
Filomat 40:7 (2026), 2717–2730
https://doi.org/10.2298/FIL2607717W

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. Let R be a ∗-ring. For any T ∈ Rm×n, E ∈ Rm×m and F ∈ Rn×n, a matrix M over a ∗-ring is
called a multiplicative perturbation of T if M = ETF∗. The initial goal of this paper is to introduce a type
of multiplicative perturbation, called weak perturbation. Suppose that T, LE and RF have Moore-Penrose
inverses T†, L†E and R†F, respectively. Then, a multiplicative perturbation ETF∗ of T is said to be a weak
perturbation if L†ELET = TR†FRF, where LE = ETT† + Im − TT† and RF = FT†T + In − T†T. It is worth noting
that the definition of weak perturbation for the Moore-Penrose inverse of matrices over rings only satisfies
one of the equations in the case of a complex matrix. It is shown that if M is a weak perturbation of T,
then M has a Moore-Penrose inverse if and only if the Moore-Penrose inverses of ETT† and T†TF∗ both
exist. Moreover, M† = (T†TF∗)†T†(ETT†)†. Necessary and sufficient conditions for the existence as well as
the expressions for M† are derived under the condition that M is the weak perturbation of T. If M is a
multiplicative perturbation of T, and (ETT†)† and (T†TF∗)† both exist, inspired by an alternative expression
for M as M = (ETT†) · T · (T†TF∗), we prove that M† exists if and only if S†

L,N−1 exists, where S†
L,N−1 is the

weighted Moore-Penrose inverse for certain matrices S, L and N associated to the triple (T,E,F). Moreover,
M† = (T†TF∗)†S†

L,N−1 (ETT†)†.

1. Introduction

Let Cm×n be the set of all m×n complex matrices. In and 0 denote the identity matrix and the zero matrix
in Cm×n, respectively. For any A ∈ Cm×n, the symbol A∗ denotes the conjugate transpose of A.

Recall that the Moore-Penrose inverse of A ∈ Cm×n, denoted by A† [20], is the unique solution to the
following equations

(i) AXA = A, (ii) XAX = X, (iii) (AX)∗ = AX, (iv) (XA)∗ = XA.

Let T ∈ Cm×n. A matrix M ∈ Cm×n is called a multiplicative perturbation of T if M can be expressed as

M = ETF∗, where E ∈ Cm×m and F ∈ Cn×n. (1)
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In recent years, many papers have focused on multiplicative perturbations of the Moore-Penrose inverse
of matrices or operators [8, 10, 11, 14, 15, 17, 23]. In the present paper, we mainly consider the existence
and expressions for the Moore-Penrose inverse of multiplicative perturbations of matrices over an arbitrary
∗-ring. We next introduce some results which directly inspire the present study.

In 2015, Castro-González et al. [2] presented a formula for the Moore-Penrose inverse M†, where M is
given by (1) such that E and F are nonsingular,

E(Im − TT†) = Im − TT† and F(In − T†T) = In − T†T. (2)

Furthermore, they provided expressions for the Moore-Penrose inverse of block matrices involving the
Schur complement. Later, Castro-González et al. [1] extended the similar formulae in (2) above to matrices
over a ring and derived some characterizations of the existence for the Moore-Penrose inverse of a matrix
product. When E and F are both singular, in order to establish formulae for M†, Zhang et al. [24] introduced
an alternative expression for the multiplicative perturbation by the following two matrices:

LE = ETT† + Im − TT† and RF = FT†T + In − T†T. (3)

In view of Equation (3), the following three facts can be obtained: (i) ET = LET and TF∗ = TR∗F; (ii)
M = ETF∗ = LETR∗F; (iii) Equation (2) is always true if E and F are replaced with LE and RF, respectively.
They also introduced the following type of multiplicative perturbation to study the representations for the
Moore-Penrose inverse.

Definition 1.1. [24] Let LE and RF be defined by (3) for T ∈ Cm×n, E ∈ Cm×m and F ∈ Cn×n. The multiplicative
perturbation M given by (1) is said to be a weak perturbation if

TT†L†E(Im − TT†) = 0, T†TR†F(In − T†T) = 0, L†ELET = TR†FRF. (4)

Applying singular value decomposition (SVD) of complex matrices, formulae for M† are derived in
[24, Theorem 4.1] under the condition that M is the weak perturbation of T. Later, Xu et al. [21] obtained
the generalized triple reverse order law for the Moore-Penrose inverse M† in terms of another alternative
expression for the multiplicative perturbation (1) as M = (ETT†) · T · (T†TF∗). It is worth noting that in [21]
and [24], applying singular value decomposition of complex matrices and a technical result in [24, Theorem
3.1] concerning representations for the Moore-Penrose inverse of certain 2 × 2 partitioned matrices, the
authors derived many formulae for M†. However, this method is not applicable to matrices in rings.

Throughout this paper, R is a ∗-ring, that is, a ring with an involution ∗ satisfying (a∗)∗ = a, (ab)∗ = b∗a∗

and (a + b)∗ = a∗ + b∗ for any a, b ∈ R. Let Rm×n denote the set of all m × n matrices over R. In particular, we
write Rn instead of Rn×1 for short. For a matrix A = (ai j) ∈ Rm×n, we write A∗ = (a∗ji) and R(A) = {Ax|x ∈ Rn}.
We say that A ∈ Rm×m is Hermitian if A∗ = A.

Recall that A ∈ Rm×n is said to have a Moore-Penrose inverse [20] if there exists some X ∈ Rn×m such that

(i) AXA = A, (ii) XAX = X, (iii) (AX)∗ = AX, (iv) (XA)∗ = XA.

