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Abstract. In the present paper, we employ the special wavelet transform introduced by Moritoh [13] within
ultradistributional spaces. Employing this wavelet transform, we define and characterise wave front sets
for ultradistributions. In addition, we present several examples and determine their corresponding wave
front sets.

1. Introduction

Around 1970, Hormander [8] introduced the concept of the wave front to describe the singularities of
generalised functions. He precisely characterised these singularities by identifying the directions in which
they occur. In 1983, Bruce [4] explored the evolution of wave fronts, particularly focusing on how they
transform when propagating from an initially smooth wave front in Euclidean space.

In 1989, Murenzi [14] introduced a wavelet transform in IR” that incorporates an additional rotational
parameter, alongside the usual dilation and translation. Building upon this framework, Moritoh [13]
proposed a refined approach that preserved dilation and translation while employing a specific rotation.
This rotation, depending on a variable {, maps the unit vector in the direction of C to the canonical unit
vector ¢,. This formulation laid the foundation for analysing wave front sets via the wavelet transform.
Moritoh further demonstrated that the wave front set obtained through this method is equivalent to the
classical Hormander wave front set. This insight led to a new definition of wave front sets for tempered
distributions, which was later advanced by Pilipovi¢ and Vuleti¢ [21]. Expanding upon this foundational
work, Pilipovi¢ and collaborators introduced a wave front sets for tempered distributions associated with
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special rotational matrices that satisfy Moritoh’s rotational conditions. They characterised these wave front
sets using a variety of tools, including the wavelet transform [21], the short-time Fourier transform [20], and
the Stockwell transform [2]. Furthermore, Grohs, Kutyniok, and Labate [7, 12] investigated the resolution
of wave front sets using shearlet transforms.

More recently, Johansson, Pilipovi¢, Teofanov, and Toft [10] extended these investigations to the wave
front sets of Roumieu-type ultradistributions. Notable ultradistribution spaces—such as the Pahk-Kang
space 77 (IR") [16], and the Bjorck space %y [3] underscore the significance of wave front set analysis in
this broader context.

Further developments include the study of wave front sets in Fourier-Lebesgue spaces with sub-
exponential weights [5, 11], as well as investigations into the wavelet transforms of Beurling-Bjorck-type
ultradistributions by Pathak and Singh [18].

The Moritoh Wavelet Transform (MWT) plays a pivotal role in characterising wave front sets in both
ultradistributional and generalised Sobolev settings. Its formulation, grounded in rotation-invariant prop-
erties, enables a refined directional analysis of singularities, extending the classical framework to more
general spaces. The MWT not only captures the localisation of singularities in space and frequency but also
respects the nuanced structure of ultradistributions. This makes it an effective tool for precise microlocal
analysis. A particularly noteworthy application of the MWT is its use in the study of the Schrodinger
equation for a free particle, where it allows for an explicit and detailed description of the wave front set of
the solution.

The paper is organised as follows: Section 2 presents the special orbital transform, which serves as a
basis for defining the wavelet transform in ultradistributional spaces. Section 3 reviews the construction of
ultradistributional spaces that serve as a framework for defining and analyzing wavelet-based microlocal
properties that we need to study wave front sets. Section 4 formally defines the Moritoh wavelet transform
(MWT)for ultradistributions using admissible wavelets in .7, with support away from the origin and
compactly supported Fourier transforms. The section derives its Fourier domain representation, proves
continuity properties, and discusses its covariance under partitioned scaling and rotation. Furthermore,
it establishes a Parseval-type identity and provides an explicit inverse formula. Section 5 provides a
characterisation of the wave front set via the MWT in both ultradistributional and generalised Sobolev
contexts. Section 6 presents significant examples and explicitly determines their wave front sets.

2. Special Orbital Transform

GL(n,R) is a commonly used abbreviation for the general linear group of all n x n invertible matrices of
real numbers. O(n) is the standard orthogonal group of degree 1, and SO(n) is a subgroup of O(n) whose
elements have a determinant equal to 1. In this section, we discuss the application of the matrix-valued
mapp 0 : C = ({,, ..., Ci) € R"\{0} — O; € GL(n,R), for n = 1,2,4,8, which represents a special orbital
transform defined as

en=10"=[;

C
_ g [ o Gl
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Here, |C|*1651 € SO(n), C € R"\{0} and

e
Iclog (|¢|>‘e” M

where e, represents a standard vector with 1 at the " position and zeros everywhere else. The limitation
of n = 1,2,4,8 comes from the requirement R"\{0} 5 C — |C|_1ﬁa_ 1 e O(n) to be continuous, which is
crucial when transforming sets by changes in variables that involve these matrices, [21]. Note that matrices
satisfying the above properties are not uniquely determined. More details on the properties of these
matrix-valued mappings can be found in [2, 21]. We state some results needed for our theorems.

