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Study of Riemannian maps with total manifolds admitting a
Ricci-Bourguignon soliton

Rajendra Prasad?, Abhinav Verma®*, Vindhyachal Singh Yadav?®

“Department of Mathematics and Astronomy, University of Lucknow, 226007-Lucknow, Uttar Pradesh, India

Abstract. In this article, we look at Riemannian maps with total manifolds that accept a Ricci-Bourguignon
soliton and provide an illustration. We have obtained the requirements for any fiber of such a Riemannian
map to be Ricci-Bourguignon soliton, almost Ricci-Bourguignon soliton, and Einstein. We also find that
the range space of such a Riemannian map must be Ricci-Bourguignon soliton and Einstein. Moreover,
we have studied n-Ricci-Bourguignon soliton on a totally geodesic Riemannian map. Furthermore, we
investigate the harmonicity and biharmonicity of a Riemannian map derived from the Ricci-Bourguignon

soliton and determine the necessary and sufficient conditions for such a Riemannian map to be harmonic
and biharmonic.

1. Introduction

In the mid 1980s of the 20 century, R. Hamilton developed the idea of Ricci soliton in relation to the
self-similar solution of Ricci flow [12, 13]. G. Canteno and L. Mazzieri stuided the gradient Einstein solitons
[2,3].

The idea of generalization of Ricci flow as Ricci-Bourguignon flow was introduced by Jean-Pierre Bour-
guignon in 1981 [1]. Special solutions to the Ricci-Bourguignon flows, such as the Schouten flow, the
Einstein flow, the traceless Ricci flow, and the Ricci flow, are known as Ricci-Bourguignon soliton (in short,
RRBS)
Let (8B, gg) be an n-dimensional Riemannian manifold. The Ricci-Bourguignon flow on (8, gg) is defined
by

dgg(t

%() +28 - 2pKg5 = 0, (1)
where, S is the Ricci tensor of the metric, « is the scalar curvature of the Riemannian metric g and p € R.

Let (8, gg) be an n-dimensional Riemannian manifold. The #%.7 that are self-similar solutions to Ricci-
Bourguignon flow and is defined by

1
S+ ELAQB =—(A - px)gs, )
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where, L7 gg represents the Lie derivative of the metric gg w.r.t. a vector field A, and A denotes soliton
constant. Let 1 be a 1-form, then the Riemannian manifold (8, gg) is said to be n-#Z%.7 if there exists a
vector field A, and A € R, such that

1
S+ E-EA!]B =—(A-px)gs —un®nm, 3)

where, u € R. The 1-#%.7 is shrinking, steady, and expanding, if A <0, A = 0,and A > 0, respectively. For
specific values of p, the following results hold:

olf p= %, then n-%9%.% changes to n-Einstein soliton.

olf p= , then n-#Z%. changes to 1- Schouten soliton.

1
2(n—1)
o If, u =0, then n-#%.7 changes to Z%#.7 .

If vector field A is Killing vector field, i.e., Logg = 0, then for n > 3, n-#9%.% becomes trivial soliton. So,
we obtain an 7-Einstein manifold. For further study, see [4-8, 19, 20]

However, in 1992, Fischer expanded the concept of an isometric immersion and Riemannian submersion
by introducing the Riemannian map (in short, Z.# ) between Riemannian manifolds in [10, 14]. The
geometry of Riemannian submersions has been discussed in [9]. For further study, see [15-17, 21, 27]. It
is noteworthy that Z.# has the extraordinary characteristics satisfying the generalized eikonal equation
. Z.]* = Rank .#, which serves as a link between geometric optics and physical optics [10]. Cauchy’s method
of characteristics was used to solve eikonal equation of the geometrical optics. Fischer also suggested a
method for creating a quantum model in [11]. He noted that the success of such a programme would
offer an intriguing connection between Maxwell’s equation, Schddinger’s equation, and their suggested
generalization on the physical side, whereas, Z.#, harmonic maps, and Lagrangian field theory on the
mathematical side.

This article has been organised in the following manner: Section 1 covers introduction, where related
concepts and their brief histories are described. The next section contains the fundamental formulae, that
are essential for the progress of this article. In section 3, the exploration of %.# has been done for which
total manifolds accept an #%.7 as well as n-#%.7 . Further, we study an %Z.# from #%.7 to a Riemannian
manifold and explore the essential requirements for which any fiber of Z.# is an Z%.7, almost-%%.7,
and Einstein manifold. In section 4, we explore the harmonicity and biharmonicity of an Z.# derived
from the Z%.7 and determine the necessary and sufficient conditions for such an %.# to be harmonic and
biharmonic. In the last section, we construct an illustration for %Z.# for which total manifold accepts an
RBS .

