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Nonlinear maps preserving the left bi-skew Jordan product on
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Abstract. Let Z and % represent two unital *-algebras such that % possesses a nontrivial projection. In
the present article, we study, under certain mild assumptions, if a bijective map C : #Z — € preserves the

left biskew Jordan product, then C is R-linear ring +-isomorphism. Furthermore, this result is investigated
on factor von Neumann algebras, prime *-algebras.

1. Introduction

Throughout the entire paper, an algebra is tacitly assumed as an associative algebra over the complex
field C. Assume # and ¢ be two *-algebras. Then a ring isomorphism C : #Z — ¢ is known as *-preserving
if (™) = ((x) forall ¥ € %.

Let #Z be a -algebra. For JZ', 4" € #Z, we represent the product & N + N by HZ o N, H N+ N X" by
KON, HN = NH Dy [, N, N = NH by [N, N = NH by [, N, N+ NH*
by o N, N + N H by KX &N, KN + NH by H oA . The essence of these products is
growing in certain research domains and in recent years, numerous authors have turned their attention to
studying them. Particular attention has been devoted to understanding maps that act like derivations on
such products or preserve them (see [3, 6-8, 11, 12, 17-19, 23]). For instance, Cui and Li [4] demonstrated
that any bijective map that preserves the product [.#, /], in factor von Neumann algebras must either
be a linear #-isomorphism or a conjugate linear *-isomorphism. Bai and Du [1] extended this result to von
Neumann algebras. Taghavi et al. [16], demonstrated that if % and € are prime *-algebrasand C : # — € is
a map which preserves the triple product Z ¢4 ¢# and ((I) is idempotent, then C is a ring *-isomorphism.
Li et al. [9] demonstrated that any bijective map preserving the product .2 ¢.4” on von Neumann algebras
lacking central abelian projections can be represented as the combination of a linear *-isomorphism and a
conjugate linear #+-isomorphism.

Recently, there has been a lot of interest in nonlinear maps that preserve mixed products (for details see
[13-15, 21, 24]). For example, Yang and Zhang [20, 22], investigated nonlinear map that preserve the mixed
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products [[.Z, 4], #]. and [[#, A ]., #'] on factor von Neumann algebras. Zhao et al. [25], demonstrated
that if # and ¢ are factor von Neumann algebras such that dim(#) > 4 and C : Z — ¥ is a bijective
map such that {([Z e A, #]) = [((H) @ U(N),C(H#)], for all ', N, W € Z, then there exists a € {-1,1}
such that {(Z) = aW(X) for all # € #, where ¥ : # — ¥ is a linear *-isomorphism or conjugate
linear *-isomorphism. Bhat et al. [2], demonstrated that any bijective map preserving the mixed product
A ©N,# ] on prime *-algebras is either a *-preserving ring isomorphism or the negative of a *-preserving
ring isomorphism. Quite recently, Siddeeque et al. [10], proved that any bijective map preserving the mixed
product (M ® 4" o #') on unital *-algebras is a ring *-isomorphism. Moreover, Darvish et al. [5] and Li et
al. [9] respectively, studied nonlinear maps preserving the left biskew Jordan product on von Neumann
algebras.

Inspired from the above mentioned results, in this paper, we are going to look at the structure of a
nonlinear map that preserves (# ® .4") on unital *-algebras. Before we mention our main result, we
provide an example of a nontrivial maps which preserve left biskew Jordan product on % as below:

Example 1.1. Consider the algebra %2 = My(C), The algebra of all 2 X 2 matrices over the complex field C. Define
the maps '+', C: # — X as
X =X% and {(X) = A°XA

respectively, where X° represents the conjugate transpose of matrix X and A is a fixed unitary matrix in %. Then it
is simple to see that '+ is an involution on % and {(H# ® N") = L(H#) ® C(A") holds for all 4, N € Z. Also Cis
bijective and is a nontrivial map.