Such an X is called a Moore-Penrose inverse of A. It is unique if it exists, and is denoted by A†. More
generally, if A and X satisfy the equations (i) and (iii), then X is called a {1, 3}-inverse of A, and is denoted by
A(1,3). If A and X satisfy the equations (i) and (iv), then X is called a {1, 4}-inverse of A, and is denoted by A(1,4).
As usual, we denote by R†m×n, R{1,3}m×n and R{1,4}m×n the sets of all Moore-Penrose invertible, {1, 3}-invertible and
{1, 4}-invertible matrices in Rm×n, respectively. It is well known that A ∈ R†m×n if and only if A ∈ R{1,3}m×n∩R{1,4}m×n.
In this case, A† = A(1,4)AA(1,3).

For any matrices in a ring, multiplicative perturbation can be defined similarly to that of (1).

Definition 1.2. A matrix M ∈ Rm×n is called a multiplicative perturbation of T ∈ Rm×n if M can be expressed
as

M = ETF∗, where E ∈ Rm×m and F ∈ Rn×n. (5)
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The purpose of this paper is to extend weak perturbation for the Moore-Penrose inverse from complex
matrices to matrices over arbitrary ∗-ring, and to investigate characterizations and expressions for the
Moore-Penrose inverse of multiplicative perturbations of matrices, generalizing some corresponding results
in [21, 24]. Different from the definition of weak perturbation in complex matrices, the weak perturbation
for the Moore-Penrose inverse of matrices in ∗-ring only satisfies the third equation in (4). Let T ∈ R†m×n,
LE = ETT† + Im −TT† and RF = FT†T + In −T†T. If T†, L†E and R†F exist, then, a multiplicative perturbation M
is called a weak perturbation of T if L†ELET = TR†FRF. Based on this definition, we can also generalize some
corresponding results in complex matrices. Inspired by an alternative expression for M as M = (ETT†) ·
T · (T†TF∗), we want to investigate whether there exists a matrix X such that the generalized triple reverse
order law holds for M† = (T†TF∗)†X(ETT†)†. We show in Theorem 2.7 that if M is a weak perturbation of T,
then M† exists if and only if (ETT†)† and (T†TF∗)† both exist. Moreover, M† = (T†TF∗)†T†L†ELETT†(ETT†)†.
Inspired by another alternative expression for M as M = LETR∗F, more existence criteria and representations
for M† are derived under the condition that M is the weak perturbation of T. In particular, if M is a
weak perturbation of T, we prove in Theorem 2.11 that if M† exists, then M† = (T†TF∗)†T†(ETT†)† and
(ETT†)†ET = TF∗(T†TF∗)†. In addition, some counterexamples are given to show that the assumption that
M is the weak perturbation of T cannot be removed in a general ∗-ring. Finally, we establish the relationship
between M† and S†L,N−1 , where S†L,N−1 is the weighted Moore-Penrose inverse for certain matrices S, L and
N associated to the triple (T,E,F) given by (5). We establish in Theorem 3.4 that if M is a multiplicative
perturbation of T, then M† exists if and only if S†L,N−1 exists provided that (ETT†)† and (T†TF∗)† both exist.
Moreover, M† = (T†TF∗)†S†L,N−1 (ETT†)† and S†L,N−1 = (T†TF∗)M†(ETT†).

2. Weak perturbation and reverse order law

In this section, we extend the notion of weak perturbation for the Moore-Penrose inverse of complex
matrices to matrices over rings.

In what follows, suppose T ∈ R†m×n, E ∈ Rm×m and F ∈ Rn×n. Define

LE = ETT† + Im − TT† and RF = FT†T + In − T†T. (6)

Lemma 2.1. Let T ∈ R†m×n, E ∈ Rm×m and F ∈ Rn×n. We have the following results:

(i) ET = LET and TF∗ = TR∗F.

(ii) TT†E∗ = TT†L∗E and FT†T = RFT†T.

Proof. (i). Note that LE = ETT† + Im − TT† and RF = FT†T + In − T†T, then by direct computation, we have
LET = (ETT† + Im − TT†)T = ET and TR∗F = T(FT†T + In − T†T)∗ = TF∗.

(ii). By (i), we get TT†E∗ = (ETT†)∗ = (LETT†)∗ = TT†L∗E and FT†T = (T†TF∗)∗ = (T†TR∗F)∗ = RFT†T.

We remark that an alternative expression for the multiplicative perturbation (5) as M = ETF∗ = LETR∗F
by Lemma 2.1.

Compared with the weak perturbation of complex matrices, we now introduce the definition of weak
perturbation for the Moore-Penrose inverse of matrices over rings, which only satisfies the third equation in
(4). Based on this definition, it is surprising to find that we can also generalize some corresponding results
in complex matrices.

Definition 2.2. Let T ∈ Rm×n, E ∈ Rm×m and F ∈ Rn×n, and let LE and RF be defined by (6) such that T ∈ R†m×n,
LE ∈ R†m×m and RF ∈ R†n×n. A multiplicative perturbation ETF∗ of T is said to be a weak perturbation if

L†ELET = TR†FRF. (7)



L.Y. Wu, J.L. Chen / Filomat 40:7 (2026), 2717–2730 2720

Let T ∈ R†m×n and M = ETF∗ be the multiplicative perturbation of T given by (5). Another alternative
expression for M can be given as

M = (ETT†) · T · (T†TF∗).

Inspired by the reverse order law for matrix products [4–7, 13, 18, 19], we next consider whether there exists
a matrix X such that

M† = (T†TF∗)†X(ETT†)†. (8)

If the equality (8) holds, then the equality (8) is called the generalized triple reverse order law for the
Moore-Penrose inverse of M.

We first give some auxiliary lemmas and results to investigate the generalized triple reverse order law
for M†.

Lemma 2.3. [12, P.201] Let A ∈ Rm×n. We have the following results:

(i) A is {1, 3}-invertible with {1, 3}-inverse X if and only if X∗A∗A = A;

(ii) A is {1, 4}-invertible with {1, 4}-inverse Y if and only if AA∗Y∗ = A.