2. Preliminaries

Let .7 : (B,98) = (N, gn) be a smooth map between Riemannian manifolds such that 0 < Rank.# <
min{m, n}, where dim(8) = m and dim(N) = n. Then we denote the kernel space of .7, by ¥, = Ker.Z.|,
at p € 8 and consider the orthogonal complementary space .7, = (Ker.Z.|,)* to Ker.%,|, in 7,8. Thus, the
tangent space .7,8 of B at p has the decomposition

T8 = (Ker.Z.l,) ® (Ker Z.lp)*" = ¥, & .

We denote the range of .%, by Range .%, at p € 8 and consider the orthogonal complementary space
(Range #.],)* to Range .%.|, in the tangent space Tz, N of N at .7 (p) € N. Since Rank.# < min{m, n}, we
have (Range.7.)* = {0}. Thus, the tangent space .7z N of N at % (p) € N has the decomposition

TzpmN = (Range Z.|,) @ (Range Z.|,)*.
Now, a smooth map .% : (8™, gg) — (N", gn) is called an Z.# at p € B if the horizontal restriction

Falp : (Ker.Z.|p)* — Range Z.|,
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is a linear isometry between the inner product spaces
(KerZ.1p)", g8(Pliker.))+) and  (Range Z.ly, gn(-F (P))IRange #.,),
where % (p) = p1. In other words, .%, satisfies the equation
gn(FX, FY) = gg(X,Y), 4)

VX, Y € [((Ker.Z.|,)").

It follows that isometric immersions and Riemannian submersions are particular Z.# with Ker.%, = {0}
and (Range .%.)* = {0}.

The O’Neill tensors A and T, defined in [18], are given as

AgF = (V5 VF) + ¥ (Vo HF), (5)
TeF = A (VyeVF) + ¥ (VyeHF), (6)

for all vector fields E, F on 8, where V is the Levi-Civita connection of gg, and ¥, .7 denote the projections to
vertical and horizontal subbundles, respectively. For any E € I'(7 8B), T(E, -) and A(E, -) are skew-symmetric
operators on (I'(.7 8B), gg) reversing the horizontal and the vertical distributions. It is also easy to see
that T is vertical (T(E) = T(¥E)) and A is horizontal (A(E) = A(JZE)). Moreover, the tensor field T satisfies
T(U, W) = T(W, U) for all U, W € I'(Ker.%.). Relations (5) and (6) together give

Vyll = TyW + Vyli, 7)
ViV = AxV + ¥ VyV, (8)
VXY = AxY + %VXY, (9)
vi = Tvx + L%VVX, (10)

for all X, Y € (Ker.Z.)* and V,W € Ker.%., where Vyil = ¥ Vyli.
Also, an Z.# is an #.# with totally umbilical fibers if [23]

TyV = gg(U, V)H, (11)

for all U,V € Ker.#.,, where H is the mean curvature vector field of fibers. Let .%# : (B,g8) — (N, gn) be
a smooth map between Riemannian manifolds (8, gg) and (N, gn). Then the differential .%. of .# can be
viewed as a section of the bundle Hom(.7 8B, .# .7 N) — B, where .Z 1.7 N is the pullback bundle whose
fibers at p € B are (7 'IN), = TzpuN, p € B. The bundle Hom(.78, #"1.7N) has a connection V

B F
induced from the Levi-Civita connection V and the pullback connection V. Then the second fundamental
form of .% is given by

F B
(VZ)EX,Y) = %xﬂlY — Z.(VxY), (12)

forall X, Y € 8. It is known that the second fundamental form is symmetric. In [22], B. Sahin has proved
that

(VZ.)(X, Y) € [(Range.7.)*, (13)

for all X,Y € (Ker.Z,)*.
Also in [26], an Z.# .¥ is an umbilical Z.# ift

(VZ)X,Y) = gg(X, V), (14)

for X,Y € (KerZ,)* and H is a nowhere zero vector field on (Range.%.)*.
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The tension field 7(.%) is defined to be the trace of the second fundamental form of .%, i.e.
©(F) = trace(VL£,) = Z(Vﬂl)(&,&), (15)
i=1

here m = dim(8) and {&1,&;, ..., E,} is the orthonormal base frame on 8.
We denote the Riemannian curvature tensor of (8, gg), Range.#., and any fiber of .# by K, K, and K,
respectively. Then [25], we have

g8(K(U, V)W, F) = gg(K(U, V)W, F) — gg(TyF, TyW) + gg(TyF, TyW),

g8(K(X, Y)Z,H) = gn (K (F.X, Z.X).F.Z, FH) — gv(V.F) (X, Z), (V.Z)(Y,H) + gu(V.2)(Y, Z), (V.Z.)(X, H),

for any U,V,W,F € Ker.Z, and X, Y, Z, H € (Ker.Z.,)*. Now we denote the Ricci tensor and scalar curvature by
S and «, respectively, and define them as

