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Stochastic dynamics and density function of a food chain model with
infinite distributed delay

Sheng Wang?”, Jiarui Meng?

“School of Mathematics and Information Science, Henan Polytechnic University, Jiaozuo, Henan 454003, PR China

Abstract. This paper explores a stochastic three-species food chain model with infinite distributed delay.
By the linear chain technique, the model is transformed into a new higher-dimensional stochastic differential
equation. First, the existence and uniqueness of the global positive solution to the model is proved, as well
as the boundedness of the moments of the solution. Then, sufficient conditions for the global attractivity
of the system are obtained. Next, we derive an explicit analytical expression for the probability density

function of the system around the quasi-positive equilibrium. Finally, we provide some numerical examples
to verify the validity of the results.

1. Introduction

In natural ecosystems, the predator-prey relationship is among the most fundamental interspecific
relationships. Since the pioneering work of Lotka ([25]) and Volterra ([43]), predator-prey systems, the
fundamental building blocks of food webs, have been extensively studied over the past few decades
([5,16, 37, 44, 4648, 52]). The well-known Lotka-Volterra predator-prey system describes a single predator
species and a single prey species. However, several researchers have pointed out that two-species systems
are capable of describing few phenomena in real-world ecosystems ([31, 32]). Certain behaviors critical to
the function of ecological communities only emerge in systems that contain three or more species ([14]).
For instance, research conducted by Price et al. demonstrates that plant-insect models must be grounded in
a three-species framework ([33]). The chain-like structure, formed by a sequence of feeding relationships,
is known as a food chain and widely observed in diverse ecosystems. Mathematical advances have further
revealed that three-species food chain models exhibit far more complex dynamics than two-species systems
do ([14]). Given that the food chains play a vital role in the ecosystem, there have already been numerous
studies on food chain models ([4, 20, 22, 42, 49-51]). Many of the food chain models studied in the literature
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are of Lotka-Volterra type and the classical three-species food-chain model can be expressed as follows:

dN(t) = Ni(t) [b1 — C1uN1(t) — CioNa ()] dt,
dNo(t) = No(t) [=bs + Co1N1(t) — CoNao(t) — Co3N3(t)] dt, 1)
dN3(t) = N3(f) [-bs + C3oNa(t) — Ca3Ns(t)] dt,

where N;(t) (i = 1,2,3) are the population densities of the prey, intermediate predator and top predator at
time ¢, respectively. System (1) has been described in detail in [49], 451 > 0 and a3, > 0 denote the efficiency
of food conversion. All parameters in system (1) are assumed to be positive constants.

The aforementioned system (1) is limited to describing populations under idealized conditions, which
assumes that predator populations can instantaneously convert prey consumption into population growth
([39]). However, in the natural world, “all species should exhibit time delay” ([19]). The neglect of
time delays in ecological models may lead to substantial inaccuracies in predicting system behaviors.
In theoretical analysis, delay differential equations exhibit far more complex dynamics than ordinary
differential equations do, for example, time delays can destabilize an otherwise stable equilibrium and
induce population fluctuations ([1, 2, 7, 9, 40]). May theoretically proved that there is no stable equilibrium
point in the whole system when the time delay is large ([12, 30]). As Kuang ([19]) demonstrated, animals
need time to digest food prior to engaging in further activities or mounting responses. The classical works
by Kuang ([19]), Gopalsamy ([11]), and Macdonald ([27]) highlight the importance and utility of time
delays in realistic ecological models. Therefore, the introduction of time delays into ecological models is
of significant theoretical and practical importance ([8, 17, 34]). Extensive theoretical research indicates that
it is more reasonable to incorporate time delays using continuously distributed delays rather than finite
discrete delays ([45]). Extensive analyses of population models reveal that growth rates depend not only on
current density but also on the lingering effects of past resource consumption and recovery. These effects
diminish over time yet lack a definitive endpoint. Consequently, when depicting the long-term cumulative
interactions between populations and their environment, infinite distributed delays more accurately reflect
the fundamental nature of ecological systems compared to finite distributed delays ([3, 12, 13]). Hence, this
paper will consider system (1) with infinite distributed delay:

dN(t) = Ni(t) [b1 — C1uN1(t) — Ci2Na ()] dt,
t

dN»(t) = Na(t) [—bz +Cy f G(t — @)N1(¢) dp — CooNa(t) — Co3N3(t) [ dt, )

dN3(f) = N3(f) [-b3 + C3,N3(t) — CxsNs(t)] dt,

with N;(0) > 0and N1(¢) > Oforany ¢ € (—o0,0). G(t) is anon-negative normalized delayed-weight function
defined on [0, +o0), namely fooo G (qﬁ) d¢ =1 ([12]). For the infinite distributed delay; it is reasonable to use

the general Gamma distribution as a kernel, that is, G(t) = t”””;#, where a > 0 is a constant ([54]).

On the other hand, it should be noted that the dynamic ‘evolution of biological systems inherently
possesses significant stochastic characteristics ([53, 55, 57]), and the deterministic systems exhibit theoretical
limitations in ecosystem modeling, as the parameters involved in such systems cannot capture the influence
of environmental noises ([24, 36]). Gaussian white noises can serve as a common and effective approach to
characterize environmental disturbances ([6, 23, 29, 56]). Assumed thatr; — 7 +01B1(t), —=1; = —r; +0;B;(t),
where B;(t) are mutually-independent standard Brownian motions defined on a complete probability space
(Q, F,P) with a filtration {F¢}:»0 satisfying the usual conditions, then system (2) with white noise is modified
as

dNi(t) = N1(t) [b1 — C11N1(t) — C12Na ()] dt + 01N (t)dBi(t),
t

dN»(t) = Na(t) [—bz +Co f G(t — @)N1(¢) dp — CoNa(t) — C3N3(t) [ dt + 02Na(t)dBa(t), 3)

—00

dN3(t) = N3(t) [=b3 + C32N3(t) — C33N3(t)] dt + 03N3(t)dBs(t).
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For convenience, this paper introduces the weak kernel function (n = 0) G(t) = ae™ to describe the
historical dependence of species interactions. Hence, system (3) is equal to

dN1(t) = N1(t) [b1 — C11N1(t) — C12N2 ()] dt + 01N1(£)dB1 (1),
t
dNa(t) = Na(t) [—bz +Cn f ae (=0 () dp — CooNo(f) — CosN3(t) | dt + 05N (H)dB (E), (4)

dNs(f) = N (f) [-bs + C52Ns(t) — Cs3Ns(#)] dt + a3N5(t)dBs(#).
Let Zy(t) = f_t . ae"(=9)N 1(¢)d@, by the linear chain technique in [18], system (4) is transformed into

N5 () = Ny () [by = CuNa(f) — CraNa(8)] dt + 01Ny (B)dBy (6),

dNo(t) = Na(t) [=ba + Co1Zo(t) — CooNao(t) — CosN3(t)] dt + 02N (#)dBa(t),
dN3(t) = N3(t) [=b3 + C32N(t) — Ca33N3(t)] dt + 03N5(t)dBs(t),

dZo(t) = a[N1(t) — Zo(H)] dt.

