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Abstract. The purpose of this paper is to give new sequence spaces derived from derangement numbers.
Also, we investigate their topological properties such as Schauder basis, the β−duals as well as character-
ization of certain matrix operators. Furthermore, by means of Hausdorff measure of noncompactness, we
present the characterization of some compact operators.

1. Introduction

1.1. Sequence spaces and summability

As is known, the theory of sequence spaces is essential for summability. The summability theory covers
a wide range of mathematics and occurs in many contexts like approximation theory, in operator theory,
the theory of orthogonal series, in numerical analysis to speed up the rate of convergence.

Let W = (wnk) be an infinite matrix with real or complex entries and letΛ and Ξ be two sequence spaces.
Then, W becomes a matrix transformation Λ → Ξ if for each sequence z = (zk) ∈ ω,Wz =

{
(Wz)n

}
∈ Ξ, i.e.,

the W−transform of z, where (Wz)n =
∑
k

wnkzk for n ∈ N. The notation (Λ→ Ξ) represents the family of all

matrices that maps from Λ to Ξ. For brevity, in the sequel, the summation with no limits means from 0 to
∞. Also, R denotes the set of all real numbers andN = {0, 1, 2, ...} .

The sequence space

ΛW = {z ∈ ω : Wz ∈ Λ}

is called the domain of the matrix W in the space Λ, where ω denotes the space of all sequences. Its being
a sequence space leds to surface many studies involving substantial discussions related to domains of
provided matrices. For detailed investigation, the reader can consult to the papers [2, 3, 11, 12, 19, 26, 30],
and cited references therein.

A Banach space X is named a BK-space if each mapping pk : X→ R defined by pk(z) = zk is continuous
for all k ∈ N. It is aware that the spaces of p−absolutely summable sequences and bounded sequences,
denoted by ℓp and ℓ∞, respectively, are BK-spaces. From the continuity of the matrix mappings between
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M.C. Dağlı / Filomat 40:6 (2026), 2331–2345 2332

BK-spaces, matrix transformations in the sequence spaces and topological properties are widely studied.
The reader can consult to the papers [8, 15, 16, 36, 37, 39, 44, 45] in this direction.

Additional features and applications related to summability theory can be found in [4, 28].
The characterization of compact operators can be established via Hausdorffmeasure of noncompactness.

In recent years, lots of remarkable results have been revealed in the theory of sequence spaces in this context.
See, for instance [1, 5, 6, 22–24, 29, 31–33], for the relevant literature.

1.2. Motivation and aim
In combinatorial mathematics, a derangement is a permutation of the elements of a set, such that no

element appears in its original position. The number of derangements of a set of size n is called the
derangement number.

Derangement numbers are usually defined by means of the generating function [9, 40]

e−t

1 − t
=

∞∑
n=0

dn
tn

n!
,

and possess the closed-form expression

dn =

n∑
k=0

(
n
k

)
k! (−1)n−k (1)

with the inverse
n∑

k=0

(
n
k

)
dk = n! (2)

For further relations such as explicit formulas, closed forms and determinantal representations of derange-
ment numbers, one can consult to the studies [34, 35].

We have concluded from the recent papers [7, 10, 13, 14, 17, 18, 20, 21, 25, 43, 46, 47] that some remarkable
relations furnished by special numbers or functions have been applied in order to present new sequence
spaces and demonstrate their topological and geometric features.

Our goal in the present paper is to define a new matrix D̃ =
(
d̃nk

)
with derangement numbers entries as

follows:

d̃nk =


1
dn

(
n
k

)
k! (−1)n−k , if 0 ≤ k ≤ n;

0, if k > n;
(3)

by inspiring the formula (1). Also, we introduce two Banach spaces, denoted by ℓp
(
D̃
)

and ℓ∞
(
D̃
)
, as the

domains of this matrix including derangement numbers and we prove that these Banach spaces are linearly
isomorphic to the spaces ℓp and ℓ∞.We study certain topological features like Schauder basis, the β−duals,
and the characterization of certain matrix operators. Furthermore, we establish the characterization of the
compactness of some matrix operators by means of the Hausdorffmeasure of noncompactness. In the final
section, as the highlights of this context, we mention the plan to consider the domains of the matrix (3) in
the spaces of convergent and null sequences and an extension of these papers, known as quantum calculus
(or q-calculus).

2. New sequence spaces ℓp
(
D̃
)

and ℓ∞
(
D̃
)

Based on the matrix (3), we will define the following sequence spaces

ℓp
(
D̃
)
=

{
z = (zn) ∈ ω :

∞∑
n=0

∣∣∣∣∣∣ 1
dn

n∑
k=0

(
n
k

)
k! (−1)n−k zk

∣∣∣∣∣∣p < ∞
}
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and

ℓ∞
(
D̃
)
=

{
z = (zn) ∈ ω : sup

n

∣∣∣∣∣∣ 1
dn

n∑
k=0

(
n
k

)
k! (−1)n−k zk

∣∣∣∣∣∣ < ∞
}
.

