundamental question concerning the stability of functional equations.
In response, Hyers [12] provided the first affirmative solution to the Ulam problem in 1941 for Banach
spaces. This result was later generalized by Rassias [21], and a further extension was proposed by Gavruta
[10], leading to what is now known as the generalized Hyers-Ulam-Rassias stability. Since then, the
stability of various functional equations has been the subject of extensive research, resulting in significant
developments in the field.

We recall that a functional equation § is said to be stable if any mapping ¢ fulfilling & approximately is
near to an exact solution of §. Moreover, & is called hyperstable if any function ¢ satisfying § approximately
is an exact solution of §. Significant examples of some functional equations include [1, 9, 15, 22]:

(i) The Cauchy equation:
Alx +y) = A(x) + A(y); (1.1)
(ii) The quadratic equation:

Qlx +y) + Qx = y) = 2Q(x) +2Q(y); (1.2)
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(iii) The cubic equation:
C(x+2y) + C(x —2y) = 4C(x + y) + 4C(x — y) — 6C(x); (1.3)

(iv) The Jensen equation

X+ 1/) _J®0+]©)
]( )= (1.4)
Jun and Kim introduced a cubic equation different from (1.3) as follows:
C2x+y)+C2x—y) =2C(x + y) + 2C(x — y) + 12C(x); (1.5)
in [13].
The generalized case of the Jensen-type functional equation is given by
X+ X -
(EE) (5] = 200, (1.6
r r
where r € (0, 00). The equation
X+ X -
7(5)+ (5L =gw, (17)

is a special case of (1.6) when r = 2, and we focus on it in Sections 2 and 3.

Throughout this paper, IN and Q are the sets of all positive integers and rationals, respectively, INg :=
n-times
——
INUO, Ry :=[0, ). Moreover, for the set X, we denote X X X X --- X X by X".
Let V be a commutative group, W be a linear space over Qand n € N withn > 2. Amapping f : V" - W
is called

(i) multi-additive, if it satisfies (1.1) in each variable [6];
(ii) multi-quadratic, if it satisfies (1.2) in each variable [8];
(iii) multi-cubic, if it satisfies (1.5) in each variable [4, 11].
(iv) multi-Jensen, if it satisfies (1.4) in each variable [18].

The multicubic mappings were first introduced by Ghaemi et al. in [11]. In [4], the authors investigated
the structure of multicubic mappings and proved every multicubic functional equation can be stable and
hyperstable.

Prager and Schwaiger [18] introduced the notion of multi-Jensen mappings with the connection with
generalized polynomials and obtain their general form. The aim was to study the stability of the multi-
Jensen equation. The multi-m-Jensen mappings for m > 2, along with their generalizations, have been
investigated in [16] and [25]. For further results concerning the characterization and stability of multi-Jensen,
multi-Cauchy-Jensen, multi-quadratic-Jensen, multi-Jensen-quartic, multi-mixed additive-quadratic Jensen
type mappings, we refer to [2, 7, 17, 23, 24].

Rassias [19, 20] solved the stability problem of Ulam for the Euler-Lagrange type quadratic functional
equation

f@rx +sy) + f(sx —ry) = (P + ) f(x) + f(y)]

for fixed reals r,s withr £ 0, s # 0.
In [14], Jun and Kim studied the generalized cubic functional equation

flax+by) + fbx +ay) = (@ + b)a— bPIFR) + f)] + ab(a + b)f(x + y) (18)

for fixed integers a,b witha # 0, b # 0,and a+ b # 0. Eq. (1.5) is called a Euler-Lagrange type cubic
functional equation and its solution a Euler-Lagrange type cubic mapping.
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Bodaghi and Sahami [3], worked on multi-Jensen and multi-Euler-Lagrange additive mappings. They
unified the system of n equations defining each of the mentioned mappings as a single equation and
investigated the Hyers-Ulam stability for the multi-Euler-Lagrange-Jensen mappings in the setting of
Banach spaces.

In this work, we investigate an alternative form Euler-Lagrange type cubic functional equation inspired
by equation (1.8):

b b - b)?
f(ax-iz- y)+f( x;—ay): (a+b)éa b) [F() + f(y)] + @f(x.ky) (1.9)

for fixed integers a,b witha # 0, b # 0,anda+ b # 0.

