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Abstract. This paper introduces a significant advancement in the field of fractional integral inequalities
by establishing new Hermite-Hadamard (H-H) type inequalities for convex functions, specifically of the
Jensen-Mercer kind, within the framework of non-conformable fractional calculus. The core of our approach
leverages the support line property of convex functions to derive a foundational fractional (H-H)-Mercer
inequality. From this cornerstone result, we develop new integral identities related to non-conformable
fractional operators. These identities serve as powerful tools to prove a suite of associated trapezoidal
and midpoint type inequalities that provide explicit bounds for the approximation error. This research is
important as it deepens the link between convex analysis and fractional calculus, offering more versatile
tools for analyzing the behavior of convex functions under generalized integral operators. The results are
expected to have applications in various domains where fractional modeling and optimization are crucial,

such as mathematical physics, engineering systems, and economic modeling, providing refined methods
for approximation and error estimation.

1. Introduction

Convex function plays a notable character in the field of both theoretical and applied sciences. The study
of convex functions always presents stunning and magnificent sight of the beauty in advanced mathematics.
The mathematicians always put potential in this direction as a result, discover and survey a large variety of
results that are beneficial and remarkable for applications. This method is effective in dealing with a wide
range of problems, the majority of which may be found in both the pure and applied sciences. Convexity
also has a finest effect on our daily lives through numerous applications in medicine, industry, business
and art. The formulation of inequalities is one of the most important applications of the convex function.
Many novel inequalities of various kind of categories related to convex function have been obtained and
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implemented to other fields of studies can be seen in [2-5]. In the literature, the (H-H) inequality is a highly
familiar results. Furthermore, in many fields of science and technology, such as engineering, mathematical
statistics, financial economics, and computer science, this inequality has been employed to solve a variety
of problems. The definitions and outcomes listed below are considered necessary for our research.

Definition 1.1. [6] A function W : [k1, k2] — R is convex, if
WAC + (1 = A)G) < AW(G) + (1 - N)W(C), 1
forall C1, Cp € [k1, k2] and A € [0, 1].

W is considered a strongly convex function if the inequality in (1) is squeezed for {; # (3, and a concave
function if —W is convex. Convex functions are covered by a number of significant inequalities, including
the Jensen, Jensen-Mercer, (H-H), and support line inequalities. One of the most well-known inequalities
is the standard Jensen’s inequality, which is listed below [7, 8].:

Definition 1.2. If WV : [x1, k2] — R is convex, then

v [i a)iCi] < i w;V(Cy),
i1

i=1
n
forall ; € [k, k2] and w; € [0,1] (1 =1,2,3, ..., n) with }, w; = 1.
i=1
Mercer introduced the Jensen-Mercer inequality, a variation of Jensen’s inequality, in [9].
Theorem 1.3. If WV : [k1, k2] — Ris convex, then

n

v [Kl + K2 — Z CUz’Ci] < W(kq) +W(k2) - Z w;W(C), 2)
p)

i=1
forall §; € [, 2] and w; € [0,1] G = 1,2,3, ..., n) with 21 wi=1.
There is at least one line on or below the function’s graph for a convex function.
Definition 1.4. [10] A function W : [ — R has a support at x, € I, if
W(x,) + c(ut — x,) < W(u), 3)
for all x, € I and for each 1 € [k1, %3] C 1. The inequality (3) is said to be the support line inequality.
The support line inequality and convex functions are related by the following theorem.

Theorem 1.5. [10] The function W : [k1, k2] — R is convex if and only if ¥ has at least one line of support at each
X € [K1, 2]

Because of its geometrical significance and applications, the H-H inequality is one of the most studied
inequality in convex function theory. A significant amount of research has been devoted to the extensions,
generalizations, improvements, and applications of the H-H inequality due to its significance. Below is the
Hadamard inequality [11]:

Let W : I - R be a convex function, where I is an interval and x1, x> € I such

w5 < P . o f " W < L)+ W) (4)

2 2

In the opposite direction, (4) holds if W is concave. For other findings related to H-H inequality, refer to
[12-20].

Fractional integral operators have been used to expand the H-H inequality. The Non-Conformable fractional
operator, as defined below, is the most often used of all.
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Definition 1.6. [21] Let ® € Rand 0 < 91 < 9. For each function ¥ € L[91, 93], we define
11
NJOW (1) = f ATPW(A)dA, (5)
14

for every u,v € [91, 97].

Definition 1.7. [21] Let ® € R and Cy < Cy. For each function V € Ly, 0[Cq, Co] let us define the fractional integrals

NS]gW(u): fc (u=A)""WN)dA, (6)
C2
WIEW0) = [ (-0 e @)

for every u € [Cq, (2] Here, for @ =0 NS]C‘D;\IJ(u) =N Z’E\P(u) = fclz W(A)dA.

In [22-24], the authors obtained trapezoidal and midpoint type inequalities and provided associated
results using the following lemmas.

Lemma 1.8. Let WV : I — R (where I° is the interior of I) be a differentiable function and Cy, C; € I such that C; < Cp,
If W’ € L[Cy, Co), then

Co _ 1
) +¥Ee) 1 W(u)du = -G f (1 =2)W'(AG + (1 = M) C)dA. (8)
2 G -0 Jg 2 0
Lemma 1.9. Let all the assumptions of Lemma 1.8 hold, then
1 @ G+G
G ), ot r)
1 1
=(GL-G) (f AW (AG + (1 - A)G)dA + f A =DW(AG + (1 - A)C)dA|. ©)
0 !

