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Uncertainty principle and applications of the biquaternion windowed
linear canonical transform

Yi-Ting Zhu?, Wen-Biao Gao™*

*School of Mathematics, Yangzhou University, Yangzhou 225002 , China

Abstract. In this paper, the windowed linear canonical transform associated with biquaternion is given,
which is called the biquaternion windowed linear canonical transforms (BiQWLCT). Then, the inversion
transform and Plancherel formula of the BIQWLCT are derived. Next, Donoho-Stark’s uncertainty principle
for the BIQWLCT is obtained. Finally, using Donoho-Stark’s uncertainty principle of the BIQWLCT, the
signal recovery and potential applications are studied.

1. Introduction

The quaternionic linear canonical transform (QLCT)has been widely applied in different fields [1H5]
. Many papers [6H9] have studied some important properties of the QLCT, such as linearity, Plancherel
formula, Poisson summation formula, boundedness, inversion transform and convolution theorem. Un-
certainty principle has aroused the research interest of several scholars. According to the properties of the
QLCT, different types of uncertainty principles associated with the QLCT have been studied, for example,
Donoho-Stark, Heisenberg-Weyl, Hardy, Beurling, Lieb and logarithmic uncertainty principles [8H13].

On the other hand, biquaternion is a more general form of quaternion [14, 15]. The research history
of biquaternion has been a long time. Tracing back to 1853, Hamilton [14] discovered the biquaternion
algebra. Subsequently, some properties of the biquaternion algebra are studied[16H19]. According to the
biquaternion algebra, Said et al. [15] studied the Fourier transform and proposed the biquaternion Fourier
transform (BiQFT). The biquaternion Z transform were defined by Bi et al. [20]. Moreover, we[21] studied
the LCT associated with the biquaternion algebra and obtained the biquaternion linear canonical transform
(BiQLCT). Some properties of the BIQLCT were obtained, such as inversion transform, Parseval theorem,
convolution and Heisenberg uncertainty principle [21].

The BiQLCT is a useful tool for signal processing and analysis. The BiQLCT takes functions from the
time domain to the frequency domain, but it cannot be used to show the relationship between time and
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frequency or to perform localization for time and frequency simultaneously as a result of its global kernel.
To overcome such a problem, the study of the linear canonical transform in the biquaternion algebra setting
motivates the interest of extending the quaternion windowed linear canonical transform to biquaternion
algebra[22]. Therefore, in the current paper, our aim is to utilize the advantages of biquaternion algebra
to propose a new signal transform method, which we call the biquaternion windowed linear canonical
transform (BIQWLCT). In some sense, the technique can be viewed as an extension of a previous work
related to the quaternion windowed linear canonical transform. The complex numbers are extended to
higher dimensions, which are more flexible. The BIQWLCT can perform localization for time and frequency
simultaneously, it can be used to observe signals and perform the analysis of time-frequency localization
by a fixed time-frequency window. Then the inversion transform and Parseval theorem of the BIQWLCT
are obtained. according to the properties of the BIQWLCT, Donoho-Stark’s uncertainty principles for the
BiQWLCT is generated. Finally, the signal recovery and potential applications are discussed through
Donoho-Stark’s uncertainty principle for the BIQWLC.

The paper is organized as follows: Section 2 presents a brief introduction to some general definitions
and properties of biquaternions algebra. The definition and properties of the BIQWLCT are obtained in
Section 3. Section 4 studied Donoho-Stark’s uncertainty principle of the BIQWLCT . The applications of the
BiQWLCT is discussed in Section 5. Section 6 presented some conclusions.

