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Asymptotics of systemic expected shortfall for QAI primary variables
with heavy tails

Xiaowen Shen?, Kaiyong Wang**

“School of Mathematical Sciences, Suzhou University of Science and Technology, Suzhou, 215009, Jiangsu, China

Abstract. The paper considers the asymptotics of systemic expected shortfall in systemic risk. The
individual losses we have mainly considered are the products of primary variables and random weights.
When the primary variables and random weights are independent, and there is a dependence structure
called quasi-asymptotically independence structure among the primary variables, we get the asymptotics

of systemic expected shortfall of individual losses for the primary variables having the consistently varying-
tailed distributions.

1. Introduction

Systemic risk, a crucial dimension of overall financial risk, refers to the potential that a localized disrup-
tion could propagate through the financial or economic system, thereby causing widespread instability or
collapse. This conceptis particularly relevant in analyzing financial instability within insurance and banking
sectors. Characterized by its contagious nature, systemic repercussions, and inherent non-diversifiability,
systemic risk demonstrates how relatively minor disturbances can escalate significantly due to external
factors such as market-wide panic or loss of confidence. Therefore, scholars have conducted extensive
research on the concept of systemic risk. In the mid-1990s, the concept of systemic risk was established and
developed in the banking and financial sectors. Since the 2007-2008 global financial crisis, it has become a
major research topic, and scholars have proposed various systemic risk measures, including the value at
risk (VaR), the systemic expected shortfall (SES), the marginal expected shortfall (MES), and the systemic
risk index (SRI), among others.

As Acharya et al. [1] and Chen and Liu [4], we consider a static one-period model, in which a sys-
tem consists n(n > 2) individuals (or sub-portfolios within the investment portfolios or business lines or
companies). They generate loss-profit variables Z;, ..., Z,, respectively. Thus, the system has an aggregate

loss
Sn = Z Z,’.
i=1
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Suppose the system follows the inter model approach, using a determined risk measure p to determine the
solvency capital requirement and allocate A; to the ith (i = 1,2, ...,n) individual. Thus the full allocation
holds

p(Sy)=:A = ZAI-.
i=1
For an individual k = 1, ..., n, we define its SES as

SESk = E[(Zk — AQ)"ISx > Al,

where a7 = max{s,0} = a Vv 0 and a~ = —min{a, 0} = —(a A 0) are the positive and negative parts of a real
number a. Under some capital allocation rules, such as the coherent capital allocation rule introduced by
Kalkbrener [10], expected losses are associated with a confidence level g € (0,1). This makes the solvency
capital A determined by expected losses and the solvency capital A;,i = 1,2,...,n of the ith individual
being related to the confidence level q. Thus, we assume that A and A;,i = 1,2,...,n are functions of the
confidence level g and rewrite the SES of the kth (k = 1,2, ...,n) individual as

SESK(q) = El(Zk — A(@)"1Sx > A(g)]. )

As Chen and Liu [4], we will use a popular framework with random weights to model individual losses
Z4,...,Zy. Foreachi=1,2,...,n, the loss-profit variable Z; has the following form

Z; = X;0;,

where X; is a primary variable, controlling the properties of Z;, and 0, is a random weight, capturing the
ith individual’s exposure to economic factors. In this paper, we suppose that Xj, ..., X, are n real-valued
random variables with distributions Fj, ..., F,, respectively, and 0,..., 0, are n nonnegative and non-
degenerate at zero random weights, which are independent of Xj, ..., X,, and have distributions Gy, ..., Gy,
respectively. As Asimit and Li [2], Liu and Yang [12], Chen and Liu [4], Li [11], Liu and Shushi [13], Wang
and Li [16] and Chen and Cheng [6], we will consider asymptotic behavior of systemic risk measures. This
paper will investigate the asymptotics of SESk(g),k = 1,2,...,n, as g T 1. Throughout the paper, for each
k=1,2,...,n, we assume that Ay(q) = 0 asqg T 1.

For the SES, Chen and Liu [4] considered the primary variables Xj, .. ., X,, are dependent. They presented
the asymptotics of SESi(g),k = 1,2,...,n as q T 1 when the primary variables Xj, ..., X, were pairwise
strongly quasi-asymptotic independence.