2. Main Result
To begin with, we introduce the lemma that is crucial for proving our main theorem.
Lemma 2.1. Suppose % and € are +-algebras, and let C : % — € be a map such that
LA ®N)=L(AM)DL(N), 1)

forall #, NV € Z.If (Z) =UA)+ URB) for Z, o/, BB € X, then we have

() (Ze7)=Ud®F)+U(£0F),
(i) ((Fe2)=0UT ed)+UF &),

forall F € %.

Proof. We are given that

U(Z) = L) + L(A). ()
Multiplying (2) by {(#)" from left, we have

UF)UL) = UF)UL) + UF) UA). €)
Now from (2), we have

UZ) =) +UA). (4)

Multiplying (4) by {(.#) from right, we obtain

UZ)UF) = UL)UF) + UB) UF). (5)
Adding (3), (5) and making use of relation (1), we have

UZ @ F)=UT ®F)+ (B F).

In a similar way, we can demonstrate the remaining part as well. [
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The key finding discussed in the paper is summarized as follows:

Theorem 2.2. Consider % and € as unital »-algebras, with % possessing a nontrivial projection & and satisfying
HRE=0 = H =0 (6)
and
HAI-6)=0 = H =0, (7)

where 7 € % and I is an identity of #. Suppose that a unital bijective map C : # — € satisfies (X & N) =
A2)U(N) forall #, N € RZ. Then, Cis an R-linear ring *-isomorphism.

Proof. Let & =1 - & and %;; = &% for i, j € {1,2}. Then we can write % as # = %11 ® %12 ® #n © %.
Note that any %" € % can be expressed as £ = J11 + J#1p + Koy + K, where Kj; € % fori, j=1,2. We
will finalize the proof with the following lemmas: [

Lemma 2.3. ((0) =0.
Proof. For any % in %, we have

C0) = L(A0+0°%)
={(/X ®0)
={(A) ®(0)
= CL(A)C(0) + 0y CA).

As Cis surjective, there is # in % such that {(-#") = 0. Hence C(0) =0. O
Lemma 2.4. Let #11 € %11 and Y » € %#1p. Then
(A + Ph2) = L) + U(%2).

Proof. As Cis surjective, there is an element 2 in % such that

UZ) = L) + C(%4). (8)
Using Lemma 2.1 and (8) for .# = Cyp, we have

C(Cr® Z) = U(C12 ® 1) + L(Cr2 ® %2). )
Again, applying Lemmas 2.1, 2.3 and (9) for . = &1, we have

U6 ® (C, 2 + Z7Cr2)) = U(&1 @ (Cp i + K1 Cr2)) + U(61 ® (C, %12 + U15Ch2))
= ((A(CLZ + Z7Cr) + (C, Z + Z7Crp)'61) = U(S1(Cp 11 + 271 Cr2)
+ (Clp i1 + H51Cra) 1) + C(E(Cra Yz + U5Cr2) + (Cly iz + UyCra) &)
= (HZ7Crn+ CpZ &) = LA Crz + Cp11).
As (s injective, we get

HZCrp + C;zo@p&% = jgﬁCu + C;zjgn.

Multiplying the previous relation by &, from right, we get 27,Ci2 = J#];C12. Using (6) and (7), we have
Zn = .
Now, from Lemma 2.1 and (8) for % = C;11, we have

CC11®Z) = UC11 ® 1) + L(Ci1 ® %) (10)
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Also, by applying Lemmas 2.1, 2.3 and (10) to .# = &, we get

UL ®(CHLZ + Z7Chy)) = UL @ (C o + 41Cn)) + L& © (C %2 + U5Cn))
= (&HCHZ + Z°Cn) +(CLLZ + Z°Cn)'é)
= ((&(Cy o + 1 Cn) + (Cy 1 + 71C1p) &)
+ U(62(C %2 + U5,Cn) + (C 2 + U,C11)" 62)
= ((27,Cn + C}, 242) = U2,Cu + C %h2)-
By the injectivity of C, we have
255Cn + Cy 212 = U)5Cn + C %o

Solving the last relation, we get 27,C11 = %;,C11. Finally using (6) and (7), we obtain 21, = %4;.
Now, from Lemmas 2.1, 2.3 and (8) for .# = &,, we have

L@ Z) = UéE ® ) + U6 @ %)
=0.