2. Preliminary

In this section, we reviewed the concept of biquaternion algebra. Biquaternion algebra is complexified
quaternion algebra [14} 23]
The biquaternion algebra is defined by He [16}[19]]. A biquaternion algebra g € Hc can be represented

by
g =qo+qii+ qoj + g3k, (1)

where 4o, 91,92, g3 € C are complex numbers. When qo = 0, then g is the pure biquaternion [21].
In addition, g can be written the following form [17]:

q=5(@q)+ V), 2)

where 5(q) = qo is the scalar part of g and V(q) = q1i + §2j + g3k is its vector part.
Let g =qo + qii + q2j + g3k = S(9) + V(q) and p = po + p1i + p2j + psk = S(p) + V(p), then

q+p=(5@) +5p)+ Vg +Vp), (3)
Ag=AS(q) +AV(g), AeR, 4)
qap = S()S(p) = <V(@), V(p)) + S@V(p) + S(p)V(q) + V(g) A V(p), (5)

V), V(p)) = qip1 + qap2 + q3p3,

V(g) A V(p) = (q2p3 — g3p2)i — (q1p3 — g3p1)j + (q1p2 — q2p1)k.

When g is orthogonal to p, then (g,p) = 0.
There is a relationship between complex imaginary unit I and quaternion imaginary units 1i,j, k as
follows|[15]

il = Ii, jI = Ij, kI = Ik. (6)
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There are two basic ways of conjugating a biquaternion. Quaternion conjugation is related to the
imaginary units i, j, k and complex conjugation to I [17].
The quaternion conjugate of a biquaternion g € Hc is given by [17, 21]

q=35( - V(). @)
The complex conjugate of a biquaternion q € Hc is represented by [15]21]
4 =do+ i+ goj + sk, ®)

where §o, 1, §2, §3 are called as the complex conjugates of the complex coefficients of 4.
The biquaternion conjugate of g is defined as [17] 21]]

7=10=1q=4do—ii-dj- ik 9)

and we have pg =g p.
The norm of a biquaternion g is given as follows [18]

Igl1* = lq0* + lq1* + |g2I* + Ig3[*.

When ||g|| = 1, then g is called unit biquaternion. The modulus of a biquaternion g is |g| = \/m
Biquaternions are not a normed algebra. So the norm is not multiplicative, [pg| # |plig| [18].

A biquaternion p € Hc is a biquaternion root of -1 iff u? = —1 [17].

Any three mutually orthogonal roots of can be used as a basis to decompose a biquaternion. For any
biquaternion g = qo + q1i + q2j + g3k, g can be represented by [15]

q=(q) +qp) + (95 + Gy)v 10)
=qo+ Qi+ qov + gy,

where v is a biquaternion root of -1 orthogonal to u and g, 4}, q5,q; are complex numbers. Let Simp(q) =
(95 + q1 1) be simplex part, Perp(q) = (g, + g3p)v is perplex part, then g = Simp(q) + Perp(q)[21].
A biquaternion-valued function f(x) is defined as follows [21]

f0) = fo) + fii + foj + f3k
= Simp(f) + Perp(f) (11)
=S5(f) + V(f),

where fo, f1, f2, f3 are complex-valued functions. The significance of the biquaternion signal itself have been
given in[15].
An inner product of biquaternion functions f, g can be defined on L? (IRZ, ]I—IC) by[21]

(oo = [ Foogex,
where x = (x1,x2), if f = g, then

o = ( fR 1feofax)

3. Biquaternion windowed linear canonical transform

Because of the non-commutativity of the biquaternion algebra, the multiplication in the next integral is
done from left to right. The definition of the BiQLCT is represented as follows[21]:
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Definition 1. Let A; = (a;, bi; ci, d;) € R¥? be a matrix parameter satisfying det(A;) = 1, for i = 1,2. The BiQLCT
of a function f € L2 (]RZ, ]HC) is defined by

L3 4,1 flw) = fR 2 FOOKY (x1,w01)KY (2, w2)dx. (12)

Based on the definition of the BIQLCT, we denote the following definition.
Definition 2. Let a matrix parameter A; = (a;, bi;ci,d;) € R¥? satisfy a;d; — bic; = 1, for i = 1,2, and ¢ €

L*(IR?, Ho)\{0} be a window function. Then the BIQWLCT of the function f € L? (]Rz, ]HC) with respect to ¢ is
defined by