(5)

The remainder of this paper is organized as follows: In Section 2, the existence and uniqueness of the
global positive solution, the moment boundedness of the solution and the asymptotic properties of the
solution to system (5) are studied. In Section 3, sufficient conditions for the global attractiveness of system
(5) are revealed. In Section 4, we deduce the exact expression of the probability density function of the
linearized system corresponding to the stochastic system (5) around the quasi-positive equilibrium. In
Section 5, we provide some numerical examples to verify the validity of the results.

2. Existence and Uniqueness of Global Positive Solution

In order to study the long-time dynamical behavior of system (5), we first investigate the existence and
uniqueness of its global positive solution.

Theorem 2.1. For any initial value X(0) = (N1(0), N2(0), N3(0), ZO(O))T € R?, system (5) has a unique solution
X(t) = (N1 (t), Na(t), N3(t), Zo(t))" € R* for all t > O with probability one.

Proof. Since the coefficients of system (5) are locally Lipschitz continuous, thanks to Mao ([28]), there exists
a unique local solution (N1 (t), Na(t), Na(t), Zo(#))" € R% on ¢ € [0, p,) for any given initial value X(0) € R?,
where p, € [0, +o0] denotes the explosion time. To prove this solution is global, we only need to show that
pe = +00 as.. Let [y > 0 be sufficiently large such that N;(0), Zo(0) all belong to interval [lal, ZO]. For each
integer | > Iy, define the stopping time

7 = inf {t € (0, Pe) : min {N7(t), Na(t), N3(t), Zo(t)} < I"! or max {N1(t), N2(t), N3(t), Zo(t)} = l} .

Apparently, 7; is increasing as [ — +oo. Let 7o, = lim;,, 7/, then 7, < p, a.s.. If we can demonstrate that
Teo = +o0 a.s., then p, = +o0 a.s.. Using proof by contradiction, if P (7 = +00) < 1, then there exist constants
T > 0and ¢ € (0,1) such that P (7t < T) > €. Consequently, there exists an integer I; > [y such that for all
[>1,P(t; <T) > e. Define a C>-function V : R? — R, as follows:

3
V (N1, Nao,N3, Zo) = Y [d; (N; =1 = InN)l + dy (Z3 + Zo =1 - In Z), (1)
i=1

C1C%,Ca

where d; = 1,dy = 4S2, ds = 3L/
21732

2
2C3, 7

dy = % Applying Itd’s formula to V yields

3
dV = LVdt + Z dio; (N; — 1) dBi(t), @)

i=1
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where

LV == Ci1N] = d,C»Nj — d3Cx3Nj — 2dsaZ — C1oN1Np — (d2Ca3 — d3Ca2) NaNs3
+ 2d40¢leo + d2C21N2Z0 + (bl + C11) Ny + (—dzbz + C12 + dzsz - d3C32) N,
+ (—d3b3 + d2C23 + d3C33) N3 - d2C2120 - b1 + d2b2 + d3b3 + d4aN1 - d46¥Z0
aN, 02 dyod  ds03
d4ZO +d4a+2+ > + >

dsC2
< (—C11 + d40()N% + (b1 +Cp + d40()N1 + (_dZCZZ + > 32]N2

2 2Cx | 2

dsC
+ (Crp — doby + d2Cpy — d3Cap) Ny — —2

N§ + (—d3b3 + d3C33 + d2C23) N3

A, a2 03 a3
+ | —dsa + ZO—(d2C21+d4a)Zo—b1+—+d2 by + =|+ds|bs + = |+ dsa
2Cx» 2 2 2

== 5 N+ 1+ Cu + dia) Ny = 52 NG + (Crz = dba + d:Cn = daCad) N
21
C1iC2,C2 ¢
— — BN + (~dsbs + d3Cas + d2Co3) N3 — == Z2 — (d2Con + dat) Zo
6C21C32 4

2 2 2
—b1+ﬂ+d2 Z’Jz-i-2 +d3 b3+% +d40(
2 2 2
< ki,

where k; > 0 is a constant which is independent of X(0). Integrating both sides of Eq. (2) fromOto 7, AT
and then taking expectations yields

E[V(N1(tuAT),N2(1i AT),N3 (11 AT), Zo (11 A T))] <V (N1(0), N2(0), N3(0), Zo(0)) + k1 T.

Let O = {7; < T} for I > |1 and Ig, be the indicator function of ;. Note that for every w € (, Ni (17, w),
N (17, w), N3 (71, w), Zo (11, w) equals either [ or %, then
V (N1(0), N2(0), N3(0), Zo(0)) + k1 T
> E [IQ1 v (Nl (Tl/ (1)), NZ(TZI C()), N3(Tl/ a))/ ZO(TII w))]

2é‘[(l—l—lnl)/\(%—1—ln%)/\d2(l—1—lnl)/\d2(%—1—ln%)
1 1 ) 11 1
/\d3(l—1—lnl)/\d3(7—1—ln7)/\d4(l +l—1—lnl)/\d4(l—2+7—1—ln7)]
> emin{l,dz,dg,d4}min{l—1—lnl,%—1—ln%}.

Taking | — +oco yields V (N1(0), N2(0), N3(0), Zo(0)) + k1T = 400, which is a contradiction. This completes
the proof of Theorem 2.1. 0O

Consider the following stochastic differential equation:
dd(t) = O(t) [r — ad(t)] dt + oD(t)dB(t). 3)

Lemma 2.2. ([18]) For any p > 1, system (3) satisfies

t—+00

r+ 2le2Y
limsup E [@F (1)] < [TZJ .
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Theorem 2.3. Let X(t) be the solution to system (5) with initial value X(0) € R%, then for any p > 1, there exists a
constant K(p) > 0 such that

E[Z)(t)] < K(p), BE[N/(t)] < K(p) (i=1,2,3).

Proof. Thanks to the comparison theorem for stochastic differential equations ([17]) and Lemma 2.2, we
have

b+ 2La2Y
hmsup]E[Np(t)] (%] ,

t—+o00
which implies that there exists a constant K;(p) > 0 such that [E [N’f (t)] < Ki(p) for all t > 0. Compute

dZb(t) = apZl” (O N1 (1) - Zo(D] dt < a[NL(t) - Z5(»)] it
dE|Z(#)
[dto | < a(E[N/(H] - E[Z0)]) < a(Ka(p) - E[Z51)]).

which implies that limsup,_, +M]E[Zg(t)] < Ki(p). Hence, there exists a constant K4(p) > 0 such that
E [Zg(t)] < Ky(p) for all t > 0. By Ito’s formula, we have

plp—1)
0N,

plp-1) ,

L [NZ] = pNb [~by + C21Zo — CoN; — Co3N3] +

NP

< —pboN! + pCaNEZg — pCouNEH + ’