Lemma 2.4. ([25, Theorem 2.19 and 2.20], [20]) Let A ∈ Rm×n. The following results are equivalent:

(i) A ∈ R†m×n;

(ii) A ∈ Rm×mAA∗A;

(iii) A ∈ AA∗ARn×n;

(iv) A ∈ AA∗Rm×n ∩ Rm×nA∗A.

In this case,
A† = A∗AX2A∗ = A∗Y2AA∗ = SAT,

where A = AA∗AX = YAA∗A = T∗A∗A = AA∗S∗.

Combining Lemmas 2.3 and 2.4, if A† exists, then we can obtain another formula for A† = A(1,4)AA(1,3) =
(AX)∗A(YA)∗ = X∗A∗AA∗Y∗,where A = AA∗AX = YAA∗A by Lemma 2.4 above.

Lemma 2.5. Let T ∈ Rm×n, E ∈ Rm×m and F ∈ Rn×n be such that T ∈ R†m×n.

(i) ETT† ∈ R{1,3}m×m if and only if ET ∈ R{1,3}m×n.

(ii) T†TF∗ ∈ R{1,4}n×n if and only if TF∗ ∈ R{1,4}m×n.

Proof. We only prove the statement (i) as the statement (ii) can be proved similarly.
We first assume ETT† ∈ R{1,3}m×m and X ∈ ETT†{1, 3}. By Lemma 2.3, we have ETT† = X∗(ETT†)∗ETT†.

Post-multiplying ETT† = X∗(ETT†)∗ETT† by T gives

ET = X∗(ETT†)∗ET = (T†X)∗(ET)∗ET.

Therefore, ET ∈ R{1,3}m×n and T†X ∈ ET{1, 3} by Lemma 2.3(i).
Conversely, assume that ET ∈ R{1,3}m×n and Y ∈ ET{1, 3}. It follows from Lemma 2.3 that ET = Y∗(ET)∗ET.

Post-multiplying ET = Y∗(ET)∗ET by T† implies

ETT† = Y∗(ET)∗ETT† = Y∗(ETT†T)∗ETT† = (TY)∗(ETT†)∗ETT†.

Therefore, ETT† ∈ R{1,3}m×m and TY ∈ ETT†{1, 3} by Lemma 2.3(i).
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The following result indicates that (ETT†)(1,4) and (T†TF∗)(1,3) exist, even without the condition that
(ETF∗)† exists.

Lemma 2.6. Let T ∈ Rm×n, E ∈ Rm×m and F ∈ Rn×n. If M = ETF∗ is a weak perturbation of T, then (ETT†)(1,4) and
(T†TF∗)(1,3) exist.

Proof. As M = ETF∗ is a weak perturbation of T, then, by Lemma 2.1 and Definition 2.2, we have

M = LETR∗F = LE(TT†T) · (RFR†FRF)∗ = LETT†(TR†FRF)R∗F
(7)
= LETT†L†ELETR∗F = LE(TT†L∗E)(L†E)∗TR∗F
= ETT†E∗(L†E)∗TR∗F = ETT†(ETT†)∗(L†E)∗TR∗F.

Post-multiplying M = ETT†(ETT†)∗(L†E)∗TR∗F by (R†F)∗T† gives

LETR∗F(R†F)∗T† = LE(TR†FRF)T†
(7)
= (LEL†ELE)TT† = LETT† = ETT†

= ETT†(ETT†)∗(L†E)∗TR∗F(R†F)∗T† = ETT†(ETT†)∗(L†E)∗(TR†FRF)T†

(7)
= ETT†(ETT†)∗[(L†E)∗L†ELE]TT† = ETT†(ETT†)∗(L†E)∗TT†.

i.e., ETT† ∈ R{1,4}m×m and TT†L†E ∈ ETT†{1, 4} by Lemma 2.3(ii).
Similarly, since

M = LETR∗F = (LEL†ELE)T(T†TF∗) = LE(L†ELET)(T†TF∗)
(7)
= LETR†FRF(T†TF∗) = LETR†F(T†TF∗)∗(T†TF∗).

Pre-multiplying M = LETR†F(T†TF∗)∗(T†TF∗) by T†L†E gives

T†L†ELETR∗F
(7)
= T†T(R†FRFR∗F) = T†TR∗F = T†TF∗

= T†(L†ELET)R†F(T†TF∗)∗(T†TF∗)
(7)
= T†T(R†FRFR†F)(T†TF∗)∗(T†TF∗)

= T†TR†F(T†TF∗)∗(T†TF∗).

i.e., T†TF∗ ∈ R{1,3}n×n and (R†F)∗T†T ∈ T†TF∗{1, 3} by Lemma 2.3(i).

The following theorem gives the necessary and sufficient conditions for the existence of M† under the
hypothesis that M is a weak perturbation of T. In addition, we presents the first formula for M† revealing
the generalized triple reverse order law, where X = T†TR†FRFT† = T†L†ELETT† in the equality (8).

Theorem 2.7. Let T ∈ Rm×n, E ∈ Rm×m and F ∈ Rn×n be such that M = ETF∗ is a weak perturbation of T. Then the
following conditions are equivalent:

(i) M ∈ R†m×n.
(ii) ETT† ∈ R{1,3}m×m and T†TF∗ ∈ R{1,4}n×n .
(iii) ETT† ∈ R†m×m and T†TF∗ ∈ R†n×n.
In this case,

M† = (T†TF∗)(1,4)T†TR†FRFT†(ETT†)(1,3)

= (T†TF∗)(1,4)T†L†ELETT†(ETT†)(1,3)

= (T†TF∗)†T†TR†FRFT†(ETT†)†

= (T†TF∗)†T†L†ELETT†(ETT†)†.
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Proof. Note that M is a weak perturbation of T, it follows from Equation (7) that L†ELET = TR†FRF.
(i)⇒ (iii). By Lemma 2.6, it suffices to verify that both (ETT†)(1,3) and (T†TF∗)(1,4) exist.
We first prove that (ETT†)(1,3) exists. If M = LETR∗F ∈ R†m×n, then there exists X1 ∈ Rn×m such that

LETR∗F = X∗1(LETR∗F)∗LETR∗F by Lemma 2.3(i). Post-multiplying LETR∗F = X∗1(LETR∗F)∗LETR∗F by (R†F)∗ gives

LETR∗F(R†F)∗ = LE(TR†FRF)
(7)
= LEL†ELET = LET = ET

= X∗1(LETR∗F)∗ET = X∗1F(ET)∗ET.