By injectivity, we obtain &, 2 + 27*&, = 0. Multiplying on the right by &1, we obtain 27; = 0.
Similarly, by applying Lemmas 2.1, 2.3 and (8) for # = .%;1, we have

UFn ® Z) = UTFn ® 1) + U(F ® Y2).
=0.

By injectivity of C, we write .75, 2 + 27*.%5; = 0. Multiplying the last relation on the left by &, we obtain
25, Fx = 0 for every 721 € 9. Using (6) and (7), we obtain 2, =0. O

Lemma 2.5. For every JA1 € %11, %2 € %12, Vo1 € X1 and Yy € Koo, we have

(i) U+ iz + V21) = () + UZh2) + U(P);
(i) (%2 + Va1 + %) = U(2h2) + C(V21) + C(%52).

Proof. Since C is surjective, there exists 2 € & such that
UZ) = (1) + C(7h2) + C(P21). (11)
By applying Lemmas 2.1, 2.3 and (11) for &>, we have

L& ® Z) = U& @ ) + U6 ® Uhn) + U(& © Va1)
= ((&001 + H7162) + UGS %2 + Uy 62) + U(E2 V01 + V5162)
=V + 5y).

Thus, by the injectivity of C, we have
Pt T+ By By = V4 T,

Multiplying the above equation by &1 from the left side, we obtain 27, = 7. Hence 251 = 75;.
On the other hand, by applying Lemmas 2.1, 2.3 and (11) for .# = %, we have

T ® Z) = (T2 ® 1) + ((F21 ® Ph2) + ((F21 ® Va1)
= U(Fy b + K Fn) + U(Fy o + Uy For) + U(Fyy Va1 + V5. Fa1)
= UFH V1 + V5. Fn).
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Since C is injective, we write
T 201 + Foy L + 25, F o1 + 25, Fn = Fyy Vo1 + V5 T . (12)
Using %91 = 751, (12) can be written as
T Lo+ 25 Fn = 0.
Multiplying the above equation by & from the left side, we have 27,.721 = 0, for every %51 € %21. By using
(6) and(7), we arrive at 25, = 0. Similarly, applying Lemmas 2.1, 2.3 and (11) to .%# = & and taking Lemma

2.4 into account, we have

UL + 27 6) = UGS + U) + (i + Uha) &) + LSS + V5,6)
= (A + W + ) + Up)-

As Cis injective, we obtain

21+ 2o+ 2+ 2, = o + U + L+ U
Multiplying the previous relation by &; from the right side, we deduce that 2, = %>. Also, by applying
Lemma 2.4 and (11) for .# = #1,, a similar proof as above shows that 27, = #1;. Thus, we got the desired

result.
In a similar way, we can also demonstrate the other part. O

Lemma 2.6. Forany J#11 € %1, U2 € %z, Va1 € Fa, War € Ko, we have

C(An + Ua + Vo + Do) = U(Jn) + U(h2) + L(Va1) + LW 2).
Proof. In view of surjectiveness of C, there exists 2 € & such that

U(Z) = Q) + U(Ph2) + L(V2) + (W 22). (13)
By applying Lemmas 2.1, 2.3 and (13) for &7 and taking Lemma 2.5 into account, we have

L& ® Z) = (& @ ) + C(861 @ %) + L& @ V1) + L(& @ W)
= (A + 7)) + U + 1)
= (S + Ay + Yo + Uy).

