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Abstract. In this paper, we first introduce and rigorously define the concept of grand variable weighted
Herz-Morrey spaces. The principal aim of this study is to establish the boundedness of the fractional
integral operator of variable order on these newly defined function spaces, under suitable assumptions on
the associated variable exponents. To achieve this, we employ generalized Holder-type and Minkowski
inequalities, alongside a combination of analytical techniques. The core strategy of the proof involves de-
composing the relevant summation into multiple terms and estimating each term under distinct conditions.
By systematically combining these estimates, we demonstrate the boundedness of the fractional integral
operator of variable order on the grand variable weighted Herz-Morrey spaces. Furthermore, the regularity
of solutions to certain elliptic partial differential equations (PDEs) with smooth boundaries is known to be
linked to the boundedness of corresponding commutators with smooth kernels. As an application of our
main result, we highlight that the boundedness of the fractional integral operator of variable order in the

aforementioned function spaces can be effectively applied to the study of regularity properties of solutions
to elliptic PDEs.

1. Introduction

Function spaces with variable exponents have been the subject of extensive research in recent years
due to their wide-ranging theoretical interest and numerous significant applications in analysis and partial
differential equations. In [4], the authors provided a concise overview of variable exponent Lebesgue
spaces, highlighting several fundamental results within these spaces. They also outlined contemporary
motivations for their study, including the need for more flexible frameworks in nonlinear analysis and
mathematical models that exhibit spatial heterogeneity.

2020 Mathematics Subject Classification. 46E30; 47B38.

Keywords. Lebesgue spaces, weighted estimates, BMO spaces, fractional integrals, grand variable weighted Herz-Morrey spaces,
mathemtical operators.

Received: 16 October 2025; Accepted: 03 November 2025

Communicated by Dragan S. Djordjevié¢

* Corresponding author: Dhaou Lassoued

Email addresses: gnnemer@pnu.edu.sa (Ghada AlNemer), babarsultan40@yahoo . com (Babar Sultan),
Dhaou.Lassoued@fsg.rnu.tn, dhaou®6@gmail.com (Dhaou Lassoued), arienie@qu.edu.sa (Najla M. Aloraini)

ORCID iDs: https://orcid.org/0000-0003-2833-4101 (Babar Sultan), https://orcid.org/0000-0001-7222-7931 (Dhaou
Lassoued)



G. ALNemer et al. / Filomat 40:7 (2026), 2663-2675 2664

Key foundational results in variable exponent spaces include the theories of convergence and com-
pleteness, embedding theorems, a generalized form of Holder’s inequality, the boundedness of the Hardy-
Littlewood maximal operator, and extrapolation techniques. These results play a pivotal role in the analysis
of partial differential equations (PDEs) and other problems that arise in applied mathematics. As noted
in [6], the classical Herz spaces can be extended to the framework of variable exponent function spaces,
leading to the introduction of variable exponent Herz spaces.

The variable Herz spaces Kf;g;(IR”) generalize the classical Herz spaces and are further extended by

the introduction of Herz-Morrey spaces, denoted as MKZ‘(? p(lR”), as originally defined in [7]. The study

of Morrey-Herz spaces MKZ;'K(]R”) was advanced by Lu and Zhu in [15], where they established the
boundedness of certain integral operators within these generalized spaces. More recently, Abdalmonem

and Scapellato demonstrated in [1] the boundedness of intrinsic square functions Sz in the context of

. . (A
generalized variable exponent Herz-Morrey spaces MK;“(,)’p(_)(]R”).

In further developments, Izuki and Noi introduced the concept of weighted variable exponent Herz
spaces K;"(’_;(w) in [9, 10], while the boundedness of homogeneous fractional integral operators in such
weighted variable exponent Herz spaces was analyzed in [2].

Since its introduction in [16], the concept of grand Morrey spaces has attracted substantial scholarly
interest. In particular, grand variable exponent Herz spaces serve as a further generalization of the classical
Herz spaces. Several boundedness results in these spaces have been established, as seen in [21, 27]. In

[29], the authors introduced the grand weighted Herz spaces K:(’f;)’e(w) and proved boundedness results

for integral operators therein. Moreover, in [20], the boundedness of fractional integral operators in grand
weighted variable Herz-Morrey spaces was rigorously established.

