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On the finite-time blow-up of solutions to a triharmonic reaction
diffusion equation in variable exponent Sobolev spaces

Giilistan Butakin?

*Dicle University, Institute of Natural and Applied Sciences, Diyarbakir, Turkey

Abstract. In this work, we consider a triharmonic reaction diffusion equation with a viscoelastic term.
Such problems arise in diverse fields: in mathematics, in physics, phase transition, in engineering and in
biology. Our primary focus is on establish upper bounds for the blow-up of solutions.

1. Introduction

In this paper, we investigate the initial boundary value equation

t
u — A3u + fg (t—2) A%u(x,z)dz — A2uy = ™2 ulnfu|, Qx(0,T),

0
u(x, t)=Au(x,t) = AN2u(x,t) =0,

2Q 0,1 ( )
><( 4 )/
u (x,O) = Up (x) #0,

x €Q),

here Q is a bounded domain with smooth boundary dQ in R, (n > 1), g : R* - R" is a bounded C! (R*)
function and the initial value u € Wg’q(‘) (Q), the exponent g (.) is given measurable function on Q satisfying

nq(x)
2<msqu>sw<q%m={(“wm'n>%' &)
0 n<q,

and
g2 = esssupq(x), g1 =essinfq(x), 3
xeQ xeQ)

with observe the following Zhikov-Fan uniform local continuity condition.

For all points 2 and b in the bounded domain Q with |a — b] < %, there exists a constant M > 0 such that
the following inequality holds:

M
7@ =q®)] <~ @)
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Di et al. [1] has been studied the following initial-boundary value problem
u; — vAu; — div (IVulm(")_2 Vu) = [ufp®2y, (5)

with Dirichlet boundary condition. The authors obtained both an upper bound and a lower bound for
blow-up. It is clear that when v = 1, m(x) = 2, p(x) = p, the expression (5) reduces to the following
pseudo-parabolic equation

up — Au— Auy = [ufP 2 u. (6)

As for (6), there are many results concerning asymptotic behavior [2, 3] the existence and uniqueness
[4, 5] of solutions, blow-up [3, 6] property and so on.
Qu et al. [7] studied the following fourth-order parabolic equation

us + Nu = uP®.

They established the asymptotic behavior of solutions. Also, Liu [8] proved both the local existence and
blow up of solutions the same equation.
Messaoudi and Talahmeh [10] considered the following pseudo-parabolic problem

t
uy — Au — Auy + fg(t —7)Au(x,7)dt = P2y,
0

They demonstrated that every weak solution, with initial data at arbitrary energy level, blows up in finite
time.

Peng and Zhou, [11] examined the initial boundary value problem associated with a semilinear equation
logarithmic nonlinearity

up— Au = [uP 2 ulnul.

The authors obtained that existence of global solutions and finite-time blow up solutions.
Piskin and Butakin, [12] studied the following parabolic-type Kirchhoff equation with the variable
exponents

(1 + 1P )y + A2~ M (IVulP) Au = ™2 .

They demonstrated the global existence of solutions using the Faedo-Galerkin method.

The problem (1) arise in diverse fields: in mathematics blow-up analysis, stability of PDE models,
in physics thin film flows, phase transition, in engineering heat transfer, nuclear reactor models, and in
biology morphogen driven pattern formation, population dispersal. The interested readers may refer to
[[9, 13-17, 20-22]] and the references therein.

Here is the outline of this paper. In Section 2, we present various materials, including notations,
hypotheses, and auxiliary formulas. In Section 3, we establish a lower bound for the finite-time blow-up
T of the weak solution u (x,t) of (1) blows up in finite time T. In Section 4, we utilize the technique of
differential inequalities to derive an upper bound for the blow-up time of weak solutions for the problem
described in equation (1).

2. Preliminaries

Consider a measurable function g : Q — [1, o0]. We define L1(Q) as the set of real measurable functions
u defined on (), satisfying the condition that

fl/\u ()™ dx < oo for some A > 0.
Q
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The space of variable-exponent functions L7"(Q) endowed with the Luxemburg-type norm

||M||q() =inf{A > 0,‘[

is a Banach space.
Throughout the paper, we utilize ||-[|, to represent the L’ norm where 1 < g < +co. The space H; (Q2)
corresponds to the closure of Cj’ (Q2) under the norm defined as follows:

q(x)
dx <13,

u)

2 2 2 2 2
lullp ) = Nluallz + IVullz + lAully + [VAull; -

It is established that of H (€2) can be defined through the following expression

1

2

il = VAR = | [ 1V (P
Q

Lemma 2.1. [18, 19]

(1) If q satisfies condition (4), then for all u € Wg’q(') where Q) is bounded, we have ||ull,) < CIlIVAully, -
Especially, the space Wg’q(') has a norm defined as ||ull3 4y = IIVAully) for all u € Wg’q(').