It

Proposition 2.1. [2, Prop.1.5] There exists a C* map C — @, R"\{0} — GL(n,R), such that
o7 (1) = 671(0), forall C,T e R\{0}, 2)

and |C|71 6" € O(n), VC € R"\{0}. In particular, the maps C — |C[7' 6", R"\{0} — GL(n,R), C— |C[7'0, "
and C 5’51, R"™\{0} — O(n), are also C*.

Remark 2.2. If we choose = %, C,n € R"\{0}, we get ‘f;—"’,, = %
Remark 2.3. It holds
Oi(t) = |20, (v), forallt e R", & € R"\{0}. (3)

Moreover, |C|O ! (%) = ey, implies ﬁé(C) = e,

3. Ultradistributions

3.1. Ultradistributional Spaces

The Fourier transform of a function f € S(R") is defined by f(&) = (ZJW §g f(x)e ™dx, & € R". If one
replaces —i with i, then one obtains the inverse Fourier transform.

We start with the Bjorck approach to ultradistribution theory via weight functions [3]. Let k(&) be a
real-valued function that can be represented as x(&) = r(|£]), where () is an increasing, continuous, and
concave function on [0, 00] such that

1. 0<x(&+1) <x(&) +x(1), V& 1eR"
2. fpe (L4 &) 1(E)dE < oo,

3. for real g and positive real ¢

0+ ¢ log(1 +[&]) <x(&). (4)
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The Bjorck-space .7 (IR") is the set of all complex-valued infinitely differentiable functions ¢ on R" such
that ¢ are also infinitely differentiable functions where the following holds:

Ppa(p) = sup [e*ODPo(b)] < oo,
t
and
Mg a(P) = sup [e* O DPG(E)] < oo,
g

for all multi-indices § and all positive numbers a. The locally convex topology of .7 (R") is defined us-
ing the semi-norms pg, and 7g,. The topological dual of the Bjorck-space .7 is the so-called space of
(x)-tempered ultradistributions .”’,. .% is a Fréchet space, and the Fourier transform and its inverse are
one-to-one mappings from .#; onto itself and from ./ onto itself. For k(&) = log(1+£&])°,s > 0 Bjorck-space
7« reduces to the Schwartz space .”’(IR") [24]. Moreover, ./ c ./, which means that they generalize the
usual tempered distributions. For more information on Bjorck-space .7 see [3, 23].

Remark 3.1. Naturally, one may also define the spaces /o, (R") and #;;(R") of class {x} by switching the
universal quantifier Y over a to an existential one. When considering these spaces, we shall always assume that x
satisfies a stronger condition than (4), namely

lim —K(é)
&> log(1 + |£])

Remark 3.2. The conditions imposed on the weighed functions «, allow us to have the properties needed to define
our wave front sets and in order for our results to work. We refer to the papers [5, 6, 19] for more details. Note that
in our case, [19, Prop.1.1] is true, since 1 is increasing. Indeed, for A > 1andn € Nsuchthatn <A <n+1

k(A&) = r(AE]) < v((n+1)[E]) = xk((n +1)&) < (n+1)x(&) < (A + D)x(E) < 2Ax(E).

So, ;f{g < 2.[19] also implies that composition of ultradifferentiable functions of class {x} is also ultradifferentiable

functions of class {i}.

In order for our theory to hold, we impose the following conditions on the function w, stated in the
lemma below.

Lemma 3.3. Let w : R* — (0, ) be continuous function

a) If there are Ey,co > 1 such that
w(cox) < Epw(x),x e R",

then there are C,1 > 0 such that w(x) < C(1 + |x|)!,x € R™.
b) Ifthereare 0 < &9 < 1and Ey > 1 such that

w(ex) € Egw(x),x e R",
then there are C,1 > 0 such that w(x) = C(1 + |x|)~, x € R".

Proof. We first proof a). Set M := sup w(x). Let x € R" satisfy |x| > 1 and denote k := [log, |x|| + 1. Then,

|x|<1
w(x) = w(CHCy*x) < B (CE1CrMx) < ... < Efw(Cy™x).

loge, Ix]

Notice that C’(‘) = C,

= |x|; consequently, the above implies

logc[) Eo) (logco |x|+1

w(x) < EEM < Cy "M = MEo|x[8 &,
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Hence w(x) < MEy(1 + |x|)'%% ¥, vx € R” (this trivially holds when |x| < 1), and the proof of a) is complete.

