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Abstract. An analytic function f(z) = z + 22> + - - - defined on the unit disc D is close-to-starlike if there
exists a starlike function g : D — C satisfying the inequality Re(f(z)/g(z)) > 0 for all z € ID. We are
particularly interested in the starlikeness of the class ‘W, which consists of all functions that satisfy the
close-to-starlike condition with g(z) = z and the subclass W, of ‘W, which contains all those functions of
the form f(z) = z + A,12"" + - -+ . The usual starlikeness of an analytic function f requires that the range of
zf'(z)/ f(z) is contained in the right half-plane. More generally, a normalized analytic function f : ID — C
is Ma-Minda starlike if the function zf’/f is subordinate to the function ¢ and Ma-Minda convex if the
function 1 + zf”/f" is subordinate to the function ¢. We have determined the sharp radius of Ma-Minda
convexity/starlikeness of the class ‘W and ‘W, when the range of ¢ is a nephroid, lune, lemniscate of
Bernoulli, cardioid, or, a particular rational function.

1. Introduction and preliminaries

Let A, be the class of all analytic functions of the form f(z) =z + Ay+12" 1+ - -+ defined on the open unit
disc D := {z € C : |z| < 1} and A := Aj;. The subclass of A consisting of univalent (one-to-one) analytic
functions is denoted by S. A function f € A is said to be starlike if f(ID) is starlike with respect to the origin
and the class of all starlike functions is denoted by S7 . Similarly, a function is convex if f(ID) is convex
and the class of all convex functions is denoted by CV. Reade [18] introduced the class of close-to-starlike
functions which consists of functions f € A that satisfies the condition Re(f(z)/s(z)) > 0 holds in ID where
the function s is univalent and starlike with respect to the origin in the unit disc ID. The class of close-to-
starlike functions is denoted by CS. Reade, Ogawa and Sakaguchi [19] studied the subclass W of the close
to starlike functions f € A that satisfies the condition Re(f(z)/z) > 0 for z € D. We let W, := A, N W.
For two subfamilies ¥ and G of A, the G-radius for the class ¥, denoted by Rg(F), is the maximum value
R € (0,1] such that r"! f(rz) € G holds for all f € ¥ and for 0 < r < R. MacGregor [13] has shown that the
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radius of starlikeness of the class ‘W is V2 — 1. Reade, Ogawa and Sakaguchi [19] proved that the radius of
convexity for these functions is ro = 0.179 - - -. In this article, we find the radii of Ma-Minda convexity and
starlikeness of the classes W and ‘W,,.

To define Ma-Minda convexity/starlikeness, we need the concept of subordination, a notion that gen-
eralizes the inequality in the real line to complex plane. Let f and g be two analytic function defined on
unit disc ID. The function f is subordinate to the function g, denoted by f < g, if there exists an analytic
function w : D — D with w(0) = 0 such that f(z) = g(w(z)). Clearly, f < g implies that f(0) = g(0)
and f(ID) c g(ID). If the superordinate function g is univalent, then f < g if and only if f(0) = g(0) and
f(ID) c g(ID). Analytically, a normalized analytic function f is starlike if zf'(z)/ f(z) < (1 + z)/(1 — z) and it
is convex if 1 + zf”'(z)/ f'(z) < (1 + z)/(1 — z). For an analytic function ¢ : ID — C, define the classes S7 (¢)
and CV(p) by

ST (p) = {feﬂ: % <(p(z)} and CV(p):= {feﬂ:l + % <(p(z)}.

Ma and Minda [12] investigated growth and distortion inequalities for these general classes of starlike and
convex functions when the function ¢ : ID — C is an analytic univalent function with a positive real part
whose range is symmetric about the real axis and starlike with respect to the origin and ¢’(0) > 0. When
@(z) = (1 + Az)/(1 + Bz), where -1 < B < A < 1, the classes C'V(¢) and ST (¢) are respectively denoted as
CYVIA, B] and ST [A, B] and are called as the Janowski convex functions and Janowski starlike functions
[9]. For A =1 - 2a and B = —1, the classes CV[A, B] and ST [A, B] reduces to the class of convex functions
of order a and the class of starlike functions of order «, respectively denoted by CV(«a) and ST («).

2. Radius of Convexity

For a function ¢ with positive real part, we have CV(¢p) c CV. Reade, Ogawa and Sakaguchi [19]
proved that the radius of convexity for these functions is g = 0.179--- and, therefore, C'V(¢) radius of the

class ‘W is at most 7y = 0.179--- < V2 — 1. In this section, several Ma-Minda convexity radii for the class
W are obtained. We first begin with the class CV¢ := CV(pc) where ¢c(z) = 1 + (4/3)z + (2/3)z2.

