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Turan type inequalities for the four-parameter Mittag-Leffler type
supertrigonometric functions

Abhinav Dwivedi?, Ankit Pal®*

?Division of Mathematics, School of Advanced Sciences & Languages,
VIT Bhopal University, Kothrikalan, Sehore-466 114, Madhya Pradesh, India

Abstract. In this paper, we aim to investigate Turan-type inequalities for the four-parameter Mittag-
Leffler type supertrigonometric functions by employing a newly formulated version of the generalized
Cauchy-Bunyakovsky—Schwarz (CBS) inequality. Furthermore, several significant results concerning
Turan-type inequalities for the generalized Wright’s hypergeometric type supertrigonometric functions
are derived and established.

1. Introduction and Preliminaries

The Bagley’s supersine and supercosine function [3], constructed utilizing the framework of the one-
parameter Mittag-Leffler function, is specified by the following definitions:

Supersin (") = Eo(it?) — Fa(—lt )

(_1)nt(2n+1)u¢
2i a L= T((2n + D+ 1)’ @)
Eq(it%) + Eo(=itY) o (=1)"#2me
Supercos (") = L )+2 i) _ (-1)

= I'(2na +1)

wherei = V-1,a,t € C,R(a) > 0 and E,(t) is the Mittag-Leffler function [12].
The supersine and supercosine function is defined by the following definition in the framework of
two-parameter Mittag-Leffler function (Wiman function):

Supersina,ﬁ(t“)

-1 x (_1)nt(2n+1)a+ﬁ—1
= LB, 4(it%) = Epp(=itM)] = Y ot

27 [Eap(it?) = Eap(=it)] L T(@n + Da+ )’ ®)
p-1 i —1)rg2na+p-1
Supercos,, 4(t*) = T[Ea,ﬁ(it“) + Eqp(—it")] = Z )

i T@na+p)

(4)
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where a,,t € C,R(a) > 0, R(B) > 0 and E,g(t) is the generalized Mittag-Leffler function [21]. This result
was established by Yang in 2019 [19].

The supersine and supercosine function can be defined in the framework of three-parameter Mittag-
Leffler function (Prabhakar function) as,

- ﬁ i ! o S (—1)"(7/)(2n+1) t(2n+1)a+ﬁ—1

Supersin () = 5 [EL 1)~ EL (-] = X @+ Do+ ) @i ©
sl 1) 2na+p-1

Supercos’ (1) = —[E i)+ EL (i) = Z I(,(Z;a(z);)t TR (6)

where a,,y,t € C,R(a) > 0,R(B) > 0, R(y) > 0 and Ezlﬁ(t) is the Prabhakar function [13]. This result was
established by Yang in 2019 [19].

The supersine and cosine function via Wright’s generalized hypergeometric function [20] can be ex-
pressed as,

,8ing(2) = 211 o ¥q(i2) - y(-iz)|
B = (L1 + Rk + 1)) ... T(rp + Rp(2k + 1) 22K+ .
Z(_ ) (51 + 512k + 1)) ... (5, + S,k + 1)) (2k + 1)!” @

k=0

and

pC0S4(2) = %[p\yq(zz)+ W, (- 1z)]

© F(r1 + Ry(2K)) ... T(r, + R,(2K)) 2@ .
Z T(s1 + S1(2K)) .. . T(5, + S,(2K)) (2! ®

k=0
wherer;,s;€ C,i=1,2,...,p;,j=1,2,...,q,and the coefficients R;, S; € R* satisfying the condition
q p
Zs,-—ZRi>—1. (9)
j=1 i=1

In particular, whenR; =S;=1(=1,2,...,p; j = 1,2,...,4), equation (7) and (8) reduces to

(LD, D) i L) e
pSIn ‘7[(2,1) (?;,1) ]‘ 0 1r(sj) pSupersﬂ‘q[:i,...,:z Z]' (10)
=
and
(r,1),...,(r,, 1) I, T(r) "
[(51,1)... (52,1) ] —Hq1r(sj)pSuperCOSq[si,...,sZ Z]' (11)
=

where ,Supersin, (-) and ,Supercos, (-) denotes the generalized hypergeometric supersine and supercosine
functions [20] respectively.
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2. Four-parameter Mittag-Leffler type supertrigonometric function

In this section, we introduce the supertrigonometric function (supersine and supercosine) constructed
through the four parameter Mittag-Leffler function, which are defined as follows:

