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The boundedness of rough generalized commutators with Lipschitz
functions on homogeneous variable exponent Herz type spaces

Ferit Giirbiiz?

?Department of Mathematics, Kirklareli University, Kirklareli 39100, Tiirkiye

Abstract. With the development of science, many nonlinear problems have emerged. At this time, the
classical function space has certain restrictions. For example, it has lost its effectiveness for nonlinear
problems under nonstandard growth conditions. In the process of studying such nonlinear problems,
scholars are paying more and more attention to the transition from classical function space to variable
exponent function space. Also, there is a big difference between variable exponent space and classical
function space, mainly because variable exponent function space has lost translation invariance. This
difference leads to many properties that hold in classical space no longer hold in variable exponent space.
It is important to emphasize that variable exponent function spaces are a fundamental building block
in harmonic analysis. In recent years, there has been a growing interest in the study of function spaces
equipped with variable exponents, leading to the development of a new framework known as variable
exponent analysis. These spaces provide a powerful tool for analyzing functions with variable growth
or decay rates and have found applications in various areas of mathematics, including partial differential
equations, harmonic analysis and image processing. One can better understand the heterogeneity and
complexity inherent in many real world phenomena by taking into consideration the theory of variable
exponent function spaces. Thus, by using certain properties of Lipschitz functions and variable exponents,
in this article, we establish the boundedness of a class of rough generalized commutators with Lipschitz
functions on homogeneous variable exponent Herz and Herz-Morrey spaces.

1. Introduction and Main Results

Assume that Q € L5(S"™!) (s > 1), Q is homogeneous of degree zero on R” with zero mean value on "1,
S"~1 denotes the unit sphere on R”, m is a positive integer, A (x) is a function defined on R” with m-th order
derivatives on L, (R") and

Lipc(R") =<1 flf (x)) dx < oo; for all compact subset K ¢ R"
K

In analysis, theory and applications, the generalized commutators are popular operators extensively studied
over the past hundred years and subjected to many generalizations in various settings. There are many
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others, but we will limit ourselves to these two, for these are the main focus of our objective. Thus, in this
paper, we investigate the following generalized commutators

Q
A7) = f . ; DO D) R (Aixy) fddy 0 < <n

and
1
M3 f0) = sup s f Q0 = PR (A3, ) fy)|dy  0<¢p<n,
|x—yl<r
where m € IN, and R,, (A; x, y) denotes the m-th remainder of Taylor series of A at x about i, more precisely,
1 4
Ry (Aix,y) =A@ - Y —D'A@W)(x-y),
[y|<m ’

where DVA € L' (R") (1 < r < 00), D'A € BMO (R") or D’A € Ag (R") for |y| = m =1 (m > 1).
When m = 1 above, it is obvious to see that R; (A;x,y) = A(x) — A(y). In this case, I 1 = IA and

Mg}p =M o are just commutator operators,

Isf 0 = AWIloef () ~Iog(Af) ()
_ Qx - y)
= J W(A(x)—A(y))f(y)dy O0<p<n
and
Mé,¢f (x) = A@Maef(x)—Mag (Af)(x)

— f QE-yllaw-Aw||fwldy  0<¢<n.

Jx—yl<r

= sup
0

Here, Ié”g and Mg’g are trivial generalizations of the above commutators, respectively.

Itis well known that the multilinear operators have been widely studied by many authors. (For example,

see [2, 4, 12] etc.) In 2013, Wu and Lan [12] proved that IA " and MQ 5 are bounded from [PV to L1V for
D”A € Ag (IR"). However, it is worth pointing out that so far Lipschitz boundedness for IS”:; and Mg:; on

homogeneous variable exponent Herz type spaces has not been proved for DA € Ag (R").
In this sense, we recall the definition of homogenous Lipschitz space Ag (R") as follows:

Definition 1.1. (Homogenous Lipschitz space) Let 0 < p < 1. The homogeneous Lipschitz space Ag is defined by