Theorem 2.1. The CV¢ radius of the class ‘W is p1 = 0.1347 - - -, where py is the root of the equation:
42 +47 —8r+1=0.

Proof. We first obtain the disc in which the values of 1 + zf"(z)/ f’(z) lies for a function f € ‘W. This was
already obtained in [19] and we include it here for the sake of completeness. We first define a function g by

7

zZ+a )/z+oc)(z+a)(1+a‘zz)
1+az/l1+az z

9(2) = (f (

where |a| < 1. Since (z + a)(1 + az)/z is real and positive for |z| = 1, it is easy to see that Re(g(z)) > 0 for
|zl =1and g(z) = A_1/z + Ap + A1z + - - -, where

A = f(a)
Ao = (1= laP)f () + 2af(a)

1A2)2
= L0 or) + a1 - 1aP) f (@) + 3 £(@).

Ay >

Robertson [20] (see [7, Exercise 17, p. 102]) proved that

Ay + A_s| < 2Re(Ay), .1)
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for a function M(z) = 1'%, AxzF analytic in D with a pole of order not exceeding p at the origin satisfying the
condition Re M(re') > 0, for 0 < 1 — 6 < r < 1. Using (2.1) for the function g with n = 1 and replacing a by
z, we obtain
(1 - 2P
2

f@) +2(1 = 12P)f (2)| < 20 = ZP)If ()] + (1 + 4lzl + 2P)|f(2)l,

or, equivalently, with |z| = 7,

zf"(z) 1-3/ L A P +4r +r* |f(2)l

Y 1|12t Ta-E kPl

2.2)

For f € A, if Re(f(z)/z) > 0in D, then the function p : ID — C defined by p(z) = f(z)/z is a function with
positive real part. Using the inequality |zp’(z)/p(z)| < 2r/(1 — #?) for a function with positive real part, we
get

2r 1-2r—12

2l-o = E=r<V2-1, (2.3)

z2f'(2)
f@)

holds in ID. Using the inequality (2.3) in (2.2), we get

zp'(2)
p(z)

L@@
_‘H p(z) g

4r — 612 + 43 + 214
S (1 -r2)(1-2r-12)

zf"(2) 272

5 +1—r2 Izl =7 < \/5—1,

or equivalently,

4y — 612 + 4r° + 214
S (A=) -2r-12)’

zf"(z) 1- 372

1+ f(2) 1-12

lZl=r< V2-1. (2.4)

From (2.4), it obvious that w = 1 + (zf”'(z)/ f(z)) resides within the disc [w —a(r)| < r1(r), where a;(r) and r1(r)
denotes the centre and radius respectively:

_ 342 A2 3 4
al(r)zl 3r and 1’1(1*):4r 6r- +4r° + 2r

. 2.
1-1r? 1-r)(1-2r-r?) ()
Clearly, the centre a;(r) is a decreasing function of  and r1(r) < 1. The function n(r) defined by
_ 2 3. .4
n(r)zl 61 +2r° +2r° + 1 O<r<i, 2.6)

1-2r—2r24+2r% + 14’

is a decreasing function of r. The number p; € (0,1] is a positive root of the equation n(r) = 1/3. For
0 <r < p1, we have n(r) > 1/3 or, r1(r) < a1(r) — 1/3. Sharma et al. [23] proved that {w € C : |[w —a| < r,} C
Q¢ = pc(ID) holds when

ra=a-—=

= .7)

for 1/3 < a < 5/3. Therefore, the disc given in (2.4) is contained in the region bounded by cardioid using
(2.7).
To show sharpness, we consider the function F defined by

_z(l+2z)

F(z) = i-2°

2.8)
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Figure 1: Sharpness of CV¢ and CV radius for the class ‘W
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Clearly, the function F belongs to the class ‘W. The function F plays the role of an extremal function for this

class “‘W. For the function F given by (2.8), we have

zF"(z)  1+5z-322+2°

1+ = .
F(z) 1+z-322+28

Atz = —p;1, we have

ZF”(Z) _ 1+ 5(—p1) — 3(—p1)2 + (_p1)3 _ 1 ~
e F(z) — 1+(=p1)=3(=p1)? + (=p1)® 3" pc(-1),

(2.9)

which proves the sharpness of the radius p; (See Fig.1(a)) (This figure, along with subsequent ones, illustrates

the image of the extremal function F, the disc described by equation (2.4), and the boundary of ¢(ID)).

The class CVg := CV(pr) where pr(z) = 1 + (2 + kz)/(k* — kz)) for k = V2 + 1.
Theorem 2.2. The CV radius of the class ‘W is p, = 0.0472 - - -, where p; is the root of the equation:

1+2V2)* +22V2 - 1)P +2(3 - 2V2)2 +2Q2V2 = 1)r+3-2V2 = 0.