Since ( is injective, we obtain

AL + L8 = I + KA + T + Uy (14)
Similarly, applying Lemmas 2.1, 2.3 and (13) for i€ and taking Lemma 2.5 into account, we obtain

EL - L E = Ay — A+ Una — Uy (15)
Solving (14) and (15), we get 241 = J#11, 22 = .
Similarly, by applying Lemmas 2.1, 2.3 and (13) for &, and the same computation as above, we can easily
obtain that 25; = ¥5; and 25, = #5. [

Lemma 2.7. For any Jj, Nij € %ij, 1, € {1,2}, withi # j, we have

C(SAj + ) = U + LA
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Proof. Since C is surjective, given (%) + C(.4;;) € ¢ and C(Ji;]’f) + C(f/ijj* ) € €, there exist A4, NV € % such
that {(.#) = C(Aj) + C(Aij) and C(A) = C(Jifj*) + C(e/‘f;)- From J%;; ® &; = 0 = .4}; ® §; and from Lemmas 2.1
and 2.3, we have

LA ® &) = LA @ &) + LN ® &)
=0.
By injectiveness of C, we obtain .# ® &; = 0, thatis, .#*&; + &/ = 0. Similarly using i&; instead of &; in the
previous calculation, we get .#"&; — &;./4 = 0. From the last two relations, we get &j.# = 0. Consequently,
&M & = &4 & = 0. Now, repeating the above procedure with .#” in place of .# and &; instead of &}, one
can see that &;.4" = 0. Hence &.4'&; = £/ &; = 0.Therefore, 4" = N} + Njjand M = M + Mj;.
Now by using Lemmas 2.3 and 2.6, we have
C(Aj + Ay + A + Ap) = LS+ H) © (85 + A7)
= {C(&) + (A7)} @ {C(&)) + C(Aip)
= L) + L) + L) + L)
= UM + Mij + Nji + Njj).
Since C is injective, we have
i+ N+ 4 NS = M+ M+ Nyt N
Consequently, 7 + Aj; = #;;and A;; = 0. [
Lemma 2.8. For any J¢;, N; € i, i € {1,2}, we have
C( i + i) = C(A) + (A7)
Proof. Since C is onto, there exists 2 € # such that
UZ) = C(Aii) + CL(Ai). (16)
Using Lemmas 2.1, 2.3 and (16) for &}, we have

U(&) ® Z) = (&) @ i) + (&) ® i)
=0.

Injectiveness of C gives us that

EX + 26 =0. (17)
Similarly, using Lemmas 2.1, 2.3 and (16) for i&; and solve as above, we get

EX -2&=0. (18)

From (17) and (18), we get Zj; = Z}; = 0.
Applying Lemma 2.1 and (16) for &}, we get

L& ® 2) = (& @ Hy) + LS @ ). (19)
Also from Lemmas 2.1, 2.3 and (19) for &}, we have

C(Ej(é @ Z) + (61 ® Z)¢)) = U(&j(é @ Hiy) + (61 ® Hii)' &)) + L(Ej(61 @ i) + (6 © Ni) &)).
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Solving it and using injectivity of C, we get Zi; = 0.
Now, applying Lemma 2.1 and (16) for C;j, we obtain

UAZ ®Cij) =UH®Cyj) + (A ©Cy)
UZ7Cij + C; ) = LA Cij + Cptty) + C(A; Cij + Ci i)
Again, by taking help of Lemma 2.1, (20) for &}, we can write that
L(ZCij + C;2) ® &) = L(H; Cij + C; i) @ &) + (A Cij + CjMi) @ 6))
= LA Cy + Cti) + LA Cij + G ).
By Lemma 2.7 and the injectivity of (, we have

CiiZPj+ 2°Cij+ P2 Cyj + C,. 2 = JH; Cij + C; M5 + N Cij + Cyyhi.