Numerous studies have explored various extensions and versions of Herz-type spaces. For a compre-
hensive account of these developments and related results, see [11-13, 17-19, 22-26, 28, 32-36].

This paper continues this line of investigation by focusing on the grand variable weighted Herz-Morrey
spaces, which constitute a natural and comprehensive extension of classical weighted Herz spaces, weighted
Herz-Morrey spaces, and grand variable Herz spaces. We introduce the concept of grand variable weighted
Herz-Morrey spaces and study the boundedness properties of fractional integral operators of variable
order within these spaces. Our results not only unify and extend existing findings in the literature, but
also provide new insights and applications to the regularity theory of solutions to certain elliptic partial
differential equations with smooth boundary conditions.

The content of this manuscript can be summarized as follows:

Following the introduction, Section 2 is devoted to Preliminaries, where we present essential definitions,
foundational concepts, and prior results that are central to the development of our main theorems. This
section includes both general background material and specific tools necessary for the analysis carried out
in the later sections.

In the final section, we introduce the concept of grand variable weighted Herz-Morrey spaces and
establish the boundedness of the fractional integral operator of variable order on these spaces.

As a main result, we prove that fractional integral operators of variable order are indeed bounded on
the newly defined grand variable weighted Herz-Morrey spaces. This extends several known results and
provides new insights into the behavior of such operators in generalized function space settings.

2. Preliminaries

Assume that P is a measurable set with Lebesgue measure |P| > 0 in R". By 1p, we denote the
characteristic function of P. Throughout this paper, the notation C is deserved for a positive generic
constant that can vary from line to line. Let £ € Z, R, = D; \ D;_1, where D; = D(0,2f) = {y € R" : |y| < 2}
and 1, = 1g,.



G. ALNemer et al. / Filomat 40:7 (2026), 2663-2675 2665

Definition 2.1. [4] Let q(-) : P — [1, o) be a measurable function. The Lebesgue space L1°)(P) consists of measurable
functions g that satisfy the following condition,

Lo (g) = f I dx < oo.
P

The norm is given by

; g
”g”m-)(p) = essmf{)/ >0: 10 (7—/) < 1}.
11
q () q(y)

The space L1V)(P) is a Banach function space, where the conjugate exponent of q(y) is defined as
The space of locally integrable functions Lﬁo(z(P) is given as

Lq(')(P) = {K is measurable : k € L1V(K) for all compact K C P}.

loc

Let g_ := ess inlg q(y) and p4 := esssupq(y). The set of all p(:) such that g > 1 and g, < oo is denoted as
ye yeP

P(P). Under natural regularity assumptions on the exponent functions, Almeida and Drihem proved the

boundedness of a wide class of sublinear operators on Herz spaces with variable exponents. A function

q(-) is considered to be globally log-Hoder continuous [3] if it satisfies the following conditions:

1
1. |n(x) — <——, Yy, yeR, x—y| < =
() = n(y)l Tlog(x—y)’ Y b=yl <3

1 n

2. In(x)—nmlsm, Vx e R".

We denote by LH(IR") the space of the globally log-Hoder continuous function.
The Hardy-Littlewood maximal operator M is defined as

Mg(z) :==supy™ f |g(2)ldz, (1)
v>0 D(z,y)

where g € L] (P).
We consider the Riesz potential operator :

G =f‘——ﬁﬁl—d , 0 : 2
f(r1) I 2 <p(r)<n 2)

Definition 2.2. [4] The set of all measurable functions is known as the weighted L) space if for any g on R", such
that g'c% € L', where w is a weight and r(-) € P(R"). The notation

9] : ®)

1
Lr(')(T) = HgT o ‘Lr(.)

denotes the norm of the Banach space L'(t). The conjugate exponent of r(-) is r'(-).