O

Proof. Consider the function 1 defined in (2.6) which is a decreasing function of r. The number p; € (0,1]
is a positive root of the equation 1(r) = 2(V2-1). For0 < r < p2, we have n(r) > 2(V2 - 1). That is
r1(r) < a1(r) = 2(¥2 — 1). Kumar and Ravichandran [11] proved that {w : [w — a| < r,} € pr(ID) =: Qg holds

when

ra=a—-2(V2-1), for 2(V2-1)<a< V2.

(2.10)

Therefore, the disc given in (2.4) is contained in the region bounded by cardioid using (2.10). Consider the

function F defined in (2.8). For z = —p, in (2.9), we have

zF" (2) a 1+ 5(—p2) - 3(—p2)2 + (—p2)3
F(z) 1+ (=p2) —3(=p2)® + (=p2)®

which proves the sharpness of the radius p, (See Fig.1(b)).
0

1+

The class CV,, := CV(p,) where ¢,(z) = 1 + ze* and the boundary of ¢, (ID) is a cardioid.

=2(V2-1) = gr(-1),
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Figure 2: Sharpness of CV,, and CVn, radius for the class ‘W

Theorem 2.3. The CV,, radius of the class W is p3 =~ 0.0825- - -, where p3 is the root of the equation:
428 + (de —2)r* —(de+2r+1=0.

Proof. Consider the function 1 defined in (2.6) which is a decreasing function of r. The number p; € (0,1]
is a positive root of the equation 7n(r) = 1 - (1/e). For 0 < r < p3, we have n(r) > 1 - (1/e). That is
ri(r) < ay(r) — 1 + (1/e). Recall that Kumar and Kamaljeet [10] proved that {w : |w — a| < r,} C @,(ID) =: Q,
holds when

e—el
2

Therefore, the disc given in (2.4) is contained in the region Q,, using (2.11). Consider the function F defined
in (2.8). For z = —p3 in (2.9), we have

ZF’(z) _ 1+45(=p3) =3(=p3)* +(=p3)° _ . 1 _
F@) - 1+ (=ps) —B=pslt (pap e =D

which proves the sharpness of the radius p; (See Fig.2(a)). O

1 1
ra:(a—1)+g, for 1—E<a<1+ (2.11)

1+

The class CVn, := CV(@ne) where pne(z) =1 +z + (z3/3), and the boundary of ¢n.(ID) is a nephroid.
Theorem 2.4. The CVy, radius of the class W is py ~ 0.1347 - - -, where py is the root of the equation in r:
42 +47 —8r+1=0.

Proof. Consider the function ) defined in (2.6) which is a decreasing function of . The number p4 € (0,1] is
a positive root of the equation () = 1/3. For 0 < r < ps, we have 1(r) > 1/3. Thatis 1(r) < a1(r) —1/3. Wani
and Swaminathan [26] studied the class CVn. = CV(pn.), In [25], it has been proved that the inclusion
{w:|w—a| <1} Cpne(D) =: Qn, holds when
1 1

rg:a—g, for §<a<1. (2.12)
Therefore, the disc given in (2.4) is contained in the region bounded by a nephroid using (2.12). Consider
the function F defined in (2.8). For z = —p4 in (2.9), we have

zF”(z)  1+5(—p4) - 3(—pa)? + (—pa)®

T+ F(z) 1+ (—ps) = 3(—pa)* + (—pa)?

1
=3 = ¢ne(=1),
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Figure 3: Sharpness of CV}, and CV, radius for the class ‘W

which proves the sharpness of the radius p4 (See Fig.2(b)).
O

The class CV;, := CV(¢y) where ¢(z) =1+ sinh™! z and the boundary of ¢;(ID) is a petal shaped domain.
Theorem 2.5. The CV), radius of the class ‘W is ps = 0.1650 - - -, where ps is the root of the equation:
(sinh™}(1))r* + 2(sinh!(1))r* — 2(sinh™*(1) — 2)* — 2(sinh™}(1) + 2)r + sinh (1) = 0.

Proof. Consider the function 1 defined in (2.6) which is a decreasing function of r. The number ps € (0,1]
is a positive root of the equation n(r) = 1 — sinh™'(1). For 0 < r < ps, we have n(r) > 1 - sinh™'(1). That is
r1(r) < a1(r) = (1 = sinh™!(1)). Kumar and Arora [2] proved that the inclusion {w : |[w —a| < r,} C @u(ID) =: O,
holds when

ro=a—(1—-sinh™'(1)), for 1-sinh™'(1)<a<1. (2.13)

Therefore, the disc given in (2.4) is contained in a petal shaped region using (2.13).
Consider the function F defined in (2.8). For z = —ps in (2.9), we have

2P'(z)  145(-ps) = 3(=psP + (=ps)®
F@ T (ps)3prt (pep Lo D=

which proves the sharpness of the radius ps (See Fig.3(a)). O

1+

The class CVin := CV(@sin) Where @sin(z) = 1 + sinz.
Theorem 2.6. The ST gin radius of the class ‘W is pe ~ 0.1597 - - -, where pg is the root of the equation in r:
(sin1)r* + 2(sin 1)r* — 2((sin1) — 2)* — 2(sin1) + 2)r + sin1 = 0.