S(X,Y) = trace(Z — K(Z,X)Y),
and
K = traceS(X, Y),
forallX,Ye 8.
The Ricci tensor S on (B, gg) is given by

S(U, W) = S, W) - gs O, ToW) + Y [78((Vx oW, X)) + gs(Ax,U, Ax W), (16)

j=r+1

S(X,Y) = ST (Z.X, ZY) + ) [98((VxT), Us, Y) + gs(Vu MY, U) = gs(Ty X, Ty Y) + gs(AxU;, AvUy)|
i=1

+ N ((VFIEY), 7 EFI) = N g (VEN, V), (VI X)), (17)
j=r+1
SXU) = Y [g5((VuT)s Ui, X) - gs(Vo DU, 0] + Y [75((Vx A)x X, U) + 295(TuX;, Ax X)], (18)

i=1 j=r+1

for all U,W € T(Ker.%,) and X, Y € I((Ker.%.)*), where S(U, W), Sk"9e7 (%X, %.Y) and 1K77)" are the Ricci
tensors of the fibers, Range .%., and the component of the tension field 7, respectively.
The scalar curvature x on (8, gg) is defind as

k=) SU:,U)+ ) SE;,Xy),
i=1 j=r+1
or,
K = ¥ (k) + H(x), (19)

where, {Uy, Uy, ..., U} and {Xri+1, Xrs2, - - -, X} are orthonormal bases of Ker.#, and (Ker.%.,)*, respectively.
On the other hand, the mean curvature vector field H on any fiber of an Z.# is given by

.
N=rH suchthat N= Z Ty Ui, (20)
i=1
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where r denotes the dimension of any fiber of .#. We know that the horizontal vector field N vanishes iff
any fiber of the #Z.# is minimal.
We denote the divergence of the horizontal vector field X on (Ker.Z.)* by §(X), and is given by [9]

m

80 =Y ga(Vx X, X,). (21)

j=r+1

Hence, relations (20) and (21) together give

8y =YY" gu(Vx T, X)). (22)

i=1 j=r+1

where {X;} and {U;} are orthonormal bases of (Ker.%.)* and Ker.Z., respectively.

Proposition 2.1. [23] Let . be an Z.# from a Riemannian manifold (8, gg) to a Riemannian manifold (N, gn).
Then Z is totally geodesic iff:

e (i) AxY =0 forall X,Y € (Ker.Z.)*,
o (ii) The fibers are totally geodesic, i.e., TyV = 0 for all U,V € Ker.Z,,
e (iii) Sy Z.X = 0, for V € (Range.Z.)"* and X € (KerZ,)*.

Definition 2.2. Let us consider a smooth map between Riemannian manifolds, .F : (8,g8) — (N, gn). Then
tension field ©(F) of map F vanishes at every point p € Biff F is harmonic [24], i.e.

©(F) = trace(V.E.) = Z(v,%)(ai, &)=0,

i=1
where, (&}, is local orthonormal base frame at each point p € B and V.7, is the second fundamental form of 7.

Lemma 2.3. [23] Let us consider an Z.# between Riemannian manifolds, .7 : (B,g98) — (N,gn) . Then,
©(F) = —rF.(H) + (m — r)H yields the tension field T of F, which suggests that ©1(F) = —Z.(rH) + (m — r)H..
Using N = rH in this Lemma, we obtain

W(F) = —FZ.(N) + (m—r)H, (23)

where r = dim(Ker.%.), (m — r) = Rank.Z, H, and H are the mean curvature vector fields of the distribution Ker.#.,
and Range.%,, respectively.