Then, we have ET = X∗1F(ET)∗ET, i.e., ET ∈ R{1,3}m×n and F∗X1 ∈ ET{1, 3} by Lemma 2.3. Hence, ETT† ∈ R{1,3}m×m
and TF∗X1 ∈ ETT†{1, 3} by Lemma 2.5.

Similarly, we can also prove that (T†TF∗)(1,4) exists. Note also that LETR∗F ∈ R†m×n, then there exists
Y1 ∈ Rn×n such that LETR∗F = LETR∗F(LETR∗F)∗Y∗1 by Lemma 2.3. Pre-multiplying LETR∗F = LETR∗F(LETR∗F)∗Y∗1
by L†E implies

L†ELETR∗F
(7)
= TR†FRFR∗F = TR∗F = TF∗

= TF∗(LETR∗F)∗Y∗1 = TF∗(TF∗)∗(Y1E)∗.

Then, we get that TF∗ = TF∗(TF∗)∗(Y1E)∗, i.e., TF∗ ∈ R{1,4}m×n and Y1E ∈ TF∗{1, 4} by Lemma 2.3. Hence,
T†TF∗ ∈ R{1,4}n×n and Y1ET ∈ T†TF∗{1, 4} by Lemma 2.5.

(iii)⇒ (ii). It is clear.
(ii)⇒ (i). Suppose that (ETT†)(1,3) exists, and let X2 ∈ Rm×m be a {1, 3}-inverse of ETT†. Then, by Lemma

2.3, we have ETT† = X∗2(ETT†)∗ETT†, which gives

M = (ETT†)TF∗ = X∗2(ETT†)∗(ETT†)TF∗

= X∗2(T†)∗(ET)∗(ETF∗) = (T†X2)∗[LE(L†ELET)]∗(ETF∗)
(7)
= (T†X2)∗[LE(TR†FRF)]∗(ETF∗) = (T†X2)∗R†F(LETR∗F)∗(ETF∗)

= [(R†F)∗T†X2]∗M∗M.

Thus, M ∈ R{1,3}m×n and (R†F)∗T†X2 ∈M{1, 3} by Lemma 2.3(i).
Note that (T†TF∗)(1,4) exists. Again, by Lemma 2.3, there exists Y2 ∈ Rn×n such that T†TF∗ = (T†TF∗)(T†TF∗)∗Y∗2.

It follows that

M = ET(T†TF∗) = ET(T†TF∗)(T†TF∗)∗Y∗2
= (ETF∗)[T(RFR†FRF)∗]∗(Y2T†)∗ = (ETF∗)[(TR†FRF)R∗F]∗(Y2T†)∗

(7)
= (ETF∗)[L†E(LETR∗F)]∗(Y2T†)∗ =MM∗(Y2T†L†E)∗,

which implies M ∈ R{1,4}m×n and Y2T†L†E ∈M{1, 4} by Lemma 2.3(ii).
Therefore, M ∈ R† and

M† =M(1,4)MM(1,3) = Y2T†L†E(ETF∗)(R†F)∗T†X2

= Y2T†(L†ELET)R∗F(R†F)∗T†X2
(7)
= Y2T†TR†FRFR†FRFT†X2

= Y2T†TR†FRFT†X2
(7)
= Y2T†L†ELETT†X2

= (T†TF∗)†T†TR†FRFT†(ETT†)†
(7)
= (T†TF∗)†T†L†ELETT†(ETT†)†.

This completes the proof.
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Motivated by this fact in Theorem 2.7, one may suspect that if M is a multiplicative perturbation of T, we
also get that M ∈ R†m×n if and only if (ETT†)† and (T†TF∗)† both exist. But the following example eliminates
the possibility.

Example 2.8. Let R = M2(Z) be the ring of all 2 × 2 integer matrices and take the involution ∗ as the
transpose.

(1) Suppose T = I, E =
[
1 1
0 0

]
and F =

[
1 −1
0 0

]
. Clearly, M = ETF∗ = 0 ∈ R†. However, ETT† = E < R†

and T†TF∗ = F∗ < R†.

(2) Suppose T = I, E =
[
1 0
1 1

]
and F =

[
1 0
0 0

]
. It is clear that E is invertible, (ETT†)† = E−1 =

[
1 0
−1 1

]
and

(T†TF∗)† = F. However, M = ETF∗ = EF =
[
1 0
1 0

]
< R†.

For any A ∈ Rm×n, it is known from [3, Theorem 2.2.7] that if A ∈ R†m×n, then A∗ ∈ R†n×m and A∗A ∈ R†n×n.
Moreover, (A∗)† = (A†)∗ and (A∗A)† = A†(A∗)†. Then we can obtain another formula for the Moore-Penrose
inverse of M in the following result.

Theorem 2.9. Let E,T,F be as in Theorem 2.7 such that M = ETF∗ is a weak perturbation of T. If M† exists, then

M† = (R†F)∗(In + Z)∗T†TR†FRFT†(Im + Y)L†E
= (R†F)∗(In + Z)∗T†L†ELETT†(Im + Y)L†E,

where
Y = (TT†E∗ETT†)† · TT†E∗(Im − TT†),

Z = (T†TF∗FT†T)† · T†TF∗(In − T†T).