To show b) denote m := ‘i‘nfl w(x) > 0. Set Co = 1 > 1. For |x| > 1 denote k := [logc, [x[] + 1 and notice
X<

that

ey <. < E’(‘)a)(x).

a)(egx) < Eow(e,

As above C > |x| and consequently *|x| < 1. Hence
0 q Y &

(o, Eo)(loge, [¢+1)

—log- Ep
X 0.

w(x) = Ey*m > C

So, w(x) = (1 + |x|) 718 50 x € R" (this trivially holds when |x| < 1) which proves b). [

The generalized Sobolev space ) (IR") is a subspace of ./ such that ultradistribution f belongs to the
generalized Sobolev space if

| 1P <,
IRH

with the norm defined as

X 12
1k = oy ([ 1fPatode)

The space investigated by Héormander [9] can be recovered by choosing x(u) = log(1 + |u|) and letting
w(u) be a temperate weight function associated with x(u). In this context, ultradistribution spaces provide
a highly general framework that encompasses a wide range of important function spaces and facilitates the
analysis of their structural properties.

4. Wavelet transform

We will define the multidimensional wavelet transform under the assumption that { € L?(R") satisfies
the admissibility condition.

dg
&]"

Co = @ | [B(OP G <. ®)

Asin[2,18], we will consider the window function € .7,(IR") satisfying P e Z(R") = L (R")n2(R"),
1]3(6,) #0,>0and Q = supp P does not contain 0.
If we assume that n = 1, 2,4, 8, the wavelet transform of a distribution f € .7/(IR") is defined by

Wy f(x,C) = L{” FOILW(G(Q)d,  (x,0) e R" x (R™\{0}),

with & described in Subsection 2; of course, the integral is considered in the ultradistributional sense. The
Fourier transform of Wy, f(x, ) with respect to x is given by

Wo f(x,0)(5,0) = 2r)"f(0)|c|h(E 267 (0) ©®)
— )P fOI2H(04), (1,0 € R” x (RM\{0}),

where we have used Proposition 2.1 and (3). It is straightforward to verify that Wy, f(x, C) is a well-defined
continuous function on Ry x (R¥\{0}). Moreover, for a bounded subset B of .#(R") and K < R"\{0}

compact, there exists C > 0 such that |Wy, f(x, {)| < Ce*™ forallx e R", (e K, f € B. Thus, for each fixed
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C € R"\{0}, the mapping f — Wy f(-,0), LL(R") —» ZL(R") maps bounded sets into bounded sets, and
hence it is continuous, [1, 15, 17, 18].

We will utilize the following partition] = {I1, I, ..., Io},vi = |Ii|,i = 1,2, ..., a of theset {1, 2, ..., n}. Forsuch
a partition [ we denote O = B, 0si = On ®...® 0w € GL(n,R), C = (C},..., 0% € | |iL; (R\{0}) (the
directsumof &;i,i = 1,...,a); of course, ﬁ;{:l = (—Bf‘:l 0 71 and ﬁlt,i = @?‘:i ﬁéi. The wavelet transform of an
ultradistribution f € ./(IR") with respect to partition I and window 1\ = 1 DY, ®...0Y, € . (R") nD(R")
is defined as

Wy f(x,C) = JW FOTTIEPW(E(0)dt, (x,0) e R x [ [(R™\{0}),
i=1 i=1

where the distributional concept of integration is used. Clearly, we receive various wavelet transforms for
each alternative factorization of a wavelet into a product of wavelets. One can verify that Wy, f(x, C) is a well-
defined continuous function on R” x [ [i_; (R\{0}) with subexponential growth with respect to x uniformly
when C varies in compact subsets of | |\, (R"\{0}), and the mapping f — Wy, f(-,0), ZLR") — Z/(R"), is
continuous for each fixed C, [18].

The Fourier transform of Wy, f(x, ) with respect to x is given by

(Wy f(x,0)(t, Q) = 2m)"2f(0) [ TICT7"b(6{(v), (1,0) e R" x [ J(R™\{0}).
i=1 i=1
We observe that Wy, f is an ultradistribution with respect to the variable x since f is an ultradistribution,
and & belongs to [ [i_; (R"\{0}).
In R" x R", the complement of R" x [ [{_;(IR"\{0}) is of zero measure. The following four assertions are
thus obtained by omitting this set from the integration domain and using [13].

Proposition 4.1. (Parseval’s identity) Let f,g € L*(R"). Then Wy, f € L*(R" x R") and

J Wiy f(x, C)) Wy g(x, C))dxdC = 4y, J f(t)g(t)dt,
n JRn R”
where

1\ 2
Cgll, = (27'[)” N 1_|[(11)(—C|21|V’dc < 00
! i=1

Corollary 4.2. The wavelet transform Wy, is an isometric transform of L*(IR", dt) to L*(R" x R"), (ﬁqjldde).

Proposition 4.3. (Inverse formula) Let f € L*(IR") then,

fiH =% f n fw Wy £(x,O) [ [IT1"2W(674(0)dxdC,  te R,
i=1

We refer to [18] for the wavelet transform on ultradistributional spaces.

We will make use of the following proposition when considering generalized Sobolev spaces.

