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Abstract. We prove a fractional Hermite-Hadamard-Mercer inequality via i-Hilfer integral operators for
the class of h—convex functions, where & is a B-function. Some novel fractional inequalities related to the left
and right sides of the Hermite-Hadamard-Mercer inequalities are established for differentiable mappings
whose absolute values of the derivatives are hi—convex. Moreover, we construct new inequalities for these
differentiable functions using Holder’s inequality.

1. Introduction

Convex functions and mathematical inequalities play vital role in the advancement of several fields in
pure and applied sciences. The classical convexity is defined as follows

Definition 1.1. A function f : I — R s said to be convex if for all x, y € I and A € (0, 1) we have
fAx+ (1 =A)y) < Af() + 1= Nf(y). 1)
If the inequality (1) is reversed, then f is said to be concave.

Dealing with classical convexity, a vast literature has been reported on inequalities that involve convex
functions, such as Bullen inequality [1], Hermite-Hadamard-Fejer inequality [2], Simpson type inequality
[3], weighted Newton type inequalities [18] and Ostrowski type inequalities [4].

Likewise, several integral inequality are known, but the most popular is the following well-known Hermite-
Hadamard inequality, true for any function f convex and integrable on [4,0] C R :
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If f is concave, then inequalities in (2) are reversed. For further details, please refer to [28-30].

Interesting inequalities related to (2) are the trapezoid inequality established in [5], estimating the dif-
ference between the right term and the integral of f on [4, b]; and the midpoint inequality established in [6],
estimating the difference between the left term and the integral of f on [g, b].

We recall the definitions of the left-sided and right-sided Riemann-Liouville fractional integrals of order
a > 0, defined for an integrable function f : [2,0] — R as

RL f(x) = % f (x — ) f(tydt, x > a,

1
T(a)

where I is the Gamma function. It follows

RLy f(x) = f (t—x)* L f(t)dt,x <b, (3)

RLLF(D) + RLY F(a) = 2[RLE f(b) + RLY f(@)], (4)
where F(s) = f(s) + f (a + b —s). For more details, see ([7], [8]).
Fractional versions of the Hermite-Hadamard, the trapezoid and the midpoint inequalities are presented
below.

Theorem 1.2 ([9], Theorem 2). If f : [a,b] — R is an integrable convex function, then
0] < fla) + f()
7 .

A(557) = gt [REzF0 + R @

Theorem 1.3 ([9], Theorem 3). If f is a differentiable mapping on (a, b) such that |f'| is convex, then

b
‘f(””f( ) 2r((;+ D[Rz £+ RL )] < x 0(+1) (1-5) +rol]

Theorem 1.4 ([10], Theorem 2.3). If a function f is differentiable on (a, b) and |f’| is convex, then

‘ T(a+ 1)
200 -

A basic result concerning convex functions is the Jensen’s inequality [11]. Its formal statement is as
follows : if a function f : [a,b] — Ris convex, then

i=1 i=1

for all x1, x5, ..., x, in [a, b] and all scalars o; € [0,1] (i = L_n) such that Y./, o; = 1.

2 [RL2FO) + RLY f@)] - (Hb)‘ﬂ&;ﬂn(“ - ) [iF@i+1ron]

In 2003, a new variant of Jensen’s inequality was introduced by Mercer [12]:

Lemma 1.5. Let f : [a,b] — R be a convex function on [a, b]. Then, we have

fla+b—-x)< f(a)+ f(b) - f(x) forall xe€la,b]
Theorem 1.6. For a convex mapping f : [a,b] — R, the inequality holds:

f{a+b—za1xi]sf(a)+f(b)—2a,-f(x,-) (6)
P =1

for all x; in [a, b] and all scalars o; € [0,1] (i = 1,n) such that Yiiai=1
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In particular, for oy = ap = 5 (n = 2), (6) reads

x2+x1)<f( a) + f(b) - f(xl);‘f(xz)_ @)

f(a+b

Later, (7) was used to establish the following Hermite-Hadamard-Mercer inequality.

Theorem 1.7. ([13], Theorem 2.1) For a convex mapping f : [a,b] — R, the following inequalities hold for all
a<x<y<b

f(+b—% ffa+b—t)dt<f(a)+f fw ®)

Setting a = x, b = y, inequalities (8) yields to inequalities (2).
Fractional versions are presented bellow.

Theorem 1.8. ([14], Theorem 2.1 ) For a convex mapping f : [a,b] — R, the following inequalities hold for
a<x<y<b

r 1
f(a+b— x—;y) < 2((ya+ )) [RL(Mb x)*f(a"'b y)+R'£(a+b v)” f(a+b_x)]
©)
JOROD S gy SO
Theorem 1.9. ([14], Theorem 3.6 ) If f is a differentiable mapping on (a, b) such that |f’| is convex, then
b- b- r 1
fa+ x)erf(a+ ) 2((; +x) [RLL oy f@+b—y) + Ry ) fla+b =)
(10)

y—x 1 , ") +|f
Sa”(l‘z—a)[ ‘f]-

Our main in this paper is to extend the above results for fractional integrals with respect to another
function, on the class of h-convex functions. This paper is organized as follow, Section 2 of preliminaries
notions and results is presented. In section 3, a first main result is stated and proved, it concerns a
Hermit-Hadamard-Mercer inequality for h-convex functions via fractional integral operators with respect
to another function. Moreover,trapezoid-Mercer types inequalities and midpoint-Mercer types inequalities
are presented in Section 3.