2
< —pb Np P 22 Np+1 P+1 ( ) Z;7+1 _ C Np+1 P(P ) sz
=P T p+1 T2

Pczz +1 P(P 1) p V" +1 2 =y
= —pboNj - 222 2N + (—1) ch sz) z

d[eNy] =ef (N} + £ [N’;]) dt + pazefN’;de(t)

p+1 2 \P
ol ] (2 e
22

where Hj = supy, g, [Ng — pbo N} — %Ng“ + @aﬁNﬂ. Hence,
N p t p YV pr1f 2V p+1
E[e'N2(H)] - N5 (0) sfo e LH, + (’m) c’ (C_zz) E[2"(5)]} ds
t p+1
p p+1 (i)ﬁ
Sj; {H2 + (p n 1) C21 Cn K4(p + 1) ds
p+1

— p prl (2 ’ t
_{Hz-l-(pTl) C21 (C_zz) K4(P+1) (e —1),

which implies

p+1 P
P < p p+1 ( 2 )
hﬁf‘gp E [N (t)] H, + (P " 1) Cy o Ky(p +1).
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Thus, there exists a constant K(p) > 0 such that [E [Ng (t)] < Ky(p) for all t > 0. Compute

(p-1)
.C [Ng] = pNg [—b3 + C32N2 - C33N3] + P pz O%Ng
C (p-1) . 2V
_ p P33 p+1 P p- VN4 p p+1( ) p+1
< —pbaNj - SENG 4 T — 0N + (P - 1) ) v

d[e'Ny] = e (N} + £[N§]) dt + pose'NjdBs(t)

p+1 1%
<e [Hg " (#) ot (Ci%) Ng”]dt + pose'NLdBs(h),

where H3 = SUPp,cR, [Ng7 - pngg - %Ng“ + @agl\]g]. Hence,

p+1
E[e'N(t)] - N”(O)<{H3+(pil) Cg;l(ci%)pKz(p+1)}(et—l),

which implies

p p+1 ) 2\
P P2
limsup E [N (t)] <H; + (P 1) Cs, (Cas) Ka(p +1).

t—+o00

Therefore, there exists a constant K3(p) > 0 such that [E [Ng(t)] <Ks(p) forallt>0. O

Theorem 2.4. Let X(t) be the solution to system (5) with initial value X(0) € RY. Then
Jim t1Zo(t) = 0, limsupt ' InN;(t) <0 as. (i = 1,2,3).
—+00

t—+oo

Proof. Let Q(t) = 21'3:1 d;N;(t) + d4Z§(t). Choose p =1+ , We compute

a
Z(J%VUg\/ag)

3
d(1+QF =LA +QF dt+pA+QF " Y sdNi(HdB(®),

im1
where
LOA+QF =g+ QY [Ny (b1 — C11Ny = C1aNy) + daNa (=by + ConZg — CoaNp — C3N3)
+d3N3 (b3 + C3pNo — C33N3) + 2dsaZy (N1 — Zo)]

+ %ﬁ(ﬁ ~1)(1+ Q) [afwz + 05d5N3 + aBdZNZ]

= 2N2 + 022N2 + 622N2 < (52 v 52 v 62) O2
Compute I; = 07N + 05d5N; + 05d3N3 < (ol VoyV 03) Q° and

I = (1+Q)[Ny (b1 — C11Ny — C12N2) + d2No (=by + Co1Zg — C2Ny — Co3N3)
+d3N3 (=b3 + C3Np — C33N3) + 2dsaZy (N1 — )]

d;C
< (1 + Q) - (C11 — de4) N% + b]Nl — d2C22 > 32 N2 dzszz — d3C33 N% — d3b3N3
2 20y 2
d2c§1 2
_(a — YiC d4Z0
C11 ( ) CuC3, 2 ( ) CuC5,C5
= (1+ — —N;+|b; + = |N N5 +dy| = — b2 |No — ——=5—
( Q)[ 5Q 1 1- 12, 2 > 6CL,C,

IA

2
- 5@ +h(1+Q),

2046

N?Z) + d3 (% - b3)N3]
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where

CnC3 CnC2,C2
h = sup {_Cn (bl + )N1 0 22N2 d2 (% - bz)Nz - MNZ d3 (— - b3)N3}

NN NoJeRe L 2 12C2, 6C2,C2)
Hence,
3
d(1+0Q) < pa+ Q" [ 7 QA+ Q)] di+p(1+ Q! Z 0id;N;(t)dB;(t). (4)
i=1
Compute

3
[ 1+ Q)ﬁ] {gﬁe S+ QF +eviL [+ Q)ﬁ]} dt +e¥'B(1+ Q) Z oidiNi(H)dBi(t)

i=1

< ¥ {%ﬁ (1+QF +p1+QF |-G +h(1 + Q’]}dt

3
+e¥ B+ QP! Y idiNi(t)dBi(t)

i=1

3
< He¥'dt+eF'p(1+ QP Y aidiNi(t)dBi(t),

i=1

where H = sup, g, {%ﬁ 1+QFf +B(1+Q)f2 [—%Qz +h(1+ Q)]} < +00. Hence,

e¥E[(1+QF] - (1+Q0) < f He'¥sds = ilg( —1).
Therefore,

limsup [E [(1 + Q)ﬁ] < — 8H

t—+c0 ﬁ

which together with the continuity of [E [(1 +Q)f ] tells us that there exist an Hy > 0 such that

E[(1+ Q)] < Ho forall t > 0.

Choose 6 > 0 satisfying ﬁ( + Ihl) o+ \/_ﬁ o \Y a Vo5 24/5 = —. Thanks to (4), fork=1,2,3, ...,

]E[ sup (1+ Q(t))ﬁ

kd<t<(k+1)5

5(1 Q) 2[ X 02e)+h(1+ Q(s))] ds

|

<E[1+Qk)f]+ ]E[ sup

ko<t<(k+1)6

|

t 3
BA+QE) ™Y aidiNi(s)dBi(s)

i=1

+E| sup

ko<t<(k+1)6
<Hy+I} + 1,
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|

where

t
B(1+ QW) |-G + (1 + Q)] ds

= ]E[ sup
ko<t<(k+1)0

t
2 h Fd
=F [kb;;lgm L@ P (4 *l |) (1+Q(s)) ds

<p(3 +|h|)élE[ sup (1+Q(t))ﬁ},

ko<t<(k+1)5

and thanks to the Burkholder-Davis-Gundy inequality ([28]),

L=E| sup

ko<t<(k+1)5

3
/3 1+ Q)" Z 0:d:Ni(s)dB;(s)
i=1

1

1
2

[ ~(k+1)6 3
< V32E f B 1+ Q)P Y 0?d2NA(s)ds
k

Y i=1

(k+1)5 3
< V32E f B2 (1+ Q¥ 2 (03 v 3 v ad) (1 + Q) ds]
[ Jko
i (k+1)5 3
< V32E | (o} v 03V 03) f sup  (1+Q(s)* ds]
| ks ko<s<(k+1)5

= V32E ,82 (O’% \% og \Y ag) o sup (1+ Q(t))zﬁ]

ko<t<(k+1)5

< V328 G%VG%VG%‘/S]E[ sup (1+Q(t))5}.

ko<t<(k+1)5

Therefore,

E
kd<t<(k+1)5

1
=Ho+=E| sup (1+Q®)|,
2 ko<t<(k+1)6

which implies

1E| sup (1+Q(t))ﬂ] < 2H,.