Definition 2.3. [30]If1 <ty < o0, 5(-) € P(R"), and 0 > 0. The homogeneous grand variable weighted Herz spaces
denoted by K;X((.'))’t‘))’e(f) consist of locally integrable functions g € Lf('c)(]R”/ 0, ) such that:

0

1
fo(1+0)
to(1+6)

Ls6)(z) < 0o, 4)

{=—00

bl = plo” 2 1
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The non-homogeneous grand variable weighted Herz spaces denoted by KOO (1) consist of locally integrable

s()
functions g € Lf(()'c)(lR” /0, 7) such that:

- to(1+) W
_ 0 Lo o1+
[ — [a 3 [t ] <o ®
s 6>0 =0

Definition 2.4. [8] Let 1(-) € P(R"). A weight 1 is known as A,y weight if

1
TmD”

T%ID” < 00, (6)

L’o

su
P ol

Bl
D:ball |D|

Definition 2.5. [8] Let 0 < a < n, and r1(-), r2(-) € P(R") such that 1/r1(-) = 1/r2(-) = a/n. A weight T is said to
be an A(r1(), ra(-)) weight if

-1 1-4
IT1pll20 |2 10| 0 < DI (7)

Definition 2.6. [5] A weight T is considered a A’y weight if r(-) € P(R") and the following inequality holds

< 0. (8)

) -1
sup |D|[7" ||IT1pl| ||7: 1|},
D:ball

The collection of all A’y weights is defined as the set A’,..

Lemma 2.7. [5] Given that f € L1O(P) and g € LPO(P) and 1/r(-) = 1/p(-) + 1/q(:), the following outcome is
obtained.

£l < €Al Nl -
Lemma 2.8. [30] Assume that the decay conditions at the origin and infinity are satisfied. Then,
10021000290y < 029, for0< £ <1 ©
and
1002100290y < 02, for €21, (10)

respectively, where ty and to, are independent of € and to > 1.

3. Main results

a,€),0
Aq0)

Definition 3.1. If a,q(-) € P(R"),0 < A < 00,0 < u < o0, O > 0, then the homogeneous grand variable weighted

In the following, we define grand weighted variable Herz-Morrey MK{“"(7) spaces.

Herz-Morrey spaces MKX(;('?'Q(T) consists of locally integrable functions f € L;’(()'c)(]R” \ {0}, 7) such that
ko 1))
w00, = sup sup 27504 | 59 2ka0) fp | < 0. 11
”fHMK«\,(;(-))Q(T) 6>€ kgeg [ k:Z_;o ” f ”Lq()(T) ( )

The non-homogeneous grand variable weighted Herz-Morrey spaces MKK‘(‘)'E)’H(T) consists of locally integrable

AC)
functions f € Lfé'c)(]R” \ {0}, ) such that

1
ko u(1+0)
_ . u(1+6)
oy =spsop [ Ll <o @
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Theorem 3.2. Let 1 <u < oo, 1/q1(r1) —1/q2(r1) = p()/n, 0 < p(-) <1, 0 < A < 00,0 > 0and a, g, € P (R"),
such that

__7’[ < Aoy < i __T’l < a(O) < L

froo 7o 100 7;(0)

Then
-A .
[+ DO rmo < CMlrgrnncy

Proof. Let f € MKJ"M(x), and f(r1) = £, fr)Li(n) = T2 filr1), we have

-+ DO s

u(1+0)
1+9)
= supsup 27| ¢ Z 2011 + Iy )T )(f)“qu()(T)]
0>0 k.€Z

k=—c0

ko u(1+0)
—koA | <O ka(-) A1) 7p( u(1+9)
ssupaup2t 0 )1 | 97 [20na s o)
o€Z. =—00 \[=—0
1
ko k=2 u(1+06)\ u(1+o)
—koA | 50 ka(-) =A(r) p()
<supsup 27t |57} B[RO0+ 1) O],
€2 k=—oc0 \I=—00
1
ko k+1 u(1+0)\ WT+0)
—koA | SO ka(-) —A(r1) 7p()
#supsup2™ |67 37 | 3 20101+ ) OO |,
0 k=—oo \I=k—1
1
ko o0 u(1+0)\ u+o)
+ sup sup2_k°/\ 57 Z Z HZ"“(')lk(l + |r1|)‘A(’1)IP(')(fll)”m(,)m
650 k,eZ =\
=E,+E,+ E3.