The strongly quasi-asymptotically independent structure was introduced by Geluk and Tang [9].

Definition 1.1. Let 11 and 1 be two real-valued random variables. 1 and 1, are said to be strongly quasi-
asymptotically independent (SQAI if for (i, j) = (1,2) and (i,j) = (2,1),
x1}g1;1)oo P(lT]zl > ximj > x]) =0.
In this paper, we will consider the quasi-asymptotically independent structure, which is weaker than the
SQAI structure. On the basis of Resnick [14], Chen and Yuen [5] gave the definition of quasi-asymptotically
independent structure.

Definition 1.2. Let 1y and 1, be two nonnegative random variables with distributions V1 and V,, respectively. 1
and 1 are said to be quasi-asymptotically independent (QAI) if

. P(m>x,m>x)
lim ———— =0
e Vi) + Va(x)
Generally, two real-valued random variables 7; and 1, are still said to be QAI if the relation (2) holds
for {ny, 3 },{n7, n;} and {n, n3}. From the definition of SQAI and QAI, we know that the SQAI structure is
stronger than the QAI structure.
In the following, we will consider the primary variables Xj, ..., X, are pairwise QAI and investigate the
asymptotics of SESk(g) as g T 1 when the distributions of the primary variables are heavy-tailed.
The remainder of this paper is organized into three sections. Section 2 presents some preliminaries
about heavy-tailed distributions. Section 3 gives the main results of this paper and their proofs.

(2)
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2. Preliminaries

Throughout this paper, the limit relations are either 4 T 1 or x — oo, unless otherwise stated. For two
positive functions f(-) and g(-), write f = o(g), if lim f/g = 0; write f = O(g), if limsup f/g < oo; write f < g
orgz f,iflimsup f/g < 1; write f ~ g,iflim f/g = 1 and write f < g,if 0 < liminf f/g < limsup f/g < oo.

Now we recall the definition of a heavy-tailed distribution and give some important subclasses of the
heavy-tailed distribution class. In the following, let V be a distribution on (-0, c0) having a right tail does
not vanish in the sense that V(x) = 1 — V(x) > 0 for all x € (—o0, ).

Say that a distribution V on (—oo, o) is heavy-tailed , if for any A > 0,

f eV (dx) = co.

One of the important subclasses of the heavy-tailed distribution class is the long-tailed distribution class.
Let V be a distribution on (-0, o), if for any u > 0,

. Vx+u)
111’1’1 _— = 1
X—00 V(x)

then V is said to be long-tailed, denoted by V € .Z.
A related distribution class is the dominatedly varying-tailed distribution class. Let V be a distribution
on (—o0,00), if forany 0 <u <1,

V(xu)

limsup —— < o
X—00 V(x)
then V is said to be dominatedly varying-tailed, denoted by V € 2.
A smaller distribution class than the classes 2 and Z is the consistently varying-tailed distribution
class. Let V be a distribution on (-0, 00), if

lim lim sup V_(xu) =1 or limliminf V_(xu) =1,
Ml yse” V(%) ull x>0 Y7 (x)

then V is said to be consistently varying-tailed, denoted by V € ¥
An important subclass of the class ¢ is the regularly varying-tailed distribution class. For a distribution
V on (—o0, ), if for any u# > 0 and some 0 < o < o0, it holds

_ V()
lim — =
x=0 V()

-

then it is said to be regularly varying-tailed, denoted by V € #Z_,. Let Z = U 50 Z-a-
It is well known that
ZACECLNDC,

see, e.g. Embrechts et al. [8] and Cline and Samorodnitsky [7].
Following Tang and Tsitsiashvili [15], we define the lower and upper Matuszewska indices of V,
respectively, as

log V*(y)

log Vo) .
log y R

. + _infd
.yzl} and ]V—mf{ log

ji-snf-

where _ _

— ) Vixy) — . Vi)
V*(y) = limsup — and V.(y) =liminf ——,y > 0.
&2 x—><>op V(x) Y ¥ V(x) Y
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3. Main results and their proofs

3.1. Main results

The following main result presents the asymptotics of the SES for pairwise QAI primary variables.