Proof. If M = ETF∗ is a weak perturbation of T, it follows from Theorem 2.7 that M† exists if and only if both
(ETT†)† and (T†TF∗)† exist.

We next give the formula of M†. Since ETT† ∈ R†m×m and T†TF∗ ∈ R†n×n, one can get TT†E∗ETT† ∈ R†m×m
and T†TF∗FT†T ∈ R†n×n. Furthermore, we have (TT†E∗ETT†)† = (ETT†)†(TT†E∗)† and (T†TF∗FT†T)† =
(FT†T)†(T†TF∗)†.

Note that

(ETT†)(Im + Y)L†E = (ETT†)[I + (ETT†)†(TT†E∗)†TT†E∗(Im − TT†)]L†E
(6)
= (ETT†)[I + (ETT†)†(LE − ETT†)]L†E
= (ETT†)(ETT†)†LEL†E = (TT†E∗)†TT†(L∗ELEL†E)

= (TT†E∗)†(TT†L∗E) = (ETT†)(ETT†)†

and

(R†F)∗(In + Z)∗(T†TF∗) = (R†F)∗[In + (FT†T)†(T†TF∗)†T†TF∗(In − T†T)]∗(T†TF∗)

= (R†F)∗[In + (FT†T)†(In − T†T)]∗(T†TF∗)
(6)
= (R†F)∗[In + (R∗F − T†TF∗)(T†TF∗)†](T†TF∗)

= (R†F)∗R∗F(T†TF∗)†(T†TF∗)

= (RFR†FRF)T†T(FT†T)† = (FT†T)(FT†T)†,
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then, by Theorem 2.7, we have

M† = (T†TF∗)†T†TR†FRFT†(ETT†)† = [(T†TF∗)†(T†TF∗)](R†F)∗T†(ETT†)†

= (R†F)∗(In + Z)∗[T†TR∗F(R†F)∗T†](ETT†)† = (R†F)∗(In + Z)∗[T†TR†FRFT†](ETT†)†

(7)
= (R†F)∗(In + Z)∗T†L†E[(ETT†)(ETT†)†] = (R†F)∗(In + Z)∗T†L†ELETT†(Im + Y)L†E
(7)
= (R†F)∗(In + Z)∗T†TR†FRFT†(Im + Y)L†E.

The proof is completed.

Remark 2.10. Now we can provide another proof for Theorem 2.9 as follows. Through the proof of
Theorem 2.9 above, we find that (Im + Y)L†E ∈ ETT†{1, 3} and (R†F)∗(In + Z)∗ ∈ T†TF∗{1, 4}. Indeed, we
have (ETT†)(Im + Y)L†E = (ETT†)(ETT†)† and (R†F)∗(In + Z)∗(T†TF∗) = (FT†T)(FT†T)† by Theorem 2.9. Hence,
(ETT†)(Im + Y)L†E(ETT†) = ETT† and (T†TF∗)(R†F)∗(In + Z)∗(T†TF∗) = T†TF∗. Therefore, by Theorem 2.7, we
have M† = (T†TF∗)(1,4)T†TR†FRFT†(ETT†)(1,3) = (R†F)∗(In + Z)∗T†TR†FRFT†(Im + Y)L†E.

If M is a multiplicative perturbation of T given by (1), in [21, Theorem 3.3], Xu et. al proved that if
(ETT†)†ET = TF∗(T†TF∗)†, then M† = (T†TF∗)†T†(ETT†)†. This result also applies to matrices in the ring.

The following theorem, under the hypothesis that M is a weak perturbation of T, we find that the
equation (ETT†)†ET = TF∗(T†TF∗)† can be derived from the Moore-Penrose invertibility of M. Furthermore,
we give the second formula for M† revealing the generalized triple reverse order law, where X = T† in the
equality (8). This extends the result in [21, Theorem 3.3 and Corollary 3.6].

Theorem 2.11. Let T ∈ Rm×n, E ∈ Rm×m and F ∈ Rn×n be such that M = ETF∗ is a weak perturbation of T. If M†

exists, then M† = (T†TF∗)†T†(ETT†)† and (ETT†)†ET = TF∗(T†TF∗)†.

Proof. As M is a weak perturbation of T and M† exists, then (ETT†)† and (T†TF∗)† both exist and L†ELET =
TR†FRF by Theorem 2.7 and Definition 2.2.

Let X = (T†TF∗)†T†(ETT†)† = (T†TR∗F)†T†(LETT†)†. We first show that X is the Moore-Penrose inverse of
M. Noting that

MX = (ETF∗) · (T†TR∗F)†T†(LETT†)† = (LETT†)T(T†TR∗F) · (T†TR∗F)†T†(LETT†)†

= LE · (L†ELET) · T†T · [(T†TR∗F)(T†TR∗F)†] · T†(LETT†)†

(7)
= LETR†F · [(RFT†T)(RFT†T)†(RFT†T)] · T†(LETT†)†

= LE · (TR†FRF) · T†TT† · (LETT†)†
(7)
= LEL†ELETT†(LETT†)†

= (LETT†)(LETT†)†,

this yields MX = (MX)∗.

Since TR∗F = T(RFR†FRF)∗ = (TR†FRF)R∗F
(7)
= (L†ELE)TR∗F = L∗E(L†E)∗TR∗F, on can get that

XM = (T†TF∗)†T† · [(ETT†)†(LETT†)] · T(T†TR∗F)

= (T†TF∗)†T†(TT†L∗E)(TT†L∗E)†TT†[L∗E(L†E)∗TR∗F]

= (T†TF∗)†T†[(TT†L∗E)(TT†L∗E)†(TT†L∗E)](L†E)∗TR∗F
= (T†TF∗)†T†TT†[L∗E(L†E)∗TR∗F] = (T†TF∗)†T†TR∗F
= (FT†T)(FT†T)† = (XM)∗.