Si’fAz{f}(W, u) = f F)Pp(x — U)Kgl (x1, w1)Kf:2 (22, wo)dx, (13)
R2

where p is the pure unit biquaternions that are orthogonal to each other, x = (x1,x2),u = (U1, Uz), W = (w1, wy) € R?2
and the kernel functions

L gt geit)
Kl (i) i= { VL SRR (14
Vit E O ems(x; — davy), b =0
O(-) representing the Dirac function.
Lemma 1. Let a function f € L? (]Rz, lI—Ic). Then the inversion formula of the BiQLCTI21],
fx) = jl;z £§\hA2{f}(W)KZ1,1(w1,Xl)KZEI(wz,xz)dW, (15)

where A7 = (d;, —bi; —c;,a;) € R¥2, fori=1,2.
Next, we obtain the inversion formula associated with the BIQWLCT

Theorem 3.1. Let a function f € L? (le, ]I—IC) and ¢ € L2(R?, He)\{0} be a window function. Then the inversion
formula of the BIQWLCT,

Jro Jro S22 UF KW, wKE (01, x0)KY (w2, x2)p(x — w)dwidu
fo) = ’ 1 2 . (16)

IOIP. g1y

Moreover, the Plancherel theorem of the BIQWLCT is derived:

Theorem 3.2. Let ¢ € L?(IR?, Hc)\{0} be a window function and two functions f, g € L2 (]RZ, ]I—IC), then we obtain
the following result:

(S3° AW, S0 {ghw, W)z pie) = 101 e g1 Dizre o) (17)
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Proof. According to the definition of the BIQWLCT, we have

(S5 AW, w), ST {ghw, W) 2w )

f SB(p fiw, u)Sﬁ’fA {g}(w, u)dwdu
R JR2 2

f Sifﬁ 4, 1w, u) [ jﬂ; i g(x)gi)(x—u)Kl’;1 (xl,wl)ng(xz,wz)dx] dwdu

(18)
f S i, WK (@, 1)Ky (o1, 11)dwep(x — u)g(x)dxdu
= oI e g1 fR fg()dx
= “(P“%Z(IRZ,IHC)(f’ g)LZ(]RZ,]HC)'
O
Corollary 1. Let f,g € L?(R%, He), if f(x) = g(x), then
f 1S U wPdwdu = 1011 o 130 P e (19)

4. Donoho-Stark uncertainty principle for the BIQWLCT

Kou et al. [25] have studied the Donoho-Stark uncertainty principle in the quaternion Fourier transform
setting, Achak et al.[26] have obtained the Donoho-Stark uncertainty principle for the QLCT. In this section,
we derive the Donoho-Stark uncertainty principle associated with the BIQWLCT.

Assume that [+ and ][ are two measurable sets on IR?, a function f € L2 (]Rz, ]Hc). We give the definitions
of the operators M,y and Ny, respectively :

Myf = xuf, (20)
and
Nuf = S0 xusSyls, (O} (21)

where xqj is the characteristic function of JJ.
The norm of M, is defined by:

(1M (22, kie)

IMyll = 22
rang Mlae 22
and the norm of Ny is presented as following:
INTT ()22 1
Nyl = S (23)

feL2(R?He) 112w 1e)
Let the function f € L? (IRZ, ]Hq:) and f # 0, if the following equation holds:

1My (Ollr2re 110) < Vil fllzore o), (24)
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then f is viy-concentrated on . And if

INTr(Olle2re, 1) < Y1l flle2ore ),

then f is vyj-concentrated on [[.
Let t be an integral operator and be denoted by

tf() = j}l;z [RZ f(x) £ (1,x, u)dxdu,
wherel = (I}, ) € R?,

1%, 0) = xS, (i (W)EG— wKA (1, 1)K, (x2,02)) (),

is the kernel function and the Hilbert-Schmidt norm of t is defined by

1411 = ( f f |4 1,% wPdldxdu)’.
R? JRR? JIR?