-1 S (=1)' () @nsry LDt
VA ay VA (pay _ EVA (e _2
Supersin, s(t") = 2i [E“rﬁ(lt )~ Eqpl=it )] - L T(2n +Da+p) @n+1)!’ (12)
-1 S (—1) () )y f200+B-1
YAy _ 2 eV a VA _aay] — 9
Supercosa’ﬁ(t ) = > [Ea,ﬁ(zt )+Ea,ﬁ( it )] = E_O TCma+p) @) (13)

wherea, B,y,t € C;R(a) >0, R(B) > 0,R(y) >0and g € (0,1)UN. The EZ:Z(t) is the well-known generalized
Mittag-Leffler function due to Shukla and Prajapati [16].

2.1. Convergence analysis of the function SupersinZ’Z(t“) & Supercosz'g(t“)
We have,

o (=1)"()@ns1yg tErDakp-1
- VA gy _ .
Supersma,ﬁ(t ) = ; [(@n+1)a+p) @Ru+1)! "

Consider
L (_1)71(7,)(2””)‘1 pen+Da+p-1
"TT(@rn+Da+p) @n+1)! 7
()M @nesyg t2r Dl
S T (Qn )+ p) @n+d)

Using ratio test, we calculate

_ ()en+3y T((2n + 1)a + p) 1 pn+3)a
M @nsg T((2n + 3)a + P) (21 + 2)(2n + 3) tn+ha
(r + @2n +1)g)2 T((2n + 1)a + ) pa
(2n +2)(2n + 3) I'((2n + 3)a + B)

T((y + @n + 1)q) +29) T(2n + Da + p)
) l I(y+@2n+1)q) T(2n+3)a+ ,B)' |2n +2)(2n + 3)|
—0<1,asn — co.

Upns1
Uy

1129

Therefore, SupersinZ:Z(t"‘) is convergent for all £.

Similarly, we have

y - (—1)"()/)2;1 prratp-1
VA gy — 2' q
Supercosa,ﬁ(t )= = T'(2na +p) (2n)! '

Consider
w = (_1)H(V)2nq 2na+p-1
" T@na+p) (2n)
_ (—1)n+1()/)(2n+2)q t(2n+2)a+ﬁ—1
T Tt atp) @nt2)l
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Using ratio test, we have

| |Menrg  TQRna +B) 1 H2n+2)a
up || g T(@n+2)a+p) 2n+2)2n+1) t2na
_ (7/)2nq(y + an)Zq I'2na + B) 120
- Dzg (@ +2)a+p) @n+2)@2n +1)

I'(y+2ng+2q) T(Q2na+p) |2
I Iy +2ng) TI(2n+2)a+p)|12n+2)(2n +1)|
—0<1,asn — oo.

Therefore, Supercos (t“) is convergent for all £.
2.2. Elementary properties
Theorem 2.1. Let a, B, y,t € C;R(a) > 0, R(B) > 0, R(y) > 0;9 € N. Then,
Supercosyq(t“) +i SupersinZ’Z(t"‘) = tﬁ_lEZ’Z(it“),
and
SupercosZ:Z(t“) —i Supersinzig(t“) = tﬁ‘lEZ:Z(—z’t“).
Proof. From (12) and (13), we have
Supercos (t"‘) +1 Supersm (t“)
— [EZ:Z(it“) + EA(=it)] + 1— [Ew(zt“) EVA(=it")]
— p-1pyd
=f E/(itY),

which is the proof of (14). Similarly, one can demonstrate the proof of (15).

Theorem 2.2. Let a,B,y,t € C;R(a) > 0, R(B) > 0, R(y) > 0;q € N. Then,
Supersinm(—t“) = —Supersini;:g(t“),

and
Supercos ( 1) = Supercos} Z(t“)

Proof. Using (12), we have

(—1)n()/)(2n+1)q (_1)2n+1t(2n+1)a+ﬁ—1
F((Zn + Da + p) 2n +1)!

Supersm ( ) =

2n+1)q 1@n+1a+p-1

- Z r((zn + 1)a +B) @n+ 1)

= —Supersma,ﬁ(t“),

which is the proof of (16). Similarly, we can demonstrate the proof of (17).
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2.3. Integral expressions of the function Supersm (t“) & Supercos (t“)

We represent here four-parameter Mittag- Lefﬂer type supersine and supercosine function via general-
ized Wright’s hypergeometric function in the framework of supersine and supercosine function.