2. Preliminaries

1) Class of h-convex functions (see [15]): given a non-negative function i # 0, f : [4,b] — Ris said to be
h-convex if for all x, v € [a,b] and t € (0, 1) we have

fltx+ (1 =by) <) f(x) +h(1 =5 f(y). (11)

This notion generalizes known classes of convex functions : for h(t) = ¢, h(t) = 1, h(t) = t°* and h(t) = ; in
(11), h-convex functions reduces respectively to convex functions, P functions [16, 17], s-convex functlons
[19] and Godunova-Levin functions [20].

2) h-Mercer inequality: in ([21], Lemma.4.1) authors presented the following interesting result.
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Lemma 2.1. If f is an h-convex function, then for any z € [a, b], there exists A € [0, 1] such that
fla+b—-2z) <[rA) +h(1 = DI[f(@) + fB)] - f(2). (12)
N.B.: A € [0,1] is determined by the relation z = Aa + (1 — A)b or the relation z = (1 — A)a + Ab.

3) B-function: this notion was introduced by Benaissa et al. in [22] and [23] as follows: a non-negative
function & : [a,b] € R — R is said to be a B-function, if for all x € (g, b), we have

h(x—a)+h(b—x)szh(‘%b). (13)
In particular, a non-negative function / : [0, 1] — R is a B-function if and only if
h(t)+h(1 -t) < 2h(%) , forallte(0,1). (14)

For examples, hi(t) = 1, hy(t) = t and h3(t) = ¥, s € (0, 1) are B-function.

4) y-Hilfer fractional integrals ([7], [24]): left and right sided fractional integrals of a function f with
respect to another function 1 on [g, b] are defined, for @ > 0 and a positive increasing differentiable function
Y such that ¢’ (t) # 0 for all t € [a, b], by respectively

1 L
3550 = s [ (900 0y Os a<x <
0= [ @O-r T Y oft, asx<b.

Considered on X ([a,b]) = {f Il fllx= fab | f®) 1 ¢/(t)dt < oo}, 1/’3;]( € X([a,b]) and ¥3 v fe X ([a,b]) for

all @ > 0 and the operators ¥3¢, and ¥J ¢ are bounded on X ([a, b]).
Depending on the function v, particular type of fractional integrals are obtained.
1) Taking 1 (t) = t, we get Riemann-Liouville fractional operators (3),
2) Using y(t) = Int, we deduce Hadamard fractional operators of order a > 0,
3) Putting (1) = % (p > 0), we obtain Katugompola fractional operators of order a > 0.

5) Notations: in all what follow, we consider [a,0] C R, @ > 0, h : [4,b] — R a non-negative integrable
function and ¢ a positive differentiable function such that ’(t) > 0 for all ¢ € [a, b].
We will also denote in this paper

Ap(x,y) =Pla+b-x)—yY@a+b-y). (15)
6) Useful results:

Lemma 2.2. Considera <x <y <bandt €[0,1]
(Ya+b-x)-¢a+b-y+(y-x1)°

(Ya+b-x) - Pa+b-x-(y-0)7)"

A1) = " , B(1) := - C(t) =
(Y@a+b—x- (y—z)T) —pla+ b—l/))“, D(7) = (Pa+b-y+ (]/—z)f) —pla+ b—]/))a’
and

A, y,7) = A7) - B(z) + C(t) - D(x). (16)

Then, we have the following result

1 1 1
fo |A(x, v, T)| dr < fo [A(r) - B(r) + C(1) - D(r)] d + f [B(x) - A(x) + D(v) - C(r)] dr. (17)
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Ayl y)’
Proof. Putting A = #, for 7 varying in [0, 1], values of A(7) are decreasing from A to zero and

conversely values of B(t) are increasing from zero to A with equality A(3) = B(}), this gives

fo 1 |A(T) - B(T)| dt = fo : [A(0) - B dr + ﬁ 1 [B(2) - A()] dx. (18)

Similarly, values of C(7) are decreasing from A to zero and values of D(7) are increasing from zero to A with
equality C(%) = D(%), which gives

fo 1 |C(T) - D(’l’)| dt = fo % [cv) - D)) dr + f 1 [D(0) - co)] de. (19)

One can deduce the desired result (17) by applying (18) and (19) in the following inequality

1
f [AGe, y, 0] dr < f [‘A(T) B(0)| +|c(o) - D(T)H dr. (20)
0
0
Remark 2.3. Setting in Lemma 2.2 (t) = t, it results

fo 1 Ay, ] dr <4 Sia_f)l) 1- 21] 1)

3. Results

3.1. Hermite-Hadamard-Mercer type inequality on the class of h-convex functions
Theorem 3.1. If f € X[a, b] is h-convex and h is a B-function, then for all a < x < y < b, we have

f(a p- Y

< %h(%) ﬁ [%03 t(XHh_WF(a +b—x)+¥3 l(lﬂb_x)fl-"(a +b- y)] (22)
Y

<2i2(}) [fla+b-x)+ fa+b-y)| <8 1 (})[f@) + F®)] - 212 () [ F) + f(w)],

where  F(s) = f(s) + f (2(a + b) — x — y — s) and Ay(x, y) is defined in (15).