Remark 1.1. It is worth noting that, by taking a and b as even integers in equation (1.9), one can directly obtain
equation (1.8).

The rest of the article is organized as follows: In Section 2, we first recall the ideas of multi-Jensen and the
multi-Euler-Lagrange cubic mappings. We describe the structure of such mappings and indeed we prove
that every multi-Jensen and multi-Euler-Lagrange cubic mapping can be shown a single equation. Section
3 is devoted to the study of structure of multi-Euler-Lagrange-cubic-Jensen mappings. In other words, we
reduce the system of n equations defining multi-Euler-Lagrange-Jensen- cubic mappings to obtain a single
equation. In section 4, we investigate the Hyers-Ulam stability for multi-Euler-Lagrange-Jensen-cubic
mappings and establish several related corollaries. In Section 5, we construct a counterexample to one of
the corollaries established in Section 4 to demonstrate a failure case of stability.

2. Characterization of multi-Jensen and multi-Euler-Lagrange cubic mappings

Let V and W be real vector spaces. We observe that the functional equation (1.5) is equivalent to the
functional equation (1.8) [14].

Proposition 2.1. If a mapping f : V. — W satisfies the functional equation (1.5), then f satisfies the functional
equation (1.9).

Let S be a subset of R. Forany /€ Ny, m € N, t = (t1,...,t,) € S" and x = (x1,...,Xxy) € V", we write
Ix := (Ix1,...,Ix,) and tx = (t1x1,. .., tuXy), where Ix stands, as usual, for the scalar product of / on x in
the linear space V.Throughout the work, it is assumed that V and W are vector spaces over R, n € IN with
n>2andx! = (x1,...,xn) € V", where i € {1,2}. We denote x! by x; if there is risk of ambiguity.

2.1. Multi-Jensen mappings
Motivated by equation (1.7), we bring a new definition of multi-Jensen map pings as follows.

Definition 2.2. A mapping f : V" — W is called multi-Jensen if it satisfies Jensen equation (1.7) in each of its n
arquments, that is

Ui + 0] v —
T T,vi+1,...,vn)=f(vl,...,v,,).

Definition 2.3. We say mapping f : V" — W satisfies linear condition in the jth variable if

f(vll"'lvi—lr lvi+lr--~/v‘/l)+f(vlr"‘/vi—1/
f(zl/ e /Zi—1/22i12i+1/ e /ZH) = zf(zll ce s Zi-1,Zis Zigly - - - /ZH)/ (le e /Zn) € V”'
Theorem 2.4. A mapping f : V" — W is multi-Jensen if it satisfies the equation

Z f (xT J;sxg) = f(x}), (2.1)

se{-1,1}"

forall X, x € V"'. Converse is true provided that f has linear condition in each variable.
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Proof. Suppose that f is multi-Jensen mapping. We proceed this implication by induction on n. Forn =1,
the result is trivial. Let us assume that (2.1) is true for some positive integer n > 1, that is,

Xy + sxj ,
Y f( > ,z)z £, 2), 22)

se{-1,1}"

forall x}, xJ € V" and z € V. Then

Z‘ f x;”'l + SJC;+1 3 Z f x? + ng X141 T EX2 041
2 a 2 7 2

se{-1,1}+1 se{-1,1}" te{-1,1}

n n
X} +sxy
f 5 7 X1,n+1

se{-1,1}"

= f@h

Hence, (2.1) holds for n + 1.
Conversely, let f satisfies (2.1). Fix j = {1,...,n}, and xy = 0 for all k € {1, ..., n}\{j}. We get

et [p(f,, T B T )
2 7y 2 7 2 7 2 Va4 2

X11 X1,j-1 X1j = X2j X1,j+1 X1n
Ny
= f(x11, -0y X1,j-1, X1j, X1,j41- - -, X1n)

X1j +X2]'

X1]‘ - XQ]‘
flx, e X1,j-1, T/xl,j+1/---/x1n + flx1, s X1,j-1,

2
= f(X11, e X1,-1, X1j, X1, j41/ -+ X10) (2.3)

7 X1, j+1s eer xln)

Relation (2.3) implies that f is Jensen in jth variable. As j is arbitrary, we obtain the required result. [