In this article, we establish a fractional Hermite-Hadamard type inequality of the Jensen-Mercer type. We
first present certain identities involving fractional integrals and, based on these identities, derive trapezoidal
and midpoint type inequalities. Throughout the article, ® denotes a positive real number. In a well-
known work [25], the authors proved Hermite-Hadamard type inequalities for Riemann-Liouville left-sided
fractional integrals in the class of convex functions. A remarkable feature of generalized fractional integrals
is their ability to encompass Riemann-Liouville, Katugampola, and several other well-known fractional
integrals. Related results can be found in [26-33]. The fractional Hermite-Hadamard inequality, which
incorporates fractional operators of various orders such as the Riemann-Liouville and Caputo operators,
bridges the concepts of convexity and fractional calculus by analyzing the behavior of fractional integrals of
convex functions. It establishes connections between endpoint values and the fractional integral of a convex
function, thereby offering valuable insights into complex phenomena arising in physics, engineering, and
related fields. In recent years, this inequality has attracted considerable attention from researchers.

Several mathematicians have investigated new inequalities, analyzed their properties, and explored
potential applications [34-40], leading to a deeper understanding of the relationship between fractional
calculus and convex functions [41-45]. The remainder of this paper is organized as follows: In Section 2, we
present a variant of the existing result for left non-conformable fractional integrals using the support line
approach; in Section 3, we establish essential identities for fractional trapezoid and midpoint type inequal-
ities involving Jensen-Mercer convex functions, which serve as auxiliary tools to derive new inequalities
for left non-conformable Jensen-Mercer convex functions, along with several corollaries; finally, Section 4
provides concluding remarks and outlines possible directions for future research.
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2. Main Results

We begin this section with our first major finding, a cornerstone result that establishes direction and
significance for subsequent discussions.

Theorem 2.1. Let WV : [k, k2] — R is a convex function and Cy, Cp € [x1, 2] such that C; < Cy, then

1- 1-
\y(Kl e (ﬂ%) < W) + W) - ﬁmg}wz)
< W(iy) + V(i) — W (%) (10)
2—-o
and
(1-@)G +C (1-w) ®
\P(Kl + Ky — 5 (1D 2) < (Cz — Cl)l_m N3](,<1+K2_C1)—\P(K1 + K2 — CZ)
< (1 -@)W(Kky +x2 — C1) + (k1 + K2 — (o)
- 2—-®
< W) + W(iey) — L DY) + W& (11)
2—-o
Proof. Since W is convex, it has a support line at each point x, € [k, k2], that is
W(x,) + cu - x,) < W), (12)

for each u € [k, x»]. Substituting x, = 11 + k2 — % and 1 = k7 + ko — Ay — (1 = A)Cp, where A € [0,1],
in inequality (12), we get

1- 1-—
v (K1 + %o — 1-0)Mh+G ;Diccl; C2) +c [—/\Cl -(1-M)G+ A=)+l ;DZC:; Cz]
< Wiy + 12 — Al — (1= D). (13)

Multiplying (13) with (1 — ®)A™® and integrating w.r.t "A”, we get

(1—(D)C1+C2)+C[_(1—(D)C1+C2 N (1—(D)C1+C2]
2—-—® 2—-® 2-®

\P(Kl + Ky —

1
<(-0) f AWk, + x5 — AG — (1 = )C2)dA
0

(1-0)G +G

1
o ) <(1-0) fo AW (k1 + K5 — ALy — (1 — A)G)dA. (14)

\P(Kl + Ky —

Using Mercer’s inequality, we get

(1-0)G + Cz)

\P(K1+K2— o

1
<(1-o) f AT(W(i1) + W(ic2) — (AW(Cr) + (1 = HW(C2)))dA
0

1
=W(x1) + (i) - (1 - @) fo ATP(AW(G) + (1 = HW(C2))dA. (15)
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Since WV is convex, we have —(AW((;) + (1 — V)W((p)) £ —W(AL + (1 — A)(p) and (15) becomes

(1-0)G +G

1
o ) <W(x1) + (ko) — (1 - ca)j(: ATPW(AL + (1 = A)G)dA. (16)

\I](Kl + Ky —

Substituting AC; + (1 — A)C; = w in (16), we obtain

(1-@)i +C (1-o) - .
\I’(Kl +Ky — ﬁ) < W(ky) + W(xg) — m . (G — w)™ Y (w)dw
= \y(xl - %) < W(ky) + W) - %M J2W(G). (17)

Now we prove the second inequality (10). Putting x, = % and u = A + (1 = A)G in (12), we get

1-0)G +&

\I,((l - @)C1 + (2
2—-®

2—o ] SWAG + (1= A)0).

)+C[AC1 +(1-MN)C -
Multiplying the above inequality with (1 — ®)A™® and integrating over [0, 1], we obtain

\I/((l -@)01 + &

1
o) )g (1-a) fo APWAG + (1 - D)C)dA.

Putting A(q + (1 — A)(, = w, we obtain

— _ C2
‘1’((1 — C2)< 0 [ - wr oWt

T (G-G)

(1-0)0+G (1-o) ®
- \I/( 2-@ ) = (G = Qe Nl PG@)
(1-o) ® w1 -2)G + G
= _WN3]q\y(CZ) < \I’(—z S ) (18)
Adding W(x1) + W(k2) on both sides of (18), we get
1- 1-
W)+ Wk - S WG < W) + Wy - w (L), (19)
and on combining (17) and (19), we obtain (10).
Now we prove the inequalities (11). Let u = %1 + x, — Al — (1 = A)C,
=> A= % and (14) becomes
1-— K1+K2—C1 _ _ -@
\I’(Kl + Ky — %) <(1-o) e (%) W(u)du
1-— K1 +K2—C1
= —(Cz( — Clc?z_@ j1:1+K2_C2 (ll — (K1 + Ko — Cz))_m\y(ll)du
1- 1-
- \I,(Kl by ;chclv‘i‘ Cz) < (Cz(_ Cﬁz—@ N2 sy Wl + K2 = Ca). (20)

We now proceed to prove the remaining two inequalities in (11). Since W is convex, we have

WK1+ 12— AG — (1= A)C)
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= WAy + 12 =) + (1 = A)(x1 + k2 — 02))
SAW(ky + 12— G) + (1 = )W (k1 + 12 — ()
< W(ky) + W(k2) — AV(G) — (1 = A)W(Co).