ko<t<(k+1)5

Thanks to Chebyshev’s inequality, for any y € (0,1) and k = 1,2,3, - - -, it follows

2Hy

]P{ sup  (1+Q()) > (ké)lw} (ké)“y

ko<t<(k+1)5

and

- | 2Hyw 1
Z]P{ sup 1+Q(t))ﬁ2(k6)1ﬂ}s61—+ng1+)/<+00,

= kost<(k+1)s

sup (1+Q(t))/3]§H0+[ﬁ(%+|hl)6+ V328 a%\/o%Vag\/g]]E[‘

2048
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Thanks to Borel-Cantelli’s lemma, we have
P(limsup| sup (1+ Q@) = (ko)™ || =o0.
ko+oo  \ko<t=<(k+1)5

Thus, there exists an integer-valued random variable ko(w) such that for almost all w € Q,

sup  (1+Q)F < (ko)™
ko<t<(k+1)6

holds whenever k > kj (w). Hence, for almost all w € Q, if k > kg and k6 < t < (k + 1)0, it is true that

In(1+Q®)Y (1+y)Inks) , In(1+ Q)
it S o) LT HmsupT

<T+y.

Letting y — 0% yields

pma+gmf<

1
lim su 1, limsup n Q) < 1 <1.
t—+o00 Int t— 400 Int ﬁ
Hence, we deduce

limsupt ' InN;(t) <0 (i=1,2,3),

t—+o0
and there exists a constant T > 1 such that for any t > T,

g+1

?lnt,

InQ(#) <

which implies
lim +1Q(t) =0, lim t'Z3(t) =0, lim +'Zy(t) = 0.
t—+00 t—+00 t—+0c0

O

3. Global Attractivity

Definition 3.1. ([18]) Let i(t) = (Nl(t), ﬁz(t), ﬁ3(t),20(t)) be a positive solution of system (5) and X(t) be the
solution of system (5) with initial value X(0) € R%. If

Jlim [Zo(t) = Zo(9)] =0, lim [Ni(t) ~Ni()| =0, (i=1,2,3),
—+00 —+00

then X(t) is globally attractive.

Lemma 3.2. Let f(t) be a nonnegative function defined on [0, c0) such that f(t) is integrable on [0, 00) and is
uniformly continuous on [0, o). Then limy_, 4o f(t) = 0.

Lemma 3.3. ([18]) Let X(-) be a stochastic process with continuous sample paths a.s., such that
E[IX(t) - X(s)I°] < Clt —s]™**

for constants @, 0 > 0, C > 0 and for all 0 < t,s. Then for each 0 < C < %, T > 0, and almost every w, there exists a
constant K = K(w, C, T) such that

IX(t,w) — X(s,w)| < K|t —s|° forall 0<t,s<T.

Hence the sample path t — X(t, w) is uniformly Holder continuous with exponent C on [0, T].
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Theorem 3.4. Let X(t) be the solution to system (5) with initial value X(0) € RY. Then almost every sample path of
X(t) is uniformly continuous on t > 0.

Proof. Letp > 2and t — s € [0,1]. Thanks to system (5), we compute

E[INi(H) = Ni(s)F] < 271 (Ju + J12),

where
t 14
Ju=E f N (6) [b1 — CiiNA(6) — C1oNa(6)] d6
<3 1[b”1<1(p)+(c11 + CT) Ki2p )+( ] ) K2(2p)] t—sf,
t
J12 =1E[f 01N ( ] [p(p )] " Ki(p) It—s|2,

where Theorem 7.1 in [28] has been used. Therefore, E[|N1(t) — N1(s)P] < L |t — slg, where

Dk
=6/t [b’iKl(P) + (Cll + %)P Ki(2p) + (%)p KZ(ZP)] +207 [%] G?Kl(p)'

2
Similarly, we can derive
E[INa(t) = Na(6)F'] < Lalt =l , E[INs() = Na)F] < Lalt =l , E[1Zo(t) = Zo()F] < Lalt = sl*,

where

PN
L,=8" [1;§1<2(p)+(c7 +Cop + %) K>(2p )+( > ) Ks3(2 )+(C2 ) Ky(2p )] + 201 [@] o Ka(p),
PN
Ls= 6" 1[b”1<( )+(7 +c33) K3(2p)+( - ) K»(2p )] e [’%] 'Ky (p),
Ly = 277 P [Ki(p) + Ka(p)] -
Define C =47 Y4 L; >0, 9 = Z&% > 0. Then,

P
2

E [IX(H) - X(s)P'] = ZIN (5) = Nis)P* + 1Zo(H) = Zo (o)

[¢8)

L
2

Z INi() = Ni(s)F + |Zo(t) = Zo(H)F

4
”TZL It—s|? =CJt —s|'*2.
Therefore, almost every sample path X(t) is uniformly continuous on ¢ > 0 according to Lemma 3.3. [

Theorem 3.5. Assume that C11Cy»nCsz — C11C23C3p — C12C21C33 > 0. Then i(t) is globally attractive.



S. Wang, J. Meng / Filomat 40:6 (2026), 2041-2066 2051

Proof. From system (5), we derive
& (200~ Zof0) = a[(Na() ~ Na(6) = (2ot - Zo0)],
Zo(t) = Zo(t) = [Zo(0) - Zo(0)] €™ + a f e~ (N1 (s) - Ni(s)) ds

0
Therefore,

—_— —_— t —_—
|Zo(t) = Zo(h)| < |Z0(0) = Zo(0)| e ™ + fo e Ny (s) - Ni(s)| ds. (1)

Integrating both sides of (1) from 0 to ¢ leads to
t ¢ t 0
f |Z0(6) = Zo(0)| O < | Zo(0) — Zo(0) f e *%d6 + f de f e Ny (s) — Na(s)| ds
0 0 0 0

_ oot t t —
; +a f ds f e 079 Ny (s) — Ny (s)| 4O
0 s
~ 1—ea g — g
= |Z0(0) - Zo(0)| — +a f e [N1(s) = N1(s)| f e *%d6ds
0 s

= |20(0) - Zo(0)] -

—_ 1-— —at t . s
= |Z0(0) = Zo(0)| ; +fO|N1(s)—N1(s)1(1—e (-9 ds

Zo(0) = Zo(0 d _
5|0()a—0()|+£(Nl(s)—N1(s)|ds

= M + ft IN1(6) - N1(6)| d6.
0

a
Define V = ):3 1 Hi |1nN t) - , where
H, = C33 (C11Cx0 + C12Co1) H, = 2C12CCa3 + C11C23C3
C11 (C11C22Cs3 — C11Co3Ca2 — C12C21C33)” Ca1 (C11C22Cs3 — C11C23Ca2 — C12C21Cs3)”
H, = C23 (C11Cx0 + C12Co1)

C1 (C11C2Cs3 — C11C23C3 — C12C21Cs3)

By It6’s formula, we have
L[V(®)] < Hi [-Cut [Nu(®) = Nu(B)] + Cia [Na(t) = N (@)
+ Hy [Can [ Zo(t) = Zo(B)] = Caz [Na(t) = Na(t)] + Cas [N3() = Na(t)]] 3)
+ H [Caa [Na(t) = Na(8)] = Cas [N5 () = Na(t)]]
Integrating both sides of (3) from 0 to t and together with (2) yields
V() - V(O) < H 2 [70(0) - Zo(O)] - [CuiHhy - ConF] f [Nw(©6) - N (0)] do
—_— t —_—
~ [~CpzHy + CpaHy — CH] f IN2(6) — Na(6)] dO — [~CasH + CisH] f IN5(8) - Nix(8)] do
0
= Hzﬁ |Z0(0) - Zo(0)| - f IN1(6) - N1(6)| do

_Cu f [N:(0) - Ra0)] a0 - 2 f IN5(6) - N(6)] d,
0
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which implies that [N;(f) - Ni()| € L'[0, +0) (i = 1,2,3).