Theorem 3.1. Recall the SES introduced in (1). Assume that the primary variables X, ..., X, are pairwise QAL
Suppose that foralli =1,2,...,n, F; € €, ];i > 1, and E[G?] < oo for some p > Vi, ;E] Ifforany1 <i#j<n,
Fi(x) < F_j(x) and for some individual k (k =1,2,...,n), A(q) = O(Ak(q)), then

H&>A@)fk&@+HQrAWW]

i=1,i#

SESk(q) ~

gpawmmm>

Remark 3.2. Chen and Liu [4] investigated the primary variables X1, ..., X, are pairwise SQAI and studied the
asymptotics of SES when the distributions of the primary variables belonged to the class £ N 9. Theorem 3.1
considers the primary variables Xy, ..., X, having the QAI structure, which is weaker than the SQAI structure.
When the distributions of Xy, ..., X, belong to the class €, Theorem 3.1 presents the asymptotics of the SES.

As Chen and Liu [4], in the following we consider a coherent capital allocation rule, which is introduced
by Kalkbrener [10], to give a more explicit result for the regularly varying-tailed primary variables. For a
risk variable £ with a distribution V, its VaR and expected shortfall (ES) at level 0 < g < 1 are defined by,
respectively,

VaR,(&) = V(q) = inf {x € (—o0,00) : V(x) > g}
and

1 1
q

According to Section 5.2 of Kalkbrener [10], under p(S;) = ES4(S,), the coherent capital allocation rule

allocates foreachk=1,2,...,n,

P (S, > H, ()
1-

P(SuSH @)=y,

Ax(q) = 1

E[ZdS. > Hy ()] + ZSy = Hy (9)],

where H,, is the distribution of S,,.

Corollary 3.3. Consider SES in (1) under the coherent capital allocation rule. Assume that the primary variables
Xi,..., X, are pairwise QAL Suppose that there is a distribution F on (—oo, o) satisfying F € %, for some a > 1

and I-Ti(x) ~ bil_:(x)for alli=1,2,...,n and some constants b; > 0. If foralli =1,2,...,n, E [Qf] < oo for some
p > a, then foreachk =1,2,...,n,

SESk(9)
1 1 104 n

- d et 5 el o

i=1,i#k

where d, = Yi_, b;E [6?].

In the following, we will give the proofs of main results.
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3.2. Some lemmas

Before giving the proofs of main results, we first present some lemmas. The first lemma can be obtained
from Proposition 2.2.1 of Bingham et al. [3] and Lemma 3.5 of Tang and Tsitsashvili [15].

Lemma 3.4. Let V be a distribution on (=co,00). If V € 9, then for each 0 < p < J;, < J§, < p, there exist positive
constants C; and D;, i = 1,2, such that

orallx > y > Dy and
y

forall x > y > D,. Furthermore, for any p > J3,, it holds that
xP = o(V(x)).
The next lemma is Theorem 3.3 (ii) and (iv) of Cline and Samorodnitsky [7].

Lemma 3.5. Let & be a real-valued random variable with a distribution Vi and 1 be a nonnegative nondegenerate at
zero random variable with a distribution V,. Assume that & and 1 are independent and W is the distribution of &n.

If Vi € Z and E[1)f] < oo for some p > [, , then for each y > L Vi(y) < Wy) < W(y) < Vi(y), W e Z and

J— P P —
0<E [Vl* (1) 1{,,>0}]S lim inf M <limsup M <E [V; (1) 1{,7>0]]< 0,
n e Vix) x—00 Vi(x) n

The following two lemmas are Theorem 3.2 and Lemma 3.1 of Chen and Yuen [5], respectively.

