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a-limit of scalar-valued functions and related Banach spaces
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Abstract. In this paper, for a set X, a scalar valued function f : X — FF, where F is assumed to be the set
of all real or complex numbers, and for a cardinal number @, we define the a-limit of f as a generalization
of the limit of a sequence and denote it by lim” f. Indeed, if we assume that @ = 8; and X = N, then lim" f
is equal to lim, . f(n). If X is an infinite set and a an infinite cardinal number, then we define two classes
of Banach spaces ¢§(X) and ¢*(X) containing all bounded functions f : X — IF which satisfy lim® f = 0 and
that lim® f exists, respectively. Then we show that ¢(X) C ¢§(X) € £*(X) and ¢(X) C *(X) C £°(X). Also,
whenever the cardinal number « increases these spaces become larger such that the equality hold on the
left sides for a = 8y and on the right sides for all a > card(X).

1. Introduction and Preliminaries

In mathematics, there are various generalizations of the usual limit of sequences: for bounded sequences
[13, 15] (which is called a Banach limit), for vector-valued functions defined on the topological spaces [16]
and as defined in the following definition, for real (or complex) valued functions on infinite “sets”.

Definition 1.1. ([1, 3, 4]) Let X be an infinite set (equipped with the discrete topology). Then | € IF is called the

limit of a function f : X — F, which is denoted by lim f = I, if for each € > 0 there is a finite subset F C X such that
[f(x)=Il <€, forall x e X\ F.

In recent years, there is a big success toward introducing new and developing existing generalizations
of limits [13, 14]. Some new generalized limits of the matrix sequences are discussed in [12]. The interest in
the theory of Banach limits is renewed and has led to certain applications which have opened new vistas
in the structure of Banach spaces. Some new approaches, thoughts and perspectives are presented in [9].
The necessary and sufficient condition for an element x € £* to have fixed value Bx for all Cesdro invariant
Banach limits B and related results are provided by Semenov and Sukochev in [10] (see also [11]). We refer
the reader to recently published monograph [15] about Banach limits and the similar limit generalizations.

In this paper, using cardinal numbers, we extend the concept of the limit presented in Definition 1.1.

For our purpose, we need to recall the following preliminaries about the cardinal numbers. Through the
paper, we assume that ZFC is consistent.
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The notion of cofinality is widely used in literature (see for example [5, Chapter 9, Definition 2.7]).
However, we present below an alternative definition of cofinality of a, which is appropriate and fruitful for
our consideration.

Definition 1.2. ([8] Let a be an infinite cardinal number. The cardinality of the smallest set of strictly smaller
cardinals of & whose sum is a is called the cofinality of «, i.e.

cf(@) = minfcard(l) s & = Y A, Ai < al
iel
and it is denoted by cf(a).

It is clear from the previous definition that if « is an infinite cardinal number, then cf(a) < a.
Definition 1.3. ([6, 8]) A cardinal number « is said regular if cf(a) = a and is said singular if cf(a) < a.

Definition 1.4. ([2], Definition 8) For a cardinal o we define a*, called the successor of a, to be the least cardinal
greater than . We say that 8 is a successor cardinal if there is some cardinal o such that = a*. A cardinal a # 0 is
a limit cardinal if a is not a successor.

Theorem 1.5. ([5], Theorem 2.4, Chapter 9; see also [6]) Every infinite successor cardinal number is regular.

We will use the notation ¢o(X) for the set of all functions f : X — R with lim f = 0 and the notation ¢(X)
for the set of all functions f : X — R such that lim f exists. It is verified in [3] that ¢y(X) € ¢(X) € *(X).
Also, ¢(X) and ¢p(X) are both Banach spaces under the “d-norm” that is defined by ||f|ls := sup(f) — inf(f).
Further, on these spaces, || - ||; is equivalent to || - ||co.