2.2. Multi-Euler-Lagrange cubic mappings
Definition 2.5. A mapping f : V" — W is called multi-Euler-Lagrange cubic if it satisfies Euler-Lagrange cubic
equation (1.9) in each of their n arquments, namely

a;0; + b,‘U’. b,‘Ui + a;v’
1 1
f 01,4y Ui-1, 2 s Oitl, s On +f 01, e, 0i-1, 2 7 Oitly s On

(@i + b;)(a; — bi)?
= —_ [f(vlr s 0i=1,0i, Oig1, oeey Ul’l) + f(vll vy Ui, v:‘/ Vitlys ooes Un)]

N a;bi(a; + b;)

’
8 f(vll“'lvi—ll 4 + U,‘/Ui+1/-'-rvn)

where aj, b; € R\{0} are fixed with aj + b; # 0.

Consider a! = (an,...,ain) € R™\{0,...,0} such that a1; + a; # 0 where i € {1,2} and j € {1,...,n}. For
simplicity, we write a as a;. For x1, x, € V" and a1, a, as in the above, we consider the following notation

2 2
aji , az—i
A]‘ = Z %x,‘]‘ and Aj = Z Tl]xij (2.4)
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where j € {1, ..., n}.We put,
M= {0, = My, My)IM; € {1, %), %1 + X251},

where j € {1, ..., n}. Consider the subset M(Z vy 3

M =
(X Ti 1 yeeetn)

M, € M" | card{xy; + x2j} = Zr], rj=

{1, if x1; + x; apears in the jth position (2.5)
i

0, otherwise

We claim that the equation

Z f(A, ..., Ay) = H a1paop(a1p + aZp)(L;]Z + gg) (a1 — 29)? Z f (Z . rn)) 2.6)

ﬂ,-elA,»,A}} 2] {01
jell,. . n} { M}

where,p={i|ri=1}and g ={i|r; =0}
Definition 2.6. We say a mapping f : V' - W
(i) has 3-power condition in the jth variable if
fz1,...,2i1,02i,Ziv1, - -, Zn) = an(zl,. ey Zic1,Zi Zik s - - - 2Z0),

forall (zy,...,z,) € V", where a € {a1j, a2, a1j + azj}.
(ii) has zero condition if f(x) = O for any x € V" with at least one component which is equal to zero.

Remark 2.7. It is obvious that if a mapping f : V" — W satisfies the 3-power condition in the jth variable then it
has zero condition in the same variable. Thus, if f has 3-power condition in each variable, then it has zero condition.

Theorem 2.8. Ifamapping f : V* — W is multi-Euler-Lagrange cubic, then f satisfies equation (2.6). The converse
is true provided that f has 3-power condition in each variable.

Proof. Let us consider f is multi-Euler-Lagrange cubic. We proceed the proof by induction on 7 so that f
satisfies equation (2.6). For n = 1, it is obvious that f satisfies (1.9). Let us assume that (2.6) is valid for
some positive integer n > 1. Then

Y A A= Y (e T An) Y (P A, AL

ﬂiE{Ai,A}} ﬂjElAj,A;-} ﬂjE{A/‘/A;’
jeil,.. n+1} jetl,.n} jetl,...n}
2
(1,041 + A2,041) (@101 — A2,041)
= 8 [f(ﬂll'"/ L(ﬂ}’llxl,}’l+1) + f(ﬂll"'/ ﬂn/xz,n+1)]
AjelA;A)
jelL,...n}

A1,n182,741(A1 n41 + A2,041)
8

f(AL ooy Ay X111 + X2n41)
AElALA)
jEll,...n}
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_ (A1,n41 + A2,041) (@141 — ﬂz,n+1)2 H alpa2p(a1p + ﬂzp)(ﬂlq + llzq)(alq - ﬂzq)2

8 b 8

X Z [f(M?Z,Virhw-,rn)’xl'"ﬂ)+f< ?eri,h,...,rn)’x2/n+1)]
r;€{0,1}
iefl,... 1)

+ a1,04102,0+1(A1,n41 + A2,n41) H alpa2p(alp + aZp)(alq + an)(alq - a2q)2

8 8"
iz
X Z f (M?Zz Tif 1 een)” X1’n+1 + xz’n+1)
ri€{0,1}
ief1,...,n}

8n+1 (X Tis 1ot e1)