Proof. Consider the function n defined in (2.6) which is a decreasing function of . The number p¢ € (0, 1]
is a positive root of the equation 7n(r) = 1 —sinl. For 0 < r < ps, we have 1n(r) > 1 —sinl. That is
r1(r) < a1(r) — (1 —sin1). Cho et al. [3] proved that the inclusion {w : |[w — 4| < 7} C @sin(ID) =: Qgin holds
when

r,=a—(1-sinl), for 1-sinl<a<l1. (2.14)

Therefore, the disc given in (2.4) is contained in the region Qg using (2.14).
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Figure 4: Sharpness of CVss and CV, radius for the class ‘W

Consider the function F defined in (2.8). For z = —pe in (2.9), we have

zF" (z) _ 1+ 5(—pe) - 3(_P6)2 + (—p6)3
Fz) 1+ (—ps) = 3(—pe)* + (—ps)?

which proves the sharpness of the radius pe (See Fig.3(b)). O

1+

=1-sin1l = @4,(-1),

The class CVsc 1= CV(psc) where @sc(z) = 2/(1 + €7%) and the boundary of ¢sg(ID) is a modified sigmoid.
Theorem 2.7. The CVs¢ radius of the class ‘W is p; = 0.1003 - - -, where py is the root of the equation:

1-e* +2(1-e)* —2@ +e)r* +2(1 +3e)r —e +1 = 0.

Proof. Consider the function n defined in (2.6) which is a decreasing function of ». The number p7 € (0, 1]
is a positive root of the equation n(r) = 2/(e + 1)). For 0 < r < py, we have n(r) > 2/(e + 1)). That is
r1(r) < ai1(r) — (2/(e + 1)). Goel and Kumar [6] proved that {w : [w —a| < 1,} C psc(ID) =: Qs holds when

2 2
r,=a———, for 1—+e<a<1. (2.15)

Therefore, the disc given in (2.4) is contained in the region bounded by a modified sigmoid using (2.15).
Consider the function F defined in (2.8). For z = —p7 in (2.9), we have

2F"(2) _ 1+5(=p7) =3(=ps)* + (=p2)® _ 2
F@) — 1+(=p7)=3(=p7?+(-ps)* e+1

which proves the sharpness of the radius py (See Fig.4(a)).
O

The class CV, := CV(¢p,) where ¢,(z) = cosh z.
Theorem 2.8. The CV, radius of the class W is pg ~ 0.0998 - - -, where pg is the root of the equation:

1+

= psc(-1),

(1 —cos1)r* +2(1 — cos 1)r* — 2(1 + cos 1)r* + 2(3 — cos 1)r — (1 — cos 1) = 0.

Proof. Consider the function 1 defined in (2.6) which is a decreasing function of . The number pg € (0, 1] is
a positive root of the equation 7(r) = cos 1. For 0 < r < ps, we have 1(r) > cos 1. That is r1(r) < a1(r) — cos 1.
Mridula and Sivaprasad [16] proved that {w : [w —a| < 7,} C @,(ID) =: Q, holds when

cosh1 + cos1

r,=a—cosl, for cosl<a<x — (2.16)
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Figure 5: Sharpness of CV¢ and CV;, radius for the class ‘W

Therefore, the disc given in (2.4) is contained in the region Q, using (2.16).
Consider the function F defined in (2.8). For z = —pg in (2.9), we have

zF" (z) _ 1+ 5(—ps) - 3(—pg)2 + (—p8)3
F(z) 1+ (=ps) — 3(—ps)* + (—ps)°

which proves the sharpness of the radius pg (See Fig.4(b)).
O

1+

=cos1=q@,(-1),

Raina and Sokol [17] introduced the class CV¢ := CV(@¢ ) where ¢¢ (z) = z+ V1 + 22 and the boundary
of ¢ (D) is a lune.

Theorem 2.9. The CV ¢ radius of the class W is pg = 0.1218 - - -, where py is the root of the equation:
(V2=2)r* +22V2 -4 —2V2P + 8 -2 V2)r + V2-2=0.