Lemma 3.6. Let &;,i = 1,2,...,n be n QAI real-valued random variables with distributions V;,i = 1,2,...,n,
respectively. Let n;,i = 1,2,...,n be another n nonnegative random variables independent of &;,i = 1,2,...,n. If
Vi € € and E[1)]] < oo for some p > ViLJy, and foralli=1,2,...,n, then

P(i Eﬂ]i > X) ~ i P(élrll > X).
i=1 i=1

Lemma 3.7. Let & and &, be two QAI real-valued random variables with distributions Vi € € and V, € €,
respectively. Let m1 and 1, be two nonnegative random variables independent of & and &. If E[n}] < oo for some
p> ];l \Y ];;2 and for all i = 1,2, then Eymy and Eynp are QAL with distributions both belonging to the class €.

Lemma 3.8. Under the conditions of Theorem 3.1, for any u > 0, it holds that

n
Pl X0, > ux,Z X;0; >x|~ P(Xka > (uv 1)x).

i=1

Proof. We will follow the line of the proof of Lemma A.3 in Chen and Liu [4] to prove this lemma. Without
loss of generality, we only consider the case of k = 1. Let Z; = X;0,,i = 1,2,...,n.
When 0 < u < 1, we need to prove

P [z1 > ux, Z Zi> x] ~P(Z) > x). 3)
i=1
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For any x > 0, it holds that

n n
P[Zl > ux,ZZi >x] < P[Z1 > ux,ZZ;’ >x]

i=1 i=1

n n
= P[Z;Zj >x]—P[Z1 < ux,Z‘zj >x]
1= 1=

= L) - b, @
By Lemma 3.6 it holds that
h() ~ )" P(Zi > ). )
i=1

For I>(x), since 0 < u < 1, it holds for any x > 0 that

P[Zl < ux, U{Zi > X}J

i=1

v

I(x)

v

n n
Y PZi>x)- Zp(zi > ux, Zy > ux) — Z P(Zi > x,Z; > X)
i=2 i=2

2<i#j<n

Y P(Zi> 1) — ()~ (). (6)
i=2

By Lemma 3.7, we can know that Zs, ..., Z, are pairwise QAI, and foralli = 1,2, ..., n, the distribution of Z;
belongs to class €. Therefore, the distributions of Z;,i = 1,2,...,n also belong to class Z. Since F; € € C 9
and E[nf] < oo for some p > V?ﬂ];, and foralli =1,2,...,n,by Lemma 3.5, it holds foralli = 1,2,...,n that

P(Z; > x) =< Fy(x). )
Since forany 1 <i # j < n, Fi(x) < F;(x), by (7) it holds that

P(Z; > x) < P(Z; > x). 8)
Therefore, since Z3, ..., Z, are QAI, by (8) and the distributions of Z;,i = 1,2, ...,n belong to the class &, it
holds that ., .

In(x) = O[Z P(Z; > ux)J =0 [Z P(Z; > x)]
i=2 i=2

and

In(x) = 0 (Z P(Z; > x)],

i=2

which, combining with (6), yields that
L(x) 2 Z P(Z; > x). ©)
i=2
By (5) and (9), for any ¢ > 0, there exists a constant xy > 0 such that for any x > xy, it holds that

L(x) < (1+¢) Z P(Z:>x) and DL(x)>(1-eé) Z P(Z; > x).
i=1 =2
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Thus, combining with (4), for any x > xy, it holds that
P[21 > ux,ZZi > x] <(1+&)P(Zy > %) + ZEZP(Zi > x).
i=1 i=2

Since foranyi=1,2,...,n, E(x) =0 (F_l(x)), it follows from (7) that

iP(Z, > x) = O(P(Zl > X))

i=2
Therefore, by (10) and the arbitrariness of ¢, it holds that
n
P[Z1 > ux,ZZl- > x] < P(Zy > x).
i=1
In the following we will show that forany 0 <u <1,
n
P[z1 > ux,ZZ,- > xJ > P(Z1 > ).
i=1
Forany0<u<1,0<e<landx >0,

n n
P[21 > ux,ZZi >x] > P[21 >x,ZZi >x]

i=1 i=1

P[Zl > (1+e)x,zn:Zi >x]

i=1

v

i=1

J1(x) = J2(x).
Since the distribution of Z; belongs to the class ¥, it holds that

tim liminf =22 _ Jim lim inf 241> 1 £ O
el0 x>0 P(Z1 > X) el0  x—oo P(Z; > %)