Multiplying with (1 — ®)A~® and integrating, we get
(1-a) fo 1 A™PW(icy + 1) — ALy — (1 = A)Gp)dA
<(1l-o)¥(E+x2—G) fo 1 MPdA + (1 - @)W (k1 + k2 — (o) fo 1()\—0 — A1)
< W(rr) + W(k2) — (1 - @)W(C1) fo 1 A724A — (1 - @)W(() fo 1(/\‘“7 — AlygA

1
=(1- (D)f AW (k1 + xp — AL — (1 = A)G)dA
0

< (1-)W(Kk1 +x2 — C1) + W(x1 + K2 — ()

- 2—-®

(1-@)¥(G) +W(C)
2-® ’

< ‘y(Kl) + \I’(Kz) -

After a change of variables, (21) can be rewritten as

K1+12—C1 _ _ -@
1- Q)f (M) W(u)du

1+10-Ca OG-0
< (1 - @)W (K1 + 12— G) + W(k1 + 12 — (o)
< L
< W(x) + (ko) — (1- Q)\Izl(i); W(G)

_ K1+ —C1
0-9) f (1= (k1 + x2 — ()" ®W(u)du

- G- 1+62—0p

e (1 - (D)\I’(Kl + Ky — Cl) + \y(Kl + Ky — Cz)

B 2-@

(1 - @)V(C1) + W(C2)
2-o

< W) + W(ka) —

1-
ﬁl\% ?;sz—(:l)*\p(’(l + Ky — ()

< (1 - @)W(Kk1 + 12 — C1) + W(x1 + K2 — ()

- 2—-

(1-)¥(G) + W (C)
2—®

< W(ky) + W(kz) —

Combining (22) and (20), we arrive at (11). O

Corollary 2.2. Substituting C; = x1 and C; = k3 in (11), we obtain

W(Kl +(1- CD)KZ) < (1-) f 12@ — 1) W (u)du

2-@ Ky — 1(1)1_‘D

2698

(21)

(22)
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_ (L= 0)W(s) + W)

2—-®
< V) + (1 - @)W(k2)
< R )

Remark 2.3. If we put @ = 0 in Theorem 2.1, we obtain

1
\y(xl +p— %) < W(iy) + W(icy) f WG + (1= D)G)dA
0

< W(iy) + W(icy) w(%)
(23)
and
Ca
‘I’(Kl g — G -; CZ) < G i o J. W(u)du
< \y(Kl + Ko — Cl) + \p(Kl + Ky — Cz)
- 2
< W(iy) + W(icy) — w
(24)

The inequalities (23) and (24) were established in [46].

Remark 2.4. Substituting @ = 0, 1 = k1 and C; = xp in (11), we obtain

K2
\I/(Kl + Kz) < 1 f \I/(u)du < w
K2 =K1 Jyy

2 2 ’

which appeared in [11].

3. (H-H)-type inequality via Jensen-Mercer Inequality

Throughout this section, we consider a differentiable function W : [k1, k2] — R. To establish bounds for
the difference in the Hermite-Hadamard inequality, we first present the following Lemmas.

Lemma 3.1. Let (1, (, € [k1, ko] such that (1 < (o and let V' € L[k, k3], then
(I-0o)W(k +r2-C)+W(kKi+Kk2—C) (1-0)

2-@ (CZ - Cl)l—m N ?;1“\’27(,1)*\1](7{1 + Ko — CZ)
(&0 1 - ,
T~ Hh_o (2 — @A™ = D)W (k1 + k2 — ALy — (1 — D) p)dA. 5)
0

Proof. Using the technique of integration by parts, we have

(G2 —-C)

2—-®

1
f (2 = @A — D)W (11 + k2 — Al — (1 = A)p)dA
0

1
(G- f AOW () + 163 = AG — (1= )Ca)dA
0

_ 1
- % fo W' (k1 + K2 = AC = (1= )C)dA
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1
= NP 421G~ (- NG~ (=) [ AW+ k- A - (-
0

1
- m‘l’(m +x2— AC — (1= )OI

_ (1—@)\1’(1{1 +K2—C1)+\y(1<1 +K2—C2) _
B 2-o

1
(1 - (D)f /\_(D\II(Kl + 1y — ACy — (1 - /\)C,Q)d/\
0

By changing of variable in above equation, we obtain

(CZ = f (2= @A™ =)W' (k1 + k2 — Al — (1 = V)Cp)dA

_ (1 (D)\I’(Kl + Ky — Cl) + \y(Kl + Ky — Cz)

2-®
1- K1+K2—C1
) ﬁ >£1+K2—Cz (1 = (1 + K2 = C) "W (u)du
_1-0)VEi+x—G)+ V(K1 + k2 - 5p)
B 2-®
(1-o)

B WNJ&HZ—Q)*\P(M + K2 — CZ)

This completes the proof. [

Remark 3.2. Substituting @ = 0, k1 = ¢y and 1, = C; in (25), we get

V() +¥((E) 1 Cz G
2 T L-G \y( Ju =

which appeared in [22].

f(l 2MW(AL + (1= A)G)dA,

Lemma 3.3. Let (1, (o € [Kk1, k2], such that (1 < (o and let V' € L[k1, k>], then

1-0)G + 0
2-®

(-0

(CEE)
1

~ (@0 [ =AW e A= (L DA

1-o

CG-0) f T AOW (e 4 16 — A — (1— NGl (26)
0

NsJ gy P (1 + K2 = Co) = W (Kl +1x2 —

Proof. Using the technique of integration by parts, we have

G -0) f (1= A=) (1 + K3 — At — (1 = A)C)dA

CG-0) f AW (1 + 163 = AG = (1= A)Ca)dA
0

1
=(G-G) ) W (k1 + Kk — AG — (1 = A)Gp)dA

—a

1
(G- Cl)f AW (kg + %0 — AG — (1 = M) Cp)dA
0
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= WK1+ 12 = A0 — (1 = M)l = AW (k1 + 12 = A0 — (1= 1))l

2-@

+ﬂ—®h[AmW&yHQ—AQ—ﬂ—AKﬂM
0

1-0)0+0&

:—‘I/(K1+K2— o

1
) +(1-a) fo AWy + iy — ATy — (1 — A)C)dA.