In the past ten years, biharmonic maps have been the subject of much research, and numerous authors
have produced categorization results. B. Sahin examined the biharmonicity of Z.# in [25]. We have the
subsequent result on the biharmonicity of #Z.#:

Theorem 2.4. [25] Let F : (B,g98) — (N(c), gn) be an Z.A from a Riemannian manifold to a space form. Then,
F is biharmonic iff

r traceSw .z, F(.) — rtrace Z.(V( )V H) — (m — r)trace Z.(V () F.(Sy F.(.)))
- (m— r)tmceSVﬁiH' F()—recm—r—-1)%.MH) =0, (24)
and
r tracevgl(VQ*)(.,H) + rtrace(V.%.)(., V()H)
+ (m = Ntrace(VZ)(., Fo(Sw Zu() — (m — DANH — (m — r)2cH =0, (25)

where, dim(Ker.%,) = r and dim(Ker.Z,)* = m —r.
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3. Characteristics of Riemannian map with total manifold admitting a Ricci-Bourguignon soliton

In this section, we examine .% : (B,g98) = (N, gn), an Z4 from % %B.7 to Riemannian manifold. We
provide some characterizations for every fiber of such #Z.# and Range .%..

Lemma 3.1. Let & : (B,g98) — (N, gn) be totally geodesic #.# between Riemannian manifolds. Then vertical
and horizontal component of « is given

Y(x) =R
and

H(x) = KRangeL%’

Range Z.

where, ® and « are scalar curvatures of fibers of .%.

Theorem 3.2. Let (B, A, p, A, gg) be an #HB.7 with the potential vector field A and F : (B,g8) — (N, gn) be a
totally geodesic 7.4 between Riemannian manifolds. In this case, if the vector field A is vertical, then any fiber of F
is an #H.7 , and if the vector field A is horizontal, then any fiber of F is an Einstein.

Proof. As (8B,p,A, A, gg) be an Z%B.7, so for any U, W € Ker.#,, using (16) in (2), we obtain
1 .
5 {98(VuA, W) + gg(VaA, U)} + S(U, W) — gs(N, TyW)

+ Z 98((Vx,ThW, X)) + g8(Ax,U, AxW) + (A — ¥ ()p)gs(U, W) = 0. (26)

j=r+1

From the preceding relation, if the vector field A = Cis vertical and .# is a totally geodesic #Z.#, then we
obtain

% {g8(VuC, W) + g5(VaC, U)} + 8(U, W) + (A = Rp)g5(U, W) = 0. (27)

Thus, the relation (27) implies that any fiber of .% is an Z%.7 .
Also, if the vector field A = Z is horizontal and .# is a totally geodesic Z.#, then from the relation (26),
we get

=3 {95V, 2) + g5(2, Vo)) + SOH) + (1 - Rp)ga(0, 1) = 0.
In view of relation (7), the above relation takes the form
—g5(ToW, Z) + S(U, W) + (A — ®p)gg(U, W) = 0.
As the totally geodesic foliation on 8 is defined by fibers of .#, so the above relation gives
S, W) = ~(A - kp)g5(U, W). (28)

Thus, fibers of .%# are Einstein.
This completes the proof. [J

Theorem 3.3. Let (B, A, p, A, u, gg) be an n-% 9.7 with the potential vector field A and .F : (B,g98) — (N, gn)
be a totally geodesic .4 between Riemannian manifolds. In this case, If the vector field A is vertical, then any fiber
of F is an N-# B, and if the vector field A is horizontal, then any fiber of F is an n-Einstein.
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Proof. Assuming (8, p, A, A, u, gg) be an n-#%.7, then for any U, W € Ker.#,, using (16) in (3), we obtain
1 "
+ Z {gB((VX/T)UW/ X]) + gB(AX,'U/ AX/W)} + (A - /V(K)p)gB(U/ W) + HW(U)W(W) = 0 (29)
j=r+1

From the preceding relation, if the vector field A = Cis vertical and .7# is a totally geodesic Z.#, then we
obtain

% {g8(VoC, W) + gu(VaC, U)} + (U, W) + (A - Rp)gs(U, W) + pn(U)n() = 0. (30)

Thus, the relation (30) shows that any fiber of .% is an Z%.7 .
Also, if the vector field A = Z is horizontal and .# is a totally geodesic Z.#, then from the relation (29),
we get

—% {98(Vull, Z) + g8(Z, VyU)} + Sw,w) + (A - £p)gs(U, W) + un(U)n(w) = 0. (31)

In the light of (7), relation (31) gives
~95(ToW, 2) + S(U, W) + (A = Rp)gs(U,W) + pn(U)n(W) = 0.

Because, fibers of .# define totally geodesic foliation on B, therefore from the above equation, we obtain
S, W) = —(A - Rp)gs(U, W) — un(U)n(W). (32)

Thus, fibers of .# are n-Einstein.
This completes the proof. [

Theorem 3.4. Let (B,A, A, p,gg) be an #B.7 with F : (B, g8) — (N, gn) and the vertical potential vector field
A. Let F be an %/ between Riemannian manifolds in such a way that fibers of F are totally umbilical and (Ker.7.)*
defines a totally geodesic foliation on B. Then, any fiber of F is a soliton that is almost a Ricci-Bourguignon.