2537

(20)

Multiplying the above equation by &; on the left and by &; on the right, we find that 2C;; = 27 C;; + A4.*C;;

for all C;j € #;j. Using (6) and (7), we get Z; = J; + ;. [

Lemma 2.9. ( is additive.

Proof. Forany J¢, N € Z, we write X = J41 + U + Va1 + W and N = ]| + U, + ¥y, + #,,. Invoking

Lemmas 2.6 — 2.8, we get
A +N) = A+ W+ Py + Wy + ) + Uy + Vg + W)
= U + A + U + Usy) + LV + V) + LW o + W)
= L) + L) + UTha) + L) + L) + U(Yyy)
+L(W) + U(Wy)

= U+ U + Vor + W) + LG, + Uy + Vg + W)
= L)+ LUAN).

Thus C is additive. O

Lemma 2.10. C preserves '+, that is, ((¢™) = C(X)* forall # € %.

Proof. From Lemma 2.9 and given hypothesis, we have

Ux el = (X))ol
XTI+ 1) = ()C)+ ) x)
QA" +x) = LX) +UX)

LAY+ Ux) = LX) +UX)

for all # € #. Hence, we deduce that {(J#™*) = () forall ¥ € Z. O
Lemma 2.11. {(i)* = —C(il) and C(il)* = —1.

Proof. From Lemma 2.3 and given hypothesis, we have
0 = ¢0)
= QU@ + @'
= C()ycan) + ¢y e
= C@ED)" + ().
Hence, C(il)* = —C(il).
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Also from Lemmas 2.9, 2.10 and given hypothesis, we have
2 = 20()

()" (GI) + (i) (i)

C(D)"C(i) + C(EI)C(i)

—2C(il)%.

Hence C(i)?> = -1. O

Lemma 2.12. ((i]) € Z(%).

Proof. From Lemmas 2.3, 2.9, 2.10 and for any 2" = %Z™* € €, there is a self-adjoint element %" such that
)= . Then

HCAD) =

TG + Ay
@)D + (&)
UL (L) + (D))

0.

Hence J2°C(il) = C(il) % .
Also, any .4 € € can be written as .4 = 4] + i4;, where 4] = % and 5 = &L E;’V " Therefore,
Cih e #(¥). O

Lemma 2.13. ((i.%) = CG)C(X) forall # € X.

Proof. For any ¢ = JA + i, € X#, where J = % and % = %, we assume that {(J#] + i) =
M + it where A = 4547 and A5 = L5 for A € . From Lemmas 2.9, 2.10 and given hypothesis,
we have

20(41) = C(241)
=l ® (1 + i)
=) ®C(A + i)
=2.M.

Thus ((J#7) = A1. Also, we have

20(r) = L(22)
= Ll ® (A + i)
= L) ® C(A1 +i2)
= =2iL(il).S5.

Thus —iC(i)I(#) = 5. It follows that (74 + i) = (A1) + CEDT(A).
Now C(ix") = C(ity — Ha) = CADC() — C(Ha) = CENC(AX). Thus (i) = CENC(X) for all # € Z. O

Lemma 2.14. C preserves product, that is, C(& N) = L(A)U(AN) forall K, N € X.

Proof. For any ¢, .4 € %, from Lemmas 2.9, 2.10 and 2.13, we have
cahe( N — "N C(N=*k —x"n))

UA(@H) + (@) N))

CA)CEX) + LX) C(AN)

CENCA ) CA) = LA ) C(A)).
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Multiplying both sides by —C(il) and use Lemma 2.11, we have

N H =" N) = UAN)UX) =X )LUAN). (21)
Also, we have
LN H+ " N) = UN)UX)+LUH)LUAN). (22)

From (21) and (22), we get {(A %) = U(A)'C(X) for every A, % € Z. Hence (N X) = (AN )U(X).
Lemma 2.15. C is R-linear.