We organize this paper as follows: Section 2 discusses about the a-limit of functions f : X — F as a
generalization of the limit of sequences, where « is assumed to be an arbitrary cardinal number. Section 3
is devoted to the existence of a-limit of functions f : X — [F and its relationship to a-constant functions,
where the cardinality a is assumed to be infinite. In Section 4 we try to introduce two Banach spaces ¢ (X)
and ¢*(X) which are defined directly based on the notion of a-limit.

2. a-limit of scalar functions and a-constant functions

In this section, using cardinal numbers, we generalize the concept of the limit of sequences for functions
f: X — [F. For a scalar ] and a sequence f = (a,) we know that lim,_,, 4, =  is equivalent to the statement

Ve>0 IFCIN: card(F) <Ny and |flr—1| <e.

The natural extension of above presented definition of limit is to enable that the set F may be choosen to
be an infinite set. This idea motivate us to introduce the notion a-limit as extension of the notion of the
(standard) limit, where cardinal number « is a upper bound of card(F).

Definition 2.1. Suppose that « is a cardinal number. Then for each f : X — [, | € [F is said to be an a-limit of f,
and denoted by im® f = I, if for each € > 0 there is A C X such that card(A) < a and

[flas — 1] <e.

Notice that from the previous definition, for a given sequence f = (2,)nen, lim,— 4, exists if and only
if lim™ f exists. Also, in this case lim;_,c 2, = lim™ f.

Remark 2.2. Let X be an infinite set and f : X — F. For a < card(X), as a consequence of triangular inequality, it
implies that if the a-limit of f : X — T exists, then it is unique. However, if o > card(X), then the uniqueness does
not hold. In fact, every I € [F is an a-limit of any given function f : X — F.
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Definition 2.3. Let f : X — Y and a < card(X). Then f is said to be a-constant if there exists A C X with
card(A) = a such that f is constant on A; i.e., f|ac, the restriction of f to A® is constant. We denote by cst*(X) for
the set of all bounded and a-constant functions f : X — F.

We recall here that a function f : X — Y is called simple if the image of f is a finite subset of Y. Using
Definition 2.3, it follows directly that for a function f : X — Y we have that

(i) if f is an a-constant function for some « € {0,1,2, .. .}, then f is a simple function;
(ii) f is always an a-constant function whenever a = card(X);
(iii) if @ < B < card(X), then cst*(X) C cst?(X).

Example 2.4. Suppose that f : R — R is a function defined by f(x) = x®xq(x). Let € > 0 be given. By considering
A = Qand c = N3, the cardinality of the continuum, we have card(A) = 8o < ¢, and |f(x)| = 0 < € for each x € Q°.
Thus im® f = 0. This example also implies that the existence of lim® f does not necessarily follow that f is bounded.

It is not difficult to show the following theorem which determines a-constant functions when « is finite.

Theorem 2.5. Let X be an infinite set and N € IN. Then the N-limit of a function f : X — TF exists if and only if f
is (N — 1)-constant function.

The next results, which are well-known tools in mathematical analysis regards to standard definition of
the sequence limit, will be provided for a-limit.

Theorem 2.6. (Squeeze theorem) Let X be an infinite set and let o be a cardinal number with o < card(X). Suppose
that f,g,h : X — Rare functions which satisfy im® g = l and im® h = 1. If

9(x) < f(x) < h(x) foreach x € X, 1)
then
i) im® f = [ whenever  is infinite.
i) im**~! f = | whenever a is finite.
Proof. Let € > 0. By definition, there are sets A1, A, C X such that card(A;) < @ and card(Az) < @, and
|91a: = 1| <€ and |nla; - 1| <e.
Let A= A1 UA;. We get
914 1| <€ and |hla - 1| <e.