A1pfzp(arp + azp)(arg + a2q)(a19 — llzq)z Z 1
— H f(MrH— )
pA

r;€{0,1}
i€{l,...n+1}
Conversely, let f satisfies (2.6). Fix j € {1,...,n}. Putting x5 = 0, for all k € {1,...,n}\{j} in (2.6) and using
remark 2.7, we have the left side of (2.6) as follows

Z [f(ulxlll "'/Aj/ Y unxln) + f(ulxlll "'/A;‘/ Y unxln)]
l{kE{’ﬁTk,a%k}
a3 +ad
= [ 2 [ s Ay i) + fo11, o Ay 200)] 2.7)
=

On the other hand, we have the right side of (2.6) as

3 3
_ Ay + Ay
- n-1

k=1 8
k#j

(a1j + az) (a1 — azj)*
8

(f(xn, - X1,j-1, X1, X1,j+1, ceer X1n)

+f (11, woer X1,j=1, X2j, X1, j41s «eer X1n) f(x11, e X10) (2.8)

M jazj(arj + a;
) n 1j42 j( 1j 2])
8
Now it follows from (2.7) and (2.8) that f is Euler-Lagrange cubic in the jth variable. Since j is arbitrary, we
obtain the desired result. O

3. Characterization of multi-Euler-Lagrange-Jensen-Cubic mappings

Definition 3.1. Let V and W be linear spaces, n € N and k € {0, ...,n}. A mapping f : V" — W is called k-Euler-
Lagrange cubic and n — k-Jensen or, briefly, multi-Euler-Lagrange-Jensen-cubic if f is Euler-Lagrange cubic in each
of some k variables and is Jensen in each of the other variables. In the above definition, for simplicity, we assume that
f is Euler-Lagrange cubic in the first k variables. Let us note that for k = n(k = 0) the above definition leads to the
so-called multi-Euler-Lagrange cubic(multi-Jensen) mappings which are defined in the previous section.

From now on, let V and W be vector spaces over Q. Moreover, we identify x := (xy,...,x,) € V"
with (¥, ¥ ) € VK x V" k¥ where x* := (x1,...,x¢) and ¥ := (x;1,...,x,). We use the convention that
(", x%) = x" = (2%, x"). We put, x¥ = (xi1, ..., xz) € VFand 7% = (X441, ..., Xin) € V'K, where i € {1,2}.

In the following result, we reduce the system of n equations defining k-Euler-Lagrange cubic and
n — k-Jensen mappings to obtain a single functional equation.
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Theorem 3.2. Let n € N and k € {0, ..., n}. If a mapping f : V" — W is k-Euler-Lagrange cubic and n — k-Jensen
mapping, then f satisfies the equation

—k —k
x? + sxg
MW CRREIE S
AjelAj A7) se(-1,1pm*
jell,... k)
2
a1pa2p(A1p + azp)(a1q + a24) (@14 — A29) ; .
B H 8k Z f(M(Z, 71/71,m,7k)’x1 ) (31)
A 11€(0,1)
ie(1,... k)

for all xi7%, xi7% € V"= wherep = {i|ri=1}, g=i|r;=0and Aj, A}, MIEZ'V- o) 7€ defined in (2.4) and (2.5).

The converse is true provided that f has 3-power condition in the first k variables and linear condition in the other
variables.

Proof. For k € {0,n}, our assertion follows from Theorem 2.4 and Theorem 2.8. We can assume that
ke {1,..,n—1}. Forany x"* € V", define the mapping g« : VK — W by g« (xF) := f(x, x"¥) for x* € V¥,
By assumption, g, is k-Euler-Lagrange cubic and hence by Theorem 2.8, we have

2
ﬂlpﬂzp(ﬂlp + a2p)(a1q + an)(alq - an)
Z gx"*k (‘ﬂll eeey ﬂk) = H 8k
Rl A)
jelL k]

pA

X Z Gk (MI((Zir:,Tl,--»,fk))

ri€{0,1}
ie(1,.. k)