Theorem 2.3. The four-parameter Mittag-Leffler type supersine function holds the following representation:

1 1
. Y 1 — a— . ’ g
j; - t)“’lsupersmzﬁ(u #)dt = T)/)f(; 11 - H* 1 simy [?ﬁ/,g)) u®t ]dt. (18)
Moreover,
! [(y)T ,
fo #11 - Ho sing [(()ﬁ/,’ z; uat"‘]dt = % Supersinzyigm(u"‘), (19)

where a, B, y,u,t € C;R(a) >0, R(B) >0, R(y) >0.

Proof. Using the definition of four-parameter Mittag-Leffler type supersine function (12), we have

1
a-1 s NV g
fo 1-9 Supersma,ﬁ(u t4)dt

~ fl(l ~ t)a—l > (=1)" (7/)(2”_'_1)& y@n+hay@n+l)a+p-1
- — T((2n + 1)a + B) (2n +1)!

(- 1)”1"()/ +(2n +1)a) 1@+ hap@n+l)a
p-1 a-1
“TO) f e Z M@itDatp @i+l O

_ B-1r1 _ pa-1_ (v, a)
r<y>fot 4= 13“‘1[</3,a>

which is the proof of (18).

u"‘t"‘]dt,

Also, we have,

1
f tﬁ71 (1 _ t)afl 1 Sinl [(V;
0

o 2n+1 1
_ Z D'T(y + (2n + 1)a) y@+De f pRmDasp=1 (1 _ pa-lgy
n=0

“t“]dt

Ir(2n+1a+p) @n+1)!

¥ CLy + @nt Da) wB et fa)
n=0

Ir2n+1a+p) @n+1)!

) (y)(2n+l)a u(2n+1)a

T()I(e )Z [(2n+Da+B+a)(2n+1)!
_ror@

ypra-1

.y
Supersmaﬁ o),

which completes the proof of (19). O

Corollary 2.4. The generalized Wright’s hypergeometric supersine function holds the following representation:

1
f; tﬁ—l(l _ t)a 1 sing [()ﬁ/, ; (7// 0()

B+aa)

ata:|dl’ = F(a) 1 sin1

u"]. (20)
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Theorem 2.5. The four-parameter Mittag-Leffler type supercosine function holds the following representation:

1 1
VX g 1 - a— ’ aa
j; - t)“’lsuperCoSL:ﬁ(u #)dt = T)/)f(; 711 - H*1 cosy [?ﬁ/,g)) u®t ]dt. (21)
Moreover,
1
- a— ,Of a o r( )r(a)
fo P11 - 1% cosy [?ﬁ/ ) t ]dt = u);m—l Supercosa s +a(u ) (22)

where a, B, y,u,t € C;R(a) >0, R(B) >0,R(y) > 0.

Proof. Using the definition of four-parameter Mittag-Leffler type supercosine function (13), we have

1
f 1- t)“ilSupercosz;’g(u“t“)dt
0 :

1 - ks =1 (¥)2na 1 2nag2na+p=1
— _ pna-1
a f 1= Z TQna+p)  (2n)! at

-1 a-1 ( 1)”F(y +2na) y2nap2na
T >f e 2 Tena+p @

- B-111 _ pa-1 (7, @)
_F()/)f(;t 1-1 1cosl[(ﬁ’a)

which is the proof of (21).

u“t“]dt,

Also, we have,

fl t#1(1 - 1> cos [(y,a)
0 PP (B, a)

_ - (—1)”I’(y+2naz) u2na ! 2na+p-1 a—1
‘;; T(2na + p) (2n)!f0 -t

u"‘t“]dt

B(2na + B, a)

v CD)'T(y + 2na) y2e
a HZ TQna+p) (2n)!

(=1)"()2na une
TO)I@) Z TQna + +a) (2n)!

_TO)I@

ypra-1

Supe rcosa 6 M(u“)
which completes the proof of (22). O

Corollary 2.6. The generalized Wright’s hypergeometric supercosine function holds the following relation:

fl tﬁ_l(l _ t)a 1COSq [(% )
0 (B a

"‘ta]dt =T'(a) 1 cos; [(ﬁ()-:la )a)

“] (23)
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3. Turan type inequalities

In the field of mathematics, inequalities of the type

fn(x)fn+2(x) - [fn+1(x)]2 <0,n=0,1,2,... (24)

continue to hold substantial importance in contemporary mathematical research and applications. These
inequalities were designated as Turan-type inequalities by Szeg6 [17], following the pioneering work of the
Hungarian mathematician P. Turdn [18], who first introduced such an inequality in 1950 during his study
of the zeros of Legendre polynomials.