N |

xhem w0 |hf

Ap ) = f £y, =

4

where Al f (x) = f(x+h) = f(x), A f(x) = AFF (e + 1) — AR f(x), k> 1.
Obviously, if B > 1, then Ag (IR") only includes constant. So we restrict 0 < p < 1 (see [10] for details)
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Let us now give some necessary definitions and notations. Throughout this work, Q will denote a
cube on IR" with edges parallel to the axes. We will denote the cube with center xy and edge length r by
Q = Q(xo, 7). Given a cube Q and 6 > 0, we will denote the cube with center Q and edge length 0 times the
edge length of Q by 6Q. For a cube Q, we use the notation

fQ:ILQI!f’

where fg is the center of Q.

Throughout this work, the constant C > 0 may vary from step to another and do depentent on parameters
involved. The expression f < g means f < Cg and f = g implies that f < g < f. Also, for simplicity, we
denote L") (R") by LP) and similarly B(x, ) by B.

Some scholars found that as long as it is proved that the Hardy-Littlewood maximal operator M is
bounded on L") (R"), many conclusions in the corresponding classical harmonic analysis and function
space theory can be established in the corresponding variable exponent function space. In this context, we
denote by P (R") the set of all functions p (-) which are measurable and satisfy: 1 < p_ := essinfyer: p (x) and
P+ i= esssup, . p (X) < co.

Let p(-) € P (R"). Variable exponent Lebesgue space L") (R") is defined by

”fH o =infen>0: [—] dx <1} < 0.
L ]Rj,,‘ 1

Let f € Lj,c (R"). The Hardy-Littlewood maximal operator M is defined by

Mf (x) := Su(l)D r f|f (y)| dy, Vx e R",
> B

where and follows B = {y eR" :|x - y| < r} is the open ball centered at x with radius . B(R") is the

collection of p (-) € P (R") that satisfy the boundedness of M on PO (R") as p (-) € B(R") in [1].
Forallx,y € R"and C > 0, if p (-) € P (R") satisfies the requirement given below

—C . 1
|P(y)_P(x)|SW if |x—y|gE )

y)’

C .
() -p@)| < ey s ly

, (2)

then p (-) € B(R") in [9].

As we all know, Holder’s inequality is a very important tool in studying the boundedness of operators.
Of course, similar inequalities are also needed in variable exponent function space, so there is a generalized
Holder’s inequality.

For p(-) e PR"), f € LY (R") and ge PO (R™), the integral form of Holder’s inequality in the context
of variable exponent spaces takes the form

f’f (x)g(x)| dx <1y ”f“m-) ||9“Lp'<~> ’ ©)
IR]’I

where the constant 7, is given by

1 1
rp=1+———,
p- P+
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see Theorem 2.1 in [7].
On the other hand, Nakai and Sawano [8] defined another variable exponent § (-) by

i1 _1
g q0)  pl)
Then, we have
1£-9ll0 < 1Al Nl (4)

for p(-) € P(R"), (p),. < q and for all measurable functions f and g.
Assume that p(-) € P(IR") and satisfies (1) and (2). Then so does p’(:). Generally, we can observe that

p(),p’ () € B(R") from [9]. Thus, by virtue of Lemma 1 in [6], we can consider constants 6; € ( 20N ) ) and

02 e( aoN ) )suchthat

sl c(@)él, sllyo _ (@)52
lxBllzyo 1Bl " llxsllro |B|

for S C B.
When p (-) € 8(R"), then

Ixsllollxsllo < CIB| (6)

was proved in [6].
Let p(-) € P(IR") satisfying conditions (1) and (2), then

1 (7)
1QIF, if 1Q > 1,

for all cubes (balls) Q c R", where p (c0) = lim 1 p (%) (see [3]).
LetleZ, B :={x e R": |x] <2Y}, A := B;\Bl 1, X1 = xa,- For any m € Ny = IN U {0}, we define