By changing of variable in above equation, we obtain

(1-o)

1-
_ Wl\khkﬁhz -G)” M '

\I](K1+K2—C2)—‘I’(K1+K2— o

This completes the proof. [J

Remark 3.4. If we put ® =0, (1 = x1 and C; = K in (26), we obtain

1 = G+0&
g \I’(u)du \If( )

% 1
= (G-0) ( f AW/ (AC + (1= DA + f (A= DG + (1 - A)cz)dA).
0 :

which appeared in [22].

2701

(27)

(28)

Theorem 3.5. Assume the conditions of Lemma 3.1 hold. Let |\V'| be a convex function defined on [x1,x2] and let

C1, G € [Kk1, k2], such that (1 < (y, then

‘(1—®)‘IJ(K1+K2—C1)+‘IJ(K1+K2—C2)_ (1-o) jo
2-@ (G — Gyl ™ et

W(Ki + 12 — o)

(sz G1) [Mi(@)[W (x1)] + My (@)W (i2)] = Ma(@)[V'(C1)] — Ms(@)[W'(C)I],
where
2(1-ao)
M(@) = ——=,
(2 — LD) T-o
(1-0)(2-o)7s +2)
Mz(cD) = —
26 - @)2 - @)
and
(1-0) (48 -0)2- @)™ - 2 - )75 -2)
Ms(@) = .

2B -@)(2-@)Ts

Proof. From Lemma 3.1, we have

‘(1 —@)W(x1 + 1 — C1) + W(K1 + k2 — (o) (1-o)

2o - (G- G)- @NJ(K1+1<2 Cl)—\lj(K1 + 10 — (3)

(Cz C1) f (2 — @A™ = D)W’ (k1 + k2 — Al — (1 — AV)E)|dA.

Given that |\V’| is convex, applying Jensen-Mercer inequality, we obtain

‘(1 —o¥(ki+o-G)+¥Yxi+ko—-G)  (1-0)
2-@ (CE O

N3]$<1 +K2—C1)_\];’(K1 TR C2)

(29)

(30)
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(Cz G1)

2702

< fl(2 @A = DI’ ()] + W (12)] = ANV (C)] = (1 = D)W (C2))dA

- % 0 T (1= 2= @I ) + W (s~ AW @) (L~ DG
_ 1
PO [ (@ - W el + 1 ()] - A1 - (1= DDA
(2%)11?

which is equivalent to
‘(1 —o)W(k +12-C)+W(ki+Kk—C)  (1-0)
2-@ (G-
< C22 9 1£,0) + @I (60)1 + 1£10) + p @)W ()
- [£2(‘D) + (@)W (Co)l + [La(@) + ps(@)]¥'(C))),

where

1

Li(@) = f 0T (1 - 2 - @)A1 )N =
0

l1-o
Q-ao)=
(1-o)

26 - @)2 - @)

L@) = f e0T (1 - (2 — @)A1 O)AdA =
0

- (1-0)(26-0)Q2-a)" -

)t~ LDN3](K1+7\2 Cl)’\y(Kl +x2 — (o)

-1)

Ly(@) = fo 0T (1 - 2 - @)A1 - A)dA =

! 1-o
= 2 - Alfw—ld)\——,
w@= [ @-on = o

2-0) -0

(1-0)(2-o) +1)

1 .
p2(@) = f , (@27 =1)AdA = 2B-0)2-@)s

T
e-o)T-@

and

1
w@= [ @-on-na-ni

2-0) -0
(1-0)(26- )2 - o)™ - (2- o)™ - 1)
- 2(3 - @)2 - @) '

Substituting these values in (31), we get (29). O

2B - )2 - @)Ta

4

(31)

Remark 3.6. If we put ® =0, C; = x1 and C; = xp in (29), we get the inequality given in [[22], Theorem (2.2)].

Remark 3.7. If we put @ = 0 in (29), we get the following inequality

W(k1 + ko — (o) 1 (k1+%2—C2)
- Y(u)d
2 G0 Sy O
(Cz C1)

(W’ (o)l + W' (12)] = —(I‘I"(Cl)l - —I‘I’ (@I
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Remark 3.8. If we put (1 = k1 and Cp = 3 in (29), we get the following inequality

(1-0)W() + V()  (1-)
2-@ (K2 - K1)1_’D
(12 — x1)

< S22 20 (My(0) — Mao(@)) W ()] + (Mi(@) — Ma(@) ¥ (2|

Corollary 3.9. Taking |\V’| < K, in Theorem 3.5, then

f ; (1= x1)"®W(uw)du

‘(1 —o¥ki+-0)+¥Y(ki+k-06)  (1-a) Wk + k2 — o)

2_ o (G — C1)1- mNJ(Kle Q)™

< k2= @) - Mo@) - M@

Theorem 3.10. Assume the conditions of Lemma 3.1 hold. Let |W’'| be a convex function for q > 1 and let
C1, G € [x1, x2], such that Ty < Cp, then

1-o)¥ - Y - 1-
‘( @)W (K1 + 12 _ _Clc)D+ (k1 +x2—Cp) (Cz(_ Cif @Na](m+;<2 C])—\I’(Kl + 15— Ca)
<@—@(M—@Y‘
T 2-0 \Q-@)Fs
X (M@ (kD)]" + M@ (k2)|" = Ma(@) W' (C)I" = Ms(@) W' (&)%), (32)

where My(®), Ma(®) and Ms(®) are provided in Theorem 3.5.