Proposition 4.4. f € £ (R") iff

Jn JW W f(x, ) Peo(|C]) dx dC < oo.
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Proof. By using the definition of Wy, f(x, ), {; € 2(R") and change of variable as 1 = || 26 ' (C), we get

fw fw Wy f(x, Q) Pa(|C]) dx dC eny [ aelfop

R"

« [, oo TT a0 @y
@y | delfo?

R"

Lo (S5 ) i1t

~ @ | IfP () dr

Here, the notation =~ indicates that both directions are valid, according to Lemma 3.3. O

For dimensions 1, 2, 4, and 8§, as in [21? ], we will consider estimates of wave fronts by introducing
a parameterized wavelet transform and by an intrinsic analysis of transformations of variables in the
frequency domain. For 0 < A < 1, we define {, by

Py (x) = A" 0=N(Ax), x e R™.

Then F(P2)(C) = F(W)(A1C+ (1 —A"1)e,) and thus Q) = supp F (Pa) S By, (e,). Notice that F () (e,) =
F(b)(e;) # 0. A

For an arbitrary n, let {; be the analysis wavelet and u € (0,1) be such that supp\; < By(ey,), i €
{1,2,...,a}. For 0 < A < 1 we define ¥, (x) = [[/2; Wia(x), x € R"” where

Ibz/\( ) AVie 1xe,1(1 A)Ibi()\xi), xi e R".
Put Aj) = supp II)M and A, = | |{_; A;x then definitely A;, € B Auler,).

5. Characterisation of the wave front set via wavelet transform

The key results of the paper establish the principles of directional smoothness within ultradistributional
spaces, offering criteria for identifying regular directed points through the wavelet transform of ultradistri-
butions in .’ (R"). It is important to note that the wave front set, as determined by the wavelet transform,
depends on the chosen wavelet [21]. In the continuation, we refer to I'({y) as an arbitrarily conic neighbor-
hood around the point y. For {y € R"\{0} and u € (0,1), I'(Co, 4) will denote the conic neighborhood of Cy

G

defined by
. 7
0 Tl =F } @

On a couple of occasions, the following alternative description of I'(Co, i) will prove useful. Denote by I'c g
the open convex cone with direction C € $"~!, where $"~! is the unit sphere, and opening angle 0 € (0,7/2),
ie T'gg = {x € R"||x|cos O < xC}. Let O € (0,7/2) be the (unique) point such that sin(6/2) = u/2. Then a
straightforward computation yields I'(Co, tt) = ', /.10 (and thus I'(Co, ) is convex). Incidentally, one can
easily verify that there exists 0y € (0,7/2) such that for any {y € $"~! and 0 < 6 < 0y it holds

L(Co,p) = {CE]R"

|C+ p| = max{|u|,|C|}, forall {,w e T¢,p. 8)

Remark 5.1. Notice that the above considerations concerning the cones are valid in any dimension n € Z.., not just
forn=1,2,40r8.
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5.1. The C* wave front set

Definition 5.2. For a distribution f € 2'(R"), a point (x,C) € R" x (R"\{0}) is called a regular directed point
of f if and only if there exist: (i) a function ¢ € Z(IR") with p(x) = 1 and (ii) a closed conic neighborhood I'(C) € R"
of &, such that for every N € N, 3C > 0

Ifp(0)] < C e forall L e T(&). (9)

From the definition, it is evident that the decay condition imposed in (9) relates primarily to the behavior
of the high-frequency components. The wave front set WF(f) is the complement of the set of regular directed
points.

Definition 5.3. Let f € #/(R"), and n = 1,2,4 and 8. The set WFy,,(f) € R" x (R"\{0}) is defined in the
following way: (xo,Cp) € R" x (R™\{0}) does not belong to WFwy,(f) if and only if

(3p € Z(R") (p(x0) # 0) (3T(Co)) (3A € (0,1)) (YN > 0)(ICx > 0)
‘Wll,,AFp_f\)(x, 01, c)‘ < Cne MO, T e R, Ce T(G), |¢) = 1.
Because of (6), (xo, Co) ¢ WFwqy (f) is equivalent to:
(Fp € Zc(R")) (¢(x0) # 0) (3T(Lo)) (34 € (0,1)) (YN > 0)(3Cy > 0)
I (@N(@F (a)(OL)I| < Cy N0, Te R, CeT(G), 1T > 1.

Theorem 5.4. Let f € .#/(R"). Then WFw(f) = WF(f).