Also, let us denote

tn =
(
D̃z

)
n
=

1
dn

n∑
k=0

(
n
k

)
k! (−1)n−k zk (4)

as the D̃−transform of a sequence z = (zn).
Firstly, let us present the linearity of the spaces ℓp

(
D̃
)

and ℓ∞
(
D̃
)

without any proof owing to the routine
verification.

Theorem 2.1. The sequence spaces ℓp
(
D̃
)

and ℓ∞
(
D̃
)

are BK-spaces in accordance with the norms

∥z∥ℓp(D̃) =

 ∞∑
n=0

∣∣∣∣∣∣ 1
dn

n∑
k=0

(
n
k

)
k! (−1)n−k zk

∣∣∣∣∣∣p


1/p

and

∥z∥ℓ∞(D̃) = sup
n∈N

∣∣∣∣∣∣ 1
dn

n∑
k=0

(
n
k

)
k! (−1)n−k zk

∣∣∣∣∣∣ ,
respectively.

Theorem 2.2. The spaces ℓp
(
D̃
)

and ℓ∞
(
D̃
)

are linearly isomorphic to ℓp and ℓ∞, respectively.

Proof. To prove this, we should show the existence of a linear bijection between the spaces ℓp
(
D̃
)

and ℓp.
The linearity is clear. It is satisfied z = 0 whenever D̃z = 0 yields the injectiveness of D̃. For any sequence
t = (tn) ∈ ℓp,we reach the relation for all k ∈N,

zk =
k∑

i=0

((
k
i

)
di

k!

)
ti, (5)

motivated by (2). So, we have(
D̃z

)
n
=

1
dn

n∑
k=0

(
n
k

)
k! (−1)n−k zk

=
1
dn

n∑
k=0

(
n
k

)
k! (−1)n−k

k∑
i=0

((
k
i

)
di

k!

)
ti

=
1
dn

n∑
i=0

n∑
k=i

(
n
k

)
(−1)n−k

(
k
i

)
diti

=
1
dn

n∑
i=0

n−i∑
k=0

(
n

k + i

)
(−1)n−k−i

(
k + i

i

)
diti

= tn.

Thus, for z = (zk) given by (5) and t = (tn) ∈ ℓp,we have
(
D̃z

)
n
= tn for all n ∈N. So, the mapping D̃z is onto

from the fact D̃z = t. It follows from Theorem 2.1 that ∥z∥ℓp(D̃) = ∥t∥ℓp . Namely, ℓp
(
D̃
)

and ℓp are linearly
isomorphic, as required. To avoid unnecessary repetitions of similar statements we omit the proof of other
assertion. This completes the proof.
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The β-dual of a subset Λ ⊂ w are defined by

Λβ = {x = (xk) ∈ w : xz = (xkzk) ∈ cs for all z ∈ Λ},

where cs denotes the space of convergent series. The next result points out the characterizations of certain
matrix classes and leds to derive the β−duals of the spaces ℓp

(
D̃
)

and ℓ∞
(
D̃
)
.

Lemma 2.3. ([41]) W = (wnk) ∈ (ℓ1 → ℓ∞) iff

sup
n,k∈N

|wnk| < ∞. (6)

W = (wnk) ∈ (ℓ1 → c) iff (6) holds and

lim
n→∞

wnk exists, (7)

for each k ∈N.W = (wnk) ∈ (ℓ1 → c0) iff (6) holds and

lim
n→∞

wnk = 0, (8)

for each k ∈N.W = (wnk) ∈
(
ℓ1 → ℓp

)
iff

sup
k

∞∑
n=0

|wnk|
p < ∞,

where 1 ≤ p < ∞.W = (wnk) ∈
(
ℓp → ℓ∞

)
iff

sup
k

∞∑
n=0

|wnk|
q < ∞, (9)

where 1 < p < ∞.W = (wnk) ∈
(
ℓp → c

)
iff (7) and (9) hold for 1 < p < ∞.W = (wnk) ∈

(
ℓp → c0

)
iff (8) and (9)

hold for 1 < p < ∞.W = (wnk) ∈
(
ℓp → ℓ1

)
iff

∞∑
k=0

 ∞∑
n=0

|wnk|
q


q

< ∞ for 1 < p < ∞.

W = (wnk) ∈ (ℓ∞ → ℓ∞) = (c→ ℓ∞) = (c0 → ℓ∞) iff

sup
n

∞∑
k=0

|wnk| < ∞.