For estimating E,, we have the following.

ko k+1 w(1+06)\ u@+s
E, <supsup 2 kot ] 59 Z (Z |)2k“(‘)1k(1 + |rl|)_A(“)If’(‘)(f11)||m2(,)(1)] ]

>0 k,eZ k=—oc0 \I=k-1

el u(1+0) u<1+o
<sup Supz—ko}\ 50 Z 2kﬂ(0)u(1+(‘>)[2 ||1k(1 +1nl)” /\(h)IP(>(fll “quu(r[)] ]

>0 k,eZ I=k—1

ko P u(1+90)\ u(1+o)
+sup sup 270 [ 57 Z Dkau(1+0) [ Z ||1k(l + |1’1|)_A(r1)Ip(‘)(fll)||m(.>(T)J
>0 k,eZ k=0 I=k-1

:=E>1 + Ens.
When k < 0, r; € Ry, by using the fact 25 = 2k0) e get
a(- _ ~ka(0
”2 8 )flk”Lm-)(T) =210 ||f1k||m<~>(¢) :

By using the Sobolev type estimate [14], we get

-1 k+1 u(1+06)\ u(1+3)
E <supsup 27’ [69 2 kat “(Hé)[z Hlk(l + ||y AP0 (flz)”m2 (T)] ]

0>0 k,eZ I=k—1

k=—0c0



<supsup 27t

>0 k,eZ

<supsup 27t

6>0 k,eZ

<supsup 27!

6>0 k,eZ

<Csup sup 2~%?

0>0 k,eZ

<Csupsup 2~0?

6>0 k,eZ

<Csup sup 274

6>0 k,eZ

<Csup sup 2~%?

0>0 k,eZ
=C [ lhygsomse
MKMH(') (1)
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-1

5° Z oka(0)u(1+9)

k=—c0

-1
5° Z oka(0)u(1+)

k=—o00

-1

5° Z oka(0)u(1+)

k=—c0

=—00

-1

59 Z ka(0)u(1+0)

k=—00

-1

50 Z Ska(0)u(1+6) H flk”u(1+6)

k=—00

k=—00

2668

k1 N
~A .

Z [+ 1]y (rl)IP()(f11)||m(.>(T)]

I=k-1

k+1 N
~A(r) 7p() 70

Y |+ mnreraran) W,)]

I=k-1

)\ T

-1 k+1

- 1

50 Z 2ku(0)u(l+b)(2 H Fy7n0
K I=k—1

u(1+6
Uz(-)]

k+1 .
Y |+ roroaan))
I=k-1

1
u(1+0)\ u(1+o)
U1<-)J

w14+ 7055
T

1
u(1+0)
)]

p

I=k-1

LnO(r

1
TGET)
69 z ||2kﬂ( )flk”Z:ll‘:?T)]

Now we will find the estimate for Ey. Let k < 0, r; € Ry. Using equality oka(r) = Dkie and the Sobolev-type
estimate [14] in the fourth step of the estimate, we have the following.

—koA

Ey» <Csupsup?2

550 keZ

<Csup sup 275

6>0 k,eZ

<Csup sup 275

6>0 k,eZ

<Csup sup 275
8>0 kezZ

<Csup sup 270*

0>0 k,eZ
=l
MK (D)

ko

5° Z ks (1+6)
k=0
ko

50 Z ks u(1+6)
k=0

ko

50 Z ks u(1+6)

k=0

ko

k=0

k=—00

il u(1+9) ﬁ
Y |r1|>-/‘<’1>1P<'><flz>||m<~><f>]
I=k-1
_1_
u(1+0)

u(1+9)
qu(-)]

k+1 .
by ||<1 + |r1|>*<’1>1p<"<f1n@>|
I=k-1

1
u(1+06)\ u(i+3)
Lfll(-)J

k+1 .
3 Jre
I=k-1

1
) u(1+6)
pe 2 2kaeou(1+9) ||f1k‘|zsll:;ff))]

1
u(1+3)
69 : i ||2kﬂ( flk”zﬂ(illtff)]

In the sequel, we are going to find the estimate of E;. When k € Z with <k -2, letr; € Ry, z» € R, then
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Ir1 — za| ~ [r1] ~ 2, we get
IPO(f1)(r1) < C | Ir1 = 2P f(z)ldz2
R,

< C27F | PO £ (zo)ldza
R

< C27 P || £y il 10y -
It is known, see e.g. [31], that
IPOL)(r1) = IPO (L) (1) (1) (1)
1
= ——dy. 14 (r
F r1 — 2ol y1dr)
> Clry [P 15(r4).