Lemma 2. If ) and H are sets of finite measure on R?, then
INIIMylle = My Niqlla-
Proof. According to the formulas (20) and 21), we have
Ny My f(x)
= S (WS, My )00

= [ [ S M P G ) e, )l
R2 J]I g

= f]RZ j]:[ (Lf(Y)(P(y_u)Ki‘Ll(]/1,W1)K52(y2,w2)dy)

X K;‘:‘ (2, wz)K;‘f‘ (1, wr)dwdu

= [ [ sl [ 56w ok e
® Jy i

X K (22, 02) K" (x1, w1 )dw )dydu

= f f f(y) t (y,x, u)dydu.
R Ju
Hence, using the formulas (26) and (28), we obtain

||NL[ML+J||H=(fff|i(y,x,u)|2dydxdu>2.
+ JR?2 JRR?

On the other hand, according to the definition of the BIQWLCT, we obtain

MyNi; f(x)
= Xy CON f (%)

- f Xy f S L OKH (r, wo) K (xy, wy )dwdu
RR? 11 §

= [0 [ ([ Fom=akes (o, wks o ey

X K;‘i‘ (2, wz)KZfL (21, wy)dwdu

= [ xow [ 040wy

2630

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)



Y.-T. Zhu, W.-B. Gao / Filomat 40:7 (2026), 2625-2637 2631

Hence,

IMgN Il = ( fu f}R 2 fR 14 (y, % widydxdu) (33)

We obtain the results. 0O
Lemma 3. Let the norm of T be presented by:

1t fllzwe me)

I+ = (34)

fel2(R2,Hc) ||f ”LZ(JRZ,ch)

then

VYT )

NN <Itlle < )
|b1bo|

Proof. According to Cauchy-Schwarz inequality, we have

I oy = [ 1 SO

- fm 2 fR 2 fR fW0tx, u)dxdu’zdl o)
< f |f(x)Pdx fR i fR 2 fR le:(l,x,u)lzdxdudl

= Il ey 115

So,

It <1l (37)
In addition, using the formula @, we have

Sy 0K, w) = gD (w)GO = WK (x1, wi)KY (x2,w2)) (). (38)
According to the formula (I9), we have

(ka7

=|I<PII§2(R2,]HC) f f IKﬁl(xl,wl)Kﬁ{Z(xz,wz)IZdvdw

II<¢>II 39
< Plewe o f f dldw (39)
4ﬂ2|b1b2|

||¢||L2 :
_TTLA(R* He)
= I

Then

lpllr2wr2, kic)
- W\/|U||H| (40)

Therefore, we have this conclusion. [
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Let f be unit energy signal, then ||f||;2r2 1) = 1. Based on this assumption, we obtain the following
theorem.

Theorem 4.1. Let |4, H be two finite measure sets on R* and vy + v < 1. If f is Vy— concentrated on \¢) and
Sﬁ’fp A {f} is Y{1— concentrated on [ ], then

I, e
(1= vy - v < LZl(gszr)luuﬂl (41)

Proof. By the formulas and (25), we have

Ilf = NipMu fllzre ) < If = Nipflleewe e + INTf = NiiM fllzwe me)
< Vi + INT1lle2re 1ol f = NiiMuy flle2are, 1) (42)
<V + VI

On the other hand, from the above formula, we obtain

INTIM fllizre 1) = f 2wz, b0 = I = NiiMu fllizwe me)

43
>1-vy- Vv (43)

From the Lemma[2and Lemma[3] we have the following formula
||NHM@f|| >1- Vi — VII- (44)

Then

Il
1= vy - vir < ¢L€£?\thqj| (45)

Therefore, we have this conclusion. [

Theorem 4.2. (Donoho-Stark uncertainty principle) Let \¢J,H be two finite measure sets on R?, 21t /|b1by| >
lpllrzere ey VI I LT | and vfﬂ + v%l <l Iffel? (]R2,]I—IC) is Viy— concentrated on \¢ and Li,Az{f} is V-

concentrated on [ ], then

1l VI _ o, o o
S
Proof. Let 4 and ] be the complementary sets of l+) and ], respectively. Then
I= My + M,
= My(N|[ + Np) + M (47)