W = (wnk) ∈ (ℓ∞ → c) iff (7) holds and

lim
n→∞

∞∑
k=0

|wnk| =

∞∑
k=0

∣∣∣∣ lim
n→∞

wnk

∣∣∣∣ . (10)

W = (wnk) ∈ (ℓ∞ → c0) iff (8) holds and

lim
n→∞

∞∑
k=0

|wnk| = 0. (11)

W = (wnk) ∈
(
ℓ∞ → ℓp

)
=

(
c→ ℓp

)
=

(
c0 → ℓp

)
iff

sup
K∈𭟋

∞∑
n=0

∣∣∣∣∣∣ ∑k∈K
wnk

∣∣∣∣∣∣p < ∞, for 1 ≤ p < ∞,

where 𭟋 denotes any finite subset ofN.
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We are ready to offer the duality theorem.

Theorem 2.4. Let the sets ∂1, ∂2, ∂3 and ∂4 be defined by

∂1 =

{
b = (bk) ∈ ω : lim

n→∞

n∑
i=k

(
i
k

)
dk

i!
bi exists for each k ∈N

}
,

∂2 =

{
b = (bk) ∈ ω : sup

n

∑
k

∣∣∣∣∣∣ n∑
i=k

(
i
k

)
dk

i!
bi

∣∣∣∣∣∣q < ∞
}
,

∂3 =

b = (bk) ∈ ω : sup
n,k

∣∣∣∣∣∣ n∑
i=k

(
i
k

)
dk

i!
bi

∣∣∣∣∣∣ < ∞
 ,

and

∂4 =

{
b = (bk) ∈ ω : lim

n→∞

∑
k

∣∣∣∣∣∣ n∑
i=k

(
i
k

)
dk

i!
bi

∣∣∣∣∣∣ = ∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
bi

∣∣∣∣∣∣
}
.

Then, we have
(
ℓp

(
D̃
))β
= ∂1 ∩ ∂2, for 1 < p < ∞.

(
ℓ1

(
D̃
))β
= ∂1 ∩ ∂3,

(
ℓ∞

(
D̃
))β
= ∂1 ∩ ∂4.

Proof. It is sufficient to prove the first assertion since the others can be obtained analogously. For 1 < p < ∞,

we note that b = (bk) ∈
(
ℓp

(
D̃
))β

iff
∞∑

k=0
bkzk is convergent for all z = (zk) ∈

(
ℓp

(
D̃
))
. So, it is readily seen that

n∑
k=0

bkzk =
n∑

k=0
bk

k∑
i=0

((
k
i

)
di

k!
ti

)
=

n∑
k=0

(
n∑

i=k

(
i
k

)
dk

i!
bi

)
tk,

from which we have b = (bk) ∈
(
ℓp

(
D̃
))β

iff the following matrix belongs to the class
(
ℓp → c

)
:

dnk =


n∑

i=k

(
i
k

)
dk
i! bi, if 0 ≤ k ≤ n;

0, if k > n.

Hence, by Lemma 2.3, the limit

lim
n→∞

n∑
i=k

(
i
k

)
dk

i!
bi

exists for each k ∈N and the relation

sup
n

n∑
k=0

∣∣∣∣∣∣ n∑
i=k

(
i
k

)
dk

i!
bi

∣∣∣∣∣∣q < ∞
holds. Consequently, we have b = (bk) ∈ ∂1 ∩ ∂2, as required.

3. Certain matrix mappings

This section consists of the characterization of the classes (Λ
(
D̃
)
→ Ξ) for Λ ∈

{
ℓp

}
with 1 ≤ p ≤ ∞ and

Ξ ∈ {ℓ1, c0, c, ℓ∞} .
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Theorem 3.1. For n, k ∈N, define a matrix R = (rnk) as

rnk = lim
m→∞

m∑
i=k

(
i
k

)
dk

i!
wni. (12)

Then, we have the following facts:
(a) W ∈

(
ℓ1

(
D̃
)
→ ℓ∞

)
iff

R = (rnk) is well defined for all n, k ∈N, (13)

sup
m,k

∣∣∣∣∣∣ m∑
i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣ < ∞, for each n ∈N (14)

and

sup
n,k
|rnk| < ∞. (15)

(b) W ∈
(
ℓ1

(
D̃
)
→ c

)
iff (13), (14) and (15) are satisfied and

lim
n→∞

rnk exists for each k ∈N. (16)

(c) W ∈
(
ℓ1

(
D̃
)
→ c0

)
iff (13), (14) and (15) are satisfied and

lim
n→∞

rnk = 0 for each k ∈N. (17)

(d) W ∈
(
ℓ1

(
D̃
)
→ ℓ1

)
iff (13) and (14) are satisfied and

sup
k

∑
n
|rnk| < ∞. (18)

Proof. We only prove the assertion (a) since the proofs of the assertions (b), (c) and (d) follow analogously.