Consequently, we have
[1e1 + 1D POFL) |
< C27| 1]y oy Il 0y 1T+ DA IPO A
< CZ_k” ||fll“qu(.)(T) ||11||L'4§('>(T)

< 27 [ ey Il 0y Ikl

(1+ )P0 (1,770)

L1220

By the Lemma 2.8

(I-k)n

Tllpsno < C27H1200270 < €240, (13)

—k
2 " ||1I”Lqi()(’[)

Splitting E; by using Minkowski’s inequality we have

K (k2 u(14+8)\ 5
By <supsup2™ (67 )" [Z 201 + lm|>-““>IP<'><f11>||m»<f>] ]

0>0 k,eZ

k=—o00 \|[=—c0

0>0 k,eZ

k=—o00 \/[=—c0

4 (k2 u(1+6) wirD)
<supsup27ot |50 Y [Z ||2k”('>1k<1+|r1|)““UP("(flz)IImum] ]

550 k,eZ =0

[=—00

ko [ k=2 w(1+6) )
+supsup27ot o7 ) [ Y o1+ |7’1|)Mrl)[p(')(fll)Hqu(-)(r)] ]

2:E11 + ElZ-

Applying above results to E11, we obtain that :

-1 k=2 u(1+96) ﬁ
Ei < sup sup 2! [69 ¥ 2ka(0>u<1+5>(2 |11 + |r1|>“’DIP“(flz)llmz«w] ]

0>0 k,eZ

k=—00 [=—00

-1 k-2 u(1+9) ﬁ
< CSUp sup 2—k0/\ [69 Z 2ka(0)M(1+5) [ Z 2—kn ||fll||ml(‘)(7) ||11||Lq€(')(7) Hlk”L’h(')(T)] J

>0 k,eZ

k=—c0 |=—00
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]u(1+6) u(11+o)

2670

2
Z 2 0 Hfl,”m(.,m

|=—00

>0 k,€eZ

k=—c0

-1
< Csupsup 27 [4° Z zka(O)u(1+5)[

Letb:= 5 — a(0), applying the fact 27u1+0) < 274 the Holder’s inequality and Fubini’s theorem, we get :
) 2 u(1+0)\ u(t+o)
—koA | <6 0)! b=k
< Csbug iugZ 1) Z Z 270) ||f11||m1<->(1)2 ( )]
> o€ k=—o00 \|=—00
) 2 u(14+0)\ ui+5)
—koA | <0 0)! b(l-k
< Csupsup2™|6 Z Z 20 ”fll”qu(»(T)z ( )]
>0 k,eZ k=—oc0 \U=—c0
-1 (k=2
Ztn | <o 0 u(1+8)] u(1+0) 5 pu(1+8)(1-k)/2
< Csupsup2 (5 Z Z 2a(0)u(1+) ”fl HL'h()(z)z u(1+0)(I-k)/ ]
0>0 k,eZ | k=—o00 \U=—0
o1
o % u(1+0)
% [ Z 2b(u(l+6))’(lk)/2]
|=—00
-1 k=2 u 6) ] u(ll+b)
—kor | <o 0)u(1+6)! * bu(1+6)(1-k)/2
SCséulgiugz 0 [6 Z Z 9a(0)u(1+0). ”fll“m() 2 u(1+0)(1=k)/
>0 k,& k=—0c0 |[=—c0 )
ko] <0 o 140)! w1+ bu(1+5)(1-k)/2 s
<Csupsup 27 [6 Z LU Tt i B SR ]
0>0 k,eZ J=—c0 ‘ k=142
koA | <0 S a(O)u(1+6)! u1+) y- bu(1+6)(I-k)/2 -
<Csupsup2™|o Z 2 Hfl “Un( (1) Z 2
>0 k,eZ J=—co k=1+2
1
—kor | <0 aO)u(1+6)! u(1+6) o
<Csupsup27'| Z 2 (TR i
>0 k,eZ |=—co
_ (1+6)
=Csup sup 2 fod | 59 2 )]fll p
6>0 k,eZ Z ” H LnO(z)