Proof. 1t is given that (B, A, A, p, gg) an, Z%.7, is admitted by the total space (8B, gg) of the Riemannian
map %, we have

1
E(LA%)(U, W) + S(U, W) + (A = ¥ (x)p)gs(U,W) =0, (33)
for any U, W € I'(Ker.#.). Using (16) with A = (, a vertical vector, into relation (33), we get

{g5(VoC W) + ga(VaC, U)} + S(U W) = g5, ToW) + Y . [g5((Vx T)oW, X)) + gs(Ax, U, Ax W)

1
2 j=r+1
+ (A =7 (k)p)gs(U, W) = 0. (34)
If the #ZB.7 (B,C, A, p, gg) possesses totally umbilical fibers then plugging relations (7) & (11) in (34), it
yields
$198(0C, W) + 9594, 0)) + S0, W) - gs(N, B)ga(U, )

+ Z [(Vx,-gz;)(U, W)gsH, X)) — 98(VxH X;))g5(U, W) + g5(Ax U, ijW)] +(A=7(®)p)gs(U,W) =0.  (35)

j=r+1
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As the totally geodesic foliation on 8B is defined by horizontal distribution (Ker.#.)*, then in view of (21) &
N = rHin (35), it provides

%(chgxu, W) + 8(U, W) — rgs(H, H)g5(U, W) — SH)gs(U,W) + (1 — (& - 2IHI - rd(8)p)gs(U, W) = 0. (36)
From here, we have
2 Legs)(0,W0) + 30, + (1~ &p)gs(U, ) = 0, 37)

where, h = A + (rIIHII2 + S(H))(rp —1). The above relation implies that any fiber of .# is an almost Z%.7 .
This completes the proof. [J

Theorem 3.5. Let . : (B,g8) = (N, gn) beatotally geodesic # .4 between Riemannian manifolds and (B, A, A, p, gg)
be an #%.7 with the potential vector field A. In this case, if vector field A is vertical then Range .#. is an Einstein,
and if the vector field A is horizontal then the Range 7. is #%8.7 .

Proof. Let us consider a Riemannian map .# with total space admits Z%.7. So relation (2) & (17) together
give

1
5 {98(VxA, Y) + gg(VyA, X)) + SR8 (Z.X, Z.Y)

+ Z {98((VxT)o,Us, ) + g8((Vu, A)Y, Up) = g(Tu,X, Tu,Y) + gu(AxU;, AU} + ga(VF)(X, 1), 76777
i=1

= Y IM(VFNE, D, (VEIE X)) + (A = H (10)p)gs(X,Y) = 0. (38)

j=r+1
Now, if the vector field A = Cis vertical and .# is totally geodesic, then relation (38) provides
1 ;
5198(A# (Vx0), Y) + ga(H# (VeQ), X)) + S¥T(ZX, FZY) + (A = "7 p)gu(X, ¥) = 0,

Y X, Y € T((KerZ.)%b).
As, F is Z.H, so relation (4) & above relation together give:

%{gN(%(va, FY) + gn(F.(Vy (), Z.X)} + SR T (Z.X, Z.Y) + (A — k87 p)gg(X, Y) = 0. (39)

In view of (12), relation (39) gives

1 Z Z
SONCVEZIE Q) + Vel ZY) + gu(~(VF)Y, 0) + Ve FL, FX))
+ SRangeﬁ*(ﬁ*xl y*Y) + (/\ _ KRuny&%p)gN(ﬁ*Xl f*Y) =0. (40)

Because .7 is totally geodesic and C is vertical, therefore .#.C = 0. In view of this relation, the relation (40)
yields

SRangeﬂl(y*X’ y*Y) — _(/\ _ KRangeL%p)gN(eg;X/ y*Y)‘ (41)

The relation (41) implies that Range.#, is an Einstein manifold.
Moreover, if the vector field A= Z is horizontal and .# is totally geodesic, then the relation (38) gives

%(ngg)(x, Y) + SRangeZ (2. X, Z.Y) + (A — &7 p)g5(X,Y) = 0,
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Using (4) in the above equation, it yields

SINMPAVD), FX) 4 gu(F(V42), FH0) + ST (FX, Z0) + (1 = 7 g (FX, F.Y) =0,
(42)
Setting (12) in the relation (42), it gives