Hence,
I—e<g(x)< f(x) <h(x)<l+e

for each x € A°. Therefore,
)f|Ac - l| < 6.

i) If a is infinite, then card(A) < a, therefore lim® f = I.

ii) If a is finite, then card(A;) < a —1 and card(A4;) < a — 1. So, card(A) = card(A; UA) <20 -2 < 2a—1.
Therefore, lim** ™! f = I.
O

Proposition 2.7. Let X be an infinite set and let a be a cardinal number with a < card(X) and suppose that
g h:X - RandleR. If g(x) <1< h(x) for each x € X and lim“®(h — g) = 0, then lim" h = lim" g = L.

Proof. The proof may be obtained in the similar way as in the above corollary using facts that for all x € X
we have |h(x) — I| < |h(x) — g(x)| and |g(x) = I| < |h(x) — g(x)I.
0
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3. Existence of a-limit of a scalar-valued function when «a is infinite

In this section, we will find a relationship between Banach cardinals and a-constant functions. Here, we
use the phrase“Banach Cardinal” for the cardinality of the algebraic dimension of a Banach space.

Theorem 3.1. Let X be an infinite set and a = a be an infinite successor cardinal number with a < card(X). Then
for a given function f : X — T the following assertions are equivalent:

(i) Lim" f exists;
(if) f is ap-constant function;
(iii) f is p-constant for some cardinal number 0 < f < a.

Proof. (i) = (ii) Suppose that im” f = I € F. Then for each n € IN there is A, C X such that card(4,) < «
and | flac — Z| < % Since a is successor, it implies that card(A4,) < ag. Now, by considering A = U,enA, € X
we have card(A) < card(A;) + card(4;) + - -- < Noap = ap, where the last equality holds since «ay is infinite.
Thus for each x € A° we have

}f(x) —l| < %, foralln e N,

which implies f|a- = [; i.e., f is ap-constant.

(ii) = (iii) Let f € cst™(X). Then for § = ap we have 0 < = ap < & = a. Therefore f is f—constant.

(iii) = (i) Suppose that f € cst?(X) for some 0 < 8 < a. Then there is B C X such that card(B) = 8 and f|g is
a constant function with constant value / € [F. Because 8 < a < card(X) it follows that B & X. Now, for any

given e > 0, if we set A = B C X, then card(A) = card(B) = f < @ and 'f|Ac - l‘ =0<e. O

Notice that the previous theorem is not necessarily true when « is a limit cardinal number. For example,

in the sequence (a,) defined by a,, = % we have lim* (a,) = lima, = 0, whereas (a,,) is not f-constant for each
0 < B < Ny. Indeed, the next theorem shows that for some limit cardinalities, the previous theorem remains
true.

Theorem 3.2. Let X be an infinite set and « be an infinite cardinal number with 8y < cf(«). Then for a given function
f: X — F,Um® f exists if and only if f is B-constant for some cardinal number 0 < B < a.

Proof. Let lim® f = I € FF. Similar to the proof of Theorem 3.1, for each n € N there is A, € X such that
card(A,) < a and | flag — l| < % Since a is infinite, this yields card(A) = card(UnenA,) < Yo card(A,) <
Noa = a, where A = U,enA,. Now, if a = )7 card(A,), then cf(a) < Ny, which contradicts the hypothesis.
Thus, card(A) < a. Now if x € A° then

’f(x) —l| < %, foralln € N,

which implies f|ac = I. Thus f is f-constant for f = card(A).
To prove the converse of theorem, suppose that f € cst?(X) for some 0 < 8 < a. Then there are B C X and
I € F such that card(B) = f and f|g- = I. Now for € > 0 if we set A := B C X, then card(A) = card(B) = < «

and‘f|Ac—l':O<e. O

Remark 3.3. If a is an infinite cardinal number that is a successor, then it follows from Theorem 1.5 that cf(a) =
a > Ry. So, Theorem 3.2 is a generalization of Theorem 3.1.

Definition 3.4. A cardinal number a is said to be a Banach cardinal if a0 = a or a is a finite cardinality.