= M@NH + ML“JNH( + ME’J(’

where [ is the identity operator.
Hence,

f=MyNyif + MyNyyf + My f, (48)
that is to say,

f - MwNﬂf = M@Nﬂff + MLJ,JCf. (49)
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Because of the orthogonality of M) and M, we have

IIf —M@Nuﬂlizmz,m) = IMyNype f +MH-JCf”i2(]R2,]HC)

) ) (50)
= ”MLHNHCf”LZ(IRZ,]HC) + ||M@Ef”L2(]R2,HC)I
then
1
If = MNp1 fllze o) < (MNP e g + Mg IR e pac) - (51)
In addition, according to the Lemma ,
Ilf = MiyNip fllezre o) 2 1 f 2z o) — IMyNfllizewe He) (52)
2 [Ifllzre 110y (1 = 1My NylD),
combining the two equations above yields, we have
1
1l (L~ IMNLLAD < MNP oy + 1M e i) (53)

that is to say,

lpllr2re, o) VIW I X
: < (IMyNyp fI? + 1My 1P )
27t Vb1 bs| ) W f L2(R2,Hc) wef L2(R2,H) -

1
2 2 2 ’
< ((vtﬂ + VH)“f”LZ(RZ,Hc)) !

1 l2re 10y (1 =

hence,

4+
1 llpllr2re 1) VI LT | < (V2 42

2 ). (55)
27 V[b1by ool

O

5. Applications

The uncertainty principle for the BIQWLCT has been studied in this paper. In this section, to show
the correctness and usefulness of the theorem, an application is given to verify the result, and potential
applications are also presented to show the importance of the theorem.

Several papers [27H29] have discussed the problem of signal recovery in signal processing. In this
section, we study signal recovery by Donoho-Stark’s uncertainty principle of the BIQWLCT.

Assume that the original signal f(x) € L? (]RZ, ]I—IC) is transmitted to a receiver. The received signal R(x)
is given by:

m@:{§”+“”’izi, (56)

where t(x) € L? (]RZ, ]I—IC) is a noise signal.
Theorem 5.1. Assume that an operator E and a constant F have the following relationship:

If = ERll2e 1) < Flltllame o), v
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and two finite measure sets |+) € R? and H € R? satisfy:
472|b1b
i i< _Aribiba) | (58)
[
Then the original signal f(x) can be stably restored from R(x), and the constant F has the following condition:
2(R2 + -1
Fe (1 iz /Hcib\/;% 11 I) ‘ (59)
102

Proof. Let the linear operator E be defined by E = (I- MNyj)™". Based on the condition (58 .and the Lemma
Bl we have

2(IR2 +
Ny < a0 VIO )
|b1by|

so I — MNyj is invertible.
In addition, for the original signal f(x), we have (I - My)f = (I - MyNyy)f, and

f() = ER(X) = f(x) = E((I = M) f(x) + £(x))
= f() = E(I = MyNip) f(x) — Et(x)

_ (61)
= f(x) = (I = MyNy) ™' (I - MyNpp) f(x) — Et(x)
= —Et(x),
hence,
IIf(x) = ERGIr2(re 11e) = IEFOOIL2w2 1) ©2)
<11 = MyN1D Iz 1) -
According to
I = MyN) ™ < (T = IMyNp D™, (63)
then
I1£(x) = ERGNl2re mey < (I = IMyNplD)~ IEGON 2z 1)
(1= w0 VIBTTD o (64)
< PN T L[2(R2,Hc)r
that is to say,
P2, 1) VIW LT I\ -1
F<(1- ) (65)
2n V|b1b2|
[
. 4ﬂ2|b1b2|
Theorem 5.2. Let R(x) be given by the formula (56) and |\J) || [T ] < ||(P||— Forany e > 0, zflli.‘(x)llLz R2.He)
L2(R2,Hc)