Finally, MXM = (LETT†)(LETT†)† · (LETT†)TF∗ =M and XMX = (FT†T)(FT†T)† · (T†TF∗)†T†(ETT†)† = X. So,
X is the Moore-Penrose inverse of M.
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Next, we prove (ETT†)†ET = TF∗(T†TF∗)†. As M ∈ R†m×n, then there exist Y′ ∈ Rn×n, Z′ ∈ Rm×m such that
M =MM∗MY′ = Z′MM∗M by Lemma 2.4. It follows from Lemma 2.1 that

(ETT†)†ET = (ETT†)†(LEL†ELE)T = (ETT†)†LE(L†ELET)
(7)
= (ETT†)†(LETR∗F)(R†F)∗ = (ETT†)†MM∗MY

′

(R†F)∗

= (ETT†)†[(ETT†)T(RFR†FRF)∗]M∗MY
′

(R†F)∗

= (ETT†)†[(ETT†)(TT†TR†FRF)R∗F]M∗MY
′

(R†F)∗

(7)
= (ETT†)†(ETT†)TT†L†ELETR∗FM∗MY

′

(R†F)∗

= [(LETT†)†(LETT†)(TT†L∗E)](L†E)∗TR∗FM∗MY
′

(R†F)∗

= (TT†L∗E)(L†E)∗TR∗FM∗MY
′

(R†F)∗

= TT†L†E(MM∗MY
′

)(R†F)∗ = TT†L†E(LETR∗F)(R†F)∗

= TT†(L†ELET)R†FRF
(7)
= TT†TR†FRFR†FRF

= TR†FRF

and

TF∗(T†TF∗)† = T(RFR†FRF)∗(T†TF∗)† = (TR†FRF)R∗F(T†TF∗)†

(7)
= L†E(LETR∗F)(T†TF∗)† = L†E(Z

′

MM∗M)(T†TF∗)†

= L†EZ
′

MM∗[(LEL†ELE)T(T†TF∗)](T†TF∗)†

= L†EZ
′

MM∗LE[(L†ELET)T†T](T†TF∗)(T†TF∗)†

(7)
= L†EZ

′

MM∗LETR†F[(RFT†T)(T†TR∗F)(T†TR∗F)†]

= L†EZ
′

MM∗LETR†F(RFT†T) = L†E(Z
′

MM∗M)(R†F)∗T†T

= L†E(LETR∗F)(R†F)∗T†T = L†ELE(TR†FRF)T†T
(7)
= L†ELEL†ELETT†T = L†ELET.

Since L†ELET = TR†FRF by Equation (7), we have (ETT†)†ET = TF∗(T†TF∗)†.
The proof is completed.

The following example reveals that if M is a multiplicative perturbation of T and both (ETT†)† and
(T†TF∗)† exist, then (T†TF∗)†T†(ETT†)† may not necessarily be the Moore-Penrose inverse of M.

Example 2.12. Let R = M2(C) be the ring of all 2 × 2 complex matrices and let the involution ∗ be the

conjugate transpose. Take, for example, T = I, E =
[
1 0
0 0

]
and F =

[
1 −1
0 0

]
, then M = ETF∗ = E and

(F∗)† =
[

1
2 −

1
2

0 0

]
. Hence, M† = E. However, (T†TF∗)†T†(ETT†)† = (F∗)†E† =

[
1
2 0
0 0

]
,M†.

Comparing Theorems 2.7 and 2.11, it is natural to ask that whether T†TR†FRFT† is equal to T†, or
(T†TF∗)(1,4)T†(ETT†)(1,3) is the Moore-Penrose inverse of M. See the following counterexample.

Example 2.13. Let R = M2(C) be the ring of all 2 × 2 complex matrices and let the involution ∗ be the

conjugate transpose. Suppose T = I, E = F =
[
1 0
0 0

]
, then M = ETF∗ = E, RF = E = F∗ and E† = E. However,

T†TR†FRFT† = E†E , T† = I and (T†TF∗)(1,4)T†(ETT†)(1,3) = E(1,4)E(1,3) is not unique, i.e., (T†TF∗)(1,4)T†(ETT†)(1,3)

is not the Moore-Penrose inverse of M.
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In view of Example 2.13, in general, (T†TF∗)(1,4)T†(ETT†)(1,3) may not necessarily be the Moore-Penrose
inverse of M. It is natural to ask under what conditions can it be established. A characterization is given
below.

Lemma 2.14. [3, Theorem 2.3.12] Let P ∈ Rn×m, A ∈ Rm×n and Q ∈ Rn×m. If there exist P1,Q1 ∈ Rm×n

such that P1PA = A = AQQ1, then PAQ ∈ R†n×m if and only if PA ∈ R{1,3}n×n and AQ ∈ R{1,4}m×m. In this case,
(PAQ)† = (AQ)(1,4)A(PA)(1,3).

In Lemma 2.14 above, set P = LE and Q = R∗F, then we have the following result as a direct consequence
of Lemma 2.14.

Corollary 2.15. Let T ∈ R†m×n, E ∈ Rm×m and F ∈ Rn×n be such that LE ∈ R†m×m, RF ∈ R†n×n and L†ELET = T =
TR†FRF, then M = ETF∗ ∈ R†m×n if and only if ET ∈ R{1,3}m×n and TF∗ ∈ R{1,4}m×n. In this case,

M† = (TF∗)(1,4)T(ET)(1,3) = (T†TF∗)(1,4)T†(ETT†)(1,3).

Proof. From Lemmas 2.1 and 2.14, it suffices to verify that (TF∗)(1,4)T(ET)(1,3) = (T†TF∗)(1,4)T†(ETT†)(1,3). By
the proof of Lemma 2.5, we have T(ET)(1,3)

∈ ETT†{1, 3} and (TF∗)(1,4)T ∈ T†TF∗{1, 4}. Then,

(TF∗)(1,4)T = (TF∗)(1,4)TT†TR†FRF = {[(TF∗)(1,4)T](T†TF∗)}(R†F)∗

= (T†TF∗)(1,4)(T†TF∗)(R†F)∗ = (T†TF∗)(1,4)T†T

and

T(ET)(1,3) = TT†T(ET)(1,3) = L†E{(LETT†)[T(ET)(1,3)]}

= L†E(ETT†)(ETT†)(1,3) = TT†(ETT†)(1,3).