The next theorem shows that the algebraic dimension of a Banach space is always a Banach cardinal.
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Theorem 3.5. ([7], Corollary 2.4) Suppose that X is a linear space. Then X is a Banach space under some norm if
and only if dim(X), the algebraic dimension of X, is a Banach cardinal.

Theorem 3.6. ([5] Theorems 3.8 and 3.10, Chapter 9) Assume the generalized continuum hypothesis. Suppose that
N, and 8y are two (infinite) cardinal numbers.

. . 8,; _ Ny, ﬁ < ')/,
(i) IfN, is regular, then Ny = { o, B2
R, Ny <cf(X),
(i) IfN, is singular, then N;ﬁ ={ Ny, cfN,) <Ny <N,,
8[344, ng > Ny.

An ordinal ([5]) is a set & with a transitive well-ordering relation <.
Lemma 3.7. ([5], Lemma 3.9, Chapter 9) If a > 1 is a cardinal number and y is an ordinal, then cf(a™) > N, .

The following result gives an equivalent condition for a to be a Banach cardinal and can be obtained
easily from Theorem 3.6, Lemma 3.7 and by considering two cases: « is regular and singular.

Remark 3.8. An infinite cardinal a = N, is a Banach cardinal if and only if cf(a) > No.

Theorem 3.9. Let X be an infinite set, a be a Banach cardinal with o < card(X). Then the a-limit of a function
f : X = Fexists if and only if f is B-constant function for some 0 < < av.

Proof. If a is infinite, then the result obtains from Theorem 3.2 and Remark 3.8. If « is finite, then it follows
from Theorem 2.5. [

Let X be an infinite set and a < card(X). Then we define ¢*(X) to be the set of all bounded functions
f: X — Fsuch that lim” f exists.

Itis clear that Uﬁ@,cs’d6 (X) € ¢*(X). Indeed, as the following theorem shows, when « is a Banach cardinal,
then the equality holds.

Theorem 3.10. Let X be an infinite set and o # 0 be a cardinal number with a < card(X). Then the following
conditions are equivalent:

(i) aisa Banach cardinal;
(ii) Up<acst?(X) = ¢*(X).

Proof. When «a is finite, the implication (i) = (ii) follows by Theorem 2.5. When « is infinite, the above
implication follows by Theorem 3.9.
Case: (ii) = (i). When «a is finite, then it is a Banach cardinal by definition.

Let @ be an infinite cardinal number. Suppose on the contrary, let a be an infinite cardinal number which
is not a Banach cardinal. Then a must be a limit cardinal that is not a successor and cf(a) = 8. Truly, if
a is an infinite cardinal number that is a successor, then it follows from Theorem 1.5 that cf(a) = a > Ny
which implies that « is a Banach cardinal, by Remark 3.8. Note that the cofinality of an infinite cardinal
number is infinite. Thus, there are cardinal numbers a1, ay, ... such that @, < @ and @ = Y, @- Therefore,
a = sup, (a1 +---+ay). Since a < card(X), there is X; C X with card(X1) = a. Now we consider a partition
{A1, A, ...} of X; such that card(A,) = a,, for each n. Then for the function f : X — F, defined by

1 xeA, forsomenecNN,
f(x)_{g, xe X\ Xy,

it is clear that f is bounded and lim” f = 0. Therefore, f € ¢*(X). On the other hand, it is easily verified that
f ¢ csth(X) for all B < a. Thus, we have f € ¢*(X) \ Up<qcst?(X), which is a contradiction with statement
(). O
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4. Banach spaces ¢(X) and ¢“(X)

The goal of this section is to prove the completeness of the norms for both spaces ¢j(X) and ¢*(X).
For an infinite set X and a cardinal number o with & < card(X), we mention again that

¢(X):=={f : X = F: f is abounded function with lim" f = 0},
and
(X) :={f : X > F: fis abounded function with lim” f exists}.