Proof. Lemma 3.1 gives us

‘(1 - @)W(x1 + k2 ; C16)0+ WKy + k2 — () (le__cjz @N3](1<1+7\z C1)’\P(K1 + 1% — ()
< (CZ C1) f Q- cD)Al @ _ DIV (k1 + 12 — Al — (1 = A)G)|dA. (33)

Given that |\W’|7 is convex, applying power mean and Jensen-Mercer inequality, we obtain

1- @)W - v - 1-
‘( QWi +12-G)+ Wi+ -6) (1-@) N2, sy WK1 + K2 = )

2-o (G -CG)e
1-1

_(Cz Cl)( f 12 — @)A1 — 1]dA ﬂ

(f (2 = @)A1 = DIV (1) + W (12) = AW'(C1) = (1 - /\)‘V’(Cz)lqdl) :
0

This implies that

‘(1 —o¥ki+o-G)+¥Yxi+ko-G)  (1-0)
2-@ (CENC)

(CZ_Cl) f(z o) T-a 15
= 2-@ 0

1
X (fo (2 = @A = DIW ()" + W' (12| = AW (C)I* = (1~ A)I‘I"(Cz)l“d/\)

N3]E?<1 +K2—C1)_\I’(K1 +x2 — C2)
1-1

1 q
(1-@2-)A®)dA + f (2-@)A™®-1)

1
T
e-0)T-0

1
q
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=@—m(m—my*

2-0 \(2-@)Fs

1

X (f(””g“’ (1= 2= @A) (W’ (k)| + W' (1) = AP (I = (1 = )P’ (C)I)dA
0

1
+ f o @- @A = )W (k)" + W (k)| = AW (C)I" = (1 = D)W (C)"dA))

1

2-o0) I-@

which is equivalent to

‘(1 —oV(ki+tie-G)+V(ki+tke-G6)  (1-o)
2-o (CEXE)

<@—m(m—my*

T 2-0 \Q-o)F

X ([£1(@) + @)1V ()" + [L1(@) + pr (@)1 (1)

~ [£2(@) + 2@V (@) + [L3(@) + p3@)]W' (C)I) - (34)

Ng]é?(ﬁkz_cl)f\p(’{l + K2 — ()

By substituting the values of L3, L», L3, 1, 2, and us from Theorem 3.5 into (34), we obtain (32). [

Remark 3.11. If we put @ = 0, (1 = k1 and Cy = xp in Theorem 3.10, we get the inequality given in [24, Theorem
1],.

Remark 3.12. If we put @ = 0 in (32), we get the following inequality

W(ki+x2—C) 1 it
‘ 2 (CEXE)) (k1+1%2—-C1) o

_ 1\}-3 1 1 !
S@%é%ﬁ mew+wumt§W@muyw@wy

Remark 3.13. If we put C; = k1 and Cp = k3 in (32), we get the following inequality

‘a-mwmn+wmo_ (1-o) jmw_mrmmmw

2-o (ko —x1)1=@
1-1 ;
S%—W(m‘ﬂ)(mwwwumwmqumwwwmva.
2—-® 2-o)re

Corollary 3.14. Taking |V’'| < K, in Theorem 3.10, then

‘(1 —o)W +1-C)+ WK1+ —C)  (1-0)

2-@ (G- Cl)l—fD N3]$<1+K2—c1)f\y(1<1 + 13— ()
G-0) [ 1-a) \ ;
<K 2—-® ((2_0)%:2) (le((D)—MZ(CD)_MS((D))q‘

Theorem 3.15. Assume the conditions of Lemma 3.1 hold. Let |V’|% be a convex function for q > 1 and let
C1, G € [Kx1, k2] such that C; < Cp. Then

‘(1 —o¥(ki+o-G)+¥YKi+Kko-G)  (1-0)

2-@ (G - G)t= Na]ﬁﬂ +K2—c1)—\1’(1<1 + 13— ()



A. Razzaq et al. / Filomat 40:7 (2026), 2693-2715 2705

(C2 Cl)
2—

I/\

(35)

(G| + W(@)P)i
2 7

——— (L@, p))? (I‘V’(Kl)l“ + W' ()" -
where
1
L@ = [ 12-ame-1ra,
0
a1l 1
with 5 + ¢ =1.
Proof. From Lemma 3.1, we have

‘(1 —o)V(ki+tio-G)+V(ki+tke-G6)  (1-o)
2-@ (G -C)e
(Cz G1)

< f (2 = @)A1 — DI (11 + 12— ACy — (1 = A)Ca)ldA.

N3]E?\'1+K2—C1)_ W(Kl T K2 = CZ)

Applying Holder’s inequality, we get
‘(1 —o)W(ki+i-C)+VW(Ki+Kx0-0) (1-0)
2-ao (G -Cte

(CZ Cl) 1-o P l ! ’ %
|((2 @A —1)[PdA |\1/ (k1 + %2 = ACL — (1 = M))l"dA

(Cz Cl)
2 -

_ G- Cl)
2 -

N3]$\'1+K2—C1)_ Wit +12 = G)

1
q

——— (L@, p))? (f (W ()l + [P (i) " = AP (C)I" = (1 = MW () )d/\)

(Lu(@, o)’ (I‘If’(m)lq e - "I’"CZ)"‘)“ .

O

Remark 3.16. Substituting ® = 0, C; = k1 and Cy = «ky in Theorem 3.15, we obtain Theorem 2.3, which appeared in
[22].

Remark 3.17. If we put C; = 1 and Cy = «; in (35), we get the following inequality
(1-@)W(k) +W(x1) _ (1-®)

f : (1= x1)"®W(uw)du

2-® (kp — x)1-@
BCELDIpAS (Nﬂ(mw : |W'<Kz>|ﬂ)3 |

Remark 3.18. If we put @ = 0 in (35), we get the following inequality
(1-0)W() + W)  (1- f Wdu
K2

2—-® (Kz—Kl)l @

(Cz G1)

W7 (C)|° + |\P'(<:2>|Q)3
. .

Corollary 3.19. Tuking |\V’| < K, in Theorem 3.15, then
‘(1 —o)W(itk-)+Vmi+k-06)  (1-a)
2-@ (G- C)t®
(La(@, p))*.