Proof. Let (xo,Co) ¢ WE(f), with Cy € $"~L. There exist ¢ € Z(R"), ¢(x) # 0, and a conic neighborhood
I'(Co) of Cp such that for each N > 0, there exists Cy > 0 such that

F(@HQ<Cy MO, CeT(G). (10)
Let ugp < 1/2 and Ag < 1 be such that I'(Co, 2p0) S I'(Co). We fix Ag € (0,1) in order to

supp ¥y, = Qo S By, (er) S Tey, o). (11)
We will also use that for every C € T'(Cy, po),

(607 (k) £ TG 240) € T(G) (12)

Now, let C € I'(Co, o). When T € (ﬁé)*l(Qo), we avail ourselves of (11) and (12) to deduce

IF () OF ) (G)] < CulF ()6 ] < Cye O

Ift¢ (ﬁé)_l(Qo), the estimate holds true trivially. We conclude (xo, Co) ¢ WEwq, (f).

Assume now (xo, Co) ¢ WFwy (f), Co € §" L. There exist ¢ € Z,(R"), p(xo) # 0, a conic neighborhood
I'(Co) of Cpand A € (0,1) such that for each N > 0, there exists C;V > 0 satisfying

|F (@) (O)F (W) (GL(1)] < Cye™™©, forall Te R*, CeI(Co), [C] > 1. (13)
Since 0 (C) = ¢,, we deduce
F(W)(OL(r)) = F) (@A T = (A7 = 1)0)).
Asc = |F()(e,)| > 0, specialising the estimate (13) for 7 = { we deduce
F (@O < c7'Cye™ 9, forall CeT(Co), [C] =2,

which completes the proof. [
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Now, we will make a discussion of the characterization of wave front sets for an arbitrary n.

Definition 5.5. (Ultradistributional wave front set) Let f € .#/(R"). Then the Ultradistributional wave front
set W F(f) € R" x R"\{0} is the complement of the set of microlocal regular points (xo, Co) € R" x [ i, (R"\{0}),
that is, (xo, Co) ¢ W F(f) iff

(Bp € Z(R") (p(x0) #0) (3T(Co) € R\{0}) (YN >0) (3ey > 0)
(PAO] <oy e O, CeT(Co), [C=1
Note that the cone I'(Cy) is a subset of R™\{0}.

Definition 5.6. Let f € .Z/(R"). Let t € R", C e I'(Cp) € R™\{0} be a conic neighborhood of Cy € R™\{0} with
|Cl = 1. Wesay (xo,Co) ¢ # Ty (f) iff

(3¢ € Z(R") (p(x0) # 0) (AT(&) < R"\{0}) (3 € (0,1)) (VN > 0)(3ICy > 0)

W@t Q)] < oy e <O (14)

ot, equivalently

(Fp € Z(R")) (p(x0) # 0) (AT(&0) < R™\{0}) (34 € (0,1)) (VN > 0)(3Cy > 0)

IF (@ )(O)F (W2,)(OL(1))]| < Cne ™), e R", CeT(Go), [ = 1
Theorem 5.7. Let f € S(R"). Then W Fy\(f) = # F(f) nR" x (R"\{0}).

Proof. Let (xo,Co) ¢ # Z(f) and (o = (.., C§) € R"\{0}. There exist ¢ € Z,(IR") satisfying ¢(xo) # 0 and
a convex open cone I'(&g) such that for every N € IN there exists Cy > 0 such that

F(f)(O)] < Cne™™9), ¥ e T(Co); (15)

of course, without losing generality, we can assume I'(Co) = I'¢,/,,0 S R™"\{0} for small enough angle 6
such that (8) holds true (cf. Remark 5.1). Thus, we can find ¢y > 1 such that

IC| < co m]m |C|, forall C=(C',...,C %) eT (). (16)

Pick o € (0,1/2) such that ]_[?:1 By, (Cé, 2up) € IT'(Cp) and consider the open cone

I'(C) = {C eR"3s>0,sCe HB,,j(Cé,Zpo) },‘ clearly T'(Co) < T(Cp). (17)

j=1

Choose Ag € (0, po/(|Co| + 1)) so that

Qo = supp F (V) H ” (e}, Ao) < T(e, Lo)- (18)

In [2] it is proven that (& .)7'(Qo) € T'(Co), for all C € T'(Co, po/(|Co| + 1)), ie. |Col/IC] € TTj Bvi(Cé,2y0)
and thus 7 € T'(gp).
Let C € T'(Co, po/(|Co] + 1)), |C| = 1; incidentally, notice that I'(Co, to/(|Co| +1)) S I'(Co). Then [15, Lemma
9], (16) and (8) imply
IF (W) (GLUONIF (@f)(0) < cj Cn e O,

The above holds trivially when 7 ¢ (& ol 1(Qy). We conclude (xo, Co) ¢ # F 1 (f)-
The proof of the converse can be done in an analogous fashion as in the proof of Theorem 5.4. [
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5.2. Sobolev wave front set

Now, we will give a similar result for the generalized Sobolev wave front set. For the wavelet transform
on generalized Sobolev space, see [17].
If we assume that n = 1, 2,4, 8, we use the following definition.