<Cllf ”MKQSJ;“J;‘%T) :

Now for E» using Minkowski’s inequality we have

Eip <supsup 2kl

0>0 k,eZ

<supsup PR

0>0 k,eZ

+sup sup 27501

6>0 k,eZ
=A1 + Aj.

ko

5° Z kaeou(1+9)
k=0
ko

5° Z ko u(1+9)
k=0

ko

5° Z Skt 1(1+6)

k=0

- u(l+8)\ 5
Yl + Imr““>1f"‘><flz>llm«>mJ
J=—00
_1_
u(1+0)

1 u(1+9)
Z ”1k(1 + |rl|)_A(rl)Ip(')(fll)||m2(')(7)]
J=—00

o u(1+8) T
s+l
1=0
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The estimate for A follows in a similar manner to E1; by replacing 47 (0) with g]_ and by the use of the fact
b:= ﬁ — s > 0. For A1 we have :

—kn In

2_kn||1k||m<'>(7) “1’”%(' < C2™ knqu 2q1(0> < (27w 20O (14)

Asag — qi < 0, we have

leo

-1

(1+b) u(1+0)
41 <C s p sup 2= koA 66 Z 2k11mu 1+9) § 1k(1 Irll) A(?’l)lp( )(fll)
>0 k,eZ k=0 ” “LqZ( ©

|=—c0
u(l+0)
u(1+0)

ccapapr [y S § vt s,

>0 k,eZ |=—c0

_ u(1+9)
il <o ko kamfkn 1(1+9) 1 1,/% u(11+5>

<Csupsup2™ [5 loo Z 2N “fll”W-)(T) ]

0>0 k,eZ |=—0c0

1 . 1+06) u(1+5)
<Csupsup2 e &f [z 2t Hf11||w.,m]

0>0 k,eZ [

|=—00

<Csup sup 275

1 u(1+06)\ u(i+3)
s —a(0)]
o° Z 20 ”fllHLzm»)(r) 2760 .
550 k,eZ

|=—00

1 — g(0) > 0, we obtain that :
q;(0)
. (1+6)
u(1+
A; <Csupsup 27t |57 Z 20(O)lu(1+0) Hfl ”Un(')( )
550 k,eZ = T
_1
(:f(?ﬂ;ly u(1+9)
[Z 2(‘, © 0)1)(14(1+5))']
I=—eo

ko u(1+3)
B u(1+9)
I |

>0 keZ =0
<C[ Ao
MK (7)

Now we will find the estimate for E;. For every k € Z with[ > k+ 2 and a.e. Letr; € Ry and z; € R, we
know that |y — za| = |za| & 2!, we consider

PO(f1)(r) < C f Ir1 = 22" | f(z2)ldz
R

<C27Mn f 1P| £ (22)ldz,
R

< CMPO s, Wil

It is known, see e.g. [31], that

1PO(10)(r) = PO 1) (r1)-(10) (1)
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1
= | ——  _dy1(r

F 11 — 2ol y1dr)
> Clr1 [P 1x(r).

Consequently, this leads to :
[1e1 + 11D POFL) |
) A .
< 27| fll“mwm Ll 70, @+ fral) <r1>1p<>(1k)||m_)m

<c27 ”fll“L'h(‘)(T) “11”L‘73('>(7) Hlk“qu(')(T) :

and
o ([ o w(14+6) T
E; Ss},lig) igg 27k | 50 Z (Z ”2]“1 (1 +Irl)” /Wl)lp()(fll)“qu(-)(T)]
, k=—co \I=k+2
e u(1+8)\ 7
<sup sup 27 57 Z [Z 2011+ |r1|>-“’1>IP">(flz)llww]
X k=—oo \I=k+2
b [ e W(1+9)\ 75
+sup sup 270" [ 57 {Z [201,(1 + [r1]) A(rl)lp()(fll)“mu J
6>0 kez k=0 \I=k+2

I=E31 + E32.