[
”XQ”m) = { QI , if Q] <2"and x € Q,

Ly o— XAm 4 21 .
B { Tz

By virtue of (5), we obtain

[lxillro < C(@
||XBI||U¢(-) B |Bl|

Definition 1.2. Let a € R, 0 < g < oo and p(-) € P (R"). Then, the homogeneous variable exponent Herz space
KZ‘(’_Q)(IR”) is defined by

o0
)" = Il < s o ®

p()(]Rn) = {f € L’;O(C) (R"\ {0}) : ||f||K;:(1(R,,) < oo},

where

1
q
e = (Z IIZI"szIIU,(>]

|=—00

with the usual modifications made when q = co.
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The first main result we wanted to find in this work is as follows.

Theorem 1.3. Let 0 < ¢ < n and Q be homogeneous of degree zero with Q € L5(S"1) (s > 1). Letalso 0 < g1 <
o < 0,0 < B <land a € R such that ¢ + f+ndy < a < nd; — (¢+ﬁ+ ”T_l) with 61, 62 € (0,1) satisfying
(5). Assume that p(-),p1 (-),p2 (-) € P(R") satisfy (1) and (2) and define p1 (-) and p, () by ’%(.) = }%() - ’H—"b If
DA € Ag (R") (|y| =m-1m2> 2) and (p’l)+ < s, then the following inequalities hold:

sz D" Al en |l 9
K2 (R) DAl |1f ”an&)(“‘” ©)

|y|:m—1

A,m
i

|| f” “"2(]1{" Z “D)/A”Aﬁ(w) ”f (10)

KT R
bl "

When m = 1 in Theorem 1.3, we have the following;:

Corollary 1.4. Under the conditions of Theorem 1.3, the following boundedness estimates hold:
|7

Mz ~ ||A||A5(R")

Fllgen o
Ko@)

2,01

Definition 1.5. Let a € R, 0 < g < 00, p(-) € P(R") and 0 < A < oo. Then, the homogeneous variable exponent
Herz-Morrey space MK (R") is defined by

K2R~ S A4 ey f”K;ff(?)(lR")'

MKM(IR”) = {f e I’V (R \ {0}) : ||f||MK§(ﬂ(R") < Oo}’

loc

where

L

) — -LA la
“f”MK;‘(f‘i)(]Rn) — s;;gz [Z “2 le”U’()

[=—0c0

with the usual modifications made when q = co. Obviously, when A =0, MK%(IR”) = p()(]R”)
Finally, the other main result we wanted to find in this article is as follows.

Theorem 1.6. Let 0 < A < cosuchthat p+p+nd+A <a <ndj+A— (cj) +p+ ”S;l) with 61, 0, € (0,1) satisfying

(5) and under stipulations in Theorem 1.3, the generalized commutators Ig’,'g and Mg'g satisfy

IV|=m—1
D7 All s, g " . 12
” f”MK‘“’2 (R") |)/|:Zm‘—1 I HAﬁ(]R) fHMKm’?)(Rn) (12)

For m = 1 in Theorem 1.6, we get

Corollary 1.7. Let0 < A < cosuch that o+ +n0,+A <a <nd1+A- ((j) +B+ ”5;1) with 61, 02 € (0, 1) satisfying
(5) and under the conditions of Theorem 1.3, the following fundamental inequalities hold:

A A
||IQr¢f ||M1<;'21(2) (R™) S ”A”Aﬂ(]R”) ”f “Mk;‘fg)(mﬂ)’

A .
”Mmﬂf “MK:;”(?)(R:«) S Al o If ”MK;‘;’(?)(IR")‘
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2. Main Lemmas

Before proving Theorems 1.3 and 1.6, following lemmas are needed. These lemmas will be helpful in
proving main results.

Lemma 2.1. (see [2]) Let A (x) be a function defined on R" with m-th order derivatives on L70C (R™) for |y| =mand
some q > n. Then,

R ) <Cle-o" ¥ ﬁ [acre|,
[y[=m )

where Q is the cube centered at x and having diameter 5\n |x - y).