Definition 5.8. Let f € 5£X(IR"). Then the Sobolev wave front set WF“(f) € R" x (R"\{0}) is the complement of
the set of microlocal regular points (xo, Co) € xR" x (R™\{0}), that is, (xo,Co) ¢ WF“(f) iff

g e 2(R")  (p(xo) #0) (3 T(C) € R" x (R"\{0}))
f |@(T)Iza)(|”t|)dr < 0.
I'(Co)

Definition 5.9. f € J7(R"). (xo, Co) ¢ WEY, ,(f) iff

(3p € Z(R")) (p(x0) # 0) (3(&) € (R"\{0})) (3A € (0,1))

[ ] wean e ofich dedc < o 19
[(Co) JR?

Theorem 5.10. Let f € ;7 (R"). Then WF(f) = WFy ,(f).
Proof. The proof of this theorem is contained within the proof of Theorem 5.13. [J
For the general case, we have

Definition 5.11. (Generalized Sobolev wave front set) Let f € S5 (R"). Then Generalized Sobolev wave front
set W F(f) < R" x (R"\{0}) is the complement of the set of microlocal regular points (xo, Co) € R" x (R\{0}),
that is, (X(), Co) ¢ wa(f) Z]j(

g € Z(R")  (p(xo) #0) (3T (C) < (R™\{0}))
J |@(T)I2w(|1|) dt < oo.
I'(Co)

Definition 5.12. f € J*(R"). Consider the wavelet \p defined in Section 5. Let t € R", C e T'({p) € (R"\{0}) is
a conic neighborhood of Co € R"\{0}. (xo, Co) ¢ #' 74, \(f) iff

(3¢ € Z(R") (p(x0) # 0) (AT(&) < R"\{0}) (34 € (0,1)) (VN > 0)(3Cy > 0)

f f|wmf>(r,c>|2w(|C|>deC<oo. (20)
T'(Go) JR"

Here, we will present the result for the general case.
Theorem 5.13. Let f € J(R"). Then W73, \(f) = # Z°(f) n (R" x R"\{0}).
Proof. Assume that (xo, (o) € R" x (R"\{0}) does not belong to WF“(f). Then we have,

F= [ et P dedc
T'(Costo) JR™

n .. 2 i1—vif.2 -2 51
| wlehac | ofP TTIC 0007 @)

i=1

2m)" d A2 T (v 2 ot d
oy [ ot [ prr ]I e
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where f(Cg) = {te R"\{0};3C e T(Ly, o) such that ﬁé(’t) eA) fori=1,..,a},and 0 < py < 1/2 such that
I'(Co,2u0) € T'(Co). So it follows that,

I=2 n ., Zd . 11—Vi 1,2 ﬁt d
(2n) jm PO TL(MO)MCDWU P (60 dc

Consider the C* map
(€)= (€ O(1) = (G 172071 (1), T(Co) x (R"\{0}) — T'(Co) x (IR™\{0}). (21)

It is a bijection with the inverse given by (C,7) — (C, ICP O (w)); consequently, it is a diffeomorphism. By
this change of variable we get,

1=<zn)"j |7(T)|2d»cj ol (S P H| i ()
() v A () |17 ? 1

i=1

where A'(7) = {n € R"\{0};3C € I'(Co, o) such that n = (|C"| 2|61 (TY), ..., |C 2|61 ()
€ [1%, Ai}. From [21] Lemma 24, 1 € A'(1) < [ %, Ai, so for T € T((o) and to = H/2, ua, < p/2 gives
I'(Co) € T'(Co, ). From Lemma 3.3, part a) we have

R BN )ﬁﬁ(n) dn
< G [ piepatde] T

11\11

< cf Jf@Puddar
I'(Co)

< C lpf (0) P w(|]) de

T'(or)
where C = C1(2m)" §jpo 11 12, (') dn. Thus, the assumption (xo, (o) ¢ #.Z“(f) implies that (xo, Co)

satisfy (20).
Now, let (xo, (o) satisfy (20) then, using Lemma 3.3 part b)

[ waa@nm opwd) dedc <
T (Cospio) JR"

By [21] Lemma 25, there exist conic neighborhood I’ (Co) < T'(Co) and H?:l A;. neighborhood of e, such that
for every T e I"((y) we have ]_[]](»:1 A;. € A'(7) then

_ n . 2 —v; 2
I=(m Jf(c(]) Al dTJMT)w((Z | |2> )Hm' i

i=1

S N CIRT
7 (Co)
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6. Examples
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In this section we present examples using the Dirac delta distribution, finite sums of shifted deltas,
and rapidly growing coefficient distributions to illustrate how the Moritoh Wavelet Transform framework

characterizes the microlocal properties of ultradistributions and their generalized Sobolev regularity.