Proof. Foranya < x <y <b, considering X = tx+ (1 -t)yand Y = (1 — t)x + ty with t € (0, 1), then using the
h-convexity of the function f, we get for all f € (0, 1)

e b e
<h(Y[fa+b—tx= A=ty + fla+b—(1-t)x - ty)]

= (%)[f(t(a+b X+ (A-a+b-y)+f(1-ta+b-x)+t@a+b-y)]
<h(3) ey +h(1 - 1) [fla+b—x) + f@a+b—y)].

Using the B-function property (14) of i and the h-Mercer inequality (12) we obtain

f(a+b—x+Ty) <h(Y)[fla+b—tr—(1-Dy)+ fa+b—(1—Hx—ty)]

<2h2(;[f(a+b X)+ fla+b—1y)] (23)
<812 () [f@ + Fb)] - 212 (%) [f) + FW)].
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Multiplying (23) by W(t) := (l/}(a +b-x)-yYla+b—-tx—(1- t)y))a71¢' (a+b—tx—(1-t)y) and integrating
over t € [0, 1], using the change of variables = a + b — tx — (1 — t)y, it results

1 <A¢(x'y))af(a+b—x+—y) 1

ﬁ a 2 > y—x L (%> T(@) ¥3 Zﬁh—y)*F(a +b-x)
Ay(x, ) :
sz%hz(%)[f<a+b—x>+f<a+b—wl (24)
Ag(x, )
(o) (8 () Lf@) + f®)] - 202 (3) [f) + F] ).

a(y —x)

Similarly, multiplying (23) by W(#) := ((a + b — tx — (1 - y) - P(a+ b - y))”‘lq/ (@+b—tx—(1-ty)and
integrating over t € [0, 1] leads to

1 (Alp (x, y))a
—

X+ 1
. f(a +bh- —y) < ——n(1)T@) ¥3%,, , Fa+b-y)

2 y—x

(1) [fa+b-x)+ fla+b-y)] (25)

x
< (81 (1) [F@ + Fo)] - 202 (3) [F) + F T ).
Adding (24) and (25) gives the desired result (22). O

Remark 3.2. Setting x = a and y = b in Theorem 3.1 reduces to the Hermit-Hadamard inequality for the class of
h-convex functions where h is a B-function, proved in [22, Theorem 4.1].

Remark 3.3. We cite here some special types of convexity.
1) For s-convex functions :

o Take h(t) = t°, s € (0,1) in (22) to get Hermite-Hadamard-Mercer type inequalities involving the y-Hilfer
fractional integral operators

fa+b—x+Ty
1 Ia+1) [

> 251—1 (Aq,(x, y))a 1 1
< oy @+ b =2+ fa+ b= 9] < 555 [f@ + fO = 355 @+ fW)],

vy g+b_y)+F(a +b-x)+¥3 () F@a+b = y)] (26)

for x = aand y = b we get the result of [22, Corollary 5].

o With y(t) = t in (26) we have inequalities via the Riemann-Liouville fractional integral operators

RL

17T 1
—" [ (a+h—y)+f(“ +b-x)+RL Zl+b—x)’f(a *b-y) @7)

< o [f@+ b=+ fla+b= ] < s [f@ + O] - 2 F00 + W),
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o Setting o = 1 in (27), we obtain inequalities via the classical Riemann integral operator

X+ y
1 1 +l”‘f(aer_1T)1 y
< PR " f(s)ds = = ﬁ fx fla+b—t)dt (28)
< ooy @+ b=+ fla+ b= )] < 55 [F@ + fO) - 755 £+ F)].

2) For convex functions:

e Puts = 1in (26) to get the Hermite-Hadamard-Mercer type inequality for convex functions, involving 1-Hilfer
fractional integral operators:

a3

030 F@+b-0+¥30 . Fa+b- y)]

Ia+1)
[ ) (@+b-y)*

1 Ha+l)

4 (A‘P(x/ y))a
< [favb-v+ fa+b-] <[f@+ FO)] - 2 [f9 + )]
-2 - 2 !

for x =aand y = b we get the result of [22, Corollary 3].

o Tuking s = 1 in (27) gives the Theorem 1.8 proved in [14] and for x = a and y = b we get a result of Theorem
1.2 proved in [9].

o Setting s = 1 in (28) we get Theorem 1.7 proved in [13] and for x = a and y = b it is inequality (2).
3) For P-convex functions : just put s = 0in (26), in (27) and in (28) to get analog results for P-convex functions.

Remark 3.4.

1) Choosing Y(t) = Int in (22) or (26) leads to the Hermite-Hadamard-Mercer type inequalities via the Hadamard
fractional integral operators for h—convex functions or s—convex functions, respectively.

In the last choice, putting s = 1 or s = 0 implies results for convex or P-convex functions.

2) Similarly, doing with (7) = % (p > 0), we obtain analog results via the Katugompola fractional operators.