Itis clear that ¢} (X) C ¢*(X), and for each f € ¢*(X), by using Remark 2.2, lim" f is unique. Also, if @ and
p are both cardinal numbers with a < f, then we have

GX) S dX), (X)) CEX), @X) CX). @)

In the following of this paper, a is assumed an infinite cardinal number and X is an infinite set.
It is not difficult to show the following theorem which states that lim® is a linear and multiplicative
functional on ¢*(X).

Theorem 4.1. (Algebraic properties of a-limit) If ; = im® f and I, = lim® g, then
(i) hl = lim®(fg),
(i) I + Al =1lim"(f + Ag), for each A € F.

Remark 4.2. It follows from (2) and Theorem 4.1 that ¢{(X) and ¢*(X) are two (normed) linear subspaces of {*(X).
Indeed,

(i) co(X) € A(X) € €2(X), and
(i) ¢(X) € H(X) € £2(X).
Also, for o = Ry, the equality holds in the left hand sides of (i) and (ii).

We note that both of the spaces ¢ (X) and ¢§(X) equipped with [ - [|c are normed linear spaces, and
therefore, a sequence (x,) in each of these spaces is a Cauchy sequence if it is Cauchy in the space (£*°(X), |||l )-

Lemma 4.3. Suppose that a < card(X). If (f) is a Cauchy sequence in ¢*(X) and (1) is a sequence of scalars defined
as I, :=1lim" f,, then (I,,) converges.

Proof. Let € > 0 be arbitrary. Since f,, € ¢*(X), it follows that there is A, C X with card(A,) < a such that
€
[fulas, = 1| < 3 (3)
Because (f,) is a Cauchy sequence, there is N € IN such that

= fills <5, (mn 2 N). @

Now, suppose that m,n > N. It is clear that A, U A, & X. Choose x € X \ (A, U A,), and then using (3) and
(4) we obtain that

€

L = L] < |fm(x) — Ll + |fm(x) - fn(x)l + |fn(x) -lLl< s+

Cif-¢
33 o

€
3
Thus, the sequence (I,,) in IF is Cauchy, therefore, it is convergent. [J

Theorem 4.4. The normed linear space ¢*(X) is complete, i.e., it is a Banach space.
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Proof. If the cardinal number « satisfies a > card(X), then ¢*(X) = £*(X). So, in this case the result is clear.
Otherwise, suppose that @ < card(X). Let (f,) be a Cauchy sequence in ¢*(X) and € > 0 be arbitrary. Since

*(X) € €°(X), the sequence (f,) converges to some f € {*(X). If [, = lim” f,, then from Lemma 4.3, there
exists N € IN such that

Ifi = fllo < 5, and =1 <3, (5)
hold for all n > N. Since fy € *(X), we can choose A C X such that
card(A) < a, and |fN|AC - ZN| < g (6)

If we choose x € A, then by using the relations (5) and (6) we have

|fla) 1] = 1f@) -1
< @) = )|+ v = In| + I - 1]
€ € € _
< g + g + 5 = €.

Therefore, lim” f = 1. Moreover, f is bounded since f € ¢*(X). Thus (f,) converges to f € ¢*(X).

The following result is obtained from the proof of the previous theorem and shows that whenever f, — f
in ¢*(X), then the a-limit of f, also, converges to the a-limit of f.

Corollary 4.5. Let o < card(X) and (f,) is a sequence in ¢*(X) converging to f € ¢*(X). Then

lim lim® f, = lim" f.

n—oo

Corollary 4.6. The normed linear space ¢(X) is a Banach space.

Proof. Let (f,) be a Cauchy sequence in ¢j(X). Since ¢j(X) € ¢*(X), it follows from Theorem 4.4 that there is
f € ¢*(X) such that f, — f. On the other hand, according to Corollary 4.5 we have

lim® f = lim lim” f, = im0 = 0.

n—o0o n—oo

Thus f € ¢j(X). O
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