Proof. Consider the function 1 defined in (2.6) which is a decreasing function of . The number pg € (0,1] is a
positive root of the equation 7(r) = V2-1. For0 < r < p9, wehaven(r) > V2-1. Thatis r1(r) < ap(r)—( \/5—1).
Gandhi and Ravichandran [5] proved that {w : [w — a| < 7} C @ (D) =: Q¢ holds when

rm=a—-(V2-1), for V2-1<a< V2. (2.17)

Therefore, the disc given in (2.4) is contained in the region bounded by a lune using (2.17). Consider the

function F defined in (2.8). For z = —pg in (2.9), we have

2F"(z) _ 1+5(=po) = 3(=po)* + (—po)’
F(z) 1+ (=p9) = 3(=p9)* + (—p9)?

which proves the sharpness of the radius py (See Fig.5(a)).
O

1+ = V2-1=¢¢(-1),

The class CVy, := CV(¢L) where ¢1(z) = V1 + z and the boundary of ¢ (ID) is the right half of lemniscate
of Bernoulli.

Theorem 2.10. The CVy, radius of the class ‘W is pig = 0.0987 - - -, where pyg is the root of the equation:

(V2-5)* +2(V2=5)P —2(V2 =5)2 = 2(V2 + I)r + V2—-1=0.
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Proof. Consider the function 7 defined by

1) = 1+2r—10r2 + 1073 + 574
N 22+ 2R+ 1A

0<r<l,

which is a decreasing function of . The number pyo € (0,1] is a positive root of the equation 7j(r) = V2.

For 0 < r < p1g, we have fj(r) < V2. That is r1(r) < V2 — a1(r). Sokét and Stankiewicz [24] proved that
{w:|w—al <7} C (D) = holds when

ra=\2-a, for ¥<a< V2. (2.18)

Therefore, the disc given in (2.4) is contained in the region bounded by a lemniscate using (2.18). Consider
the function F defined in (2.8). For z = pyg in (2.9), we have

2F’(z) _ 1+ 5(p10) — 3(p10)* + (p10)°
F(z) 1+ (p10) — 3(p10)* + (p10)®

which proves the sharpness of the radius pig (See Fig.5(b)).
|

1+ = V2= q.(),

The class CV31 := CV(ps1) where @31.(z) = 1 + (4z/5) + (z*/5) and the boundary of ¢3.(D) is a three leaf
domain.

Theorem 2.11. The CV3y, radius of the class ‘W is p11 = 0.1241- - -, where pq1 is the root of the equation:

3r* + 610 + 147> - 26r + 3 = 0.

Proof. Consider the function 1 defined in (2.6) which is a decreasing function of r. The number p1; € (0,1] is
a positive root of the equation r(r) = (2/5). For 0 < r < p11, we have 1(r) > (2/5). That is 1(r) < a1(r) — (2/5).
Gandhi [4] proved that the inclusion {w : [w — a| < r,} C @31(ID) =: Q31 holds when

raza—é, for §<a<1. (2.19)
Therefore, the disc given in (2.4) is contained in a three leaf shaped region using (2.19).
Consider the function F defined in (2.8). For z = —p1; in (2.9), we have

zF”(z)  1+5(-pn) - 3(—p11)? + (—=pn)°® 2 )
1+ Fz) — 1+(=pu)=3(-pn)?+(-pun)® 5 Pa(=1),

which proves the sharpness of the radius pi11 (See Fig.6(a)).
O

The class CVyr := CV(@ear) Where @epr(z) =1+ 2z + (z2/2), and the boundary of ¢, (ID) is a cardioid.
Theorem 2.12. The CV ., radius of the class ‘W is p1p = 0.1071 - - -, where p, is the root of the equation:

A+28 +6r7—10r+1=0.

Proof. Consider the function 7 defined in (2.6) which is a decreasing function of . The number p1, € (0,1]
is a positive root of the equation n(r) = 1/2. For 0 < r < p12, we have n(r) > 1/2. That is r1(r) < a1(r) — (1/2).
Gupta et.al [8] proved that {w : |w — a| < 7,} C @r(ID) =: Qg holds when

1 1 3

ra:a—i, for —<a<§. (2.20)

N
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Figure 6: Sharpness of CV3;, and CV,, radius for the class W

Therefore, the disc given in (2.4) is contained in the region ), using (2.20).
Consider the function F defined in (2.8). For z = —p1, in (2.9), we have

1+

zF”(z)  1+45(=p12) = 3(=p12)* + (=p12)® _ 1 -
F@z) 1+ (_P12) - 3(—p12)2 + (_P12)3 R Pear ,

which proves the sharpness of the radius p1» (See Fig.6(b)).
O

Ronning [21] defined the class CVper = CV(@par), Where @pa(z) = 1+ (2/7?)(log((1 + vV2)/(1 — Vz))?), and
the boundary of ¢, (ID) is a parabolic symmetric with respect to the real axis and with vertex at (1/2,0).