It follows from the above equality that

A1, (A1p + a2p)(a1, + az4)(a1, — a2 )2
F (e g H) = T [ et 02 ot )0 2

k
AjElALAY) 8
jell, ..k} (3.2)
k n—k
X Z f(M(Zirurlr"-rrk)/x )
T’iE{O,l}
iefl,... k)

for all x"* € V"%, Similar to the above, for any x* € V*. Consider the mapping h : V¥ — W defined by
hy := f(xk, x"7F) for x"* € V=K. By our assumption, h is n — k-Jensen. Hence Theorem 2.4 implies that

Y b (— *2] o (v)

se{—1,1}*

for all xq‘_k, x;‘k e yrk, By the definition of ., we have

Z f[xk, X ';Sx;_k] _ f(xk/ xn—k)

(3.3)
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For all x?’k, x;”k € V" and x* € V¥, Substituting (3.2) into (3.3), we obtain

Y, ). f[ﬂl,...,ﬂk, %]

AjelAj, AT} se(-1,1)m*
je(L,...k}

_ alp”Zp(”lp + a2p)(alq + a2q)(alq - an)z
h H 8k
pAa

Kk 4 gy k
k 1 >
X Z Z f[M(eri/rl/ka)’ 2 ]

se(—1,1}* r;€{0,1}

iefl,...k}
2
YT Gapfap(@1p + azp)(@1g + a2g) (a1 — A29) ( k xn—k)
= g FIME ey 1
pAa 7;€{0,1}
i€(1,... k)

which proves that f satisfies the equation (3.1).
Conversely, by putting x* = (0, ..., 0) in the left side of (3.1), we obtain

—k
zn—k Z f(ﬂll ey Ay, %) = Z f<ﬂ1, R x;l_k)

ﬂ/E{A],A;} ﬂ,E{A/,A;]
jelL ki jelL k]
_ H alp”Zp(alp + ﬂZp)(alq + an)(“lq - an)z Z f(Mk x"_k)
- 8k (iri1mr)’ 71
p4q r;€{0,1}
iell, . k)

for all x* € V"*. Thus, in view of Theorem 2.8, f is Euler-Lagrange cubic in each of the first k variables.
Moreover, by putting x* = x§ in (3.1), we get
k . 3 n—k n—k k
ajj + az; X7+ sx) 1 ~
2 H (T) Z f(x'{,T =% H(ul]’ +a2))° f(x}, 475),
j=1 sel~1,1)1-k j=1

for all x¥ € V¥ and "7, x27* € V"F. Hence the proof is complete by Theorem 2.4. [J

4. Stability Analysis

For fixed a, b € Ry wherea, b # 0 and a £ b # 0, substituting a;; = a and a,; = b into (3.1) for every
j € {1, ...k}, the equation transforms into

Z Z f{ Xk 4 syt K

t K 1 2
All,...,Ak", >
t1,. te€l(ab) (b,a)} sef—1,1}*

_ [aba + b)]="[(a + b)(a — b)*]* X" k ik

- Z 8k f (M(Zirirrlnwrk)’ X ) (4'1)
r;€{0,1
o

where, Ai.”’b) = m, Ai.b’“) = m and X" = (X1, ..., Xin) € V", where i € {1,2} and j € {1, ..., k}.

In this section, we establish the generalized Hyers-Ulam stability of equation (4.1) using a known fixed
point result in Banach space. Throughout, for two sets X and Y, the set of all mappings from X to Y is
denoted YX. In the following, we present a fixed point theory result that plays a key role in achieving our
objective in this paper [5].
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Theorem 4.1. Suppose that the following hypotheses hold.

(H1) Y is a Banach space, X is non-empty set, j € N, g1,...,g9; : X = Xand Ly, ..., Lo : X > Ry;
(H2) T : YX — YX is an operator satisfying the inequality

j
ITAG) = Tu(oll < ) LIA@i() - i(giC)ll, A, e Y™,

i=1

(H3) A :R¥ — R¥ is an operator defined through

j
AS(x) = Z L(x)5(g:i(x)), 6€R¥ xeX
i=1
Moreover, the function 0 : X — R, and the mapping ¢ : X — Y fulfill the following two conditions:
TP - eIl < 0(), ') =) Aow), (eX),
1=0