Therefore, we have

(TF∗)(1,4)T(ET)(1,3) = (T†TF∗)(1,4)T†TT†(ETT†)(1,3) = (T†TF∗)(1,4)T†(ETT†)(1,3).

3. Multiplicative perturbation and weighted generalized inverses

In this section, we discuss the relationship between the Moore-Penrose inverse of M and weighted
generalized inverses, and we shall further consider the generalized triple reverse order law for the Moore-
Penrose inverse of M = (ETT†) · T · (T†TF∗), under the condition that M is the multiplicative perturbation of
T given by (5).

Above all, we recall some definitions of weighted generalized inverses.

Definition 3.1. [16] Let L ∈ Rm×m and N ∈ Rn×n be two invertible Hermitian matrices. A matrix A ∈ Rm×n
has a weighted Moore-Penrose inverse with weights L, N if there exists X ∈ Rn×m such that

(1) AXA = A, (2) XAX = X, (3) (LAX)∗ = LAX, (4) (NXA)∗ = NXA.

Such an X is called a weighted Moore-Penrose inverse of A with weights L, N (abbr. weighted Moore-
Penrose inverse). It is unique if it exists, and is denoted by A†L,N. If L = Im and N = In, A†L,N is called
the Moore-Penrose inverse of A. More generally, any X satisfying (1) AXA = A and (3) (LAX)∗ = LAX is
called an {L, 1, 3}-inverse of A, and is denoted by A(1,3)

L . Similarly, any X satisfying (1) AXA = A and (4)
(NXA)∗ = NXA is called an {N, 1, 4}-inverse of A, and is denoted by A(1,4)

N . We all know that A†L,N exists if

and only if A(1,3)
L and A(1,4)

N both exist. In this case, A†L,N = A(1,4)
N AA(1,3)

L .
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Lemma 3.2. [26, Propositions 2.1 and 2.2] Let A ∈ Rm×n and let L ∈ Rm×m and N ∈ Rn×n be two invertible
Hermitian matrices. We have the following results:

(i) A is {L, 1, 3}-invertible if and only if A ∈ Rm×nA∗LA. Moreover, if A = XA∗LA for some X ∈ Rm×n, then X∗L
is an {L, 1, 3}-inverse of A;

(ii) A is {N, 1, 4}-invertible if and only if A ∈ AN−1A∗Rm×n. Moreover, if A = AN−1A∗Y for some Y ∈ Rm×n, then
N−1Y∗ is an {N, 1, 4}-inverse of A.

Let T ∈ R†m×n. We know that if (ETT†)† and (T†TF∗)† both exist, then (TT†E∗ETT†)† = (ETT†)†(TT†E∗)†

and (T†TF∗FT†T)† = (FT†T)†(T†TF∗)†. In what follows, unless otherwise indicated, we define

Y = TT†E∗ETT†, Z = T†TF∗FT†T, (9)

L = Y + Im − YY†, N = Z + In − ZZ†. (10)

Lemma 3.3. Let T ∈ R†m×n, E ∈ Rm×m and F ∈ Rn×n and let Y,Z,L,N be as in (9) and (10). If (ETT†)† and (T†TF∗)†

both exist, then L and N are two invertible Hermitian matrices. In this case,

L−1 = (ETT†)†(TT†E∗)† + I − (ETT†)†(ETT†),
N−1 = (FT†T)†(T†TF∗)† + I − (FT†T)†(FT†T).

Proof. As ETT† ∈ R†m×m and T†TF∗ ∈ R†n×n, then we have

L = Y + Im − YY† = TT†E∗ETT† + Im − (TT†E∗ETT†)(TT†E∗ETT†)†

= TT†E∗ETT† + Im − [(TT†E∗)(ETT†)(ETT†)†](TT†E∗)†

= (TT†E∗)(ETT†) + Im − (ETT†)†(ETT†)

and

N = Z + In − ZZ† = T†TF∗FT†T + In − (T†TF∗FT†T)(T†TF∗FT†T)†

= T†TF∗FT†T + In − [(T†TF∗)(FT†T)(FT†T)†](T†TF∗)†

= (T†TF∗)(FT†T) + In − (FT†T)†(FT†T).

It is clear that L,N are Hermitian. By direct computation, we have

L[(ETT†)†(TT†E∗)† + I − (ETT†)†(ETT†)] = (TT†E∗)(ETT†)(ETT†)†(TT†E∗)† + I − (ETT†)†(ETT†) = I,

it is also easy to verify that [(ETT†)†(TT†E∗)† + I − (ETT†)†(ETT†)]L = I, thus L−1 = (ETT†)†(TT†E∗)† + I −
(ETT†)†(ETT†).

Similarly, we can prove that N−1 = (FT†T)†(T†TF∗)† + I − (FT†T)†(FT†T).

In what follows, we define S = YY†TZZ†. In [21, Theorem 3.2], Xu et. al proved that if M is a
multiplicative perturbation of T given by (1), then M† = (T†TF∗)†S†L,N−1 (ETT†)†.

For any matrices in a ∗-ring, we all know that weighted Moore-Penrose inverse may not necessarily exist.
The following theorem gives a necessary and sufficient condition for the existence of M†, which establishes
the relationship between M† and S†L,N−1 , and presents the third formula for M† revealing the generalized
triple reverse order law, where X = S†L,N−1 in the equality (8) and Y,Z,L,N are given by (9) and (10), under
the hypothesis that M is a multiplicative perturbation of T. This extends the result in [21, Theorem 3.2].