@ IfqgeC (5) , P Q — [1,00) is a measurable function and

ess 125 (7 (x)—p) >0,

where q* (x) = (ni%)))z' then

WO e 170(Q).

We make the following assumptions:
(A): The memory kernel g : R* — R* is a C! (R*) function that satisfies

g =0, 7 () <0, l—fg(z)dz:l>0.
0

(B): Given a measurable function 4 (.) on Q such that:

2<q <q) <<y >7.

{ 2<q1<q2<8, n=1,2,3,4,5,6
If direct calculation is made

t

[ ot-a @, vau®)dz == 190 1Vau 0 + 5 (0 0 VA 0
0

N —

t
@ovan - | [g@dz|vauwipy,
0
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we get

t
(goVAU) () = | gt—2) | IVAu(t) — VAu (2)]* dxdz
Joeo]

t
= f g(t —2) IVAu (t) — VAU (2)|5 dz.
0

3. Lower bound for the blow-up time

In this section, we establish a lower bound for T when the weak solution u(x, t) of equation (1) experiences
finite-time blow-up at T. We commence by deriving a local existence theorem for the problem described in
equation (1), a result that can be

Theorem 3.1. For any ug € Wg’q(') (Q), the equation (1) endowed with a weak solution u that fulfills
we C([0,T1; Hy (@) n C*([0, T1; L2 (Q)) n C2([0, TT; H (Q),

with

t
(u, vy + (VAuy, VAv) — fg (t —2)(VAu (x,z),VAv) dz + (VAu, VAv)
0

=f|u|‘7(')_2uln(|u|)vdx,

Q

wherev € Hy (QQ), and for almost every t in the interval [0, T]. With our goal, we begin by introducing the subsequent
lemma which establishes the energy of the solution.

Lemma 3.2. The energy associated with equation (1) is expressed as

t
E () :% (g o VAu) + % [1 - fg(z) dz] IVAull3
0

1 1
— | — e, )" In (ju dx+f u (x, )19 7
q(x)l (x, 1)l (Jul) qz(x)l (x, £)] )
Q Q
moreover
dE(u) 1 , 1.,
= == 59 OIVAU + 5 (g o VAu)
—fufdx—flVAutlzdx
Q Q
<0, (®)
and the inequality E (u) < E (uo) follows directly from assumption (A), where
_1 2 [ L
E (o) =5 IIVAuoll 70 |t In (Juo) dx
Q
+ f L [140]7® dix. 9)
9% (x)

Q



G. Butakin / Filomat 40:7 (2026), 2509-2521 2513

Our primary main outcome is established by selecting o a non-negative constant sufficiently small, such that

{ 0<o<8-quas n=1,2,3,4,5,6

2n+12 (10)

O<o< 2 —pasnx7

is as follows.

Theorem 3.3. Given the conditions (A) and (B), let’s consider an initial function uy € HS (Q) such that its norm
||u0||Hg(Q) # 0. Additionally, consider the weak solution u(x,t) to the problem described in reference (1) occurs a
finite-time blow-up, occurring before a certain time denoted as T.

(1) When n > 7, a lower bound for T is established by

(o]

dy
f C1 + C3]/Cz + C5yC4 !
ol
in which
2(ga+0) —n(ga+o —2)
8 —n(g2+0-2)

1
C :max{TE(O), 0} >0, C, = 51,

c _2(qto) —n(qito—2)
L 8—n(p+0-2)

7

0<Cs

Vl(qz +J—2)

_2lg,+18—n(qa+0 —2) 2 n(gz+o —2) (21q1+1) 8n(1zv0-2)
ealq, 8 eolq, (812+1)

0 <C5

n(qy +0-2)

_2lg;+18—n(q1+0 —2) an (140 -2) (21q1+1) Son(q+0-2)
eolg, (8lz+1)

, (11)

eolg, 8

where B represents the optimal constant of the Sobolev embedding Hy (QQ) — L (Q) yielding the inequality
el 2. < BIVAul,.
(2) Whenn =1,2,3,4,5,6 a lower bound for T is established by

[

[ avet
Ci+ CéyCS + ngc7 !