It is known that W ∈
(
ℓ1

(
D̃
)
, ℓ∞

)
iffWz ∈ ℓ∞ for all z ∈ ℓ1

(
D̃
)
. From the convergence of the series

∞∑
k=0

wnkzk,

we have wnk ∈
(
ℓ1

(
D̃
))β

for each fixed n ∈N. Using Theorem 2.4, one arrives that the limit

lim
m→∞

m∑
i=k

(
i
k

)
dk

i!
wni

exists for each n, k ∈N and the fact

sup
m,k

∣∣∣∣∣∣ m∑
i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣ < ∞, for each n ∈N.

So, one can reach that (13) and (14) are satisfied. Consider that

m∑
k=0

wnkzk =
m∑

k=0
wnk

k∑
i=0

((
k
i

)
di

k!

)
ti

=
m∑

i=0

(
m∑

k=i
wnk

(
k
i

)
di

k!

)
ti. (19)

Now, by defining a matrix R̃ = (r̃mi) for each n ∈N by

r̃mi =


m∑

k=i

(
k
i

)
di

k!
wnk, if 0 ≤ i ≤ m;

0, if i > m;
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one can finds the fact that (13) and (14) imply R̃ = (r̃mi) ∈ (ℓ1 → c).Thus, for all t ∈ ℓ1, the series R̃m (t) =
∞∑

i=0
r̃miti

converges uniformly in m, from which limm→∞R̃m (t) =
∞∑

i=0
limm→∞r̃miti. So, one infers from (19) that

Wn (z) = lim
m→∞

R̃m (t) =
∞∑

i=0
(limm→∞r̃mi) ti =

∞∑
i=0

r̃niti = Rn (t) , (20)

which yields that for z ∈ ℓ1
(
D̃
)
,W (z) ∈ ℓ∞ iff for t ∈ ℓ1, R (t) ∈ ℓ∞. Consequently, W ∈

(
ℓ1

(
D̃
)
→ ℓ∞

)
iff (13),

(14) and (15) hold. So, the proof is complete.

Theorem 3.2. Let 1 < p < ∞ and let R = (rnk) be the matrix in (12). Then,
(a) W ∈

(
ℓp

(
D̃
)
→ ℓ∞

)
iff (13) holds and

sup
m

m∑
k=0

∣∣∣∣∣∣ m∑
i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣q < ∞, for each n ∈N (21)

and

sup
n

∑
k
|rnk|

q < ∞. (22)

(b) W ∈
(
ℓp

(
D̃
)
→ c

)
iff equations (13), (16), (21) and (22) are satisfied.

(c) W ∈
(
ℓp

(
D̃
)
→ c0

)
iff equations (13), (17), (21) and (22) are satisfied.

(d) W ∈
(
ℓp

(
D̃
)
→ ℓ1

)
iff equations (13) and (21) are satisfied and

sup
N∈𭟋

∑
k

∣∣∣∣∣ ∑
n∈N

rnk

∣∣∣∣∣q < ∞. (23)

Proof. Let us only offer the proof of (a) since the others can be reached by proceeding the similar arguments.
First we note that W ∈

(
ℓp

(
D̃
)
→ ℓ∞

)
iff Wz ∈ ℓ∞ for all z ∈ ℓp

(
D̃
)
. From the convergence of the series

∞∑
k=0

wnkzk,we have wnk ∈
(
ℓp

(
D̃
))β

for each fixed n ∈N. It yields from Theorem 2.4 that the relations (13) and

sup
m

m∑
k=0

∣∣∣∣∣∣ m∑
i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣q < ∞, for each n ∈N

hold. In analogy, from equation (20), we have Wz ∈ ℓ∞ for all z ∈ ℓp
(
D̃
)

iff R (t) ∈ ℓ∞ for t ∈ ℓp. Thus, it is

satisfied that W ∈

(
ℓp

(
D̃
)
→ ℓ∞

)
iff (13) and (21) are valid and R ∈

(
ℓp → ℓ∞

)
i.e. (22) is satisfied. So, the

proof is complete.