(I‘I"(K1)Iq + W ()| -

N (S S Ly €))

(G- Cl)
<K >
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Theorem 3.20. Assume the conditions of Lemma 3.1 hold. Let |\V’| be a convex function and let (1, Cp € [k1,%2],
such that C; < Cyp, then

—(Cz(l__ciz_@ N3IZ<1+K2—C1)‘\P(K1 + Ky — Cz) - Wk +xp — (1 _;DEC:D‘F CZ)
< (G = C)Ms5(@)|W'(C1)| + Me(@)IV' (C2)]), (36)
where
B -(1-w)
Ms(@) = 263 - )2 - @)
and
My(@) = =)

2B-0)R2-0)
Proof. Utilising Lemma 3.3, we have

(1-o)
(CEC

1
~ (@0 [ A=A+ - 20 - (1 DA

1-o)01 + &

NoJ ey gy Y1 + K2 = Co) = Wkq + K — o

G- f 7O 1y + 13 = ALy — (1= M)A (37)
0

Given that |\V’| is convex, applying Jensen-Mercer inequality, we obtain

(1-)
(G -q)o™

1
<(G-G) fm(l = AW (re1)| + [ (12)] = AN (C1)] = (1 = M)W (Cp)D)dA

(1-0)G +G

@
](K1+K2—C1)*\IJ(K1 +K2—C) - V(K1 + 12— GRS

1-o

-(G-G) fozm AW (k)] + (W (12)| = AN (C)l = (1 = M) (C2)DdA,

which implies that
%NS]E?‘HKZ—Q)W(TQ + K2 —C) = V(K1 +x2 - %
< (G = C)((us(@) = Ls(@)W' (Tl + (pe(@) — Ls(@)W'(C2))), -
where
1 1-o 3-@
= —Al@ _(1-0)2-0)*+2(1-o)
Ls5(@) = %(1 ATOAdA = R ,
1 - 41- @) - (1-@)(2— @)™
= _yl-oye _ 3
Ls(@) = fm(l A1 - AM)AdA = e == /

NI
=
5]

(0]

N)

— 7 y2-e gy _ (1- @)3_@
)= [ 2o =

and
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1@

16(@) = fo T e - ayia = 2 -9

G- @)2- @)’

substituting these values in (38), we get (36). [

Remark 3.21. If we put ; = k1 and Cy = K in (36), we get the following inequality

(1-®) o K1+ (1 — o)k,
(6 — k)1 f (1 —x1)"°W(u)du — ( > o )
< (k2 = K1) (M5 (@)W’ (11)] + Me(@)|W' (12)]),

Remark 3.22. If we put @ = 0 in (36), we get the following inequality

1 (11+12—C2)

C1J2rC2)

W()du — W (K1 + Ky —

(CZ_Cl) (k1+x2—C1)
< S e -

Corollary 3.23. Taking |\WV'| < K, in Theorem 3.20, then

(1-) (1_@)C1+C2)
(G -Q)t=

< K(G = G)(Ms(@) + Mo (@)

2—-®

—‘IJ(K1+K2—

Theorem 3.24. Assume the condition of Lemma, let |¥’% be a convex function for q > 1 and let (1, (o € [k1,%2],
such that (1 < (y, then

(1-ao)
(-G )1 (DN3](K1+K2 G)”

< (G — G)(Ls(@))' 7
% {(lls(co)l‘lf’(m)l“ + Ly(@)V (1) = Ls(@)¥' (&) = Le(@)¥' (&)1

2—-®

(1-0)G + Cz)

\P(K1 +K2—C2)—\I](K1 + Ky —

— (Ls(@)I¥' (k1)|" + L@V (ie2)|" = ps (@)W’ (C2)]" - ue(cD)I‘I"(Cz)I“)%}, (39)

where

ln

o _ 2—-®
Ls(@) = f (1= AL = f Al“’—%r

2-@

and L5(@), Le(@), ps(@) and pe(@) are given in the proof of Theorem 3.20.
Proof. Utilising Lemma 3.3, we have

(1-a)

1-
ml\k]("lﬂ\z G)- M

\P(K1+K2—C2)—\P(K1+K2— o

<@-0) [ -2 10 - 1 N

- (& -0) f W 1y + 1y = ATy — (1= )N, (40)
0
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Using Power mean inequality in (40), we obtain

(1-a)

1-
WNS](?QJHQ C)” M)

\II(K1+K2—C2)—\P(K1+K2— "o

1
q

1- 1
< (G- Cl)( 1_7(1 Al_”)d/\) [j: (1= A" (k1 + ko — AG — (1 - A)Cz)l“d/\]

20

1-@ 1-1 1-@

Al ‘DdAJ [ f O (g + 10 = AG — (1= )\)Cz)l“d)\] .
0

2-a

0

_(CZ_Cl)(

Given that |\W’|%is convex, applying Jensen-Mercer inequality, we obtain

1-o)0 + &
2—-o

(1-o)

WNJ(KWQ oYk +12 - C) - ‘I’(Kl +12 —

1 - @) 1-4
< (CZ - Cl) (m)
1 :
X{(1w“—A1“WVWM“HW%mW—ANWQ»“w1_mmwgwmﬂ

- ( fo W )+ W ) = AW Gl — (1 - A)I‘I”(Cz)l“)dA] q }
= (G2 - G)(Ls(@)'

x {(£s(cv)|‘1”(1<1)l“ + L@V ()" — Ls(@)W' ()" — Lo(@) W' (@)
— (Ls@)IV' (k)| + Ls(@)IW' ()" — ps(@)I W' (C1)I" %(m)ﬂv'(cz)r‘)i}.

This completes the proof. [J

Remark 3.25. Substituting @ = 0, {; = x1 and C; = x, in Theorem 3.24, we obtain the following mid point type
inequality.

K2
! f \I’(u)ulu—\IJ(K1 +K2)
Ky — K1 i 2

P [(W(m)w + 2|W'<K2>|Q)ﬂ _ (2|\1ﬂ<1<1>|“ + |‘P'<1<2>|“)"]
-8 3 3 ’

which appeared in [47, Remark §].