2
0l

where Cy denotes the constant as defined in reference (11),
2 2

Cs=————>1, CG=———>1,
T 8-vo) 8- (q+o)
qp+o-2
21q1+1 8— (q2+o) 2B2ﬂ (q2+a - 2) (21q1+1) 8—(42+0) »
6= " ,
2601111 2 eO_lql (812+1)
q1+o—-2

20a.+1 8— n(g140 —2)(21g,+1) )+
(= q,+1 8= (q1+0) [ZBZ (1 )( Uh )] 0,

~ 2eolq; 2 ealq, (812+1)
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and where B,signifies the optimal constant of the Sobolev embedding H3 (Q) < L™ (Q) which provides the inequality
lulleo < B« IVAuUl, -

Proof. Let’s introduce the function,

Q)= f u(x, ) dx + f |Au (x, ) dx + f VAU (x, O dx = [l (Bl ey - (12)

Q Q Q

By multiplying both sides of Eq. (1) with u and applying integration by parts, in accordance with the given condition
(A),

B =2 ul,u(x,)dx+2 | Aulx, £)Auy(x, t)dx ++2 | VAu (x,t) VAu; (x, t) dx. (13)
/ / /

Thus, we obtain

@ @) :2fu(x,t) u; (x, t)dx+2fAu (x, t) Auy (x,t)dx++2fVAu (x,t) VAu; (x, t) dx

Q Q Q
t
) f u(p| VAT Of glt=2VAulr2)dz 1, 5 f AuMugdx+ +2 f VAUV Augdx
Q +VAuU + [Ty 1n |ul I

t
:—2[1— f g(z)dz]||mu(t)||§+2 f )" In [u| dx + I
Q

0

<=21|IVAu ()% +2 f " In ju|dx + I,
Q

in which
t
L=2]gt-2) | VAu(t) (VAu(z) — VAu (t)) dxdz. (14)
Joema]

Utilizing Holder’s inequality along with condition (A), it is evident that
t
L] <21|IVAu (£)]13 fg(Z) dz + % (90 VAu)
0

<21 (1 =1)|IVAu ()| + % (g0 VAu). (15)
Through the utilization of the inequality In x < Lx° for x > 1 and o > 0, it can be inferred that

f e e, DY In (1 x, B)) dx < f e (e, D In (1 (x, B)) dx
Q

0<|u|<1
+ f .G, D In (1 (x, B)) dx

[u|>1

1
<— f |t (x, )79 dy. (16)
eo
Q



G. Butakin / Filomat 40:7 (2026), 2509-2521

By combining equations (12),(15) and (16), we obtain

@' (t) < =2 |[VAu (t)|5 + é f |10+ dx + % (g0 VAu).

Q

Based on condition (A), equation (7) and Lemma 3.2, it follows that

t
E(®) - LIVAu #)I3 Ll -[9@ dz]
1 1 0 0
2 (g9 ¢ VAu) =7 +£{ﬁ lu G, )7 In fu| dx

— [ & I, HI dx
Q
1 1
<7E©) = 5 IVAu ()l
1

+ f [ (x, )79 dx.
eclq
Q

Subsequently, equations (17) and (18) indicate that

@ (6 <= (22 + 2 )IAu O + TEO)

+ L (2 + l)f|u|"(")+“ dx.
eo g1l

Q

2515

(17)

(18)

(19)

Now, let’s consider the scenario where n > 7. By applying Holder’s inequality with positive values a > 0 and b > 0,

we can observe that

f 7% dx < f "7 dx + f Jul ™+ dx = [lulff) 25 + g
Q Q Q
2»1—(q2+0)(n—6) 1 n(q2+u—2)
<{allul, * a |l ,, ?

n—6

Zn—(ql +u)(n—6) 1 n(ql +<r—2)
+\Dllull, b= flull ,, > )

n—6
Conversely, let’s consider the subsequent inequality:

b'e® <rb+sc, forallv,s,b,c >0, r+s=1.