Then, there exists a unique fixed point W of T~ such that
llp@x) =PIl < 0°(x)  (x € X),
and, W(x) = llgg‘f lp(x) for all x € X.
From now on, for the mapping f : V" — W, we consider the difference operator Df : V"' x V" — W by
XK 4 stk

t 7 1 2
Df(, )= Y Y f(A;, S
tr,...te€l(@b),(b,a)} sef-1,1)1*

[ab(a + b)]="[(a + b)(a — b)*] L7 " 1
8k f (M(Zi i) X1 k)

V,‘E[O,l]

Theorem 4.2. Let V be a linear space and W be a Banach space. Suppose that ¢ : V"' x V" — R, is a mapping
which satisfies the relations

! xn—k xn—k
llirg (2"_km_k) Z [ ((tl...tlxll‘, %] P (tl...tlx’;, %]J =0 (42)
t,e, f[E[ﬂ],ﬂz}k
forall x5, xk € VF and xi7, xi=* € V"% and
sl xnk
D(x) = m_kZ(Zn_km_k)l Z ® ((tl...tlxk, 7)o) < o (4.3)
1=0 tl,‘..,l’le{ﬂlﬂz}k

forall x = (x*,x"*) € V", where & = a1, § = ay and m = ‘%. Also assume that a mapping f : V" — W satisfies
the inequality

IDFE, 378, x5, 57N < ok, 275, o5, 2575, (4.4)
forall x5, x5 € V¥ and xi7, xi7% € V""K. Then there exists a solution ¥ : V" — W of (4.1) such that
I1f(x) = F (Il < D(x), (4.5)

forall x € V*. Furthermore, if ¥ has the 3-power condition in the first k-variables and linear condition in the other
variables, then it is a k-Euler-Lagrange cubic and n — k-Jensen mapping.
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Proof. Putting x = x¥, x7% = "% and (x§, x27%) = (0,0) € (V¥, V") in (4.4), we have

Zn—k Z f(ﬂ? ﬂfk X" k) (ﬂ +b3) f(x
}

3 3 .
where, A? = 7x;, ﬂ? = ng. Let £ =gy, % =gy and % = m, then (4.6) can be written as

< ¢(x,0) (4.6)

jo 2 2

_ xn—k
2 Z f(tlxl,---,kak, > )—mkf(x) < @(x,0),

t,...tx€la1 az}
or,
xn—k
f(x) = 2" Fm™* Z f(txk, 5 ) < m™*g(x,0). (4.7)
tefay )k

Set TO() = 2" *m™ ¥yciar s f (tx X k) and 9(x) = m~*¢(x,0), then (4.7) can be rewritten as
I1f(x) =T f()ll < O(x) (xeV").

Define, An(x) = 2" *m™ ¥ 0 ot r]( , T) for all 7 € RY". We observed that A has the form presents in
(H3) with X = V", gi(x) = g:(x) = ( 5 ) and L;(x) = 2" *m~* for alliand x € V". Foreach A, u € W"", we

have
ok Al Xk ik Xk
m E N B

tefay mp )k
n—k n—k
< 2k Z (/\ (txk, x2 ) - (txk, x2 )) ’ .

tela,a}t
Thus, the hypothesis (H2) holds. Induction argument on / shows that

17°AQ) = T u)ll =

AB(x) = " Fm ) ot T (4.8)
21

£1,....hi€lay ap J¢

Forl =0, (4.8) is trivially valid. Further, assume that (4.8) holds for an / € INy. Now
A"10(x) = AN O(x))

n—k
n—k, —kyl kX
2" m™) Z }kG(t x5, 5 )]

t1,..,t1€4a1,02

A k
n— k —k\lHpn— k -k
e e e i Y ) ]e(tl...tw )

tra€lar,a}k t,... t1€lar 0,

= @ kyky Z ot ik Xk
= 1t X, S )
]k

t1,..., b1 €lar,az

=A

Hence, (4.8) is valid for any I € INg. Now, it follows from (4.3) and (4.8) that all assumptions of theorem 4.1
are fulfilled. Hence, there exists a mapping # : V" — W such that

F(x) = lim T'f(x) (xeVh,
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and moreover (4.5) holds. Now we claim that

xn—k xn—k
DT ek, 7%, 5, 7l < @ Fm k)Y (p([tl...tlx'{,%),(h...t;x’;%n 4.9)

b1 ti€lay ap}k

for all x1,x, € V" and I € INy. Clearly, (4.9) is valid for / = 0. Let us assume that (4.9) holds for an / € INj.
Then