Lemma 2.2. (see [10]) For 0 < f < 1,1 < g < oo, we have

1
||fHA ®) — SUP B |f - fQ|
! Q Q" ‘Qf

1|1 g
~ —|= — fol"d
"¢ ok IQIQf |f = fol dx

Lemma 2.3. (see [10]) Let Q* € Q. If f € Ag (R") (0 < B < 1), then

[for = fol = ClIfl, ey 191

In the proof of our main results we need to obtain an local estimate of |Rm (A; x,y)|, similar to the Lemma

2.1. To do this, applying the above results, we obtain the following:

Lemma 2.4. Let 0 < B < 1, A(x) be a function defined on R" with m-th order derivatives on L;’OC (R*) for |y) =m
and some q > n. Then,

Ru(Aix, ) 5 Y, D Allgy ey [ = ]
yf=m-1

m—=1+p ' (13)

Proof. For any x € R", let Q(x,y) = Q be the cube centered at x and having diameter 4 \/n |x - y|. For fixed
x € R”, let

1
Ac) =AW - ), = (D'A)gY,
|7/|:m—1 )

where (DVA)Q is the average of D”A on Q. From the definitions of R,, (4; x, y) and Ag, it is easy to see that
Ry (A;x,y) = Ry, (AQ; X, y) and

Ry (Agix,y) = Rur (A%, y) = ) l,DVAQ(x)|x -y
[y|=m-1 )

Then,

|Rm (A;x, y)| < |Rm_1 (AQ;x, y)| + Z % |D3’AQ (x)| |x _ ylmfl . (14)

|y|:m—1
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Applying Lemmas 2.1, 2.2 and 2.3, for any y, we get

1

- 1
Rut (Agixy)| s |-y 1“2 G f ID7Aq (2)| dy
y|=m-1 Q
= -y Y = f IDVA (z) - (DY A)o|" dy
e (19
+|(D7A)g — (DY A)sg| + [(D7A)sg — (D7 A),|
< = y"TID Ally ey

where Q is the cube centered at x and having diameter 5 vn |x - y| and Q c 5Q.
On the other hand, applying Lemma 2.3 again, we have

V4 E
D7 Aq (9] 5 1D” Al ey Q1" S 1D7 Al oy = -
Thus, combining inequalities (14)-(16), we obtain (13). [

Lemma 2.5. Let Q(x), Ay, A, (k,z € Z) be as stated above and we have
(i) if x € Ay, k <z -3, then

f|Q(x - y)ls dy| <25 1Qllsmy
A,

(i) if x € A, k >z + 3, then

S (z—k+kn)
f|Q(X— y)| dy| <27 [1Qllgssm) -
A,

Proof. When x € Ay, y € A,, |k —z| > 3, then we have [x| = 2K,

y) ~ 27, |x - y| ~ max {ZZ,Zk} and

1 1
f|Q(x—y)|s dy| < f Q@ -y dy| .
A,

+B;

Thus, direct calculation yields (i) and (ii) (see [11] for more details). [

3. Theorem Proofs

Proof of Theorem 1.3.

2737

(15)

(16)
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Proof. Let f € Ka ql 5(R™). Taking f. := fx. for each z € Z, we write
FO=Y fOr@=) £

. q_l . . .
Owing to 0 < n <L then the Jensen inequality is:

1
00 92 0
[Z |cj)] <) 6| cieR jez (17)

j:—oo j:—oo

By (17), we have

1

n
ko A,
“”Z(IR” = [Z 2 Wz“([ mf))(k“Lpz()]

|| Amf

k=—oc0

Z Zkaq1||( :;f))(k“anU

k=—c0

00 k=3 7
Z Qkam [ Z | (Ig',}:;fz))(k“m(-)]

k=—o0 zZ=—00

+ Z zkam(kii II( Q(sz))(kllmu]

z=k-2

A

A

00

(o) "
+ Y ot ( Yo (Ig;gfz)xknmw]
k=—c0

z=k+3

X+Y+Z (18)