3.2. Trapezoid-Mercer Type Inequality

Lemma 3.5. If f € X[a, b] is a differentiable mapping on (a, b) such that a < x < y < b, then the following identity
holds:

Ay, )
) # (Fa+b—x)+fla+b-y)+T@) [nbs o F@ b=+ Y38 Fatb- y)]
(29)
y=x , ,
-5 Ay D[f (@+b-y)A -1 +@+b-)7) - f (@ +b=-y1+@+b-x1-1)dr.
Here, F(s) = f(s) + f (2(a + b) — x — y — 5), A(x, y, 7) is defined in (16) and Ay(x, y) in (15).
Proof. Leta < x <y < b and define
e b-n-pey (Aew)]
Ji = fa " [ - - - F'(t)dt. (30)
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Integrating by parts (30), we get

A, a
I = | ‘D(Z V) Fla+b-x) +T(a) ¥

$+b_y)+F(a +b—x). (31)

Similarly, let

a+b—x
J2 = f
a+b-y
Integrating by parts (32) , we obtain

Ay(x, 1))
Jzz—@ﬂwb—y)ma)”/s

(A0 y)” @O -pa+b-y)
(04

- F'(t)dt. (32)

f;+b_x)_F(11 +b-y). (33)

Since Fa+b—-x)=F@a+b-y) = f(a+b—-x)+ f(a+b—y), from (31) and (33), we obtain

Ap(x, )
]1+]2=—2#(f(a+b—x)+f(a+b—y)) -
+T() [¢3 oy @+ b= 4938 Fa+b- y)] .

On the other hand, from F'(t) = f'(t) — f'(2(a + b) — x — y — t) we get by (30) and (32)

Ji+)2
_ e [@@+b-0) - p®) @O -yYa+b-y)]., o, (35)
- [ | - I () - @+ b - -y -] .
By changing the variable t =a + b — x — (y — x)7 for 7 € [0,1] in (35), we obtain
Jithh
y—x
A (Y@a+b-x)—Pl@a+b-x-(y-x1)* ~ (l/)(a+b—x—(y—x)1)—¢(a+b—y))“} (36)
~ D a a
X[ffa+b-x—(y-xr1)— fa+b-y+ (y—x)1)]dr,
and by changing the variable t =a + b — y + (y — x)7 in (35), we get
Jit+]
-x
_a|@a+b-x)-yga+b-y+y-01)° (1#(11+b—y+(y—x)’c)—gb(a+b—y))“] (37)
~ D @ a
X[ffa+b-y+W-x)71)—- fla+b—-x—(y—x)7)]dr.
Adding (36) and (37), it results
Ji+]a = 2
1[(w(a+b—x)—z/}(a+b—y+(y—x)’c))“ ~ W@a+b-x)—@a+b-x-(y-x1)"
0 a a (38)
+(1,D(a+b—x—(y—x)1)—lp(a+b—y))“ ~ Wa+b-y+y-x1)—-v@+b-y)*
a a

X[ffa+b-y+y—-x)1)—- fa+b—-x—(y—x)7)]dr
The desired equality (29) is obtained by replacing (34) in (38). O
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Theorem 3.6. If f € X]a, b] is a differentiable mapping on (a, b) such that |f’| is h-convex where h is a B-function
then, for all a < x < y < b, the following trapezoid-Mercer type inequality is obtained as

Ay, a
2 M [F@+b=0)+ fa+b= )] ~T@ [*3,pF@+b=0+ V30, Fa+b-y)] ‘
<-9h(d) || @ro-v|+]f @ro-y)|
) 1 _
| fo [A(x) - B(r) + C(1) - D()] dr + f [B(1) - A(7) + D(1) - C(7)] dT_ (39)

IN

-0n(3) [4n(@)(F@|+]F®)) - |F @] - |f o]
Y ) .
X | fo [A(r) - B(r) + C(r) - D(r)] d + f [B(2) - A(x) + D(v) - C(7)] dT_

~

where A(t), B(t), C(1) and D(t) are defined in Lemma 2.2 and Ay(x, y) in (15).

Proof. Using the absolute value of identity (29), we get

A , a
‘2 —( w(’; /) [fa+b-x+ fla+b-y|-T@ [U/S by F@+D =0 V30, Fla+b- y)] I

y—-x

2
X fol ‘A(x, Y, T)’ [

f’((a+b—y)(l—T)+(a+b—x)T)‘+

F@a+b-yr+@+b-n —T))Hd’[.
By the h-convexity of the function |f’|, the B-function property (14) of i and then inequality (17), it results

A : a
! w(’;_y)) [fa+b-x)+ fla+b-y)]-T(@) [wrsgwb_y)fw+b—x>+¢3?ﬂ+b_x>F<ﬂ+b—y>]‘

<-vn(l)] fa+b-y)| (40)
% 1
X { f [A(r) - B(r) + C(1) - D(r)] d + f [B(2) - A(x) + D(1) - C(7) dT] .
0 :

f’(a+b—x)’+

Then, using the h—Mercer inequality (12), one can deduce
(y—X)h(%)[ f’(a+b—y)H
- . .

X f [A(r) - B(x) + C(1) - D(r)] d7 + f [B(x) - A(r) + D(7) - C(v)] dr

| Jo 3 ] (41)
<@-0h(L) [4n(2)(F@|+]F®) - 1F @ - Fol
A ) .
X f [A(T) — B(1) + C(1) - D(T)] dt + f [B(T) — A(1) + D(1) - C(T)] dr|.