DT )k, 207, 8, 7))

k. —k 1 K X p X -
ek
<2"%m E DT f) (tlxl, - tlxz, > ]

t€fay, a2}k

Xk Xk
n— k —kyI+1 2 2 k k
< (2 ) . ) ([i’lfz...tlxl, —221 ], (tltz...tlxz, —22] ]]

tielay,ax}k ta,... t1 1 €Ay ,a2
xn—k x;l—k
< (Zn—km—k)l+1 Z [ [[tl tl+1x1, T ) (tl...tmx’;, F]] ,
b tinr€lar,aalk
for all x¥, x € V¥ and x~¥, 127 € V", Taking | — o in (4.9) and using (4.2), we have
Z)T(xl, xz,x2 k) =
for all xl, x2 € VFand xl‘ xg‘k € V"k. Hence (4.1) holds for . If ¥ has the 3-power condition in the first

k variables and linear condition in the other variables, then it is a k-Euler-Lagrange cubic and n — k-Jensen
mapping by Theorem 3.2 and therefor the proof is complete. [J

Corollary 4.3. Given 6 > 0. Let V be a normed space and W be a Banach space. If f : V" — W is a mapping
satisfying the inequality

IDF(, x7%, 28, 87| < 6,
forall x%, x5 € V¥ and x"7%, x27% € V"*, then there exists a solution ¥ : V" — W of (4.1) such that

£~ F I < ———5,

forall x e V.

211

Proof. Let us consider the constant function, (p(x Xy -k xg,xg‘k) = ¢ for all x’{,xg € V¥ and x?‘k, xg‘k e yn-k

and applying Theorem 4.2, we obtain

R n—k
O(x) = m™* Z(zn—km-k)l Z ® ((tl...tlxk, %)o)
1=0 t J

1, t1€4a1,82

= mk Z(zn—km—k)lzklé

1=0

- mks Z(an—k)z
1=

mk — 2on

forallx = (X, " ) e V™. O
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A special case of (4.1) can be obtained by putting k = n.

t b, [ab(a + b)|Z"[(a + b)(a — b)2]"~L"
f (All, s Ay ) = Z 8 f(M?Zl r,',rl,“.,r,,)) (4.10)
Htu€l(a,h),(b,a)} e
iefl,...n)

Let us consider,

Df(vx)= Y, f(Al..AY)

t1,...tn€{(a,b),(b,a)}

[ab(a + b)IZ"[(a + b)(a — b)*]* L7 (4.11)
Z 8n f (M?Z, Vi,h,n-ﬂ’n))
r;€{0,1}
i€f{l,...,n}

Putting k = n in Theorem 4.2, we obtain the below result on the Hyers stability of multi-Euler-Lagrange
cubic equation (4.10).

Corollary 4.4. Let V be a linear space and W be a Banach space. Suppose that ¢ : V" x V" — R, is a mapping
which satisfies the relations

llgg (m‘”)l Z Q ((tl...tlx;’) , (tl...tlxg)) =0

t1,.-,t1€a1 a2}

forallx}, xj € V" and

Ox)=m™" Z(m‘”)l Z @ ((t...1ix"),0) < o0
1=0

t1,.-,t1€a1 A}

forall x = x" € V", where & = a1, ¥ = ay and m = %. Also assume that a mapping f : V' — W satisfies the
inequality

1Df(, I < p(xf, x3),
forall X, x € V"'. Then there exists a solution C : V" — W of (4.10) such that
1/ (x) = CIl < D),

forall x € V". Furthermore, if C has the 3-power condition in each variable, then it is a multi-Euler-Lagrange cubic
mapping.

Putting n = 1, we get the above stability results for the Euler-Lagrange cubic mapping (1.9). In particular,

we take the control function ¢(x,y) as |x|* + |y|*, where ¢ : VXV — R, and @ > 0. Also, define
Dapf: VXV - Was

b b
D i, = £ 52 ) 5 (5 - g 4 s - P D )

2 8

Corollary 4.5. Let « > 0 with a« # 3. Also let V be a normed space and W be a Banach space. Suppose that
f 'V — W is a mapping satisfying the inequality

1D, f (¢, I < Nl + Il
forall x, y € V, then there exists a solution C : V. — W of (1.9) such that

If(x) = C)Il < = i s Z H(@-a)! (a + b“) i
1=0

a3+ b3
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5. Non stability

We will now provide an example to show that the functional equation (1.9) is not stable for a = 3 in
corollary 4.5.