(4216l = 61, g | LTI WD

87T2|b1b2|
(4n2|b1b2| - ”(P”iz(]RZ,H—Ic)l Lﬂ ” H |)€

87T2|b1b2|
“f(x) fl(x)HLZ R2,Hc) <e (66)

and fy(x) is recovered with ||R(x) — M,y fl(x)IILz(]Rz He S

, then
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Proof. Based on the following fact:

lf () — fl(x)”iZ(RZ,ch)

) ) (67)
= ”M@r(f(x) - fl(x))”Lz(]Rz,]Hc) + ||(I - M@C)(f(x) - fl(x))”Lz(]Rz,]Hc)'
We can obtain the following two inequalities:
M (F00 = Aoy,
= My (RO = H) = M Ai00I s g 1
< ”MU R(X) MU fl(x)HLZ R2,Hc) + ”MU t(x)”LZ(]RZ Hc)
||R(X) MU fl(x)”LZ R2,Hc) + “t(x)”LZ(]RZ He) (68)
(4r201bal ~ 91 gy | W TT D (Ar2I01al = 91, gy | W1 T De
= 8lbbs| " 8lbbs|
IR WL
a ( 4ﬂ2|b1b2| )é,
and
“(I MU )(f(x) fl(x) ”Lz R2,Hc) ”(I MU )NH(f(X) fl(x))HLz R2,He¢)
= ”MLﬂN]_I(f(X - fl(x )HLZ(IRZ,]H()
< ”MUN]_IHZHf(X) - fl (x))”iz(]Rz,]Hq;) (69)
0B, gy | W1
e (RS A
Hence, we have
||f(X) fl(x)HLZ R2,H¢)
1Page i WILIL I e o W LT (70)
< ( 4:7T2|b1b2| )8 + 4:7T2|b1b2| ”f(x) fl(x) ”Lz R?2,Hc)’
then,
||f(X fl(x ||L2(]R2 Hc) <e. (71)
|

Theorem 5.3. Let E = (1 - MyNy)™ = 9 (MyNpp)! and fO(x) = Z5_ (MyN)*h(x), then f(x) can be
reconstructed in the set \¢) by the following iterated algorithm:

fO00) = R),

f(l)(x) = R(x) + M@N}_{f(o)(x)r

FO(x) = R(x) + MyN FO(x),
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f(K)(X) — R(x) + M&JNHf(1<—1)(X),

R = R + MyNp (%),
and when x — oo, we have f®(x) — ER(x).

In addition, the BIQWLCT is an affine transformation in the time-frequency plane. The uncertainty
principles of the BIQWLCT play a very important role in the analysis of spectra in affine modulation
systems[29]. For example, when we try to implement the BIQWLCT in affine modulation schemes where
the spectral efficiency is crucial with ability to compress pulses within the time-frequency plane, it is
necessary to discuss the effective bandwidth in the BIQWLCT domain. It is theoretically meaningful and
practically feasible to discuss the spread in the BIQWLCT domain through combining the new uncertainty
principle inequalities with the multichannel interpolation techniques.

Other potential applications can be found in the field of image processing. For the image processing,
Donoho-Stark’s uncertainty principle of the BIQWLCT can help optimize the clarity and detail represen-
tation of images, especially when dealing with high-frequency information. In audio signal processing,
this uncertainty principle helps to understand and improve the quality of audio signals, especially during
compression and transmission[30].

Moreover, The results of this paper can be extended to other time-frequency analysis tools, and the
discrete algorithms of the transform can be further studied[31-35].

6. Conclusions

In this paper, we presented the definition of the BIQWLCT. By derived the inversion transform and
Plancherel formula associated with the BIQWLCT, Donoho-Stark’s uncertainty principle for the BIQWLCT
can be obtained. The result has well generalized the classical results of the windowed Fourier transform.
The uncertainty principle states that the temporal and frequency resolutions of a signal cannot be very
small simultaneously. This research is of great significance because it enables us to better understand the
mathematical principles behind signal processing. Through signal recovery of the biquaternion signal, it is
proved that the Donoho-Stark’s uncertainty principle of the BIQWLCT is effectiveness and accuracy.
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