We first estimate X.
LetzeZ, B, :=={x € R": |x| £ 2%}, A, := B;\ B,-1. Forany k,z € Z and k > z + 3, using (3) and (13), we
have

Q(x | 12(y)
(Ig;’;jﬁ)xk < f | o yﬁ U{m{ | R (A, )| dy - x
< 2 N D Al e f Q0= )| | )] dy - x
|y| m—1
< 2K N ID Al [l o 106 = v o - 2
|)/|:m—1
Since (p’1)+ < sand % + rﬁ = ﬁ, then using (4), (8) and Lemma 2.5 give the following

< oko+p-n) Z ID Al ey
|y|—m—1

< Zk(¢+ﬁ n)z(z—k+krz)

fznmw ||Q(x - ]/)Xz”Ls ”Xz”LﬁQ(O Xk

(Iéﬁﬂ))(k

Z ”D)/A”Aﬁ(]R") HfZ“LmU HXBZHU’{(') " Xk
i
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and
A, ) &kt :
‘(IQ,Z;fZ)Xk - < 2O Z D7 Al p, fz“m(.) H)(Bz 710 Xl - (19)
ly[=m-1
According to (7),
1— When |B,| < 2" and x, € B,, we have
== _1
||XBZHL‘31(') ~ |BZ|F’1(Xz) ~ ”XBZ L},i(.) |Bz| s,
2— When |B;| > 1, we have
i _1
sl = BT~ [|xs. || s B2l -
So, we get
_1
||)(BZ ILﬁi(-) ~ ”XBZ LV{(-) |Bz| S (20)
Thus, using inequality (20) in (19), we get
A, k _ (k=z)(n—1) "
‘ (IQ,:ZfZ)Xk 1720 <2 (‘P+ﬁ 71)2 s I |Z ”D) A”/\ﬁ(]R”) fZ”LP](') “XBZ Lpi(-) ”Xk”U’z(') . (21)
y|=m-1

For the establishment of the boundedness of the generalized commutators, we use the fundamental prop-
erties of the Riesz potential, which is formally defined as

f(y)

I(pf(x)
— yln—¢
) |x Yy |

dy 0<¢<mn.

Since

d
2% xp. () < fﬁ - xB, (x) < Iy (x8.) (),
B,

then

20F) g, < Ly (5.) (0) X5, < Lo (x5.) (%) 22
(see [5] pp. 539-540). On the other hand, using (6) and (8), we have

2K(@+p-n) ||XBZ||L;73<~> HXBk”Uz(-)

10 ”XBk“Lu;(»

0 ”X B, ”;;712() v (23)

2k((f’+ﬁ) ”XBZ

A

A

ok(¢+p) || XB.

Next, applying (3), (6), (22) and from (U’l('), U’Z(')>—boundedness of Iy+p (see (13) in [5]), we know that

bl s 27 s o
< 27 EH¢+) qumﬁ X120
s 27270 a0
< 270 g o (24)
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Thus, using inequalities (23) and (24) in (21), we get

A, - — a-l
(Io,lng)Xk < 2l geponone) Z ID” All oy ”fZHLm-)'
|y|=m—1

LP20)

Thus, by virtue of (25) and remark that @ < nd; — (qb +p+ ”5;1),

00 k-3 1
A,
X kZ‘ 2kan [ Yol (IQj; fz)xkllm<.>]
=—00 Z=—00

q1

o0 k=3
s YA | Y 20t N IDY Al [l
k=—c0 z=—00 |)/|:m—1
< Z |D)’A||i’\1 &) Z [Z naz HfZ“LhU (k= 2)(p+p—ndy +a+ 1L 1)
|)/|:m 1 k=—0c0 \z=—00

To continue estimating X, we split the problem into the following two cases:

Case1(0<g1<1).
Using (17) and substituting g, for q—i, we obtain

Z ”DyAnj\l (R") i Z 2% ”f | j20) k=) (¢+p-ndr+a+ )