Theorem 2.13. The CVy,, radius of the class W is p13 = 0.1071 - - -, where p13 is the root of the equation:
42 +6r* —10r +1 = 0.

Proof. Consider the function ) defined in (2.6) which is a decreasing function of ». The number p13 € (0,1]
is a positive root of the equation n(r) = 1/2. For 0 < r < p13, we have n(r) > 1/2. That is r1(r) < a1(r) — (1/2).
Shanmugam et.al [22] proved that the inclusion

{w:lw—al <7y} C @par(D) =2 Qpar

holds when

1 1
ra=ﬂ—§, for E <a<%. (221)
Therefore, the disc given in (2.4) is contained in the region bounded by a parabola using (2.21).

Consider the function F defined in (2.8). For z = —pj3 in (2.9), we have

@) 1+5(p) —3peft psf 1
1+ F(z) 1+ (=p13) — 3(_P13)2 + (_P13)3 2~ (Ppar( 1),

which proves the sharpness of the radius pi3 (See Fig.7(a)). O

The class CV, := CV(¢p.) where @,(z) = €.
Theorem 2.14. The CV, radius of the class W is p14 = 0.1293 - - -, where p14 is the root of the equation:

(e—1Dr* +2(e—1)r* +2(e+ 1)r* —=2Be —1)r + (e — 1) = 0.
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Figure 7: Sharpness of CV,,;, and CV, radius for the class ‘W

Proof. Consider the function 1 defined in (2.6) which is a decreasing function of . The number p13 € (0, 1]
is a positive root of the equation 1(r) = 1/e. For 0 < r < p14, we have n(r) > 1/e. Thatis r1(r) < a1(r) — (1/e).
Mendiratta et al. [15] proved that {w : |w —a| < 7,} C @.(ID) =: Q, holds when

1 1 e+e’!
rm.=a——, for —-<a<x 5

e
Therefore, the disc given in (2.4) is contained in the region bounded by cardioid using (2.22).
Consider the function F defined in (2.8). For z = —p14 in (2.9), we have

(2.22)

[N

" 1+ 5(— —3(— 2 _ 3
1 5@ 1+ (=p1a) = 3( 1014)2 +( 1014)3 _1_ o=1),
Fz) 1+ (-p1a) =3(=p1a)* + (-p1a)> e
which proves the sharpness of the radius p14 (See Fig.7(b)).
|

3. Radius of Starlikeness

For a function ¢ with positive real part, we have S7 (¢) ¢ S7. MacGregor [13] has shown that the
radius of starlikeness of the class ‘W is V2 — 1 and, therefore, ST (p) radius of the class ‘W is at most

V2 -1. The MacGregor class ‘W, consists of function f € A, such that Re(f(z)/z) > 0. This class has been
studied for several radius problems by the authors in [1, 3, 14, 15, 25]. In this section we find the radius of
starlikeness associated with Ma-Minda starlike classes such as ST g, ST, ST s, ST, and ST ,.

The class ST g := ST (¢r) where @r(z) = 1 + (22 + kz)/(k* — kz)) fork = V2 + 1.
Theorem 3.1. The ST  radius of the class ‘W, is given by

1/n

iy = (_(3 +2V2)n + \/1 +(17+12 \/E)nz) ,

where 1y is the root of the equation:
(3 =2V2)¥ +2nr" — (3-2V2) = 0.
Proof. For f € Ay, let the function p be defined by p(z) = f(z)/z. From [13], we know that

zp’(2) < 2n|z|"
p@) | 1=z

(3.1)



B. B. Janani et al. / Filomat 40:6 (2026), 2011-2028 2022

Hence, using the definition of the function p and (3.1), we have

zf'(z) ’ zp'(z) 2nr"
— -l =|——|< — |zl =r< 1. 3.2
@ b | ST G2
Clearly, the function w = zf’(z)/ f(z) lies within the disc centered at a,(r) with radius r(r), where
2nr"
ap(r)=1 and n(r)=———. (3.3)
1—r2

Our aim is to show that the disc ID(ax(r); 2(r)) given in (3.2) is contained in Q, for all 0 < r < 7337@ (‘W) in
the following theorems and all the figures in this section illustrates the image of the extremal function G,
the disc described by equation (3.2), and the boundary of ¢(ID).

Define the function ((r) := (1-2nr"—r>")/(1-r*") which is a decreasing function of r. Let 1 := R, (W,).
The number p; be a positive root of the equation C(r) = 2( V2 —1) that is less than 1. For 0 < r < U1, we have
C(r) = 2( V2 -1). Thatis ra(r) < ax(r) — 2( V2 —1). Therefore, the disc given in (3.2) is contained in the region
bounded by cardioid using the inclusion result in (2.10).