Theorem 3.3. Let R = (rnk) be the matrix given by (12). Then,
(a) W ∈

(
ℓ∞

(
D̃
)
→ ℓ∞

)
iff (13) is valid and

lim
m→∞

∑
k

∣∣∣∣∣∣ m∑
i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣ = ∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣ (24)

and

sup
n

∑
k
|rnk| < ∞. (25)
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(b) W ∈
(
ℓ∞

(
D̃
)
→ c

)
iff equations (13), (16) and (24) are satisfied and

lim
n→∞

∑
k
|rnk| =

∑
k

∣∣∣∣ lim
n→∞

rnk

∣∣∣∣ . (26)

(c) W ∈
(
ℓ∞

(
D̃
)
→ c0

)
iff equations (13), (17) and (24) are satisfied and

lim
n→∞

∑
k
|rnk| = 0. (27)

(d) W ∈
(
ℓ∞

(
D̃
)
→ ℓ1

)
iff equations (13) and (24) are satisfied and

sup
N∈𭟋

∑
k

∣∣∣∣∣ ∑
n∈N

rnk

∣∣∣∣∣ < ∞. (28)

Proof. The proof of (a) follows by using the fact W ∈

(
ℓ∞

(
D̃
)
→ ℓ∞

)
iff Wz ∈ ℓ∞ for all z ∈ ℓ∞

(
D̃
)

and
by applying the manipulations in the proofs of previous theorems in this section. To avoid unnecessary
repetitions, the proofs of the assertions (b), (c) and (d) are omitted.

This part of the paper will be concluded with additional characterization of matrix classes
(
Λ→ ℓp

(
D̃
))

with 1 ≤ p ≤ ∞,where Λ ∈ {ℓ∞, c, c0, ℓ1}.

Theorem 3.4. Let 1 ≤ p ≤ ∞. Then,
(a) W ∈

(
ℓ∞ → ℓp

(
D̃
))
=

(
c→ ℓp

(
D̃
))
=

(
c0 → ℓp

(
D̃
))

iff

sup
K∈𭟋

∞∑
n=0

∣∣∣∣∣∣ ∑k∈K

n∑
i=0

(
n
i

)
i!
dn

(−1)n−i wik

∣∣∣∣∣∣p < ∞.
(b) W ∈

(
ℓ1 → ℓp

(
D̃
))

iff

sup
k

∞∑
n=0

∣∣∣∣∣∣ n∑
i=0

(
n
i

)
i!
dn

(−1)n−i wik

∣∣∣∣∣∣p < ∞.
(c) W ∈

(
ℓ∞ → ℓ∞

(
D̃
))
=

(
c→ ℓ∞

(
D̃
))
=

(
c0 → ℓ∞

(
D̃
))

iff

sup
n

∞∑
k=0

∣∣∣∣∣∣ n∑
i=0

(
n
i

)
i!
dn

(−1)n−i wik

∣∣∣∣∣∣ < ∞.
(d) W ∈

(
ℓ1 → ℓ∞

(
D̃
))

iff

sup
n,k

∣∣∣∣∣∣ n∑
i=0

(
n
i

)
i!
dn

(−1)n−i wik

∣∣∣∣∣∣ < ∞.
Proof. We prove the case W ∈

(
ℓ∞ → ℓp

(
D̃
))

for p ≥ 1 Consider the matrix W̃ = (w̃nk) as

w̃nk =
n∑

i=0

(
n
i

)
i!
dn

(−1)n−i wik, for all n, k ∈N.

Then, one has

∞∑
k=0

w̃nkzk =
n∑

i=0

(
n
i

)
i!
dn

(−1)n−i
∞∑

k=0
wikzk, for any z = (zk) ∈ ℓ∞,
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which means that W̃n (z) = D̃n (Wz) for all n ∈N and Wz ∈ ℓp
(
D̃
)

for z = (zk) ∈ ℓ∞ iff W̃z ∈ ℓp for z = (zk) ∈ ℓ∞.
So, we have

sup
K∈𭟋

∞∑
n=0

∣∣∣∣∣∣ ∑k∈K

n∑
i=0

(
n
i

)
i!
dn

(−1)n−i wik

∣∣∣∣∣∣p < ∞.
The remainder assertions follow in a similar way.

4. Compact operators on the spaces ℓp
(
D̃
)

and ℓ∞
(
D̃
)

In this section, we offer the characterizing the compactness of certain matrix operators helped by
Hausdorffmeasure of noncompactness.

By Ψ, we denote the set of all finite sequences. Let z = (zn) ∈ ω and SΛ be unit sphere in the BK-space
Λ ⊃ Ψ, then, we need the relation

∥z∥∗Λ = sup
s∈SΛ

∣∣∣∣∣∣∑k zksk

∣∣∣∣∣∣ < ∞,
which will be frequently used in the sequesubject to condition that the supremum is finite. In this case, we
have z ∈ Λβ. As well, by C (Λ→ Ξ) ,we denote the set of all bounded (continuous) linear operators from Λ
to Ξ.

We are in position to state some lemmas, given in [27].

Lemma 4.1. We have
(a)ℓβ∞ = ℓ1 and ∥z∥∗ℓ∞ = ∥z∥ℓ1 for all z ∈ ℓ1.