X g
N e 2=
< ) DAl w0 I Ko g
ly[=m-1

Case2 (1 <q1 < ).
Letl+——l By (3), we get

X s Z IDyA”j\l (R") Z Z 200 ”flL <)z(k_z)((PJrﬁ_né]Jra)rnT_l)%l

ly[=m—-1
0
k-3 Y
X Z 2(k—z)(q‘)+[€—nb1+Uz+%)’%1
Z7=—00
v A9 az (k=2)(p+p—nd1+a+1=1)
< Y, DAL Z 2o [, Y 2t Aerpnsa )
|y|:m_1 k=z+3
Y AT n
S X IDPAI o I -
[y|=m-1 !

Next, we estimate Y. When D”A € Aﬁ (R™), from (U’l('), U’Z()) -boundedness of the IA m

[12]) and (17), we have
k+2 7
vy o= ¥ o [ Yo (If‘mfz)xk||m<>]
k=—o0 z=k-2

A

k+2
D DA g Z Zkaql(z ||szk||Lpz()]

|y|:m—1 z=k-2

2740

(25)

(see Theorem 5 in
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VA k
s ) DAl g [Z 2|l
pin-t =
_ Y A9
= ) MDA o e ey
|y|:m—1

Finally, we estimate Z. For any k,z € Z and z > k + 3, from the process proving (21), it is easy to see that

| <20 Y D Ally

|y|=m—1
Note that we do not go into the details of the proof process here, as the proofs are similar to each other. On
the other hand, using (5) and (6), an estimate similar to (23) yields

Am
(IQ an)Xk fZHme ”XBz”LP% 0 ”XBk”LPz(') :
P20

oz(p+p-

o el < 20 o sl pmo 272679, (26)
Next, we know that

2Oy, < Loup () () X5, < g (x5,) (). 27

Moreover, similar to the estimation of (24), we get

sl < 27 sl o < 27609 || o (28)

Hence, combining (26)-(28), we obtain

Thus, by (29) and the assumption ¢ +  + 10, < a, we conclude that

0 00 qn
Z Z okaq [ Z (IS:;fz)Xk”Uz()]

k=—o0 z=k+3

(IA mfz)Xk < 2(z—k)(¢1+/3+néz—a) Z ”D)/A||Aﬁ(IR")

[y|=m-1

fZ”Lm(-) : (29)

Lr20)

qn

(o) (o)

< Z 2kam Z 2ER(@+p+ndra) Z D" Allz, ) “fz||LP1(-)
k=—o00 z=k+3 [y|=m-1

T o e R
M:m_l k:—oo z=k+3

To proceed, we consider Z in two cases. Indeed, if 0 < g1 < 1, then by replacing g1 with % in (17) to get

A 7 k) o
Z s Y, IDAI 4, Z Y 2 |, 2o
|)/|=m—1 —00 z=k+3
Y A n
S Z 1D A”A (R") fK;’;"(g(Rn)'

pl=m-1

Now, let1 < g < o0 and ot =1By (3), we have

Z s Z ”1))’14”11 &) Z 2 D0z ”f qu Y Z k)(([1+ﬁ+n62 a)!h

Iy|=m—1 —o0 z=k+3
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Z 2(z—k)(¢+ﬁ+naz—a)§ "

z=k+3
s ), DA, Z 2o g, Y bt
|V|:m 1 k=z-3
< ), ID"AI g |)f||?qu "
yf=m-1

Thus, by introducing approximations of X, Y and Z into (18), (9) is attained.
We are now at the point of proving (10). If we remember

)
Ty (11]) Lx = (ﬂm' R (A )| [fW)ldy  0<¢<n,

it is easy to see that the conclusions of (9) also hold for TIQI o Therefore, (10) is a direct consequence of
Lemma 3.2 in [4] and the above conclusions. This completes the proof of Theorem 1.3. [

Now, we prove Theorem 1.6.
Proof of Theorem 1.6

Proof. Assume f € MKZ OR"), fo:=f-x:and f= ¥ f. (z € Z). Then, using (17), we get
2=—00