Making use of (2) yields ‘Zo(t) - Zo(t)| € L'[0, +0). Consequently, we have
Jlim |Zo(t) = Zo(t)] = 0, Jlim INi(H) - Ni(®)| = 0 (i = 1,2,3).
|

4. Probability Density Function

For convenience, define

o2 o2
C C bh—-% Cn Cu b —F
Q = ‘_él C12 ’ Ql = 202 ’ QZ ’
21 22 - (bz + 32) Cop

Cu Cn O
—Cxn Cn Cxn
0 -Gz Cs

T=

2
Cy by — 2 0

JZ

Cnu Cn by — 5

Uz [}

T,=|"Ca - (bz +3) G|, T3=[-Ca Cn - (bz + 3
0 - (b3 + Gé C33 0 —C32 — (b3 + Ué

Based on the fourth equation of system (5), we obtain

; ¢
ZOT(t) - ZOT(O) = oz(t1 j(; Ni(s)ds — tlj; ZO(S)dS)'

1)
Combining (1) with Theorem 2.4 yields

t t
Jim (rl fo Ni(s)ds — 7! fo Zo(s)ds):O. )

Theorem 4.1. Assume that CyCs3 (C11Co + C12Ca1) > C12C21Co3Csy, then system (5) possesses the following
properties:
() If T3 > 0, then

f .
lim f Nis)ds = 2 as. (i=1,2,3).
t—+o00 0 T

(II) Isz >0>T; then

| = Q t1_1)1310N3(t) =0 as. (i=1,2).

(if0) If by — 2 > 0 > Qu, Hhen

f _—
lim ! f Nis)ds = —2  lim Ni(t) = 0 as. (i = 2,3).
t—+00 0 Cll t—+c0

(iv) IFO > by — 2, then limy_, oo Ni(t) = 0 5. (i = 1,2,3).
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Proof. Let Uy(t) = InZo(t), Ui(t) = InNi(t) (i = 1,2,3). By Itd’s formula, we have

i 2
du; = [b1 - ElJ - Cpet - Clzeuz} dt + 01dB1(t),

- 52
du, = - (b2 + Ez) - C226u2 - C23eu3 + C21€u4] dt + 0.dBs(t),

- 52
dus = |- (ba + ?3] + Cpe' — C338u3] dt + o3dBs(t),

du, = &[e”ﬁw - 1] dt.

Based on system (3), Eq.(2) and the strong law of large numbers for local martingales ([21]), we have

—Cxn Cn Cxp

InNy(t) |= —(b2+gz) -
0 -Gz Gz

In Ns(t) (b +U§)
—(bs+ 2

where lim;_, ;o i:) = 0. The subsequent part of the proof is similar to [45], and here is omitted. [

fot Ny(s)ds [+ o(t)
Jy Na(s)ds

In N () ] (b - 7)

Jy Ni(s)ds 1
H
1

{ Cu Cpo O

3 Zy l,eui,eUE,eui). Next, we will deduce
the exact expression of the probability density function of the linearized system corresponding to system
(5) around E*. Let S;(t) = U;(t) — U: (i = 1,2,3,4), then the linearized equation of system (5) around E" is

Now, define a quasi-positive equilibrium E* = (NI,N;,N* Z*) = (eu*

dSi(H) = [-CuN;Si(t) - CiaN3Sa(t)] dt + 01dBi (1),

dSa() = [~CaaN3Sa(t) = CasN;Sa(t) + CouN; Sa(t) | dt + 02dBa(t),
dSa() = [CN;Sa(t) — CxaN3S3(8)] dt + 9adBa(t),

dS(f) = a[S1(f) — Sa(p)] dt.

For a square matrix A, denote A > 0be a positive definite matrix; denote A > 0 be a positive semi-definite
matrix.

Definition 4.2. ([26]) The characteristic polynomial of a square matrix Ay, is defined as pa (A) = A" + a A" +
<o+ ay1A + ay, then A is called a Hurwitz matrix if and only if A has all negative real-part eigenvalues, that is to
say,

a; az as - 421
1 a ay - ayo
0 @ a3 - axs
Dk= 0 1 ay -+ (kg >O, k=1,2,...,1’l
0o 0 0 - g

with the complementary definition a; = 0 if i > n.

Lemma 4.3. ([38]) For the four-dimensional real algebraic equation @5 + BQ + QBT = 0, with ©, = diag(1,0,0,0)
and Q) is a real symmetric matrix.
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(@) If

e

1 2 —F3 4

K K
B = 1 0|
0 0

_ o O

-p
1
0
0

with p1 > 0, p3 > 0, pgy > 0 and p1p2ps — p3 — pipa > 0, then

P2P3—P1P4 0 _ P3 0
2(p1p2p3—pi—p2pa) 2(p1p2p3—pi—p2pa)
0 + 0 —%
_ 2(p1p2p3—p3=pips) 2(p1p2p3=p3—p1P4)
Q = p3 O 3 p1 0 3 > 0

T 2p1paps—pE-p2ps) 2(p1p2p3—p3—pipa) ~
0 N — 0 —pemps
2(p1p2p3=p3=P1P4) 2p4(p1p2p3—p3—P1P4)

(i) If
—P1 —P2 —P3 P4
B= 1 0 0 0
10 1 0 0
0 0 0 ps

with p1 >0, p3 > 0, p1p2 — p3 > 0, then

P2 -1
2(p1p2—p3) ? 2(p1pa—p3) 0
Q= 01 2(p1p2—p3) ,91 0 > 0.
" 2(p1p2—p3) 0 2p3(p1p2—p3) 0
0 0 0

Theorem 4.4. For any initial value X(0) € R, if C11C > C12Ca1, 2C22Ca3 > Cp3Csp and T3 > 0, then the solution
of system (5) obeys a normal probability density function around E*, which satisfies

) AT
Ny y Nyt Ny Zo\e_1f1. Ny ;. Ny N3 _ Z
—%(ln o /An 72 In 2 In N—Q)Z 1(ln o An 32 In 32 In 1\79)
1 b 3 1 1 2 3 1/,