> 7
%{gN(—(Vﬂ;)(x, Z) + VyZ.Z, FY) + gn(-(VF)(, Z) + Vy.F.Z, F.X)}
+ SRangeﬂ& (y*xl y*Y) + (/\ _ KRangeﬁp)gN(th*X, j;Y) =0. (43)

Relations (13) & (43) together give

1 F F
SNV T2, FY) + gn(Vy .2, FX)) + SRange (X, Z.Y) + (A — k87 0) g (F.X, F.Y) = 0. (44)

This implies that Range.Z. is an Z%.7 .
This completes the proof. [

Theorem 3.6. Let & : (B,g98) — (N, gn) be a totally geodesic Z.# from a Riemannian manifold to an Einstein
manifold, and (B, A, A, p, gg) be an %P7 with the horizontal potential vector field A. The vector field A is then
conformal on the horizontal distribution (Ker.7.)*.

Proof. Being (B, A, A, p, 98) an #%.7, we have the following relation

1
E(-EAgB)(X/ Y) + S, Y) + (A — #(x)p)gs(X,Y) =0,
Y X, Y € T((Ker.Z)*4).
Using (17) in the above relation, it provides
%(LAgs)(x, ¥) + STET(ZX, ZY)
+ Z {gB((VXT)UiUi/ Y) + gB((VUiA)XI Y, Ui) - gB(TU,-X/ TU,-Y) + QB(Ain, AYUi)}
i=1

- Z IN(VF) X}, Y), (V)X X)) + gn (V)X Y), T&TF7) 4 (A = 1R p)gp(X,¥) = 0, (45)

j=r+1

here, {X;} denotes an orthonormal basis of (Ker.%,). Being .#, a totally geodesic Z.#, then from relation
(45) we have

1 z

5 Lage) X Y) + Shree? (Z.X, F.Y) + (A = k"7 p)gp(X, Y) = 0. (46)
As F, an # ./ therefore relation (4) together with relation (46), we have

1

5 (Lrge) (X, Y) + SRanse 7 (Z.X, Z.Y) + (A — 897 ) g (F.X, F.Y) = 0 (47)

Since, (N, gy) is an Einstein manifold, therefore Range.%. is also an Einstein. So, SR8 (Z.X, £.Y) =
vgn(FX, #.Y). Plugging this relation into (47), we find
(Lags)(X,Y) = =2(v + A — k897 0) g\ (F.X, F.Y) (48)

This shows that vector field A is conformal.
This completes the proof. [
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4. Harmonicity and Biharmonicity of Riemannian maps by Ricci-Bourguignon solitons

The harmonicity and biharmonicity of an %Z.# from an #95.7 to a Riemannian manifold are covered
in this part. Now, we begin with the subsequent lemma:

Lemma 4.1. Let . F : (B,98) — (N, gn) be an umbilical 7.4 between Riemannian manifolds such that distribution
(F)* defines a totally geodesic foliation on B. Then,

V(i) = & — NI + S(N),
and
H(K) = 1597 4 (= DI + (m — P

Theorem 4.2. Let (B,A, A, p,g8) be an ZB.7 with A, a horizontal potential vector field, and F : (B,g98) —
(N, gn) be an umbilical Z .4 across Riemannian manifolds such that distribution (Ker.%.)*" defines a totally geodesic
foliation on B. Then, F is harmonic iff the subsequent requirements are met:

Ar

rp—1

(i) The scalar curvature (where, rp # 1) of fibers of F is constant.

(m—n)Ap
m, (where,(m - T)p * 1)

Proof. Let us consider (B, A, A, p, gg) be an #£9.7, then from relation (2), we have

(ii) Range. 7., possesses a constant scalar curvature

%{QB(VUAz W) + g3(U, VaA)} + S(U,W) + (A = ¥ (x)p)gs(U, W) = 0, (49)

for all U, W € T'(Ker.%.).
Trace of the relation (49) gives

r

Z (%(98(Vui/\, Ui) + gs(U;, VU,A)) +S(U;, U) + (A - ”//(K)p)gg(U,-,Ui)) =0, (50)

i=1

where, {U;}!_, is an orthonormal basis of .7.. The relation (50) implies

1

r

Y [95(Vu A, U) + SU, ) + (A = ¥ (1)p)g(U;, U)] = 0. (51)

i=1

Plugging (16) into the relation (51), it yields
Y[98V, A, U) + 8(U;, 1) - gu(N, Ty V)
i=1