[Jo 3 ]

fla+b-x)|+

Mombining the results (40) and (41), we obtain (39). O

Remark 3.7. Considering some special types of convexity we have :
1) For s-convex functions :

o Take h(t) =t°, s € (0,1) in (39) to get trapezoid-Mercer inequalities, involving the y-Hilfer fractional integral
operators
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(Awﬁfyﬂ

[f( +b—x)+ fla+b- y)] I'(a) [wﬁzﬁb W F(ﬂ+b—x)+¢$f;+b_x)F(a+b—y)]|
Sw—ﬂ—[ ]
X f [A(T) B(t) + C(1) D(T)] dt + f [B(T) A7) + D(7) — C(T)] dt (42)
L 0 A
<w-95 [z (@) -lrel- ol
. )
X f [A(r) - B(x) + C(r) - D(r)] 7 + f [B(x) - A() + D(7) - C(v)] dr
i 0

2

o With (t) = tin (42), we have the following inequalities via the Riemann-Liouville fractional integral operators

f(a+b—x)+f(a+b—y)_ Ia+1)

- o [RL(M gf@rb—x)+RLE f(a+b—y)]|
] (43)

Sé(Z;i;[l_l][zsA I+ lr@l)-1r |

o Setting o = 1 in (43), we obtain the following inequalities via the classical Riemann integral operator

f@+b-x)+ fla+b-1y) 1 4
. —(y_x)fxf(mb—t)dt

<%= [z=
- 25+2 25—2

s (44)

< <
T Ds+2

+|F®)) - |F @l -1

2) For convex functions:

e Put s =1 in (42) to get the trapezoid-Mercer inequality for convex functions involving -Hilfer fractional
integral operators

A , a
2Lfiyn{ﬂ +b_m+fw+b—y]‘UMPS&%wf@+b‘@+¢$%wa@+b_wH

f [A(r) - B(x) + C(r) - D(r)] d + f [B(r) - A(x) + D(v) - C(r)] dT_
< T[ (Ir '®)) -

: 1 ]
X | fo [A(r) - B(r) + C(r) - D(r)] d + f [B(2) - A(x) + D(v) - C(7)] d'c_ .

X

o setting s = 1 in (43), we obtain the trapezoid-Mercer inequality proved in [14].

3) For P-convex functions: just put s = 0 in (42), (43) and (44) to get analog results for P-convex functions.
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Remark 3.8.

1) Choosing (t) = Int in (39) or (42) leads to the trapezoid-Mercer inequalities via the Hadamard fractional integral
operators for h-convex functions or s-convex functions, respectively.

In the last choice, putting s = 1 or s = 0 implies results for convex or P-convex functions.

2) Similarly, doing with (1) = % (p > 0), we obtain analog results for Katugompola fractional operators.

Setting x = 2 and y = b in (39), we get the following trapezoid inequality for the class of h-convex
functions where / is a B-function, via the y-Hilfer fractional integral operators.

Corollary 3.9. Under hypothesis of Theorem 39, we have

2 QOVD ()4 ) - T [+38,F0) + 35, F)
<@-an(l)[|ro]+|ra)

_ _ ' _ _ , (45)
X fo [A(r) - B(x) + C(v) D(T)]d’c+ f [B(x) - A() + D(2) C(’c)]dtd

I/\

(- ah(3) [4h(3) 1] ]

><h fo [A(r) - B(x) + C(7) - D(T)]d’[+ f [B(x) - A(r) + D(7) - C(v)] dr

~

where F(s) = f(s) + f (a + b —s) and A(t), B(t), C(7) and D(t) are defined in Lemma 2.2.

Remark 3.10. Considering different values of h(t) and y(t) we get specific trapezoid inequalities. For their expres-
sions, just replace x = a and y = b in in Remark 3.7 and Remark 3.8.

Specially, for h(t) = t and P(t) = t we get Theorem 1.3 proved in [9] and if furthermore o = 1, then it reduces to
Theorem 2.2 proved in [5].

Theorem 3.11. Let p > 1 and q its dual number (% + % = 1). If f € Xla,b] is a differentiable mapping on (a, b)
such that |f'|P is h-convex, where h is a B-function, then for all a < x < y < b the following trapezoid-Mercer type
inequalities hold:

A
‘2—( v ¥) [fla+b-x)+ fa+b-y)]- F(a)[‘PS‘(’M )+F(a+b—x>+‘”322+bx)F(“b‘y)]l

<(y-v (f [y o dT)q v 3)(
N A
~o( [ Jawwoflac) w 1) () (s

Here, A(x, y, ) is defined in Lemma 2.2 and Ay(x, y) is defined in (15).

f’(a+b—x)‘p); (46)

)- I"

’(a+b—y)|p +

Proof. Using the absolute value of identity (29) and Holder’s inequality, we get

Ay(x, y)
‘2—( ¢ 9) [fa+b-x)+ fa+b-y)]- F(“)[ Sﬁw—y)f(“b_x)+¢3?Z+b—x>-F(“+b_y)]|

< %(fo ‘A(x,y,’c)‘da)q (fo
+¥(f01 |A(x,y,1)’qdr); (fol

_ )(1—T)+((l+b—x)’t)’pd”[)p

@+b-x1-1) ‘p df)p .
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By the h-convexity of the function |f’|F, the property A» +BF <2'7 A+ B)% with A, B > 0 and the B-function
property (14) of h, it results

A
‘2—( () [f@+b-2)+f@a+b-y)]|- F(“)[ Siar- y)+F(“+b 0+ +b—x)F(“+b_y)]|

<(y-) (fo |A(x'V'T)|da)q #(2) (

Using the h—Mercer inequality (12) applied to the function |f'|’, we get

(y—x) (fol ’A(x,y,T)’da)q ! (%)( ) .
<= ([ [pwwof'ae) 0t 2) [sn(2)(rf + o) - I"