Example 6.1. Consider w(x) = (1+ |x|?)* then the space of ultradistributions X (R") reduces to the Sobolev space
H°(R"). Let 6 be the Dirac delta distribution: 5(¢) = ¢(0) for ¢ € P,(R?). We have p6 = ¢(0)6 and hence

qBB(C) = @(0) for all T € R%. Consequently, it is trivial to conclude that supp(6) = sing supp(6) = {0}. Also, it is

known that W F(6) = {0} x (R?\{0}) holds true.
We will show the latter fact by applying our results. Consider

I - f J Wy (9)(7, ) Peo(|C]) drdC
T'(Co,po) JIR?
= A R JRZ [po(0)PICI 03 (10267 () de
0,H0
- AT ><1+|C|2)5d6ff<c>|(p<o>|2|c:|%i(ldzﬁﬂéﬂﬁ
0,10 0
where

[(Co) = {T e RA\{0};3C e T(Cy, o) such that || 72|t]G-1(C) € Ay

so it follows that,

D=4 | gp)Rar [ e P A 20 ) de
I'(G) T'(Cosp0)
2\ §
- 4w [ pope| (14 05) rima
Fao) () Inl

where we use the change of variable as n = || =26 1(C) and

N (1) = {n e R*\{0};3C e T(Co, o) such that n = |{|267(C) € Ar}.

Now since \ is of compact support A € B,(0,1), 0 <pu <1,
- 2ys
1+W [N~ (1 +|t|)° for ne A.
and since from A’ € A'(t) € Ay S A,
[ - 2s
L+ oE ™"~ (1 + |7°)" for ne Ax
we have,

I~ 4r j P(O) (1 + [t2)* dr j 02 () di
T'(Co) A(T)

1%

47 C* |(p(0)|2f~ (1+ |t]*)*dr

0

Cy JN (1 + |t]*)* dr.
I(Co)

Thus, W F*(8) = & for s < —1,and W F*(5) = {0} x (R*\{0}) fors > —1.

(22)

(23)
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Remark 6.2. Consider the distribution

k

fx) =) 8(x+2m—k),

m=0

supported at the points x = k — 2m, form = 0,...,k, k € N. Then, if the weight function is w(x) = (1 + |x|*)~2",
from Example 6.1 we have

k
Jtle—2me): ce R}, ifm<},

m=0

2, ifm> 1.

WFf) =

Remark 6.3. In general wave front set of f = g + h need not to be union of Wave front set of g and h but when
singular support of g and h are isolated then Wave front set of f become union of Wave front set of g and h (see[9]).

Example 6.4. Let f(x) = 3 a,069(x — a), a, € C and w(x) = =M 0 < d < 1 such that for each
€ >0, 3 constant c. > 0 such that |a,| < cc.€*l(a!)=V%. The formed space of ultradistributions % (R") contains
ultradistribution which does not belong to the Sobolev space 7 (R"), [22], and also | f ()| < D exple |C|*]. Applying
or results for generalized Sobolev wave front set of f, we have

I

[ wroriea
(o)

f . Z 1,60 (x — a)(Q) P eI dc
T(Co,u)

a

| IS lps @G- o ©)e 19 e
T(Cop)

a

a
f 1> aud ¢j Il ()72 eI AT for some cj e €
T'(Cot) j=o0

a

a
J |Z Ca gl (). e <l 4C for some Cia €C
TCom) j=o

44
1N ¢ waj(pj(a)ﬁ eelel dc
fr(éw) 2.6

j=0
_ f | DL e T (@)

Tt jiefo1,...a}

D) ha CTPPP(@)P e dT for some cj0 € R

Re(0L,..a)

_ J‘ | {| Z C]'l,a Ca*jl(le(D(”Z

T(Com)  jief01,..a}

+| Z Civa Ca—jz(p]'z (a)|2}e_e'\l\d dc
j2€{0,1,....a}

_ f 2 cha Tl ()P

T@ot)  jef01,...a}

HoOD cha CREE(@)PY TP e de,

26{0,1,...a}
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From [22, p. 118], |C[** < Deqexp[2€|C|%] then we have,

s Ca T @)
TP

71€{0,1,....a}

Ho DD e CTRQR(@) P} Dege™ €21 a0 < o0
]’26{0,1,..4,0(}

if €' > 2¢ for each € > 0. Now consider,

~
Il

I, f|wmf><nc>|2w<|q>dwc
T(Co, o) JR?