+ Y {as((Vx T, X)) + g(Ax Ui, Ax U} + (A = ¥ (9)p)gs(U;, U)] = 0, (52)

j=r+1

here, {Xj};.”:r . isan orthonormal base frame of (Ker.%.)*. Because, (Ker.%.)* defines totally geodesic foliation

on B therefore, the relation (52) with lemma (4.1), gives

r

Y (S, u)+ Y gs((Tx DU, X)) + (A = (& = NP +60)}p)gs(Us,U)) - gs(N,N) - g5, A) = 0. (53)

i=1 j=r+1
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Plugging ® = Y74 S(Ui, U) = (rp)\_r 1) into relation (53), we obtain

Z Z g5((Vx T Ui, X)) + (A - {(—) — NI + 80 }p)r - 7o, N) — gu(N, A) = 0. (54)

l’p B 1 i=1 j=r+1
Relations (21) & (54) together give
—(rp = 1)5(N) + gg((rp = 1)N— A, N) =0 iff N=0. (55)

This establishes that Ker.#, is minimal. Therefore, Ker.%, is totally geodesic.
Now, (8, A, A, p,gg) is an Z%B.7, so from relation (2), we have

%(-EA{]B)(X, Y)+SEXY)+ (A +xp)gsX,Y) =0,

¥ X, Y € I[((Ker.#.)*). Plugging relation (17) into the foregoing relation, it gives

L (gN(VXJ A FX) + g (Vy BN, FX)| + ST (7%, 7.3)

+ Z (g5((VxT) Ui, V) + g5((Vu MY, U) = 9Ty X, Ty ¥) + g(AxUs, AvU)
i=1

- Z IN(VF)X;,Y), (VEIX X)) + gn (VFIE ), 7570 + (A = A (1)p)gs(X,¥) = 0, (56)
j=r+1

here, {X]}] 1
relation (56) with lemma (4.1) gives the subsequent result

is an orthonormal base frame of (Ker.%.)*. As, (Ker#.)* & Ker. %, both are totally geodesic, so

! {gN(VXJ A, FX) + gu(VrFoh, FX)) + SKT(FX, Z.3)

- Z IN((VZ)X,Y), (V)X X)) + ga(VF)EY), T577) + (A = A ()p)gs(X,Y) = 0. (57)

j=r+1

Being .# is an umbilical #Z.#, so relations (14) & (57) together give

1 < ;o
{!]N(VXJ A, FY) + !]N(VY/ A, FX) — Z 98(X;, Y)gs(X;, X)gn(H ,H)

j=r+1

+ SR T (FZX, FY) + gsX, VgnE, 70T + (A = A ()p)gn(FX, FX) = 0. (58)

Plugging (m — r)H in place of X"#)" [23] in relation (58), it provides

1 kg. ! 4 4
E{gN(ngﬂA, FZX) + g VTN, 7 X)| - 98X, VgnE,H) + 95X, Vg ©, (1 — 1)H)
+ Sfanee? (7%, Z.Y) + (A = {©KFme 7+ (m - ANE N + (m — r)2||H'||2}p)gN(91X, ZY)=0. (59)

(m—r)Ap

: Fe — F. —
Usmg KRange = ZT=r+1 SRange (Q*Xj, y*Yj) = (W

) into (59), then taking trace of this, we have

(m—=r)(m =1 —1~(m—rp—(m—r’p)H|* =0. (60)

Relation (60) implies that H" = 0. Then, relations (23), (55) & (60) together provide ©(#) = 0. Hence, .¥ is a
harmonic map. This completes the proof. [
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Theorem 4.3. Let .7 : (B, g98) — (N(c), gn) be an Z.# from a Riemannian manifold to a space form such that the
distribution (Ker.%.)* defines a totally geodesic foliation on B and (B, A, A, p, g8) be an %A with the horizontal

Ar 7 and Range 7,

potential vector field A. Then, F is biharmonic iff fibers of F have constant scalar curvature

(m—-1)Ap

has constant scalar curvature

Proof. Using the theorem (4.2), we can observe that .%# has a minimal Ker.Z, if the fiber of .# has a constant

m-—7r)A
Ar . The constant scalar curvature —( JAp
rp—1 (m-rp-1

proof is therefore finished since .# is biharmonic based on (24) & (25). O

scalar curvature of Range.Z, implies that H = 0. The

5. Illustration

Let us consider two dimensional Riemannian manifold B = {(u1, u3) : 0 # u; € R,0 # u; € R} with metric
g8 = e*2du? + duZ. We assume N = {(v1,0,v3) : v1,02,03 € R} with metric gy = €2%dov? + *dv3 + dvs. A
map ¥ : (8B, g98) — (N, gn) is defined by

Uiy + un
V2

After evaluation of properties of .%#, it yields

ﬁ(ul,uz) = ( ,0,0).