Remark 3.26. If we put C; = 1 and Cy = x in (39), we get the following inequality

1 (D) f (u K1) ‘D\I’(u)dl (K1 + (1 - (D)Kz)

(ko — 1)@ 2-o

1

< (2 = k) (Ls(@)'H((£5(@) ~ L@V ()l + (L3(0) = Le@)W (2]

~ ((£s(0) ~ (@)W ()" + (£(@) = @)W (o))
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Remark 3.27. If we put @ = 0 in (39), we get the following inequality
1 (k1+12-C2)
(Z;2 - Cl) (k1+%2—C1)

1-5 a
(G ol + g9 Gl - S @I - 1w @)

‘I’(u)du -v (K1 + Ky — %)

1
1
< (G -G) (g)
1 1 1 1 t
—| = 4 q _ 4 q_ 4 q_ / q
(G G0l + S o)l = 1w/ @F = W@
Corollary 3.28. Tuking |\V'| < K, in Theorem 3.24, then

(1-o)
(G- C)t=

< K(@ - 0)(Ls(@)H{(2L3(0) - £3(0) - Le(@)* - (2L3(0) - ps(@) - (@) |

(1-0)G + Cz)

NsJ gy P (1 + K2 = Co) = W (Kl L S v

Theorem 3.29. Assume the condition of Lemma, let |V'% be a convex function for q > 1 and let {1, Cy € [k1, k2],
such that C; < Cp, then

(1-w) .
WN3 (?<1+K2*C1)’\p(K1 +i2 = Co) = Wik + 32 —

< (G- Q)(Ls(@, p)

(1-0)G + Cz)

2—-®

1

1 , 1 , 20-@)+1,_, 1 el
X (2 — V) + W k)" - WN’ @I - mw (€3] )
~ (&~ L)(Luo(@, p))?
-, 1-o,, 1-0)? 1-@)1-d)+1) ., .\
X (2 —v (kDI + 5— i (k)" = ml‘l’ @' - 22— ) v (Cz)l‘) ,

where

1
Lo(@,p) = f (1= A®)PdA

2-@

and

1o
o
Lio(@,p) = f ACPdA.
0
Proof. Utilising Lemma 3.3, we have

(1_@) @ \I’(K1+K2—C2)—\II K1+K2——(1_(D)C1+C2

(G — )@ M tata=6) 2-o
1
<@-0) [ A=A 0+ke- 20 - (1= DA
@@ [ AW - AG - (- DA
0
Applying Holder’s inequality in (41), we have

(1-o) (1-0)G +0G

mmﬂﬁkz_cl)—‘y(ﬁ +ip = G) =Wk + K0 — ﬁ
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1 b %
<G-a) ( |_a- Al-‘D)”dA] [ LW e-aa-a- A)Cz)l“d)\]

1
1-o P 1-o
®

-(G-G) (f A(l_‘b)pd/\) (fzm W (k1 + 12 = AG = (1= /\)Cz)lqd)\] -
0 0

Given that |\V’|%is convex, applying Jensen-Mercer inequality, we obtain

(1-o)
(G - G)1- @N3](K1+k2 G)”

< (G~ G)(Lo(@, P))

(1-0)G + Cz)

2-®@

\I/(Kl +K2—C2)—\I’(K1 + Ky —

1
q

1
X flm(l\y’(Kl)P + W ()" = AN () - (1 - /\)I‘I"(Cz)l“)]

— (G2 = G)(Lio(@, P))%

X LZQ(W'(M)W + W )l" = AP (C)F - (1 - A)|w,(C2)|Q)]

= (G - Q)(Ls(@, p)

1

1 , (3 - Z(D) , q 1 q
x (2 — W)l + T e LA )I‘)
— (G - W) L@, M)+
-0 -0 1-a2 ,  (1-®)3-2d) , .\
X(Z—ml\y (1) + g ¥ k)l - 2(2—@)2|\y ()R TI‘P (& )I“)

This completes the proof. [J

Remark 3.30. Substituting @ = 0, 1 = k1 and Cy = «y in Theorem 3.29, we obtain

K2
1 f W) - W(M)
K2 = K1 Jy, 2

< 67T [( ol 3"1”<1<z)|“)i ) (3"1”<K1)|q + |‘I/’(1<2)|a)}]]

4p+1) 4 4
which appeared in [47, Remark 9].
Corollary 3.31. Taking |V’| < K, in Theorem 3.29, then

(1-o)

(G - )1 (DN3](K1+K2 G1) 2_ o

(1-0)G + Cz)

\P(Kl +K2—C2)—\I](K1 + Ky —

1

2 21-a)+1 1\
—0  202-0)? _2(2—@)2)

21-0) (-0 (1-0)21-a)+1)\
2-o  2Q2-@)2 202 - @)? )]

<K(G - a)[u:g(w p))? (

= (Lwo(@, p))» (
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Theorem 3.32. Assume the condition of Lemma, let Cy, Cy € [x1, k2] such that C; < Cp. If |¥'| is concave on [k1, k2],
then

1-o)¥ - W - 1-
‘( @)W (k1 + K2 _ Elc)a+ (k1 + 12— C2) _ (CZ(_ Cii @N%I(K1+K2 Cl)f\y(Kl +i0 - o)
c(G&-G)
T 2-0
X (£1((D)|‘1"(1<1 + 12 = L11(@)C1 = L12(@) )| + i (@)W (11 + 12 — Li3(@)Cy — £14((D)C2)|), (41)
where Ly and uy are given in the proof of Theorem 3.5 and

2-0)

Ln(@) = 26-a)
_2-@)" 2B -0)2-a) w5 - 1]

-512((‘0) - 2(3 _ CD) ’

2-@)" T [2- @)% +1]
Liz(@) = 2G-a)
and

— )T [2(3 — —)S =

@) = 2-w@) 2B -®)2-®) 1].