(b)ℓβ1 = ℓ∞ and ∥z∥∗ℓ1 = ∥z∥ℓ∞ for all z ∈ ℓ∞.

(c)ℓβp = ℓq and ∥z∥∗ℓp = ∥z∥ℓq for all z ∈ ℓq with 1 < p < ∞ and 1
p +

1
q = 1.

Lemma 4.2. For every W ∈ (Λ→ Ξ) with the BK-spaces Λ and Ξ, there exists a linear operator LW ∈ C (Λ→ Ξ)
such that LW (z) =W (z) for all z ∈ Λ.

Lemma 4.3. Let Λ ⊃ Ψ be a BK-space and Ξ = {c0, c, ℓ∞} . If W ∈ (Λ→ Ξ) , then, we have

∥LW∥ = ∥W∥(Λ→Ξ) = sup
n
∥Wn∥

∗

Λ < ∞.

The notion of Hausdorffmeasure of noncompactness of a bounded set Z, denoted by χ(Z) is defined by

χ(Z) = inf
{
δ > 0 : Z ⊂ ∪n

k=1B (xk, rk) , xk ∈ Λ, rk < δ,n ∈N \ {0}
}
.

Here, B (xk, rk) is the open ball centered at xk and radius rk for each k = 1, 2, ...,n. Further results concerning
Hausdorffmeasure of noncompactness can be found [27] and references cited therein.

Theorem 4.4. ([38, Theorem 2.8]) The Hausdorff measure of noncompactness of a bounded set Z in ℓp can be
evaluated as

χ(Z) = lim
k

(
sup
z∈Z
∥I − Pk (z)∥ℓp

)
, for 1 ≤ p < ∞,

where Pk : ℓp → ℓp denotes the operator defined by Pk (z) = (z0, z1, ..., zk, 0, 0, ...) for each k ∈ N and I : ℓp → ℓp is
the identity operator defined by I (z) = (z0, z1, ..., zk, zk+1, ...) .
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A linear operator L : Λ→ Ξ is said to be compact operator if the domain of L is all of Λ and the image
underL of any bounded subset of Λ is a totally bounded subset of Ξ. In other words, the sequence (L (zn))
has a convergent subsequence in Ξ for every bounded sequence z = (zn) ∈ Λ.

There is a close relationship between Hausdorff measure of noncompactness and compact operators.
Concretely speaking, the necessary and sufficient condition for an operator to be compact is that

∥∥∥Lχ∥∥∥ = 0,
where

∥∥∥Lχ∥∥∥ denotes the Hausdorffmeasure of noncompactness ofL and it is defined as
∥∥∥Lχ∥∥∥ = χ (L (SΛ)) .

Let x = (xk) ∈
(
ℓp

(
D̃
))β

be a sequence, define a sequence y = (yk) ∈ ℓq as

yk =
∞∑
i=k

(
i
k

)
dk

i!
xi (29)

for all k ∈N. The following lemmas will be needed in the proofs.

Lemma 4.5. Let 1 ≤ p ≤ ∞ and let x = (xk) ∈
(
ℓp

(
D̃
))β
. Then, y = (yk) ∈ ℓq and∑

k
xkzk =

∑
k

yktk

for all z = (zk) ∈ ℓp
(
D̃
)
.

Lemma 4.6. Let y = (yk) be defined as (29), then,

(a) ∥x∥∗
ℓ1(D̃) = supk

∣∣∣yk

∣∣∣ < ∞ for all x = (xk) ∈
(
ℓ1

(
D̃
))β
.

(b) ∥x∥∗
ℓp(D̃) =

(∑
k

∣∣∣yk

∣∣∣q)1/q

< ∞ for all x = (xk) ∈
(
ℓp

(
D̃
))β

and for 1 < p < ∞.

(c) ∥x∥∗
ℓ∞(D̃) =

∑
k

∣∣∣yk

∣∣∣ < ∞ for all x = (xk) ∈
(
ℓ∞

(
D̃
))β
.

Proof. Let us present the proof of assertion (c). The other results can be revealed similarly. For x = (xk) ∈(
ℓ∞

(
D̃
))β
, using Lemma 4.5, we have y = (yk) ∈ ℓ1 and

∑
k

xkzk =
∑
k

yktk for all z = (zk) ∈ ℓ∞
(
D̃
)
. Since

ℓ∞
(
D̃
)

and ℓ∞ are isomorphic, we arrive at z ∈ Sℓ∞(D̃) iff t ∈ Sℓ∞ . So, ∥x∥∗
ℓ∞(D̃) = supz∈Sℓ∞(D̃)

∣∣∣∣∣∣∑k xkzk

∣∣∣∣∣∣ =
supz∈Sℓ∞

∣∣∣∣∣∣∑k yktk

∣∣∣∣∣∣ = ∥∥∥y
∥∥∥∗
ℓ∞
. Employing Lemma 4.1 gives

∥x∥∗
ℓ∞(D̃) =

∥∥∥y
∥∥∥∗
ℓ∞
= ∥x∥ℓ1 =

∑
k

∣∣∣yk

∣∣∣ < ∞,
which completes the proof.