For [»(x), since Zj, ..., Z, are pairwise QAI, by (8), we can get that

IN

J2(x)

n
P[z1 >(1+ e)x,ZZ,- < —ex

i=2

n
ZP(Zl > 7 < ——= )
n-—1

i=2

IN

ex ex
T 7.«
P(Z1>n—1'Z’_ n—l)

=

i=2

= op(n>55))

= 0(P(Z1 > x)),

P(Z, > (1+€)x)—P(Z1 > (1+£)x,ZZ,~ <x

|

2303

(10)

(11)

(12)

(13)

(14)
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where the last step is due to the fact that the distribution of Z; belongs to class 2. By (12)-(14), it holds that

n
P[Z1 > ux,Z Zi> x] > P(Z) > x). (15)

i=1
Thus, by (11) and (15) we can get (3) holds when 0 < u < 1.
Next, we consider the condition of u > 1. That is to say, we need to prove

n
Pz, > ux,ZZi > x|~ P(Z1 > ux). (16)
i=1
It is obvious that for any x > 0,

n
Pz, > ux,ZZi > x| < P(Z1 > ux). 17)
i=1
For the lower bound, for any x > 0,

v

n
rlz, > ux,ZZi >x
i=1 i=1

=: P(Zy > ux) — Ky(x). (18)
Since Zj, ..., Z, are pairwise QAI, by (8), it holds that

n
P(Zy > ux) — P[z1 >ux, ) Zi < (1-ux

n

~1
ZP(Z1 > ux,Z; < —u)
n-1

i=2

ZP(Z1 . (u—l)x,Zi < _(u—l)x)
P n—1 n—-1

n—1
o(P(Z1 > ux)),

where in the last step the fact that the distribution of Z; belongs to class Z is used. Combining with (18), it
holds that

Ki(x)

IA

IA

P[21 > ux,Z Zi> x] > P(Z1 > ux). (19)

i=1
Thus, by (17) and (19), we can get (16) holds for the case of u > 1. This completes the proof of Lemma 3.8.
3.3. Proof of Theorem 3.1

We will use the way of the proof of Theorem 3.1 of Chen and Liu [4] to prove Theorem 3.1. Recall (1) in
Section 1, forany 0 < g <1,

E [(Zk - Ak(q))+1[5n>f‘(ﬂ)}]
P(S, > A(q))
Sty P@x > 2,50 > Alg)dz
P(S. > A(q))

A
L. ﬁkw) f ]P(Zk > uA(q), Su > A(q))du

P(S, > A())
» A(q)
= PG> AR) (H1(q) + Ha2(q))- (20)

SESk(q)
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Alg) _

We first deal with H;(g). Since hm mf =:a; > 0, for any 0 < 0 < 1, there exists a constant g € (0,1)

A(q)
such that for any g € (g0, 1),
Ak(‘?)
> aid. 21
A@) (21)
We will show that
P(Zyx > uA(q), Sn > A(q)) ~ P(Zx > A(g)) (22)

holds uniformly for u € [ax, 1]. It follows from Lemma 3.8 that

P(Zx > uA(q), 5, > A@)) = P(Zx > A(q), S > A(9))
P(Zi > A@))

i

and

P(Zy > uA(q), Sn > A(q)) < P(Zx > axdA(q), Sn > A(q))
P(Zx > A(q))-

A

¢

Therefore, by (21), we get that (22) holds uniformly for u € [ 4@ 1] which means that

1
Hiw~ [,,, P> A= (1- 550z > aq), @)

Alq)

In the following, we are going to prove

H)~ [ P> wan (4)

For any 0 < §, A < oo satisfying 1 + 0 < A, dividing H»(g) into three parts

1+6 A 00
H) = (E +L¥+£)ma>umwa>A@wu

=1 H1(q) + H22(q) + H23(9)- (25)

It is obvious that
1+6
Hi(q) < f P(Zy > uA(9))du < 0P(Z, > A(q)). (26)
1

Assume that W is the distribution of Z;. Since Fy € ¢ C 2 and E [Gz] < oo for some p > ];:k, by Lemma