@ (N1, Na, N3, Zo) = (2) 2 [£]72 (N1N2N3Zo) L e

where the covariance matrix ¥ is as follows:
(1) IanNi * C33N;, a F C33N*, then

2 -1 -7, 2 -1 117
L = 07 (Miliol11)™ Zot [(M1112111) ] + 05, (M Ioaloslonln) ™ oot [(M21124123122121) ]
2 -1 177,
+ 05 (Mzl31)™ Zos [(M3131) ] ;
(2) IfCHN; * C33N§, a = C3Nz, then
2 -1 R L -1 117
L = 07 (Mil12l11)™ Zou [(lelzfn) ] + 05, (Ma2I24l23152151) " o2z [(M22124123122121) ]
2 -1 1T
+ 05 (Mzl31)" Zos [(M3131) ] ;
3) IanNi = C33N§, then
2 -1 1T 2 -1 177
L = 07 (Mil12I11)™ Zot [(Mﬂlzhl) ] + 055 (M3 IosIo3ln0151)" Lo2s [(M23I25123122121) ]

~ AT
+ 03 (Msls1) ™" Zos [(M3131) 1] p
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where the above matrixes will be defined in the following proof process and

01 = 010(C21C32NIN;, 071 = 02aCqp (0( - C33N§) N;, O = 02C12N; (CllNyll - C33N§),
023 = 520C1uN;, 05 = 03aC12CsNNS, 711 = & + CiN' + CoNj + CasNG,
12 = aCiN: + aCpNj + aCssN; + (C2Cas + CosCan) NiN; + CiiCasNe NG + CiiCoN'NG,
r13 = (@C12Co1 + aCq1Cp2) N1N; + (aCCa3 + aCp3C3) N3N + aCp1C33 NI NG
+ (C11C22C33 + C11C3C32) N1N; N,
r14 = (@C12C1Ca3 + aC11C0Ca3 + aC11Cx3Cs2) NJN3N3, 721 = C11Nj + CoNj + C33Nj,
22 = C11CnN]N; + C11C33NIN3 + (C2Csz + Co3C32) N3 N3,
123 = (C11C2Ca3 + C11C3C32) N{N3N + aC12C1 NN,
24 = C11C12Co (NI)Z Nj; = C12CnCs3NIN, N3, 131 = a + CoNj + C33Nj,
r3p = aCpN; + aCx;Nj + (CCsz + C3C3) N3N,
r33 = aC12Co1N N, + (aCCs3 + aCp3C32) N3N,
T34 = [CnNI (CnNi — CuN; - C33N§) + (C22C33 + C23Ca2) NENE] ,

_ 2 2 _ —
1=l — 3 — 1114, L =T12113 — 711714, C=rurn —rs.

Proof. Let S(t) = (S1(t), Sa(t), S3(t), Sa(t)), B(t) = (B1(t), Ba(t), Bs(t), 0)" and

—C11N; —C12N§ 0 0 01 0 0 0

A= 0 _CZZI\? —C23N§ C21NI , H= 0 (0] 0 0 ,
0 C32N2 —C33N3 0 0 0 03 0
a 0 0 -a 0 0 0 O

then system (4) can be expressed as dS(t) = AS(t)dt + HdB(t). Thanks to Gardiner ([10]), system (4) has a
unique probability density function @ (S). Since H is a constant matrix, thanks to Roozen ([35]), ®(S) can be

described as a Gaussian distribution, i.e., (S) = ce 252" with fm ®(S)dS = 1, where Q > 0 is a symmetric
matrix determined by

QH*Q+QA+ATQ=0. (5)
Let Q7! = %, then (5) is equivalent to
H>+ AL +XAT = 0. (6)

Thanks to the finite independent superposition principle ([41]), equation (6) can be equivalently converted
to the sum of the following three sub-equations:

H? + AL + AT =0, 7)

where H? = diag (O%,O, 0, O), H2 = diag (0, 03,0, 0), H; = diag (0, 0,03, 0) and X; (i = 1,2,3) are their corre-

sponding solutions, respectively. Obviously, & = Y3, ¥;. The characteristic polynomial of matrix A is
QDA(A) = A+ 1’11/\3 + 1’12A2 + r13A + r14. Denote

r1 13 0 0
rm rsz 0 1 0
D, = 1 713 D=1 Dy = 2 T4
2701 rmpl” 3T A Kt NV rz O
0 r1 rs

0 1 T2 T4
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Clearly, Dy = r14D3. Compute
Dy = C33C3Ca3N5(N3)* + C2oC3N3(N3)? + C22Co3Ca2(N3)? N + C3,Ca3(N3)* N3 + C11C3, NG (N3)?
+2C11CC3N; NN + C11C2,N; (N3)? + C2,Cas(N;)?N; + C2 Con(N7)N; + Co,a(N3)?
+2CC3aN;N; + Co,a(N3)* + [2C11Ca — C12C1a] NiN; + 2C11C33aN; N + C3 a(N7)?
+ C330(2N§ + szazN; + C110(2NI,
3 2 3 2
Ds = [C};CoCas + C3 ConCasCan | (N3 ) (N3) N3 + [ G5, Copcr + €3 C1aCon Coner| (N7 ) (N3)
3 2 3
+ [C%szcz + C?1C23C32C33] ( *) N, (N*) [2C%1C22C33a] (NI) N;N;
2 3
+[C}1Ca20? + G} CaCond?| (N ) N; + G, Cha (N ) (N3)" + 3, Can® (N7) N
2 2 3
+ [ C5,Cs + € CoCaaCe | (N}) (N;) N; + [ Cha + CiiCiaCan Coy| (N7) (N3)
2 2 2
+ 2C%1C§2C§3 +2C%1C22C23C32C33]( ) (N;) (Ng)

22 Gy — C,Cha? + CriCiaCnCad?| (N;) (N3)]

+

[
[
[
+ [(4C2, 2o — C11CraCaiCraCasar) + (C4 ConCsCanat — C1aCraCar CosCaal)| (N} ) (N3) N
[
+ €210, + € CanCan | (M) N3 (N3)
+ [4C3 CnCyr = C11 C1aCon Coyr + €3 CosConCaser| (N ) N; (Ng)2
+ [4C3, ConCasa? = C11 CiaCon Cazer?] (N;) N;N; + [ €} Coar® + C11 CipCond®)| (Ni)2 N,
+ O, Cha (N7) (N5) +2C2 e (N7) (N5) + €2, Cxsa® (N3) NG
+[CuCLC + CiuCnClhCl + 201 CrCaCa N (N;) (N3)
+[2C1CL,Canar + 201Gy ConCanat + CaCoi CnConCana| N (N3) N
+[CuCha? + CaCnCha?|N; (N3) + [CiiCha® + CiaCarCooa®| N} (N3)
+ [CuCLCE, + CuChCCa + 201 CaCaCanCl | Ny (N3) ()]
+ [4C1CLCha — CLaCaiCCla + 4CH CraCanCanCasat + CiaCnCasCanCsat| N (N3) (N3)’
+ [(4C11CECa0? = CraCan CnC3a?) + (CraCaaCosCoa® = C1aCot CosCan? )| N; (N3) N
+ [2€1CnChar = C1aCn Coyar + 2C11 CosCanChyat| NG N (N;)3
+ [4C1CRCha — CLaCaCaa? + CriCoCanCasal| NiN; (N3)
+2C1CnCaa® NIN}N; + CriCha?N; (N3) + CriCla®N; (N3)
+[CLCha + CoClCha +2C5CaCanCaa (V) (N3) + [ Casa® + C3CaCaa?| (N3) N
+[CCha + CoCyCaar + 2CCaCanCha] (V) (N;)
+ [2C2,C2a? +2CnCnCanCand?| (N3) (N3) + [CoCraa® + CaCasCaaa®| (N3) N
+ [C22Ch0® + ConCan | N3 (N ) [C22C30® + Ca3CanCaa®| N3 (N )

By means of the Routh-Hurwitz criterion in [26], if C11Cy» > Ci2Cs1, then the matrix A has all negative
real-part eigenvalues. Now, we will prove Theorem 4.4 based on three steps. Denote G = diag(1, 0,0, 0).
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Step 1. Consider the algebraic equation:
H: + AL + Z;AT = 0.