The condition 2 < g1 + 0 < g2 + 0 < 2+ £ leads to the implication 0 <

n(q1+0-2) n(ga+0-2)
5§ <7 3

(20)

(21)

< 1. Subsequently, by
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employing equation (21) within equation (20), we can deduce that for all d > 0,

(g s)r-6) %w
2n={ap+0)(1=6) \ 8-n(gp+0-2
wmi_@wm : )
nlip+o-2) g
-1 ”(qw 2) 8 n(pro-2)
X [loall 5,
n-6
8
8-n(q+0-2) 2-(gy20)0-6) \ iy o2)
< S dllull, 2
8
n(ge+o—=2)( _,  nwrd)\iper)
e A
n-6
2(qp+0)-n(gp+0-2)
8 n (q28+ o — Z)ds n(gp+0-2) (p 8-n(gp+0-2) (t)
n(g+o0-2) s,
+ Tdn(qzﬂrfz) ||u”%
Similarly, for any b > 0 using a comparable approach,
+ 2 2('41+7) n(q; +0-2)
” ”Zi:g = — (q18 9= )b8 u(q1+a 2)(P 8-n(qq +0-2) (t)

Jrn(ql+o—2)

b (]2
n(q+o-2 u .
y el

By combining equations (19), (22) and (23), for all positive values of a and b,we obtain

@' (t) S%E (0)

[ 1 pa 2 gto2) iy
+ 8
+E(f

eo Iq1 VA
p22m+1 2lg1+1 n(qlga 2) W (212 ) ]” u (t)Hz

lq]

2(gp+0)-n(qp+0-2)
1 2l +18-n(g2+0-2) e o) @ e t)
T Iqy 8

1 21 +18-n(q1 +0-2) 8 21 o)y +0-2)

eo I; 8
Considering the condition q, > 2, let us choose

(g2 +9-2)
oo an(q2+a—2)(lq1+1) §
B eolgqy (817 + 1)

”(‘71 +0—2)
8

b o (g +o0-2)(Ig1 +1)
- ealq (812 + 1)

in (24),we get
@’ (£) < C1 + C3p (£) + Cs™ (1)

By integrating equation (25) from 0O to t and introducing the substitution y =

inequality
o)

e

t> .

Ci+ C3yC2 + C5yc4
#(0)

a 8-n(qq+0-2) qo 8-n(qy+0-2) (t) .

2516

(22)

(23)

(24)

(25)

@ (t) we arrive at the subsequent

(26)
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Let t — T~ in (26), we have the lower bound for blow-up time T :

e8]

dy
T> . 27
- f C1 + C3]/C2 + C5]/C4 ( )

lluol?

HZ(©)

Subsequently, where n = 1,2,3,4,5,6. By applying Holder’s inequality alongside the Sobolev embedding theorem,
we deduce

+0 +0
f [T dax < lulll o + lullfz s

2 +0-2 2 +0-2
< fuell3 NeallE + uallz el S,

q2+0-2
S( (B. IVAu (1)) )“u”é

+ (B IVAu (B)]|) "+ (28)

The given condition of 2 < g1 + 0 < g2 + & < 8 establishes 0 < 172 < X022

through (28), we can consequently, for any d > 0,

< 1. Utilizing equations from (21)

o 2 8 (422“7)
lalff255 < (d lulf3) 0=
Jp+0-2 2
(47 B IV AU (D)™ 72) * =
_wdiﬂfm @70 ()
+0-2 -
2972 a2 v au ()R (29)

For every, e > 0 using a similar approach

” ”‘h+0 MES*(%HT)@S*O;JNJ) (t)

qi+o —
+0-2 _-
NI 2 = B2V Au (1) 2. (30)

Combining the results from equations (19),(29) and (30), for all positive values of d and e it is evident that

@ () <TEO)

_ 212 1 2[q1+1 qZ+O‘—2d (42“1) 2B2
+ ( Zlq?ﬂ . IVAu #)li;
eolq T2 ¢ 2 *B,

ZZq}+1 8— (q22+0) P gonW 0

€0ty

21 1 2

* ) o ). (31)
1

Furthermore, by utilizing the given condition g1 > 2, we get

o (2t o =2 @l + 1) 2
S\ eolgy (82 +1) !