In order to prove the sharpness of the radius obtained, we consider the function G defined by

z(1 +z")
G(z) = D) (3.4)
A simple calculation yields
2G'(z) 1+ 2nz" —r*" (35)

G(z) 1—z2n
For z = —p; in (3.5), we have

2G'(z) 14 2n(—w)" - (=)™

=2(V2-1) = pr(-1),

Gz) 1= (=)™
which proves the sharpness of the radius y; (See Fig.8(a)) .
O

The class ST, := ST (p,) where @y, (z) = 1 + ze*.
Theorem 3.2. The ST, radius of the class ‘W, is given by

1/n
Uz = (—en + V1+ 621’12) ,
where 1 is the root of the equation:
" 4+ 2ner —1 = 0.

Proof. Consider the function ((r) which is a decreasing function of r. The number p, < 1 be a positive root

of the equation ((r) = 1 —(1/e). For 0 < r < pp, we have C(r) > 1 — (1/e). That is rp(r) < ax(r) — (1 — (1/e)).

Therefore, the disc given in (3.2) is contained inside the region (), using the inclusion condition in (2.11).
For the function G defined in (3.4), at z = —u; in (3.5), we have

2G/(2)  1+2m(—m) — (—p 1
@ | d-tmr e e

which proves the sharpness of the radius p, (See Fig.8(b)). O
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Figure 8: Sharpness of ST r and ST, radius for the class W,

The class ST sg := ST (psc) where @sc(z) = 2/(1 +e7%).
Theorem 3.3. The ST s¢ radius of the class ‘W, is given by

e—1 Hn
U3 = ’
((e +Dn+ /e =12 + (e + 1)%n2
where 3 is the root of the equation:
(e—=1Dr*" +2n(e+1)r" —(e—1) = 0.

Proof. Consider the function C(r) which is a decreasing function of . The number u3 < 1 be a positive root
of the equation {(r) = 2/(1 +¢). For 0 < r < u3, we have ((r) > 2/(1 + e). That is r2(r) < a2(r) — 2/(1 +e).
Therefore, the disc given in (3.2) is contained in the region bounded by a modified sigmoid using the
inclusion condition in (2.15).

For the function G defined in (3.4), at z = —u3 in (3.5), we have

zG'(z) : 1+ 2n(—ps)" — (_M3)2n 2
e I TS T B

which proves the sharpness of the radius u3 (See Fig.9(a)). O
The class ST, := ST (pn) where @p(z) =1 + sinh™! z.
Theorem 3.4. The ST, radius of the class ‘W, is given by

1/n
sinh™!(1)

U4 = s
1+ Jn? + (sinh (1))

where 4 is the root of the equation:

sinh™'(1)r*" + 2nr" — sinh ™' (1) = 0.

Proof. Consider the function ((r) which is a decreasing function of . The number uy < 1 be a positive
root of the equation ((r) = 1 — sinh™'(1). For 0 < r < ta, we have ((r) > 1 - sinh'(1). That is r2(r) <
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Figure 9: Sharpness of ST s¢ and 87, radius for the class ‘W,
a>(r) — (1 — sinh ™ (1)). Therefore, the disc given in (3.2) is contained in a petal shaped region using the
inclusion condition in (2.13).

For the function G defined in (3.4), at z = —4 in (3.5), we have

2G'(z) 1+ 2n(—pg)" - (—ua)™ g
Ce 1= =1-sinh™ (1) = pu(-1),

which proves the sharpness of the radius 4 (See Fig.9(b)). O

The class ST, := ST (¢,) where ¢,(z) = cosh z.
Theorem 3.5. The ST, radius of the class ‘W, is given by

1
[ 1-cosl &
Us = ’
n+

Vn2 + (1 — cos1)?

where s is the root of the equation:

(1-cos1)r* —2n" — (1 —cos1) = 0.

Proof. Consider the function ((r) which is a decreasing function of . The number ps < 1 be a positive root
of the equation ((r) = cos 1. For 0 < 7 < us, we have ((r) > cos 1. That is r»(r) < ax(#) — cos 1. Therefore, the
disc given in (3.2) is contained inside the region Q, using the inclusion condition in (2.16).

For the function G defined in (3.4), at z = —us in (3.5), we have

zG'(z) _ 1+ 2n(—ps)" — (—us)*"
G(2) 1= (—ps)>

which proves the sharpness of the radius us (See Fig.10(a)). O

=cos1=q@,(-1),

The class ST ¢ = ST (¢¢ ) where ¢ (z) =z + V1 +22.
Theorem 3.6. The ST ¢ radius of the class ‘W, is given by

1/n

2-1V2

He = ’
n+ n?+ (2 - V2)2
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Figure 10: Sharpness of ST, and 87 ¢ radius for the class W,

where g is the root of the equation:
(2 = V2)r62n — 2nr" — (2 — V2) = 0.