Thus, the required result (46) is obtained by combining (47) and (48). O

(47)

ffla+b- x)|)

<=

Remark 3.12. Depending on the choice of the functions h and 1\ we obtain various results analogous to those in
Remark 3.7. Especially, for {(t) = t we get a trapezoid-Mercer type inequality involving the Riemann-Liouville
integral operators on the class of h-convex functions :

f(a+b—x)+f(a+b—y)_ Ia+1)
2 2(y-x)°

1
L[l_%] %(%)[

27 (g +1)s

eV T L ) ) (1

2r (ag + 1)%

[ (a+b j)*f(a+b x)+R‘£a+bx f(a+b_y)]‘

]

IN

)~ Wl

Choosing h(t) = t° with s € (0,1), s = 1 and s = 0, we’ll get a trapezoid-Mercer type inequality involving the
Riemann-Liouville integral operators on the class of s-convex, convex and P-convex functions, respectively.

3.3. Midpoint Type Inequality

Lemma 3.13. If f : [a,b] — R is a differentiable mapping on (a,b), then the following identity holds for all
a<x<y<b

Ay, y))
_4( v - ») f(a+b— “Ty)n(a) [U/sg;w_y)f(a+b-x)+w331+b_x)ﬂa+b_y)]
:gf;/\(x/y'?[f,((am_y)(l_T)+(a+b_x)T)—f'((ﬂ+b—y)T+(a+b—x)(1—7))]dr
Ay(x, y)
+(y —x) _( ¥ - ) ©

[—fz(f'((ﬂ+b—y)(1—T)+(ﬂ+b—X)T)—f’((a+b—y)r+(a+b—x)(1—r)))dt
0
1
+ﬁ (f’((a+b—y)(1—T)+(a+b—x)1)—f’((a+b—y)’c+(a+b—x)(1—7)))dt],

where F(s) = f(s) + f (2(a+b) —x — y —s), A(x, y, 7) is defined in Lemma 2.2 and Ay(x, y) is defined in (15).
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Proof. Define

[ (A y) (Ya+b-) - ) Ay(x,y) ot
Klzf (M) (v vo) F’(t)dt—Mf F(t) dt
a+b-y a a a a+b-5
fora < x < y < b. Integrating by parts, we get
(Aw(x/ y))a X+y R
K= F(a +h- T) ~T(@) Y38, F@+ b= ). (50)
Similarly, let

F/(t) dt.

+b—x
Ky = f
a+b-y

Integrating by parts, we obtain

(ApCe ) B (w(t) - pa+b- y))a] P - (Aw(a;, y) fw_*;y

o a

+b—y

Ay(x, ) ¢ .
K = —% Fa+b=52) +T(@?¥3¢,,  F@a+b-y). (51)

From (50) and (51) and noting that F (a +b-5 ) 2f (a + x+y) we deduce

(Azp(x/ y))a

Ko—Ki = —4 fla+b-5)+T@ [ws t o F@ b=+ V38 Fatb- y)] . 32

On the other hand, since F’'(t) = f'(t) — f'(2(a + b) — x — y — t), we have

K, - Ky
e | (P40 =0 =) (YO~ pa+b-y)’
= [ [( a ) | . )}[f’(t)—f’(Z(a+b)—x—y—t)] dt
(Av ) (553)
+—
ll‘f%—x +b_#
x[ f L (F) - FQa+b)—x—y— 1) di - f (f'() - f@a+b)—x—y-1) dt].
a+b—4% a+b-y
By changing the variable f =a + b — x — (y — x)7 for 7 € [0,1] in (53), we obtain
K — K
y_x o o
~ 1 (¢(a+b—x)—1p(a+b—x—(y—x)’c)) (¢(a+b—x—(y—x)’£)—1p(a+b—y))
_fo‘ ! - a
X[ff@+b-x-—(y-xt)— fa+b-y+(y—x71)] dt (54)
A
+M|f (fa+b-x—(y-00) - fla+b-y+(y-00)dr

—ﬁ (ffa+b-x—(y—-x)1)—fla+b—-y+(y—x)1)) dr|.
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Similarly, by changing the variable t = a + b — y + (y — x)7 for 7 € [0,1] in (53), we obtain

K - Ki
y_x 44 o
o warb-x-yarb-y+@-20)  (Pa+rb-y+ -0 -Ya+b-y)
_fo a B a
X[ff@+b-y+W-x)1)—fla+b—x—(y—x)1)] dt (55)
Ave, ) [ 2
+M[‘f (ffa+b-y+Wy—-x1)—fa+b—x—(y—x)1)) dt
a !
—foz(f'(a+b—y+(y—x)7)—f’(a+b—x—(y—x)7))dt .
From (54) and (55), we get
_ 1
Kz—K1=¥ng<xw> [f@+b=y+y=x0-f@a+b=-x=(y-90)] dr
Ay(x,y)
+(y_x)M[ f (Fatb-y+ -0 - f@a+b—x—(y-x0)dt (56)