Let Ay = IllAI_l where

117

1 0 0 O
o_|00 01
=t 0o 1 of

01 0 0

then we have

_CllNI 0 0 —ClzN;
A = a - 0 0
N 0 —CuN; CxN;

0  CauN] —CuN; —CuNj

Let A1y = [15A11 17}, where

127

10 0 0
=0 0 0
2= 0 0 1|

0010

then we have

—CuN; 0 —CuN; 0

Ay = a - 0 0
2710 CuN; -CuN; —CuN;|
0 0  CaN; -CsuN;

Let Az = M1A12M1_1, where

aCy C32N;N; mq My ms )
M, = 0 C21C32N;N; —C32N§ (szN; + C33N;) —C23C32N;N§ + (C33N;) ,
0 0 C32N; —C33N§
0 0 0 1

where

2
my = —aCy1C3NIN; — C1CC3Nj (Nz) — C21C32C33NN; N3,

My = C2,Can (N3) + CaaCanCas (N3)” N = CosC2, (N3) N3 + Ca 2N (N3)

M3 = ConCasCaz (N3) N + 2C25CaaCaaN (N3) = (CaN3)’

Then, we have

—Tr1 T2 13 T4
1 0 0 0
0 1 0 0
0 0 1 0

A =

Hence, equation (8) is equivalently transformed into

(MilioIn) H? (Miliolin) " + Ars (MiliaIi) £ (MiTphn) " + (Milioli) £ (Milpli) T AT, = o.

2

7

2057
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Consequently,
G+ Ap3Xp + 201A¥3 =0,

where Y| = é (M1112111) X1 (M1112111)T taking the form
1

<+ _ms
2n 0 2n 0
0 3 0 _m
2 2
Z()l = _hs 6] m 0 1 > 0
2n 2n c
_m
0 2n 0 2r1an

T
Hence, £y = 6% (Mili2In) ™' Lot [(M1112111)_1] > 0.
Step 2. Consider the algebraic equation:

Hj + AL, + T,AT = 0.
Let Ay = I AL, where

217
01 00
I = 1 0 0O
2710 0 1 of
0 0 0 1
then we have
—C2N; 0 —CxN;  CuNj
—C;pN: —C1N: 0 0
Ay = 2 1 .
Cx2N; 0 —Csx3Nj 0
0 a 0 -
Let Ay = 122A2112_21, where
1 0 0O
Iy = 0 010
27101 0 of
0 0 0 1

then we have

~CpN; —CuN; 0 CulN;

CsN;  —Cs3N: 0 0
Ap = 2, 3 .
_C12N2 0 —C11Nl 0
0 0 a -
Let Ay; = 123142212_31, where
1 0 00
L = 0O 1 0 0
Bol0o& 1 oof
0 0 01

then we have
—C»N; —CxNj 0 CauN;

S = C2N;  —CxNj 0 0
2= 0 I -CuNj 0
0 _aCp

T o -

2058
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Clz(CllNI—C33N§)

where [; = o . The following analysis will be divided into two parts depending on the value of
L.
Case 1.1y # 0. Let Ay = InyAnsl;), where
10 0 0
0 1 0 0
i=lo o 1 of
00 4 1

C11N’i —C33N§

then we have

D(C21N;

~CuN; ~CoN; —gew CaN;
| CaNy N 0 0
= 0 ll —CnNI 0
0((0(—C33N*)
0 0 omow @
Subcase 1. a # C33Nj. Let Aps = My AxuM;|, where
. . 3
CYC12N2 (CK - C33N3) My ms o
T o), 2
2= a(a-CxN3) ’
0 0 CiN—CmN, @
0 0 0 1
where
2
aCrp [0(2 - ng (N;) + CllNI (CY - C33N§):|
ny = — C32 ’
% 2 2 * 2 %
a(a = CxNj) [a +C2 (N;) + aCan] (= CaaN3) (@ + CuN;)
ms = , M =— - - ,
° C11N; — Cx3N;, ° CiiN; — CxN;

and we have

—Tr1 —Trz2 13 T
1 0 0 0
0 1 0 0
0 0 1 0

Ags =

Then equation (9) is equivalently transformed into

(Ma1Loalsoolon) H3 (Mo ToalsIoalon) ' + Aos (Mo baloslooIot) Zor (Mot LalosIooIot)
+ (Ma1oals oo Iot) Zo1 (Mo oalsoaIon) T Al = 0,

ie.,

G+ Ao + LonAjs = 0,

where X1 = 6%1 (M1 Ialoalnlon) o1 (M1 LalpsInnIn)' = Zo1 > 0. Therefore,

_ 4T
o1 = 03, (Mo LalosInnlo1) ™ T [(M21124123122121) 1] > 0.
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Subcase 2. & = C33Nj. Denote

aC21N§

—C22N; —C23N§ T TnN Gl C21N;
By = | CuNy  —Cxls 0 0
0 I —CuN: 0
0 0 0 -
Let Bys = M22B24M£21, where
Ci2 (CnN”)Z—(Cfo)Z 2
C1oN; (CuNj - CsN3) - | —_— ] (Cun;)” 0
My = 0 CoENeN) g e g,
0 0 1 0
0 0 0 1

and we have
—ra1 —Tpn T3 T4
1 0 0 0

Bs=1g 1 0 o
0 0 0 -a

Then equation (9) is equivalently transformed into

(Maloalsloolot) H3 (Moo ToalsIoalon) " + Bos (Moo loalosloolot) Zoo (Moo lalosIooIot)
+ (MaloalslooInt) Zop (ManIoals oo Int) " Bl = 0,

ie.,

G+ BysZo» + LooBjs = 0,

where 2022 = 6%2 (M22124123122121) 222 (M22124123122121 )T taking the form

722 _ 1
2(ra1r2—123) (1) 2(ra1r2—123) 0
Yoo = | 2(ra1r20—723) . 8 > 0.
T 2rarn—t2) 2193(r21722—123)
0 0

_ T
Hence, Ly = 02, (Manhalslnl1) ™ Lo [(M22124123122121) 1] z 0.
Case 2.1 = 0, which is tantamount to C;;N] = C33N;. Denote

—szN; —C23N§ 0 C21NI

o] CaNy -CaN; 0 0
=l 0 0 -CuN; 0
aCyp
0 o a -
Let Cyy = 125C2312_51, where
1 0 0 O
o100
»710 0 0 1)
0 010
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then we have