Turdn-type inequalities have been the subject of considerable investigation within the mathematical lit-
erature. Notable examples include the contribution by Joshi and Bissu [8], who in 1991 established specific
two-sided inequalities pertaining to the ratio of modified Bessel functions of the first kind. Subsequently,
Segura [15] advanced this area in 2011 by deriving bounds for these ratios, explicitly linked to the structure
of Turdn-type inequalities. Further extending the scope, Baricz [5] developed analogous inequalities appli-
cable to g-hypergeometric functions in 2013.

Throughout this paper, let C,R, N denotes the set of complex, real and natural numbers. The discrete
version of the well-known Cauchy-Schwarz inequality [1, 11] can be expressed in the form

n 2 n n
[Z llib,‘] < Z a? Z bi2’ a;,b; €R, (25)
1 i=1

i=1 i=

and its general representation in the space of continuous real-valued functions C([4, b], R), i.e. the Cauchy-
Bunyakovsky-Schwarz (CBS) inequality [1, 11],

b 2 b b
( f [u(t)]%[v(t)]%dt) s( f u(t)dt)( f v(t)dt), (26)

plays an important role in the different branches of modern mathematics.

In 2006, Laforgia and Natalini [9] employed a particular formulation of the Cauchy-Bunyakovsky-
Schwarz (CBS) inequality

b 2 b b
( f g(t)[f(t)]’“z*"dt) s( f g(t)[f(t)]’”dt) ( f g(t){f(t)]"dt), @)

to derive novel Turdn-type inequalities associated with various special functions [2, 4, 6, 10], including the
Gamma function, Polygamma functions, and the Riemann zeta function. In this context, f and g denote
non-negative real-valued functions, and m, n € R such that the involved integrals in (27) exist.

In 2018, a new form of generalized Cauchy-Bunyakovsky-Schwarz (CBS) inequality [7] was presented
by Bhandari and Bissu,

2

b
( f [u(t)]#[v(t)]ﬂ[w(t)]ﬂdt)

b b
< ( f [u(t)]”'[v(t)]”’”[W(t)]””df) ( f ()1 o [w(t)]*+"dt |, (28)

where y,I,m,n € R and 1, v and w are real integrable functions such that the involved integrals in (28) exist.
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Motivated by the significant research on Turdn-type inequalities, the present paper investigates corre-
sponding inequalities for the class of four-parameter Mittag-Leffler type supertrigonometric functions. This
investigation utilizes a novel formulation of the Cauchy-Bunyakovsky-Schwarz (CBS) inequality, denoted
by (28), which is established based on the results presented in Theorem 3.1 and Theorem 3.2.

Theorem 3.1. Lety > |ps|, @ > |p2|and [u| < 1. Then, the Turdn type inequality for the four-parameter Mittag-Leffler
type supersine function holds the following relation:

B(y —ps, v +p3) 9 B(a —p2, a +p2)
B(y,7) B(a, a)

s VP3P a=p;
X Supersma_pz,a . ﬁ_pl_pz(u )

s Vp3,atp2 a+py
X Supersin) i +pz(u ). (29)

, 2
[Supersin’a:g M(u“)] <

Proof. Let u(t) = #=ho(t) = (1 - H)*! and w(t) = 1sin [8;,23

four-parameter Mittag-Leffler type supersine function can be expressed as,

u“t“}. Then, from (19), the integral form of

! ! p-1 a=1_ s (7// 0() aga
fo u(t)o(H)w(t)dt :j(; P71 - 1) 1 sing [(ﬁ,a) ut ]dt
= %Supersingg o) (30)

Using CBS inequality (28), we find that

' u(p-1) w(a=1) : ()//a) aga g
(j(; t (1-1 [1sml[(ﬁ,a) u’t ” dt)

1
@-DE-D (1 _ plu-ma=1 | o [(@)
Sj(; t (1-1) [181111[([3,0()

1
w [ -1 — pesmen | | gin, |09
L ( ) 1 1 (ﬁ,a)

2

(p—n)
u“t““ dt

(u+n)
u“t“” dt. (31)