1

L a2
- k A,
ke e sup 2~HAn [ Z kg (IQ,zf)Xk”L"Z( ]

LeZ [—

|| Amf

< sup27in Z 2ka'71||( gf)XkHL,,z()
LeZ k=—oo0
q
< sup2 M Zk"“’1 ||( mf))(k“ 0
k+2 7
+sup 27t Z 2’“"’71(2 ||( qbfz)Xk”Lpz(-)] }
Lez k=—co z=k-2
q1
+Sup2—LM1 Z Zkaﬂh[z ”( (sz))(k”U’z(»J }
Lez z=k+3
= ZX1+Y1+Z1. (30)

First, we estimate X;. Similar to the estimation method of X in Theorem 1.3, by virtue of (25)

n
X1 = sup 27L/\111 Z zkalh [ Z (IS :Zfz))(k”Lpz()]

LeZ

| k=—c0 7=
L k=3 b
< sup >—LAq Z okagy Z S k=2)(p+p-ndr+21) Z DY A“A/,»(]R”) ” f. ”m(_)
LeZ = — i1
L (k3 : o
< Z ||D)’A||‘[7X1 ® sup 2-LAq [ Z [ Z naz ”fZ”Lm(') 2(k—z)(¢+ﬁ—n51+a+“g)] } )
[y|=m-1 Lez k=—co \z=—c0



On the other hand,
”fZ”Lm(-) =
<
<

To continue calculating X;, we consider the two cases 0 < q; < 1and 1 < g1 < oo, respectively.
f0<q <landa<nd +A—(p+p+1%
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we know that following fact:

2 (20 | | Z;m)ﬁ
1

z—az [ Z zmlh ”le LPl()J

1=—00
1

22(/\—a) 2—/\2 { Z 20”‘71 ||f)(l| " ]171

1=—00

270 ”f ||Z;H€;fg)(mn) :

Y AT
Xi < Z|mmmwfmwwn
[y[=m-1
L k-3 ( )
Xsup Z—LAql Zk/\ql Z(k z)(p+p—nd1— A+a+— 7
LeZ k:Z—oo Z:Z—Oo
L
VAT —-LAq kAgq
s ) IDAl f||MKa.,1(]R,Z sup2 [Z 2 ]
pyj=m-1 =
Y AT
< Z|mmmwwuwmw

[y|=m-

Ifl<g <ocoanda <ndy + A - ((j) +p+ ”T*1>, then we use (3), (31) and obtain

1

Y AT
Xl S Z ”D A”A (]er Hf| MKUUH (]R"
|V|=m—1
Lo & (k=2)(p+p—nd1—A+a+11) L
Z 2kAMm 72 2 e
Xsup 2—LAq1 k=—0c0 it ql
LeZ ( Z (k= Z)(<7>+ﬁ 161 —A+a+1=1 1)q1)ql
z=—00
L
Al L KA
$ Z ”D)A”A (]R’z Hf”MKaql (]Rn Supz q1 [ Z 2 ql]
|V|:m—1 pa
Y AT
s X, Al e g
|)’|=rn—1
Next, we estimate Y;. If DYA € Ag (R"), then from the fact that

Theorem 5 in [12]) and (17), it follows that
k+2 7
Yl = sup 2—LAQ1 Z zkaql [ Z ” (IA mfz))(k”U’z( ] }
Lez k=—co z=k—-2
k+2 I
S Z IIDVAIIZ sup2 LAq Z Zk“‘“[z ||szk||an<>] l
|)/|:m—1 z=k-2

) then using (17) and (31), we get

A
IQ’(Z

2743

(31)

is bounded from L"©) to LP20) (see



A
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Z ||DVA||’“ ® sup2 An [Z 2901 fxlll

|y|=m 1

2: |U)2AHm R””f”MleR”.