~CuNj —CuN; CuN, 0
| CaNy —CuNy 0 0
Cos = 0 —“C% —a a
0 0 0  —CnN;

Let Cy5 = M23C24M£31, where

—aCuN; % ozz —0(2 - aCnNI
My = 0 _aC_slzz —a @ ,
0 0 1 0
0 0 0 1
and we have
—r31 —Tap —TI33 T34
1 0 0 0
Cs=| o 1 0 0

0 0 0 -CuN
Then equation (9) is equivalently transformed into
(MasIoshsloalon) H2 (MaslosIsIoalon) " + Cos (MasloalosInalot) Eos3 (Masloslosloa o)
+ (MasloslsloaIot) Zog (Masloslsloolot) " Cas = 0,
ie.,
G+ CosZos + Z23Chs = 0,

where Y3 = 9%3 (Ma3DosInsInn 1) Tz (MazlosIosInn )" taking the form

32
2(ra1132—133) (1)
2(ra1r32—133)

0 31

2r33(r317r32—133)
0

1
2(ra1r32—133)

Yooz = 1
2(r31132—133)

o O O O

_ T
Hence, T3 = 02, (Maslslslnnlo) ™ oo [(M23125123122121) 1] = 0.
Step 3. Consider the algebraic equation:

H3 + AZ; + AT = 0.

Let A3y = I A7, where

317
0010
L= 0100
1711 0 0 of
00 01
then we have
—CxN;  CaN; 0 0
Any = —C23N; —szN; 0 C21N;
T 0 —CpN; -CuN; 0 |

0 0 a -
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Let A3 = M3A31M§1, where

2
(XC12C23N§N; my o (CllNi) + CY2C11N; + a3 —CYC12C21NIN; -
2

M; = 0 —aClzNE —(XCHNI - a? [24 ,
0 0 a -
0 0 0 1

2
where m; = azCuN; + aC11CuNIN; + aC12Cxp (N;) and we obtain

—Tr1 —Tr2 —r3 T4
1 0 0 0
0 1 0 0
0 0 1 0

Az =

Then equation (10) is equivalently transformed into

(Msla1) H2 (MsIs1)" + Azp (MsI51) Z3 (Ms31)" + (Ms131) Z3 (Msla1)" A3, = 0,
ie.,

G+ ApXe + LsAL =0,

_ _117T
where Yoz = 6% (M3I31) 23 (M3I31)T =20 > 0. Therefore, X3 = 9% (M3I31) ! 203 [(M3I31) 1] > 0.

To sum up, X = Z?zl Y; > 0. Based on the relationship of system (5) and system (4), the desired
conclusion is proved. [

Remark 4.5. In the proof of Theorem 4.4, we need to verify the following conditions in order to use Lemma 4.3:
= 2 2 = _ [ -
81 =ity — 13 — 13714 > 0, By = ro1rop — 123 >0, B3 = 131732 — 133 > 0.

Direct calculation implies that E1 = D3. Hence, 21 > 0 holds if C11Cy > C12Ca1. Compute

—_ * * 2 2 * * 2 * 2 £3 2 * 2 s+
Sy = C23C32C33N2 (N3) + C22C33N2 (N3) + C22C23C32 (N2) N3 + C22C33 (NZ) N3
2 2 2 2

+ CnCEN; (N3) + C3Caa (N) N3 + CiiChN; (N3) + C31Cas (N7) N

+ [2C11C22C33NIN;N; - aCuCleIN;] ,
— * * 2 2 * * 2 * 2 * 2 % 2 %
23 = C23C32C33N2 (N3) + C22C33N2 (NS) + C»Cy3Cs (Nz) N3 + C22C33 (NZ) N3

2 2
+aC% (N3) +aC3, (N;)" + aPCxsNj + a?CoNj + [2aCnCxsN;N; — aCraCaiNjNj .
Since By appears in Subcase 2 with o = Cx3Nj, substituting a = C33Ny into the expression for By verifies that

By > 0 whenever C11Cy > C12Cp1. Similarly, since Es arises in Case 2 under the condition C11N; = C3Nj,
substituting CnN; = C33N; into the expression for Eg verifies that E3 > 0 when C11Cx > C12Ca1.
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5. Examples and Numerical Simulations

Thanks to the classical Milstein’s higher-order method ([15]), the corresponding discretization equation
of system (5) is as follows:

2
o
N = NE+ NE[by = CuN$ — CioNE| At + 01 NEE,  VAE + - N (£2,-1)At,
2
O
N5 = NE + Nk [=by + Cn ZE — CoN§ — CosNE] At + 0aNE& VAL + - N (£2,-1)At,

ey
2
O
N5 = NE + NE[=bs + CaoN5 — CsaNE| At + 03NES5 ) VAL + S N5 (€, -1) A,

78 = Z6 + a[NF - ZE] At,

where the time increment At > 0. &;x (i = 1, 2,3) are three independent Gaussian random variables which
follow the Gaussian distribution N(0,1) fork=1,2,3---.

Let by = 0.8505, b, = 0.2492, by = 0.1478, C1; = 0.1625, C1» = 0.1067, C»; = 0.5217, C» = 0.9219,
Ca3 = 0.4675, C3, = 0.6483, C33 = 0.8608, o = 0.6486, 01 = 0.05, 0 = 0.05, 03 = 0.05. Compute

E' = (Nj,N3,Nj, Z;) = (4.1875,1.5818,1.0181,4.1875),
C11C22 — C12C21 =0.0941 > 0, 2C22C33 — C23C32 =1.2841 > 0, T3 =0.2302 > 0,
CuNI - C33N§ = —0.1959, o — C33N; = —0.2278.

Thanks to Theorem 4.1, all three species in system (5) can coexist in the long term (see the left-hand column
of Fig 1). Thanks to Theorem 4.4, the variance matrix = takes the following form

0.0019 0.0005 0.0002 0.0007
0.0005 0.0019 0.0008 0.0008
0.0002 0.0008 0.0026 0.0006 |’
0.0007 0.0008 0.0006 0.0007

Y =

and the four-dimensional density function ®(N1, N, N3, Zy) is given by

N N; N, Z, _ N N; N, 7y \T
(D(Nll No, N3/ ZO) = ﬂe—%(ln 138510 T3 N Toier AN 138 )Z 1(h" 7197510 T30 7ok n 4,18075) .
N1N2N3Zy

Moreover, it has the corresponding marginal density functions:

Q™) (N) :9-1524 e—263.1579(lnN1—1.4321)ZI N2 (N,) = 9.1524 e—263.1579(lnN2—0.4586)2,
Nl Nz
PN3) (N3) = 7-?\]239 o~192.3077(In N3—o.0179)21
3

which are shown in the right-hand column of Fig 1.
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Figure 1: The left-hand column shows the numbers of prey, intermediate predator and top predator in system (5) and its deterministic
system, respectively. The right-hand column presents the frequency histogram, the frequency histogram fitting curve and the marginal
density function of prey, intermediate predator and top predator in system (5), respectively. The size of the increment At is At = .
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