Now applying (30) on the consequence of (31), we have

. uy,u(a=1)+1 u(a=1)+1 2
Supersin (u )| <

yHB-D+u@-1)+1 ]2
wa=1)+1,u-1)+u(a-1)+2

F(uy)I(u(a —1) +1)
o T —my) T —m)a -1 +1)  T((u+my)l((p+ma—1)+1)
L W=DE-D+(p=-m)(a-1)+1 QWD +(prm)(a—1)+1
(u=n)y (p=m)(a=1)+1 (u-mia=D+1y
(1=m)(a=1)+1,(u=(B-1)+ (u-m)(@-1)+2
(u+n)y (u+m)(a—1)+1 (u+m)(a-1)+1
(y+m)(0c—1)+1,(y+l)(ﬁ—1)+(y+m)(a—1)+2(u e ) (32)

X Supersin

X Supersin

Substituting p(a@ —1) + 1 = x, p(B—1) + 1 = xp, uy = xz;m(a — 1) = y1, (B — 1) = yp, ny = y3, and utilizing
T(1)I(v)
T(u+v) 7

the relation between beta and gamma functions B(u,v) =
reformulated accordingly as,

the aforementioned inequality can be

B(xs — y3,x3 + ¥3) % B(x1 — y1,x1 + 1)

[Supe1‘sir1"3”‘1 (u™ )]2 <

T B(x3, x3) B(x1,x1)
i3 TY3X1Y X1—Y
X Supersmxl_yhx] -1 +y2)(u 17
X Supersin’> 1Y (ur+ym), (33)

xX1+Y1,X1+x2+(Y1+Y2)
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Moreover, by setting u = 1 in equation (32), this yields the following inequality for the four-parameter
Mittag-Leffler type supersine function:

[S . ya (u"‘)]2 - ubra-1 TP T'((1 - n)y)T(a — m(a — 1)) T((1 + n)y)T(a + m(a — 1))
Upersin, ¢, “|TO)T(@) | L+ 1-1(p—1)—m(a—1) L +B=1+1(f=1)+m(a=1)
(1-n)y,a—m(a—1)
afm(ozfl),aﬂ}fl(ﬁfl)7m(a71)(u

(1+n)y,a+m(a-1) v+m(a—1)
wrm(a—tya+rprip-1yema-n) ) (34)

X Supersin a-m(a=1)y

X Supersin

Replace I(f — 1) = p1, m(a — 1) = pp, ny = p3,y > Ipal, a > |[p2| and |u| < 1, and using the relation between beta
and gamma function, above inequality becomes,

B(y —ps,y +p3) o Bla—p2, a+p2)

[Supersma p N )]2 <

B(y,7) B(a, a)
X Supersinz:g i:g;gz_pl . (u®P2)
X Supersin’ 4P (u™*r), (35)

a+py,a+p+p1+p2

which is the desired proof of (29). O

Theorem 3.2. Lety > |psl, a > |pa|and |u| < 1. Then, the Turdn type inequality for the four-parameter Mittag-Leffler
type supersine function holds the following relation:

B(y —ps,y +p3) « Bla —p2, a+p2)

B(y,7) B(a, a)
V=P3,a=p2 -
a-py,a+p—p1—p2 (")

V+p3,at+pr a+p,
X Supercos, r D) (u**P2), (36)

[Supercosa 5 o )]2 <

X Supercos

Proof. Let u(t) = #7,v(t) = (1 - H*" and w(t) = 1 cosy [%g))

tation of four-parameter Mittag-Leffler type supercosine function can be defined as,

u"‘t“]. Then, from (22), the integral represen-

' ! (7, @)
f u(o(Hw(t)dt = f tﬁ—1(1—t)“‘11cosl[ (ﬁ’a) u"‘t“]dt
0 0 7
= rf;gfl)Supercos f +a(u ). (37)

Using CBS inequality (28), we have

' (7, @) ‘
( fo t"(ﬁ‘l)(l—t)“(“‘1>[1 cos [ (7;’ )u“t“” dt)
1
Sf(; t(!i—l)(ﬁ—l)(l_t)(ﬁl—m)(a—l)[lcos [(()ﬁ/r )

1
FuH)E-D (1 _ pyutm@-1) (7, a)
<), 4= 1081 (3

2

(p—n)
et H at

(u+n)
ut® ” dt. (38)
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Upon applying (37) to the outcome derived from (38), we arrive at
2
ua=1)+1 -

Z(Vaﬁlnl,;(ﬁ—l)w(a—m(”H(a DH)]