1
+f (ffa+b-y+y-x1) - fa+b-x—-(y—x)1)) dt].
Combining (56) and (52) it follows

4 (Allz (x/ y))a

L fla+b- )+ T(@) [ 38y Fa+b=x) 4938 Fa+b- y)]
1
_y-x

5 | Alx, y ) [fa+b-y+(y—-x)1)— fa+b—-x—(y—x)1)] dr

Ay(x, )
+(y—x)( vy

[f(f(ﬁb y+(y-01)- fla+b—x-(y-x1)dt
1
+j: (ffa+b-y+y—-x)1)— fa+b—x—(y—x)1)) dt],

which gives the identity (49). O

Theorem 3.14. If f : [a,b] — R is a differentiable mapping on (a, b) and |f’| is h-convex, then the midpoint-Mercer
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type inequality is obtained fora < x <y < bas

A : a
4< IP(Zy)) f(a+b—x;y)—l"(a) [¢3a+b_y)+l-"(a+b—x)+¢’3§z+b_x)F(ﬂ+b—y)]|
<-0n(3) [ @ro-0]+ ] @ro-y]]

1

X [foz [A(T) - B(1) + C(1) — D(T)] dt + L [B(T) — A(1) + D(1) - C(T)] d”c}

Ap(x, )
L

fla+b-v]+

Hy-x21(3) £ (a+b—y)” (57)

<@-0h(L) [4n(3)(F@+|ro)) - Fe| - Fwl]
3 1

X [ f [A(r) - B(x) + C(r) - D(r)] d + f [B(x) - A() + D(7) - C(v)] dT}
0 !

Ay, )’
Hy-02n(2) = ay) [4n(2)(|F @ +|F o)) - f @ -]

Here, A(7), B(t), C(1) and D(t) are defined in Lemma 2.2 and Ay(x, y) is defined in (15).

Proof. Using the absolute value of identity (49), we get

Ay(x, y) i X+ N
4 % f(a tb- Ty) ~T(w) [eb;s ® oy F@tb=x) 4938 Fa+b- y)] '

y-x
STL |A(x,y,T)|

x||F @ +b-pa-n+@+o-vo)|+
+(y - x) (846:9) X

IX

f@+b=yd-1+@+b-x0)|+
1
+ﬁ (F @+b-pa-0+@+p-no|+ f’((a+b—y)1+(a+b—x)(1—T))')dt}.

f’((a+b—y)r+(a+b—x)(1—r))” dr

X

f’((a+b—y)’[+(a+b—x)(1—’c))|)dt

By the h-convexity of the function |f’|, the B-function property (14) of h and the inequality (17), we have

Alp(x, y) * X+
‘4 ( a ) f(a to- Ty) ~T@) [IPS oy F@+E=2) + Y v F@+ b= y)] '

S(y—x)h(%)[ f’(a+b—y)|]
% 1
[ fo [A(r) - B(x) + C(7) - D(Tl] dr + ﬁ [B(x) - A(r) + D(7) - C(v)] dT}
(Ay(x, 1)
|

fa+b-x)|+

f’(a+b—x)|+

+(y—x)2h(%) f’(a+b—y)”.
The result (57) is obtained by using the h-Mercer inequality (12). [

Remark 3.15. Consider some special types of convexity :
1) For s-convex functions:
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o Take h(t) =t°, s € (0,1) in (57) to get midpoint-Mercer inequalities involving the \-Hilfer fractional integral

operators

Ay(x, y) ’ X+
4 % f(a +b- Ty) ~T(a) [¢33+h pFa+b=0+438,,  Fa+b-y) ‘

= |l

[A(r) - B(r) + C(1) - D(r)] 7 + f [B(z) - A(x) + D(v) - C(T)]d’[]

X
0

—_—
N\»—l

y-x (Aew) (59)
+25_1 10c [ ]
== (r@+ o) -1l - ol
i [A(x) = B(r) + C(1) - D(r)] 7 + f 1 [B(2) - A(x) + D(v) - C(T)]d’[]
Aw( 'Y)
1 -

o With i(t) = t in (58) we have the following inequalities via the Riemann-Liouville fractional integral operators

f@+b-2)+RLE, f(a+b—y)]‘

x+y T'la+1)
fla+o-2Y)- REL,
’ 2 Z(y—x b=y
y-x 1 ] : _ : _ ] (59)
< D 0 +3- 5 fl(a+b 0|+ @by
_y=r - -
= 3 @+ [“+3 2w—1] 7 )
o Setting o = 1 in (59), we obtain the following inequalities via the classical Riemann integral
( +b—x+y)—Lfy (@+b—bdt
fla > == . fla
-x
s3yzs+2 [f’(a+b—x)|+ f’(a+b—y)|] ©0
y—x ,
<3 25+2 [ ( )_ f(y)|]

2) For convex functions:

o Puts =1in (58) to get the midpoint-Mercer inequality for convex functions via the \-Hilfer fractional integral
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operators :

(Aw(x, y))a x+y pea b
4Tf(a+ - T)—F(a) [ Ry y)+F(a+b—x)+ \5(%+b_x)_F(a+b—y)H
<=l

{jxpa)3m+cm TWh+ﬁ[(@—m@+mﬂ—aﬂV4
+y —x)

( lP( ]/)) [f( b x)’
y;x[( @) -1re) - I
[f‘pm B(7) + C(1) - @Wﬁ+ﬁﬁ&ﬂ—ﬂ@+ﬂﬂ—aﬂwﬂ

) |

o Tuking s = 1in (59) gives a midpoint-Mercer inequality using the Riemann-Liouville operators

[SIE

f@+v-v)]

<

(b)) -

0| -

+(y —x)

’f(a+b—x;y)—2r((;j;)a [ Capy f@+b=)+RLE f(ﬂ+b—3/)”
y—x 1 , 61
TS A ][ -0+ ] oy
- X
< sty =5 o o) ol o).

o Setting s = 1in (60), it results a midpoint-Mercer inequality using the classical Riemann integral

f(a+b—x;y)—ﬁ fxyf(a+b—t)dt‘
L2 rarv-n+|r@ro-v)| (62)

<35 o (10 + o) - |

3) For P-convex functions : just put s = 0 in (58), in (59) and in (60) to get results for P-convex functions.