Lemma 4.7. ([31, Theorem 3.7 and Theorem 3.11]) For any BK-space Λ ⊃ Ψ, we have
(a) If W ∈ (Λ→ ℓ∞) , then 0 ≤ ∥LW∥χ ≤ lim supn ∥Wn∥

∗

Λ and LW is compact if limn ∥Wn∥
∗

Λ = 0.
(b) If W ∈ (Λ→ c0) , then ∥LW∥χ ≤ lim supn ∥Wn∥

∗

Λ and LW is compact iff limn ∥Wn∥
∗

Λ = 0.
(c) If W ∈ (Λ→ ℓ1) , then

lim
r

sup
N∈𭟋r

∥∥∥∥∥ ∑
n∈N

Wn

∥∥∥∥∥∗
Λ

 ≤ ∥LW∥χ ≤ 4 lim
r

sup
N∈𭟋r

∥∥∥∥∥ ∑
n∈N

Wn

∥∥∥∥∥∗
Λ


and LW is compact iff limr

(
supN∈𭟋r

∥∥∥∥∥ ∑
n∈N

Wn

∥∥∥∥∥∗
Λ

)
= 0. Here, 𭟋r denotes the subcollection of with elements that are

greater than r.
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Next, let’s mention a lemma without any proof due to the similarities to Lemma 4.5. For this purpose,
we define an infinite matrix Ŵ = (ŵnk) as

ŵnk =
∞∑
i=k

(
i
k

)
dk

i!
wni (30)

for all n, k ∈N, provided that the series is convergent.

Lemma 4.8. Let Λ be any sequence space and W = (wni) be an infinite matrix. If W ∈

(
ℓp

(
D̃
)
→ Λ

)
, then

Ŵ ∈
(
ℓp → Λ

)
and Wz = Ŵt hold for all z ∈ ℓp

(
D̃
)

for 1 ≤ p ≤ ∞.

Theorem 4.9. Let 1 < p < ∞. Then, we have

(a) If W ∈
(
ℓp

(
D̃
)
→ ℓ∞

)
, then

0 ≤ ∥LW∥χ ≤ lim sup
n

(∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣q
)1/q

and LW is compact if

lim
n

(∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣q
)1/q

= 0.

(b) If W ∈
(
ℓp

(
D̃
)
→ c0

)
, then

∥LW∥χ = lim sup
n

(∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣q
)1/q

and LW is compact iff

lim
n

(∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣q
)1/q

= 0.

(c) If W ∈
(
ℓp

(
D̃
)
→ ℓ1

)
, then

lim
r
∥W∥r(ℓp(D̃)→ℓ1) ≤ ∥LW∥χ ≤ 4 lim

r
∥W∥r(ℓp(D̃)→ℓ1)

and LW is compact iff

lim
r
∥W∥r(ℓp(D̃)→ℓ1) = 0,

where

∥W∥r(ℓp(D̃)→ℓ1) = sup
N∈𭟋r

(∑
k

∣∣∣∣∣∣ ∑n∈N

∞∑
i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣q
)1/q

.

Proof. For the proof of (a) let W ∈

(
ℓp

(
D̃
)
→ ℓ∞

)
and z ∈ ℓp

(
D̃
)
, then from the convergence of the series

∞∑
k=0

wnkzk that Wn ∈
(
ℓp

(
D̃
))β

for each n ∈ N. Employing Lemma 4.6 (b) to find for each n ∈ N that

∥Wn∥
∗

ℓp(D̃) =
(∑

k
|ŵnk|

q
)1/q

,where ŵnk is the representation in (30). So, using Lemma 4.7 (a) gives that

0 ≤ ∥LW∥χ ≤ lim sup
n

(∑
k
|ŵnk|

q
)1/q
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and LW is compact if

lim
n

(∑
k
|ŵnk|

q
)1/q

= 0.

For the proof of (b), let W ∈
(
ℓp

(
D̃
)
→ c0

)
, then, from ∥Wn∥

∗

ℓp(D̃) =
(∑

k
|ŵnk|

q
)1/q

and Lemma 4.7 (b), one finds

that

∥LW∥χ = lim sup
n

(∑
k
|ŵnk|

q
)1/q

and LW is compact iff

lim
n

(∑
k
|ŵnk|

q
)1/q

= 0.