Example 5.1. Let 6 > 0 and put p = %{5, where k = [%@_b)z_”b}] with |a| + bl < 1. Let ¢ : R = Rbea
function defined by

Y,  otherwise

Also, define a function f : R — R by
" 9(2)
fx) = Z B ER
1=0
forall x € R. Clearly, ¢ is bounded by u. Also, for each x € R, we have

p(2'x) -1 8
<t =

o)

fer< Y

1=0

We claim that
Do &, 1) < 6 (1] + 171 (5.1)
forall x, y € R. It is clear that (5.1) holds for x = y = 0. Now let us suppose that

1
0 < X%+’ < >

Then there exists a positive integer N such that

1 3 3 1

Thus, we obtain 2°N|x3|, 23N13| < 1, or 25§W-Dx3|, 25N-Dj3| < L s0 that 2N1x|, 2N71|y| < 1. Now,
2Ny 4+ y < 2V + 2Ny < 1,

ax + by
2N—1
2

< 2N Max| + 2N Nay| < |a| + |b| < 1,

Consequently,

oN-1 M <1.

Thus, for each 1 = 0,1, ..., N — 1, we have

b b
o (”x; y), 21( * er ”y), 2y, 2y, 2'(x + ) € (=1,1).

As for x| < 1, ¢ is cubic, we have

1 [ (2lax+by)+(zlbx+ay)_(a+b)(a—b)2

ﬁ 2 2 8 (P(zl(x + y)) = 0/

b b
(p@) +p2ly) - P2
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forl=0,1,..,N — 1. From the definition of f and (5.2), we have

1Dy f(x, y)l < i Dy 2'x,2'y)

P +1yP — & 29(xP + |y|3)
T —(a+D) Z(a -b)* - ab
e |y|3| Z 23(I+N)
_ HK a8 _ 2%k
SNt 7T =0

Thus, f satisfies (5.1) for all x, y € Rwith 0 < |x® + |yP < % . If [x® + [y > 5 , then

— (a+b)(2(a—b)? —ab
IZ)(a,b)f(x,y)|S23§[16 @+b)(2a-b ”)}Zﬁ‘yza

X + |y 8 7

Thus, f satisfies (5.1) for all x, y € Rwith |x® + [yl > 3 . Now, we claim that the cubic functional equation (1.9) is
not stable for & = 3 in corollary 4.5.
Suppose that there exists a mapping C : R — R and a constant g > 0 satisfying

f(x) — C)l < Bl

for all x € R. As C is cubic, it may be of the form C(x) = cx3, where c is a constant. Thus, we obtain
f @) = 1f(x) = C(x) + C)I < Bl + Iellx® = (B + Icl)lxP. (5.3)

But we can choose a positive integer m such that mu > f + |c|. Let x € (O, = 1) then we get 2'x € (0,1) for all
1=0,1,...,m — 1. Hence, we obtain

. ! m— 1,3
LU Z HCY gl > (B +1e,
1=0 1=0

23l

which is a contradiction to (5.3).

Conclusion

In this paper, we explored an alternative formulation of multi-Euler-Lagrange-cubic mappings by
unifying the systems of equations that define multi-Euler-Lagrange cubic and multi-Euler-Lagrange -
Jensen-cubic mappings into single, equivalent equations. We provided a detailed structural analysis of
these mappings and demonstrated that both the multi-Jensen and multi-Euler-Lagrange cubic mappings
can be characterized by a single equation. Furthermore, we investigated the Hyers-Ulam stability of multi-
Euler-Lagrange-Jensen-cubic mappings using a fixed-point approach in Banach spaces. Several corollaries
related to known stability results were derived, and a counterexample was constructed to illustrate a
specific case where stability fails. These findings are expected to contribute to a deeper understanding of
the algebraic structure and stability behaviour of advanced functional equations.
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