B2 (6]1 +0— 2) (216]1 + 1))
ealgy (812 + 1)



G. Butakin / Filomat 40:7 (2026), 2509-2521 2518

From equation (31) we obtain
@' (t) < Cy + Cep® (t) + Csp“ (1) (32)

Following a similar approach as in equations (26) and (27), we can derive a lower bound for the blow-up time T :

T > f 4y
- C1 + C6yC5 + ngc7 ’

2
Uy
ol

(33)

Hence, the proof of Theorem 3.3 is concluded. [

4. Upper bounds for the blow-up time

We will establish blow-up criterion and use a differential inequality technique to derive an upper bound
for the blow-up time of weak solutions for the given problem (1). The following assumptions are also

necessary.
(C) : The initial value uy belongs to the space HS (Q) N LY (Q) and fulfills the condition E(0) < 0, Here
E(t) represents the energy functional as defined in equation (7) and

1 1
o e e o |

J140]7™ dx.
X
q(x)

1
7% (x)
Q

(D) : g tulfills:

m 1
- dz =1 .
1 ofg(Z) ) e[(ql—Z)zll}

Theorem 4.1. Assuming the conditions (A), (C) and (D) hold,and given that q1 > 2 and ””0”?13(9) # 0, if u(x,t)
0

represents a weak solution for problem (1) then u(x,t) occures finite-time blow-up at time T. Moreover, an upper

ol
bound for the blow-up time T is provided by %(TS(E;O).

Proof. Considering the definition of ¢ (t) as given in equation (12), and given that E (0) < 0, we can deduce from
equations (7) and (8) that

f ﬁ ot Cx, D I (u (x, ) dx > 0, for each t > 0, o

equation (13) indicates

t
¢ (t>=—2||VAu(t)||%[1— f g(t—z)dz]

0

+2 f |7 In u| dx + I, (35)
Q

in which
t
L=2| gt-2) | VAu(t)(VAu(z) — VAu (t)) dxdz.
Joema]

0
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Utilizing Holder’s inequality and taking into account condition (A), we observe

t
-1
b [ at-2wauwi e
0

t

-0 f g(t-z2) f IVAu (t) — VAu (2)]* dxdz
Q

0

1-1
> - 6]_1 IVAu (B)ll5 — g1 (g © VAu).

Subsequently, we introduce the function

P () =—-2mE()

t

=—q1(goVAu)—q {1 - fg(z) dz] [IVAu (t)||§

0

+oq ! ﬁ e (x, O In (fu) dx

1
-2 [u (x, "™ dx.
%f%m
Q
Using equations (35) through (37), it follows that

o () () 22 f 7 1 ()
Q
_ L 90|
201 Qf 75 10 )

+ ((m -2)l- 1—‘1) IVAu ()13,
A1

applying equation (34), we conclude

n ﬁluu,t)w%nuundxs f Ju (x, D In (Jul) dx.
a Q

By utilizing the given conditions (A) and (D), as well as referring to equations (38) and (39), we get

¢ -9t =0
Additionally, based on condition (A) and equation (8), it follows that

, , g B IVAu (I3 - (g © VAu)
Y (t)=-2¢E @) =q +2 [u2 (x, t) dx +2 [ IVAu; (x, 1) dx
Q Q

>2q; [f utz (x, t)dx + fIVAut (x, 1) de > 0.
Q

Q

2519

(36)

(37)

(38)

(39)

(40)
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Utilizing (12) and (40) along with Schwarz’s inequality and Young's inequality, we obtain

@ OV (1) =20, [ f u? (x, 1) dx + f IVAu (x, 1) dx

Q Q
x[fuf (x,t)dx+f|VAut (x, ) dx
Q Q

2
>2q; [ f u(x, t)u (x,t)dx + f VAu (x,t) VAu; (x,t)dx]

Q Q
=T 0. (a1)

Given condition (C) and equation (37),we have 1 (0) > 0. When we combine equations (38) and (40), we obtain
Bz (#)>0, ) =2¢@(0) >0, Vt>0. (42)
Therefore, equations (41) and (42) lead to
POV 0= Te' O0 ©=Te OO,

which can be formulated as follows

> = 43
v =290 @
By integrating equation (43) from 0 to t, we have
o (em)
(l) 2
>|—=] . 44
5o * (7o) ”
Utilizing equations (42) and (43), we obtain
' (b) )
P, 22 o)
P2 () 97 (0)
By integrating the inequality given in equation (45) from O to t, considering q1 > 2, that is
-2 90
< - 20 (46)
ez 97 (0) ¢ 0

Consequently equation (46) cannot hold for for all time interval and we deduce the occurrence of a finite-time blow-up
in u (x, t) at time T. Specifically, when we approach the limit as t approaches T, equation (46) yields

||u0||12_13(Q)
T —————.
71 (2-q)E(0)

The proof of Theorem 4.1 is now concluded. [
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