For E3; by using Minkowski’s inequality, it comes that :

., . w(14+6) 75
E3 <supsup27ft|sf Z 2ka(O)u(1+3) Z ||1k(1 + |71I)_A(”)Ip(')(f11)||qu(_,(T)
>0 k,eZ k=—00 I=k+2

-1 -1 1+0)\ u(1+5)
E3 <supsup kol | 50 Z oka(0)u(1+9) Z ||1k(1 + |rl|)—A(71)1P(‘)(fll)”qu(_)(T)]

6>0 k,eZ k=—00 I=k+2
1 o u(1+0) ﬁ
+sup sup 270" [ 57 Z 2KaOpu(l+0) Z |11 + |7’1|)_A(rl)lp(')(fll)“m(»(f))
550 keZ koo =0
=By + B».
The estimate of B h can be obtained in a similar way to E3; by replacing g1, with 41(0) and using the inequality
ql(O) +a(0) > 0 =+ e > 0. For B,, we have indeed :
=In_
27 ||1k“L41(-)(T) ||1l||L’h (1) <C2” 1”2”1(0)2’7’100 < CZ’“(O)Z‘HM (15)

Then we have

1
]u(1+6) =)

-1 )
By <Csupsup 270t |67 )" 24O Y 1,1+ [y OIO(F)| 0
>0 k,eZ =0 '

k=—00

8

1 , u(1+0)\ u(+o)

kn_
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0>0 k,eZ 1=0

k=—c0



<Csup sup 27
5>0 keZ

<Csup sup 27Fo?

550 k,eZ

<Csup sup 27F*
>0 k,€Z

<Csup sup 2

>0 k,eZ

<Csup sup 2~

>0 k,eZ

<Csup sup 2%

550 k,eZ

SC”f“ Sa()i0),0,_+ +
MKA,fll(-) O]
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-1 o
" =
o 3, e (Sats

k=—c0 1=0

u(1+9)
59 2 Zk(u(o +n)/q(0)l¢(1+b (E Z’fleo |f1[||Lq1()( ]

k=—00

0 u(1+0) ul+b)
=in_
66 qulm ||f11HL!71<)(T)]
1=0

1
]u(l+6) W(1+0)

1
u(1+06)

oo u(1+06)\ u(1+3)
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0 lu(1+0) u(1+9) 111, +00)u(1+0)
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1=0 1=0

oo |
o ¥ VI

1=0 ]:oo

1
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Finally, we find the estimate of Es; as follows :

ko o0
E; < Csupsup 2k | 50 Z Dkaeu(1+6) ( Z Hlk(l + |r1|)_A(”)Ip(')(f11)||m(-)(f)

550 k,ez

k )
scapaunz |0 | .-tk 2
k=0 \I=k+2

>0 k,€Z

where d = q]L

Ez < Csupsup2
>0 k,€eZ

<Csupsup 2*"“[69

0>0 k,eZ
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0>0 k,eZ
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0>0 k,eZ

M DM D=
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1
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o
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u(1+0)

]u(1+6) )

+ 4 > 0. Then, we use Holder’s theorem for series and 271%9) < 2% to obtain

—koA { 50 i ( i Hsu(1+0)! ” 1, ”Z((hl(’:i)) du(1+8)(k- l)/Z]
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1
1-2 u(1+0)

<Csup sup o~k | 50 Z du(1+0)(k=1)/2

[y
550 k,ez = a6

=~

<C Hf”MKf\(/;;'l“J;U(T) )
Combining the estimates for Eq, E; and E; yields

b P o = Moo

which completes the proof. [

4. Conclusion

In this study, we have developed new theoretical results concerning the boundedness of the fractional
integral operator of variable order within the framework of grand variable weighted Herz-Morrey spaces.
These findings not only enhance the existing body of knowledge in harmonic analysis and function spaces
but also provide a rigorous foundation for the analysis of certain classes of elliptic partial differential
equations (PDEs) with smooth boundary conditions. By employing the newly established results, we have
demonstrated the existence of regularity solutions to such PDEs within the aforementioned functional
setting.

This work opens several promising directions for future research. One particularly interesting avenue
is the extension of the current results to the context of two-weighted grand Herz-Morrey spaces with
variable exponents. Such generalizations could prove to be valuable in addressing more complex PDEs
and contribute to the broader theory of variable exponent spaces and their applications in mathematical
physics and related fields.
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