Proof. For every rational number g, we have ((ql) = gl. Indeed, since g is a rational number, there exist two
integers r and s such that g = . Since ((I) = I and C is additive, we get that

clah = oh1) = 1D = L) = g2

Let 2° € # be a positive element. Then 2" = #? for some #* = % € Z. Since ( is a ring *-isomorphism,
we have ((2) = {(#)? and ((%) is self-adjoint. So, ((2") is positive. This shows that C preserves positive
elements. Let A € %Z. Choose sequences a, and b, of rational numbers such that a, < AI < b, for all n and
limy, 0oty = lim,— b, = A. It follows from

a,l < Al < byl

that
a,I < C(AI) £ byl

Taking the limit, we get that C(AI) = AI. Hence for all 2" € #,
CAZ) =U(ADZ) = LADUZ) = AL(Z).
Hence C is R-linear. [

Thus in view of Lemmas 2.10, 2.9, 2.14 and 2.15, we conclude that C is R-linear ring *-isomorphism. This
concludes the proof. [

3. Corollaries

Let #Z be an algebra. Then Z is prime, if for each %', NV € #Z, # %./ =0 implies that either .#" = 0 or
A" = 0. Therefore, a prime *-algebra trivially satisifies the conditions stated in (6) and (7), as discussed in
the remark below.
Remark:- Let # be a prime algebra. Then, by definiton, for any %', 4 € Z, # %.# = 0 implies that either
& =0or .4 =0. In particular, taking .4 = &}, we obtain either % = 0 or &1 = 0. Since & # 0, it follows
that #" = 0, hence (6) holds. In a similar way, we can verify (7). Thus, the following corollary follows:

Corollary 3.1. Consider the prime +-algebras % and € with unity such that % has a nontrivial projection. Let
C: % — € be a unital bijective map satisfying ((F & N) = (A )@ LN ) forall X, N € R. Then, Cis an
R-linear ring *-isomorphism.

Assume that H is a Hilbert space. Then a von Neumann algebra .4 defined on # is an algebra of operators
that is self-adjoint, weakly closed, and possesses the identity operator. It should be pointed out that .4
is referred to as a factor if the only elements in its center are scalar operators. Clearly every factor von
Neumann algebra is prime. Thus, the following corollary follows:

Corollary 3.2. Let A" and M be factor von Neumann algebras such that dim(.4") > 2. Assume that a unital
bijective map C : N — M satisfies ((Z & N) = (KX )@ UA) forall Z, N € N Then, Cis an R-linear ring
+-isomorphism.
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Open Problem
A natural direction for future research is to examine the extent to which the principal results of this study
(Theorem 2.1 and the related Lemmas) may be generalized to wider categories of algebraic structures, with
particular attention to non-associative rings and algebras, including alternative rings, alternative algebras,
Wr-algebras.

Can the main results of our work be extended to non-associative settings, particularly to alternative
algebras. Investigating this problem could lead to new insights into the structural properties of non-
associative algebras. So we have mentioned a conjecture for future work in this direction as given below.
Conjecture 1 (Extension to alternative *-algebras).

Let #Z and ¢ be unital alternative *-algebras such that % has nontrivial projections &; (i = 1,2) satisfying

HHE=0 = H =0
Suppose that a unital bijective map C: # — ¥ satisfies
UeV)=gedv)

forall U,V € %. Then, C is an R-linear ring *-isomorphism.

Similarly, can our result be extended in -algebras and still the result holds. For this question, we have
mentioned a conjecture as given below.

Conjecture 2 Consider % and ¢ as unital *-algebras, with Z possessing a nontrivial projection & and
satisfying

HRE =0 = H =0
and
HAI-6)=0 = H =0,
where % € # and I is an identity of Z. Suppose that a unital bijective map C : # — % satisfies
Uhelhe --@U1eU,) = U)el(lU)®- - &l(U,:-1)®C(U,)

forallU;:i=1,2,--- ,n € Z. Then, Cis an R-linear ring *-isomorphism.
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