KerZ, = Span{U = & - &y},
and
(KerZ.)*" =Span{X = & + &},

here, {81 = e‘”2£

1
TzpN, forallp € 8.
On evaluation of .#.X, it yields the following relations

= e"’3%, & = e‘”»’%, & = aivs} is basis on

d . . .
,E = &—uz} is basis on .7,8 and {81

Z.X) = V28,
gB(XI X) = gN('gZ*XI y*x)/
for X € (Ker.#.)*. Therefore, .7 is Z.4 with range (Range.#.)* = Span{&;, E;}.

We represent Lie-brackets of E, F by [E, F], defined as [E, F] = EF — FE. The non-vanishing constituents of
Lie-brackets are evaluated as below:

[E1,E] =&, [E2,E1] = =&

Let Riemannian connection with respect to gg be denoted by V. So, by Koszul’s formula, we have the
subsequent results:

Ve, &1 = =&, Ve, & = 51,} 61)
Ve, 61 =0, Ve, & = 0.
In view of relations(61), we have the following relations
VuU = Vg, _6,(E1 — &) = (&1 + &) = X,
ViX = Vg,6,(E + &) = (61 - &) =1, 62)

ViU = Vg 16,61 — &) = —(61 + &) = X,
VX = V51+52 E1+E)=(E1-8E) =1,
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Now, from relations (62), decomposing VyU, VyX, VxU & VxX into horizontal and vertical components together
with relatons (6), (7), (8) & (9), we find

%(VUU) = -X, "V(VUU) =0, TyU=-X

%(VUX) V4 VUx) =U, TX=U
(63)
%(vx ) ”//(VXU) =0, AU=-X
#(VxX) =0 ¥(ViX) =U, AX=0U.
Now, we know that the Z#.7 is defined by the following relation:
1
E(-EAQB)(E/ F) + S(E, F) + (A + xp)gs(E, F) = 0, (64)

for any E, F, A € T(7 8B). Since, dimensions of Ker.%, and (Ker.%,)* are one, so we can decompose E, F, and
A such that:

E =alU +4X,
F = pU + X, (65)
A=yU+cX,

where U and X denote components of Ker.%, and (Ker.Z,)*, respectively, and a,f,y,a,b,c € R are some
scalars.
Now, we have the relation

—(LAgs)(E F) = —[gg(vEA F) + g5(VeA,E)|. (66)

Putting values of E, F & A from the relations (65) into (66), we have

1 1

5(Lags)EF) = E[gB(VaUMX()/U + cX), BU + bX) + g5(Vgue1x (U + cX), aU + aX) | (67)
On simplification, relations (67) give

1 1

E('LAgB)(E’ F) ZE[Zaﬁygg(VUU, U) + 2aBcgs(VuX, U) + ayBgs(VxU, U) + aBcgs(VxX, U) + abygs(VyU, X)

+ abcgg(VyX, X) + 2abygs(VxU, X) + abcgg(VxX, X) + abygs(VxU, U) + abcgs(VxX, U)
+ aBygs(VuU, X) + apcgs(VuX, X) + abegs(VxX, X) |- (68)

Plugging the values of relations (62) into relation (68), we have

%(ﬁAgg)(E, F) = —aBy + 2afc + apc + abe — 2aby — aby. (69)
We evaluate the values of gg & S from the relations (65), we have

98(E, F) = gg(aU + aX, pU + bX) = 2(ap + ab), (70)
and

S(E, F) = apS(U,U) + abS(X, X) + (ab + af)S(X, U). (71)
As, dim(Ker.Z,) = 1, so S(U,U) = 0. Using this relation together with (62) & (63) into (16), we get:

S(U,u) = 0. (72)
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Because, dimension of Range.Z, = 1, therefore Sk"%*Z = (. Now, using this relation together with (62) &
(63) into (17), we get:

S(X,X) = 0. (73)

Further, relations (18), (62) & (63) together give

S(X,U) = 0. (74)

Plugging (72), (73) & (74) into (71), it gives

S(E,F) =0. (75)

Contracting relation (75), it provides

K = 0. (76)

Thus, plugging (69),(70),(75) & (76) into (64), it yields

1
A= W[ — aBy + 2afc + afc + abc — 2aby — aby|, (77)

where af # —ab. Since a,8,v,a,b,c € R, then ZAB.7 (B, A, A, p,gs) is shrinking, expanding, or steady
accordingtoA < 0,4 >0,or A =0.
From the foregoing discussions, we arrive to the conclusion that the total manifold admits Z%.7.
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