Proof. Consider the function ((r) which is a decreasing function of . The number ps < 1 be a positive root

of the equation ((r) = V2-1. For0 < r < Ue, we have ((r) > V2 — 1. That is r(r) < ax(r) — (V2 - 1).

Therefore, the disc given in (3.2) is contained in a lune shaped region using the inclusion condition in (2.17).
For the function G defined in (3.4), at z = —; in (3.5), we have

zG'(z) _ 1+ 2n(—pe)" — (—ue)™"
G(2) 1= (—pe)™

which proves the sharpness of the radius p (See Fig.10(b)). O

= V2-1=¢¢(-1),

The class ST 31 := ST (ps1) where @31.(z) = 1 + (4z/5) + (z*/5).
Theorem 3.7. The ST 31, radius of the class ‘W, is given by
3 1/n
i (_rm + vm) ’
where L7 is the root of the equation:
3r*" +10nr" — 3 = 0.

Proof. Consider the function ((r) which is a decreasing function of ». The number 7 be a positive root of
the equation ((r) = 2/5 in the interval (0,1]. For 0 < r < p7, we have ((r) > 2/5. That is r2(r) < ax(r) — 2/5.
Therefore, the disc given in (3.2) is contained in a three leaf shaped region using the inclusion condition in
(2.19).

For the function G defined in (3.4), at z = —uy in (3.5), we have

2G'(z) _ 1+2n(=u7)" = (u7)" 2
o 1w 5 Y

which proves the sharpness of the radius uy (See Fig.11(a)). O
The class ST par = ST (Ppar), Where @pe(z) = 1+ (2/7?)(log((1 + Vz)/(1 - Vz))?).
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Figure 11: Sharpness of 8731 and ST, radius for the class W),

Theorem 3.8. The ST, radius of the class W, is given by
1/n
U = (—Zn + V4n? + l) ,

where g is the root of the equation:
P+ dm” —1 = 0.

Proof. Consider the function C(r) which is a decreasing function of ». The number ug be a positive root of
the equation ((r) = 1/2 in the interval (0,1]. For 0 < r < pug, we have {(r) > 1/2. That is r2(r) < ax(r) — 1/2.
Therefore, the disc given in (3.2) is contained in the region bounded by parabola using the inclusion
condition in (2.21).

For the function G defined in (3.4), at z = —ug in (3.5), we have

2G'(z) 1+ 2n(—us)" - (—us)™
Glz) 1= (—us)*

which proves the sharpness of the radius pg(See Fig.11(b)). O
The class ST cr := ST (¢car) Where @ear(z) = 1+ z + (22/2).
Theorem 3.9. The ST radius of the class ‘W, is given by
1/
bo = (~2n+ Va2 +1) ",

where g is the root of the equation:

1
=5 = Ppar(-1),

P+ 4m” -1 =0.

Proof. Consider the function ((r) which is a decreasing function of ». The number 9 be a positive root of
the equation ((r) = 1/2 in the interval (0,1]. For 0 < r < pg, we have ((r) > 1/2. That is r2(r) < ax(r) — 1/2.
Therefore, the disc given in (3.2) is contained in the region bounded by cardioid using the inclusion condition
in (2.20).

For the function G defined in (3.4), at z = —uo in (3.5), we have

2G'(z) 1+ 2n(=po)" = (—uo)*"
Gz) 1= (—po)*

which proves the sharpness of the radius ug (See Fig.12(a)). O

1
= E = (Pcyr(_l)/
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Figure 12: Sharpness of STy and ST ¢ radius for the class ‘W,

The class ST ¢ := ST (pc) where pc(z) = 1+ (4/3)z + (2/3)z2.
Theorem 3.10. The ST ¢ radius of the class ‘W, is given by

(—371 + V92 + 4)1/n
tfo=|———H |

where Ly is the root of the equation:
2r" + 6nr" -2 =0.

Proof. Consider the function {(r) which is a decreasing function of r. The number 19 be a positive root of
the equation ((r) = 1/3 in the interval (0, 1]. For 0 < r < p10, we have {(r) > 1/3. That is r,(r) < ax(r) — 1/3.
Therefore, the disc given in (3.2) is contained in the region bounded by cardioid using the inclusion condition
in (2.7).

For the function G defined in (3.4), at z = —p19 in (3.5), we have

zG'(z) _ 1+2n(=po)" = (p0)” 1
Gz) 1= (-p10)*" T3 b1

which proves the sharpness of the radius u19 (See Fig.12(b)). O
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