4752J'COHU —e'\cwdcf |p. Zaa (x — a) () PIC 292 (|2 2671 (0)) dr

a | e f . Sl x = @) OPICI 22070 e

— 2 —E|C =202 (|71 —2 B—1
47[zf - |- Zaa (x (1)] dT-[(Co,yo)e 17202 (| 2671(0)) de

a

< ~
17 [ lp Do a@Pa | W = giman
A'(T)

where T(Co) and A'(t) are as in (22) and (23) accordingly.
Now since \ is of compact support A € B,(0,1), 0 < p <1,

T
LI

e S n Tt xe” It for neA.
Since ' € A'(t) € Ay C A,

szl

el |n| 2 re T forne Ay
then,
I~ 4n2ﬁ . Y00 (x — ) (0P e |y
() A{T)
T'(Co) a
= ¢ f - Zaa YO e dr.
T(Co)
Therefore,
W Ff) {{uaa} < (RA(0)), ife’ <0
@, ife’ > 0.

Disclosure statement

No potential conflict of interest is reported by the author(s).

2372



A. Pathak et al. / Filomat 40:7 (2026), 2359-2373 2373

References

(1]
[2]
[3]
[4]
[5]
[6]
[7]
(8]
9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]

A.A. Albanese, C. Mele, A. Oliaro, Mutual estimates of time-frequency representations and uncertainty principles, Annali di Matematica
204 (2025), 667—691.

S. Atanasova, S. Pilipovi¢, B. Prangoski, K. Saneva, Characterisation of wave front sets by the Stockwell transform, ]. Math. Anal. Appl.
490:2 (2020), 1-18.

G. Bjorck, Linear partial differential operators and generalized distributions, Ark. Mat. 6 (1965), 351-407.

J. W. Bruce, Wavefronts and parallels in Euclidean space, Math. Proc. Cambridge Philos. Soc. 93:2 (1983), 323—333.

A. Debrouwere, J. Vindas,Discrete characterizations of wave front sets of Fourier Lebesgue and quasianalytic type, J. Math. Anal. Appl.
438:2 (2016), 889—908.

C. Fernandez, A. Galbis, Superposition in Classes of Ultradifferentiable Functions, Publ. Res. Inst. Math. Sci., 42(2) (2006) 399—419.
P. Grohs, Continuous shearlet frames and resolution of the wavefront set, Monatsh. Math. 164:4 (2011), 393-—426.

L. Hoérmander, Fourier integral operators. I, Acta Math. 127:1-2 (1971), 79-—-183.

L. Hérmander, The analysis of linear partial differential operators. I. Distribution theory and Fourier analysis, Springer-Verlag, Berlin,
2003.

K. Johansson, S. Pilipovi¢, N. Teofanov, J. Toft, A note on wave-front sets of Roumieu type ultradistributions Pseudo-differential
operators, generalized functions and asymptotics (2013), 239—252.

K. Johansson, S. Pilipovi¢, N. Teofanov, J. Toft, Micro-local analysis in some spaces of ultradistributions, Publ. Inst. Math. 92:106 (2012),
1-24.

G. Kutyniok, D. Labate, Resolution of the wavefront set using continuous shearlets, Trans. Amer. Math. Soc. 361:5 (2009), 2719—2754.
S. Moritoh, Wawvelet transforms in Euclidean spaces-their relation with wave front sets and Besov, Triebel-Lizorkin spaces, Tohoku Math.
J. 47 (1995), 555--565.

R. Murenzi, Wavelet transforms associated to the n-dimensional Euclidean group with dilations: signal in more than one dimension,
Wavelets (1987), 239—246.

H. M. Obiedat, A Topological Characterization of the Beurling-Bjorck Space +, Using the Short-Time Fourier Transform CUBO A
Mathematical Journal 8:2 (2006), 33—45.

D.H. Pahk, B.H. Kang, Sobolev spaces in the generalized distribution spaces of Beurling type, Tsukuba J. Math. 15:2 (1991),325-334.

R. S. Pathak, The Wavelet Transform., Atlantis Studies in Mathematics for Engineering and Science, Atlantis Press (vol 4), 2009.

R. S. Pathak, A. Singh, Wavelet transform of Beurling-Bjorck type ultradistributions, Rend. Semin. Mat. Univ. Padova 137 (2017),
211—222.

H]J. Petzsche, D. Vogt, Almost analytic extension of ultradifferentiable functions and the boundary values of holomorphic functions, Math.
Ann. 267 (1984) 17—35.

S. Pilipovi¢, B. Prangoski, On the characterizations of wave front sets in terms of the short-time Fourier transform, Math. Note 105:1-2
(2019), 153—157.

S. Pilipovi¢, M. Vuleti¢, Characterizations of wave front sets by wavelet transform, Tohoku Math. J. 58 (2006), 369—391.

L. Rodino, Linear Partial Differential Operators in Gevrey Spaces, World Scientific Publishing Co., River Edge, 1993.

H.J. Schmeisser, H. Triebel, Topics in Fourier analysis and function spaces, A Wiley-Interscience Publication, John Wiley & Sons,
Chichester , 1987.

G.G. Walter, Wavelets and Other Orthogonal Systems with Applications, CRC Press, Boston, MA, U.S.A. 1994.