Theorem 3.4. Let T ∈ R†m×n, E ∈ Rm×m and F ∈ Rn×n such that M = ETF∗ is a multiplicative perturbation of T. If
(ETT†)† and (T†TF∗)† both exist, then M ∈ R†m×n if and only if S†L,N−1 exists.

In this case,
M† = (T†TF∗)†S†L,N−1 (ETT†)† and S†L,N−1 = (T†TF∗)M†(ETT†).
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Proof. Suppose ETT† ∈ R†m×m and T†TF∗ ∈ R†n×n. By (9), we have

S = YY†TZZ†

= (TT†E∗)[(ETT†)(ETT†)†(TT†E∗)†]T(T†TF∗)[(FT†T)(FT†T)†(T†TF∗)†]
= (ETT†)†(ETT†)T(FT†T)†(FT†T).

Suppose that S†L,N−1 exists, we first show that X = (T†TF∗)†S†L,N−1 (ETT†)† is the Moore-Penrose inverse of M.
Indeed,

(1) MXM = (ETT†)SS†L,N−1 S(T†TF∗) = (ETT†)T(T†TF∗) =M.
(2) XMX = (T†TF∗)†S†L,N−1 SS†L,N−1 (ETT†)† = (T†TF∗)†S†L,N−1 (ETT†)† = X.
Note that (TT†E∗)†L = ETT†, then we have:
(3) MX = (ETT†)SS†L,N−1 (ETT†)† = (TT†E∗)†(LSS†L,N−1 )(ETT†)† = (MX)∗.
Note also that N−1 = (FT†T)†(T†TF∗)† + I− (FT†T)†(FT†T) by Lemma 3.3, and thus (FT†T)N−1 = (T†TF∗)†.

So, we have:
(4) XM = (T†TF∗)†S†L,N−1 S(T†TF∗) = (FT†T)(N−1S†L,N−1 S)(T†TF∗) = (XM)∗.
So, X is the Moore-Penrose inverse of M.
Conversely, assume that M ∈ R†m×n. To show that S†L,N−1 exists, it is sufficient to prove S ∈ SNS∗Rm×n ∩

Rm×nS∗LS by Lemma 3.2. Since

S = (ETT†)†(ETT†)T(FT†T)†(FT†T) = (ETT†)†(ETT†)T(T†TF∗)(T†TF∗)†

= (ETT†)†(ETF∗)(T†TF∗)† = (ETT†)†M(T†TF∗)†,

it follows that

SNS∗ = (ETT†)†M(T†TF∗)†[(T†TF∗)(FT†T) + In − (FT†T)†(FT†T)]S∗

= (ETT†)†M(FT†T)(FT†T)†M∗(TT†E∗)†

= (ETT†)†ET[(T†TF∗)(FT†T)(FT†T)†]M∗(TT†E∗)†

= (ETT†)†MM∗(TT†E∗)†

and

S∗LS = (FT†T)†M∗(TT†E∗)†[(TT†E∗)(ETT†) + Im − (ETT†)†(ETT†)]S
= (FT†T)†M∗(ETT†)(ETT†)†M(T†TF∗)†

= (FT†T)†M∗[(ETT†)(ETT†)†(ETT†)]TF∗(T†TF∗)†

= (FT†T)†M∗M(T†TF∗)†.

As M ∈ R†m×n, by Lemma 2.4, there exist Y′ ∈ Rn×n, Z′ ∈ Rm×m such that M = MM∗MY′ = Z′MM∗M.
Hence, we have

S = (ETT†)†M(T†TF∗)† = (ETT†)†MM∗MY
′

(T†TF∗)†

= (ETT†)†MM∗[(ETT†)TF∗]Y
′

(T†TF∗)†

= (ETT†)†MM∗[(ETT†)(ETT†)†][(ETT†)TF∗Y
′

](T†TF∗)†

= [(ETT†)†MM∗(TT†E∗)†](TT†E∗)MY
′

(T†TF∗)†

= SNS∗(TT†E∗)MY
′

(T†TF∗)†

and

S = (ETT†)†Z
′

MM∗M(T†TF∗)†

= (ETT†)†Z
′

ET(T†TF∗)M∗M(T†TF∗)†

= (ETT†)†[Z
′

ET(T†TF∗)][(T†TF∗)†(T†TF∗)]M∗M(T†TF∗)†

= (ETT†)†Z
′

M(FT†T)[(FT†T)†M∗M(T†TF∗)†]
= (ETT†)†Z

′

M(FT†T)S∗LS.
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By Lemma 3.2, we have at once that S(1,3)
L exists and [(ETT†)†Z′M(FT†T)]∗L = (T†TF∗)M∗(Z′ )∗(ETT†) ∈

S{L, 1, 3}, and S(1,4)
N−1 exists and N[(TT†E∗)MY′ (T†TF∗)†]∗ = (T†TF∗)(Y′ )∗M∗(ETT†) ∈ S{N−1, 1, 4}. So, S†L,N−1

exists.
We next give the formula of S†L,N−1 . From Lemma 2.4, M = (ETT†)T(T†TF∗) and S = (ETT†)†M(T†TF∗)†,

we get

S†L,N−1 = S(1,4)
N−1 SS(1,3)

L = N[(TT†E∗)MY
′

(T†TF∗)†]∗S[(ETT†)†Z
′

M(FT†T)]∗L

= [(T†TF∗)(Y
′

)∗M∗(ETT†)]S[(T†TF∗)M∗(Z
′

)∗(ETT†)]
= (T†TF∗)(Y

′

)∗M∗[(ETT†)(ETT†)†M(T†TF∗)†(T†TF∗)]M∗(Z
′

)∗(ETT†)
= (T†TF∗)[(Y

′

)∗M∗MM∗(Z
′

)∗](ETT†) = (T†TF∗)M†(ETT†).

The proof is completed.
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