2(3 — @)

Proof. Utilising Lemma 3.3, we have

N3]$<1+K2*C1)’\P(Kl tK2— CZ)

‘(1 —o)W +1-C)+W(ki+Kka—C)  (1-0)
2-@ (CENE)

(CZ Cl) f | 72— (D)Al @ 1”\1]’(1(1 + Ky — ACI - (1 /\)CZ)dAl

= (CZ - Cl) (z-m)ﬁ (1 — (2 — CD)Al_(D)NI’(Kl iy — )\Cl _ (1 _ A)Cz)d/”
2-o Jo
1

+ (sz :(il) ] (2= @AY =)W' (11 + kp — Al — (1 = A)C)dAl.

2-0) T-@

Given that |\V’|is concave, applying Jensen-Mercer inequality, we obtain

‘(1 E— ; S (cz( = c? NS -y P 12— C2)

(Cz Q) [ oois 1-o
S P 0(> 1-2-2)A ™)

o [0 (1= @ = @A)y + 102 = Ay = (1 = )C)dA
LET (1= @2 - @)A2)dA

1
+ (C22 :s) (@@= 1dA

1

2-0)1-@
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(L (@= @A = 1)k + 102 = ALy = (1= D)C)dA
« [\ <2—m>ﬁ

[ (@-@Ar2-1)dA
(2—@)117

(C22 o [£1(®)I\I/'(K1 + 12 = Lin(@)C — Li2(@)C)l

@IV (k1 + 12— Li3(@)Cs — Lm(cD)Cz)I]-

O

Remark 3.33. If we put ; = x1 and Cp =y in Theorem 3.32, we get the following inequality

_d-a) f (1 = 161) W)t — \y(—"”(l_‘a)’Q)

(Kz—Kl)l @ 2-@
(k2 — x1)
2-@

X (£1 (@)W (k1 + K2 — L11(@)K1 — Lin(@)K2)] + pa (@)W (k1 + 12 — L1z(@)x1 — £14(CD)K2)|)~

Remark 3.34. If we put @ = 0 in Theorem 3.32, we get the following inequality
1 (k1+12—-C2)

G- Jrec Yydu — ¥ (K1 + K — %)
< CDl -2

4
Corollary 3.35. Tuking |\V'| < K, in Theorem 3.32, then

1- 1-
ﬁl\kﬂ?ﬁﬂa—Cl)w(}q +i2—Co) - \P(Kl tKRe = (ﬂ#)

< K( 2o Cl)(_&(@)(z L11(®) — L12(@)) + t1(@)(2 = L13(@) — £14(CD)).

Theorem 3.36. Assume the condition of Lemma, let |\V’| be a concave function and let Cy,Cy € [x1, k2], such that
C1 < C, then

%NS](Kl‘H\Z G)- \y(Kl + Ky — Cz) _ \I’(Kl +ay— (1_;1%)
(1-@)*®
< (CZ - Cl) (m)
X ["IJ'(K1 +x2 — L15(@)C — L1e(@)C2) = [V (k1 + 12 — Li7(@)C1 — -£18((D)C2)|]r (42)
where
2-@)"?+2(1 - @)
£15((D) - 2(1 (D)l—o(?) _ (D) ’
1-o _ -0
L@y = -2 -2-0)

21 -)2°B3-0)

1
Lyy(@) = ©
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and

Lig(@) = R

Proof. From Lemma 3.1, we have

(1-o)

W J° 1-0)G + 0
(G — )1 @ V37 (k1+12-C1)”

\II(K1+K2—C2)—\I/ K1+ Ko — "o

<@-0) [ AW 10 - 1 N

;:72;
@) [ AW e - AG - (- D
0
Given that |\V’|is concave, applying Jensen-Mercer inequality, we obtain
(G-G)te ’— o

G0 [ a-Aounw S (1= A7)+ 12 = ALy = (1= DE)A
< (G- - Y=
2~ 61 2 fllﬂ(l _ Al-9)dA

N3](K1+K2 Cl)’\y(Kl +Ky—C) -V K1 +x2—

e fl o A3k + 12 — AL — (1= A)C)dA
G-t [ ameafr| £
0

[F Aoda

N0
= (G-0) (&)

2-w)3—
X [N”(Kl + K2 = Li5(@)C1 = Lis(@)Co)l = [V (k1 + k2 — Liz(@)C1 - £18(®)C2)|]~
This completes the proof. [

Remark 3.37. If we put C; = 1 and Cp =« in Theorem 3.36, we get the following inequality
(1-)W() + V()  (1-)

fkl (1= x1)"®W(uw)du

2-@ (K2 - K1)1_’D
PR, B
< (k2 —x1) (%)

x [I‘I”(m + 12— Lis(@)k1 — Lis(@)a)| = ¥ (k1 + K2 — Lir(@)icr — £18(CD)K2)|]~

Remark 3.38. If we put @ = 0 in Theorem 3.36, we get the following inequality

1= 0)W() + W) (1-a)
2-® (K2 —xp)l-@

(Cz - Cl) "I" K1+ K2 = C1 - —Cz)

f K (1= x1)"®W(uw)du

(Kl + K2 — %Cl - %Cz)

|

(1-0)G + Cz)

2—-®@

Corollary 3.39. Taking |V’'| < K, in Theorem 3.36, then

(1-o)
(G - G)1- @N3](K1+k2 G)”

\I/(Kl +K2—C2)—\I’(K1 + Ky —
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(1 _ (D)Z—(D

<K(C—-G) ((2 ~ oy

) [£17(@) + Lig(@) — Li5(@) — £16(®)]-

4. Conclusions

In this study, we have successfully established a fractional Hermite-Hadamard-Mercer type inequality by
leveraging the support line property of convex functions, and from this foundational result, we derived new
integral identities to prove associated trapezoidal and midpoint-type inequalities for left non-conformable
integrals. Our results serve as a significant generalization of classical inequalities, which are naturally
recovered as special cases, thereby bridging a meaningful connection between traditional and fractional
convex analysis. It is expected that this work will catalyze further research into Hermite-Hadamard-
type inequalities within fractional calculus, and we propose that future investigations focus on extending
these findings by employing non-conformable operators to explore alternative classes of functions, such as
quasi-convex or strongly convex mappings.
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