lyf=m-1

Now, we estimate Z;. By (29) and the assumption ¢ +  + 16, < a, we know that

Z, =

A

A

sup 27LAM

Lez

L ) q1
Y o ( Y fz)xknw.,] }
k=—o0 z=k+3
oo q1
[Z 2 5|, 26 a>] }

L
IDYA|T  sup 27t
Z A 2 _Za e

it B
i

L
= z=k+3

; u -LA
|)’|=l11_1 H v ||1{f;(IR") SLEE 2 q [ _2;
] Z n
( 2" ||fz||U’1(-) Z(Z_k)(q‘)+ﬁ+n52_a)] }

Y AT LAqy
+ E [|D? A||A SR su§2 [
k=—oc0 \z=L+1

y|=m-1

qn
Zaz |fz||U,1(>2(Z k) (p+p+ndy— a)] }

211+ Z1a.

To continue estimating Z;, we look at two scenarios: 0 <g; < land 1 < g; < o0.
When 0 < g1 £1and ¢ +  + 16, + A < a, then using (17) and (31), we get

Z1

A

A

A

L L
v Anh 9 ~LAq kAqy (@=k)(p+p+ndo+A—a)q
Z ID A”Aﬁ(w) |f”MKZ:?)(R”)SL2£2 Z 2 Z 2

|)/|:m—1 k=—c0 z=k+3
+ HDVA”% ) sup2 L/\ql[ Dz f (zk)(¢+[5+n62+/\a)qll
|y|=Zm‘—1 Ag(R") k_z_;oz;1 ” ‘L 0
L
Y DA o [ 02 [ 2. 2]
[y|=m-1 k=—c0
+ ) DALY o sup27
|v =m-1 Lez
Z Z 92Aq19(z= K)(p+p+nda+A— a)q12 zAq1 Z 201 ||f| " l
k=—oc0 z=L+1 |=—00 o
DI L 1 iy
|)/|=m 1

If1 <g <coand ¢ +  + 1o, + A < a, then we use (3), (31) and obtain

VATEEDS

| IZ‘ “DyA”jxl s(IR") ”f“MK“l(an
y|=m-1

L L "
y 2k y 2(E=k)(p+p+nor+A-a)

X sup 2~ A0 k= ki3 0
p k+3 q% E
LezZ x| Y 2(z—k)(q>+ﬁ+nbz+A—a)7

Z=—00

2744
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<Y DA [ g 02 ( y z]
|)/|:m—l k=—o0

s Z ”DyA”j\l 5(R") |f ||Z;ﬂ(,;'qﬁ)(mn)‘
[y|=m-1 !

Also, when1 < g1 < oo and ¢ +  + 10, + A < a, then we use (3), (31) and get

7 < Z DYA|"™  sup2
w s Y IDUAN . sup
|)/|:Wl*1
L 00 (p+prndn+i-a) (¢+p+ndy—A-a) ”
5[ 5 2l 2oty
Lt
k=—oc0 \z=L+1
y q1 L/\ql
s ), DAY G ysup2”
|)/|:m*1
((7+/)+)102+’\ a)
A1 () A :
{Z Z 274719 (z=k) n2m Z 27 Hﬁ)Lm()}
oo z=L+1 =—eo
V4 q ~LAm
< Y MDA oy I o o S92
|)/|:m—1
L PN L)
y Z HkAgy Z 2(z=k) > q
k=—00 z=L+1
Y q1 q
S 2 MDA o AR o
[y|=m-1 1

Thus, combining the estimates of Z1; and Z1,, we find that

Y AT
zis ) DAY o
[y|=m-1

f”MK‘“” (R") *

Thus, by introducing estimates of Xj, Y7 and Z; into (30), (11) is obtained.
Finally, it is simple to demonstrate that (12). Indeed, we first know that

Ty (|£]) 00 2 M3 f(x) (32)

forx € R" and 0 < ¢ < n (see Lemma 3.2 in [4]). Next, from the process proving (11), the conclusions of
(11) also hold for TIQ\ o Thus, combining this with (32), we can immediately obtain (12), which concludes
the proof of Theorem 1 6. O
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