[ L B-D+pa-1)+1 ]2

<
L(py)L(pa—1) +1)
L(u —m)T((u —m)@ =D +1) T+ my)T((p +m)@—1) +1)

[Supercos

L DB D+ -m)a-1+1 uEHDE-1)+(rm)a-1)+1
(p—n)y,(u—m)(a=1)+1 (p—m)(a—1)+1
X SUPETCOS ()0 1)1, (u-(3-1)+ (a-m(a-1)+2(H )
X Supercoi’,EW'W'(Her)(a_l)Jr1 (ulrmtaiied) (39)

pm)(@=1)+1,(u+)(B=1)+(u+m)(a—=1)+2

Letting p(a = 1) + 1 = x, u(B - 1)+ 1 = xo, uy = x3;m(a — 1) = y1,1(B — 1) = y»,ny = y3, and using the

rr(z’u)ig;), the above aforementioned inequality can

relationship between beta and gamma functions B(u, v) =
be written as,

B - Y3 B -1,
[Supercosx-*"‘1 (u’fl)]2 < (X3 —y3, X3 +y3) B —y1, 1 +y1)

x1,202+21 B(x3, x3) B(x1,x1)
X3—Y3,X1—Y1 X1=1
X Supercosxrylrx1+xz—(]/1+y2)(u )
X Supercos >/ (). (40)

x1+Y1,x1+x2+(Y1+Y2)

Moreover, by substituting p = 1 in (39), this yields the following inequality for the four-parameter Mittag-
Leffler type supercosine function:

ybra-1 72 I -n)y)I'(a-ma-1)) I((1+n)y)(a+m(a-1))
T()(a) ’ ya+p=1-1(p=1)-m(a-1) ya+p=1+1(p=1)+m(a-1)
(I-n)y,a—m(a-1)
a—m(a—1),a+p-1(f—1)—-m(a—1)

(I+n)y,a+m(a-1) +m(a—1)
a+m(oz—1),a+ﬁ+l(ﬁ—1)+m(a—1)(ua ¢ ) (41)

R 2
[Supercosz: p +a(u"‘)] < [

a—m(a—l))

X Supercos (u

X Supercos

Replace I(B — 1) = p1,m(a — 1) = po,ny = p3, ¥ > |psl,a > |p2| and |u| < 1, and utilizing the relationship
between beta and gamma function, above inequality becomes

p 2 B(y—-ps,y+ps)  Bla—p2a+pa)
Supercos’?. ()| < X
[ P ()] B(y,7) B(a, @)

a,f+a
Y—p3,a=p2 a=pa
X Supercosa_pz,a i (u*7r?)

V+ps,at+p2 a+py
X Supercos, At +pz(u ), (42)

which is the required proof of (36). [

Theorem 3.3. Let o > |p1| and |u| < 1. Then, Turdn type inequality for the generalized Wright’s hypergeometric
supersine function can be represented by the following relation

[1 sing [( (v, )

N 2 Bla—p1,a+p1)
ﬁ+a,a)” ” =

B(a, )

. (ﬁ—Pl,a—m) a—py
X 1sml[(ﬁ+a—p1—pz,a—p1) ur
(B+p1,a+p1)

X 1 sing [ u“+"’1:|. (43)

B+a+p+p,a+p)
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Proof. The proof of the above theorem pursue from the integral representation of generalized Wright's
hypergeometric supersine function
u"’].

1
#-1(1 — pa-1. 6 (v, @)
£ ( )* 7 1 sim [(,B, a)
Theorem 3.4. Let a > |p1| and |u| < 1. Then, Turdn type inequality for the generalized Wright's hypergeometric
supercosine function holds the following relation

uaHZ < B(CK —p,a+ ],’71)
B(a, a)

u“t“]dt =T'(a) 1 sim [(ﬁ()-:,;,)a)

O

(v, a)
[1(:031 [(ﬁ +a,a)
B-pr,a—-p1)
B+a—p1—p,a—p1)

(.B+P1/a+f71)
B+ra+pi+p,a+pr)

X 1COS1

utk—p-] ]

u‘””l]. (44)

X 1C0S1 [

Proof. The proof of the above theorem pursue from the integral representation of generalized Wright's
hypergeometric supercosine function
1
p-1¢1 _ pa-1 (7//0() (7// CY) a
f) (1 -1) 1cosl[(ﬁ’a) (ﬁ+0z,0z)u .

u‘*t“]dt =T'(a) 1 cos;

O
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