3.5, wecanget J;, > Jp > 1. Since Wy € 2, foreach1 <p < Jw, < ];,'vk < p, it follows from Lemma 3.4 that
there exist positive constants C; and D;,i = 1,2, when x > y > D;, it holds

Wiy _ (g)—ﬁl

Wil \X
and whenx >y > D,
W P
Wi -a (). @7
Wi(x) — \x
Therefore, when g T 1, for some p > | +Wk 2 Jy, > 1
P(Ze > uA@Q)du [ cy'
Ji P(Zi > uA() zf Py = L (28)
P(Z > A@) i p-1
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By (26) and (28) it holds that

. . Hau@) + [ P(Zi > uA(g)du
lim sup lim sup =
510 11 fl P(Zx > uA(g))du
. . 20P (Zx > A9))
lim sup lim sup —
510 g1 fl P(Zx > uA(g))du
- 0. (29)

IN

For Hy3(g9), when q T 1, by (27), it holds that

IA

Ha(g) me>mww

A f‘x’ P(Zy > AuA(q))du
1

IA

C;'AYP f ) P(Zy > uA(q))du. (30)
1

Since p > 1, by (30),

Hy(q) + [ P(Z > uA(q)) du _
lim sup lim sup il ~ Jy P ?) < limsup 2C,'A7 = 0. (31)
Aloo a1 fl P(Zx > uA(g))du Aloo

In the following, we deal with H,(g). Since Z;, ..., Z, are pairwise QAI, and by (8), we can get

A
Ha(o) - [ P> wat)in

A

IA

P[Zk > uA(g), Z Zi < Ag)|d

1+0

IA

A
P|Z A(g), Zi<(1-uA d
| > uA@, Y <<uuﬂu

+0 i=1,i#k

A 7 _
f; P(lZiI > %,Zk > uA(q)) du
#k

+0 21

IA

IN

(A—1-90) Z ( Zk>(1+6)A(q))

i=1,i#k

(A - 1—6)2 ( /\(1+(5)A()Zk>

i=1,i#k

(q)

IN

T A (L+0)A)

(P (zk ﬂ A (1 + 8)A( )))
o(P(Zy > A(q))), (32)

where the last step is due to the fact that the distribution of Z; belongs to class Z. By (28) and (32), it holds



X. Shen, K. Wang / Filomat 40:6 (2026), 2297-2308 2307

that
A
limsup |H22(07) - £+6P(Zk > uA(q)) d”l
o 7 P(Zi > uA(g)) du

A

< limsup |H22(q) - me(Zk > uA) du' lim su P> A@)

T P(Z > A(g)) - J P (Zk> uA(@g) du

_ o (33)

By (25), for any 0 < 6, A < co satisfying1+6 <Aandany0<g<1,

Ha(g) - f1 P(Z, > uA(g))du

Hy1(q) + Hax(q) + Haz(q) — ﬁ P(Zx > uA(q))du

IA

A
Hon(q) - f P2 > uAM

1+

1+0
Hy(q) + f P(Zy > uA(q))du +
1

+H23(q)+f P(Zy > uA(g))du,
1

which combining with (29), (31) and (33) yields that

H) - [ P> uAG =o( | P(zk>uA<q>>du),

i.e., (24) holds. By Lemma 3.6, it holds that

P(Sy > A@) ~ Y P(Zi > AW)). (34)

i=1
By (20), (23), (24) and (34), it holds that

AGg) ((1 Ag)

}_El P(Zi > A©)) A@)

SESk(q)

)P(zk>A<q>)+ | r@> uagan

P> A@) ¥, A + E[Z~ A@)']

i=1,i#

L P(Zi > Alq))
This completes the proof of Theorem 3.1. m]

3.4. Proof of Corollary 3.3

By following the line of the proof of Corollary 3.1 in Chen and Liu [4] and applying Lemmas 3.4 - 3.8,
Corollary 3.3 can be shown with appropriate minor modifications. The detailed argument is omitted here. O
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