For the proof of (c), let W ∈
(
ℓp

(
D̃
)
→ ℓ1

)
, then, it follows from Lemma 4.6 that

∥∥∥∥∥ ∑
n∈N

Wn

∥∥∥∥∥∗
ℓp(D̃)

=

∥∥∥∥∥ ∑
n∈N

Ŵn

∥∥∥∥∥∗
ℓq

.

So, use Lemma 4.7 (c) to write that

lim
r

sup
N∈𭟋r

∑
k

∣∣∣∣∣ ∑
n∈N

ŵnk

∣∣∣∣∣q
1/q

≤ ∥LW∥χ ≤ 4 lim
r

sup
N∈𭟋r

∑
k

∣∣∣∣∣ ∑
n∈N

ŵnk

∣∣∣∣∣q
1/q

and LW is compact iff

lim
r

sup
N∈𭟋r

∑
k

∣∣∣∣∣ ∑
n∈N

ŵnk

∣∣∣∣∣q
1/q

= 0,

which completes the proof.

Finally, we give two results whose proofs are omitted owing to the similar manipulations to the proof
of Theorem 4.9.

Theorem 4.10. The following statements hold:

(a) If W ∈
(
ℓ∞

(
D̃
)
→ ℓ∞

)
, then

0 ≤ ∥LW∥χ ≤ lim sup
n

∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣
and LW is compact if

lim sup
n

∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣ = 0.

(b) If W ∈
(
ℓ∞

(
D̃
)
→ c0

)
, then

∥LW∥χ = lim sup
n

∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣
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and LW is compact iff

lim
n

∑
k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣ = 0.

(c) If W ∈
(
ℓ∞

(
D̃
)
→ ℓ1

)
, then

lim
r
∥W∥r(ℓ∞(D̃)→ℓ1) ≤ ∥LW∥χ ≤ 4 lim

r
∥W∥r(ℓ∞(D̃)→ℓ1)

and LW is compact iff

lim
r
∥W∥r(ℓ∞(D̃)→ℓ1) = 0,

where

∥W∥r(ℓ∞(D̃)→ℓ1) = sup
N∈𭟋r

∑
k

∣∣∣∣∣∣ ∑n∈N

∞∑
i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣ .
Theorem 4.11. The following statements hold:

(a) If W ∈
(
ℓ1

(
D̃
)
→ ℓ∞

)
, then

0 ≤ ∥LW∥χ ≤ lim sup
n

(
sup

k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣
)

and LW is compact if

lim
n

(
sup

k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣
)
= 0.

(b) If W ∈
(
ℓ1

(
D̃
)
→ c0

)
, then

∥LW∥χ = lim sup
n

(
sup

k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣
)

and LW is compact iff

lim
n

(
sup

k

∣∣∣∣∣∣∞∑i=k

(
i
k

)
dk

i!
wni

∣∣∣∣∣∣
)
= 0.

5. Conclusions and future studies

Since the most general linear mapping from a sequence space into another sequence space can be
represented by an infinite matrix, matrix transformations between sequence spaces has aroused interest over
years due to its significant implications in summability theory. In recent years, by inspiring some remarkable
relations for fascinating numbers, an infinite matrix has been introduced and then its domain in some
famous sequence spaces has been discussed. Also, a number of important properties containing special
duals and matrix transformations, characterizing its compact operators helped by Hausdorff measure of
noncompactness have been investigated.

In this paper, we define two sequence spaces ℓp
(
D̃
)

and ℓ∞
(
D̃
)

as the domains of the triangular matrix
including derangement numbers, playing an important role in combinatorial mathematics, and study their
topological properties.
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By proceeding the same motivation aforementioned, it is planned to study the domains of the matrix,
defined here, in the spaces of convergent and null sequences.

As a final note, the q-calculus or q-analog plays a key role in generalizing various concepts in the several
branches of mathematics specially in combinatorics, approximation theory, algebra, differential-integro
equations, special functions, hypergeometric functions, etc. In the literature, it is available the following
formula for q-derangement numbers [42]:

dq (n) = [n]!
n∑

k=0

q(k
2) (−1)k

[k]!
.

For further studies, we will define a novel matrix involving q-derangement numbers and study its domain
in the sequence spaces as well as topological properties.
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[12] M.C. Dağlı, Matrix mappings and compact operators for Schröder sequence spaces, Turkish J. Math. 46(6) (2022) 2304–2320.
[13] S. Erdem, Schröder–Catalan Matrix and Compactness of Matrix Operators on Its Associated Sequence Spaces, Symmetry, 16(10)

(2024) 1317. https://doi.org/10.3390/sym16101317
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[22] E.E. Kara, M. Başarır, On some Euler B(m) difference sequence spaces and compact operators, J. Math. Anal. Appl. 379 (2011)

499–511.
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