IA

Remark 3.16.

1) Choosing Y(t) = Int in (57) or (58), leads to the midpoint-Mercer inequalities via the Y-Hilfer fractional integral
operators for h-convex functions or s-convex functions, respectively.

In the last choice, putting s = 1 or s = 0 implies results for convex or P-convex functions.

2) Similarly, doing with (1) = % (p > 0), we obtain midpoint-Mercer inequalities for Katugompola fractional
operators.

Setting x = a and y = b in Theorem 3.14, we get the following midpoint inequality for the class of
h-convex functions where / is a B-function.
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Corollary 3.17. Under hypothesis of Theorem 3.14, we have

b _ o
(b0 - p@) f(ﬂ+b) r@) [F32, F®) + 38, F@)]

(04
s(b—a)h(l)
x[ fo [A(x) - B(r) + C(1) - D(1)] dr + f [B(2) - A1) + D(x) - C(T)]df}
z,b()—z,b( a))’

(63)

+(b—a)2h(})

<@-ah(3) (41(3) 1) |17

x[ fo [A(r) - B(x) + C(v) D(T)]d'c+ f [B(x) - A() + D(1) - C(T)]dt]

Ho-n)2n(} )M (an(2) -

where F(s) = f(s) + f (a + b —s) and A(t), B(t), C(7) and D(t) are defined in Lemma 2.2.

Remark 3.18. Considering specific values of h(t) and 1(t), we get variant midpoint inequalities. For their expressions,
replace x = a and y = b in Remark 3.15 and Remark 3.16. Specially, taking h(t) = t and Y(t) = t we get Theorem 1.4
proved in [10].

Theorem 3.19. Let p > 1 and q its dual number (% + % = 1). If f : [a,b] — R is a differentiable mapping on (a, b)
and |f'\V is h-convex, then we have the the following midpoint-Mercer type inequalities

’4 (Aw(xry))a x+y

. )— T'() [w;‘s ¢y Fa b=+ Y38 Fatb- y)] ‘

f(a +b-
<(y-x {(fol |/\(x, v 7:)|L7 dr)q +2 <A¢(Z y)) ] W (%) ( )

== {(fow"(x’y’”rh)q”W(Zy))] G [ (@l + ol -1

fora < x <y <b. Here, A(7), B(t), C(1) and D(t) are defined in Lemma 2.2 and Ay(x, y) in (15).

p)% 64)

Proof. Using the absolute value of identity (49) and Holder’s inequality, we get

el

: ;x(fwwr o ([ )
(f |A(xy1)| dr) (f [ (@+b-yr+@+b- x(1_1—))'dT)

(A¢( xy))’ (f )f (@+b-y(A-1)+@+b- x)T)'dT)

Ay(x, ) v
+(y_x)wgo /(@ +b-yr+@+b-na-o)| dT) ,

) ~T() [%‘s t o Fa b= 4938 Fatb- y)] '

(1 —T)+(a+b—x)1)|pd1)p

+(y —x)
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by the h-convexity of the function |f’|’, the property A + B < 21_%(14 + B)% and the B-function property
(14) of h, it results

(Alp(x, y))a X+y
‘4 o f (LZ 2

+b- ) ~T() [ws o Fa b=+ ¥3%  Fatb- y)] '
1 . (65)
! g\ Aew) | p P\
<(y-x) (fo |A(x,y,T)| d’t) +2¥ hy (%) ( ’(a+b—y)| + f’(a+b—x)‘ ) .
Using the h—Mercer inequality (12) applied to the function |f'|’, we have
! 7\ (B y))“ 1 N
(y—x) (f(; |A(x, v, T)| d’[) +2 — (E) ( )
(66)

/) - ]i

<w-v (follMx,ym){qdf);HM i (3) [+ 3) (1

Combining (65) and (66), we obtain (64). [

Remark 3.20. Depending on the choice of the functions h and 1\ we obtain various results analogous to those in
Remark 3.15 and Remark 3.16.

Especially, for y(t) = t we get a midpoint-Mercer type inequality involving the Riemann-Liouville integral operators
on the class of h—convex functions

x+y)_ Ta+1)
20 2y

) 05 fr ol
1 ) () O et slrop)- I

2
Choosing h(t) = t° with s € (0,1), s = 1 and s = 0 we’ll get a midpoint-Mercer type inequality via the Riemann-
Liouville integral operators on the class of respectively s-convex functions, convex functions and P-convex functions,
respectively.
Takingp =q=1,x=a,y = b, h(t) = t and (t) = t we get Theorem 1.4 proved in [10].

‘f(a+b— [RE{y fla+b- x)+R£(a+bx)f(a+b—y)”

)

IA

=i

IA
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