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Abstract. In the present article, linear positive operators connected with the adjoint Appell-Euler poly-
nomials are proposed. Their moments are calculated and quantitative convergence estimates are provided
using the K-functional and various moduli of smoothness such as first-order, exponential, and weighted
moduli. Furthermore, Korovkin type theorems are established for different sets of test functions. More-
over, the associated modified operators are introduced which preserve constant functions and e, u>0.
Asymptotic formula and some analogous convergence results are established for these operators. Finally,
we examine the convergence behaviour of both operators through numerical tables and graphical examples.

1. Introduction

Approximation theory and positive linear operators have been one of the most active fields among
researchers due to their applicability in various areas such as computer-aided geometric design (CAGD) and
Bézier curves [30], numerical analysis [29], integro-differential equations [20], probability and distributions
[7], differential equations and boundary value problems [8| 11} 45] and fractional calculus [27]. Special
functions and polynomial families are frequently used in constructing linear positive operators making
them essential in approximation theory. Among these, Appell polynomials hold particular significance due
to their generating function structure and their connections to various operator theory frameworks. An
Appell sequence {qx(x)}}? ; is expressed via the exponential generating function, given as [5]:

had k
A = Y a0, (1)
k=0 )

where A(t) = Y12, qk(O)% is analytic and A(0) # 0.
Well-known examples such as the Bernoulli, Euler, Hermite and Genocchi polynomials fall within
the Appell polynomials family, depending on the choice of A(t), such as A(t) = +=, 72, e /2 and 2,
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respectively. These polynomials have various applications in numerous areas such as quantum mechanics
[42], differential and integral equations [19] 25], computer science, physics, engineering, fluid dynamics,
finance, medical science, number theory [23] and umbral algebra [12]. Euler numbers are crucial in number
theory, topology, and the theory of modular forms. These numbers link to algebraic geometry, cryptography,
and combinatorics.

The construction of linear positive operators based on Appell polynomials was initiated by Jakimovski
and Leviatan [24]. Since then, numerous generalizations and extensions have been proposed within this
framework. For related developments, see [4} [10] 19 [22] 36438, |41} 143]. Natalini and Ricci (see [28])
introduced adjoint Appell polynomials by considering the reciprocal of the function A(f) (in Eq. (I)).
This approach provided a new family of polynomials with distinctive properties. Very recently, in [44],
Yilmaz introduced Kantorovich-type operators involving adjoint Appell-Bernoulli polynomials, which
were further generalized by Malik-Gupta in [26]. Generalized Phillips operators based on the Appell
polynomials of class A® were given by Aksoy in [4].

The adjoint Appell-Euler polynomials (of the first kind), denoted by &(x), are defined in the following
manner [28]:

¢ k
e 16’“ = Z sk(x)%. (2)

2 =

[=}

Based on , for n € N and x € [0, o), we introduce the operators A,(f; x) as follows:

A = Y ansos (£). ®
k=0
where
sl = e D, @)

In recent years, apart from constructions based on generating functions of special polynomials, many new
operators have also been proposed using a combination of probabilistic and stochastic techniques [7, [17],
solutions of certain partial differential equations [15, 18], convolution methods [31} 132} 140], and various
composition procedures [6} [16418].

The structure of this paper is as follows. In Section[2} we give some auxiliary lemmas related to the operators
Ay. Section [3| focuses on the approximation properties of the operators A,, where we establish estimates
for the convergence using the K-functional and provide Voronovskaya-type formulae in terms of various
moduli of smoothness.

There has been considerable interest in constructing linear positive operators that reproduce exponential
functions. In [1]], Acar et al. introduced generalized Szdsz-Mirakyan operators preserving the functions e*
and 2™, a > 0. Acar-Aral-Gonska [2] presented Szdsz-Mirakyan operators preserving constant functions
and e** with a > 0. In [9]], Bozkurt et al. proposed Bivariate Bernstein type operators that reproduce expo-
nential functions on the simplex. Gupta and Aral [14] presented modified Szasz—Mirakyan—Kantorovich
operators preserving the constant function and ¢™*. In [33], Ozsarag and Acar gave modified Baskakov
operators preserving the functions e** and e** with p > 0 (also see [34]). Motivated by these developments,
Section 4{is devoted to the modified operators A, which preserve both constant functions and e2** (u > 0).
We provide some analogous results and give asymptotic formula. Finally, in Section[5| we present graphical
examples and numerical tables to analyse the effectiveness of both operators A, and A, in approximating
functions.

2. Preliminary Lemmas

We compute the moments and central moments for the operators A,, which will benefit in studying
their convergence properties.
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Lemma 2.1. For the operators A,, one has

/n

oA
by &t ey
An(e?;x) = —T ¢ , (5)
and
Ayleg;x) =1,
e

A, ler;x) = —_—

H(ellx) X + n(e + 1)/

2 1
Aner;x) = 2+ = 4 —=2 (x+—),

n ne+1) n

3x?  x e 9 5
Anles;x) ="+ — + = + (32+—+—),
n(es; %) = x n n?2 ne+1) YT T

6x>  7x*  «x e 24x?  36x 15
Apleszx) =x* + — + =+ — + 4+ — + — + —
n(es; x) = x n  n: nd n(e+1)( n2  n3)

where e(t) := ! (from now on) for 1 =0,1,....

Proof. By the definition (3),

An(e";x) = eJrLle_an &%) i

k!
n
_ T )
e+1 ’
which follows from (2).

The moments of A,, can now be obtained by using the following relation:

o (&M 41
A"@“;x’:[m( e+l

enx(eA/ﬂl))] ,u=0,1,2,....
A=0

O

Lemma 2.2. Let 1(x) := A, ((e1 — xeo)7; x) denote the central moment of g-th order for the operators A, where
g € N U {0}. Then

e

1 2e
B0 =t =),

n(e+1)

32 x

30 = X ¢ 3 dg = X e
Ph(x) = " + et 1) (3x+ n), P,(x) = " + e + Berl) (16x + 15).

In general,
¢Z(x) =0 (n‘l.%]) ,
as n — oo, where |a| denotes the integer part of aand s =0,1,... .

Proof. The central moments can be evaluated either by using the linearity of the operators A, or by the
following formula:

90| 9" (BEM'H cfn(er-1)-A) )]
Pu(x) [8Aq e o

e+1
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3. Approximation by the operators A,

Let C(I) denote the space of real-valued uniformly continuous functions on I C R, and let C/(I) be the
space of functions that are j-times continuously differentiable on I, where j € N U {0}. Define Cg(I) as the
subspace of bounded functions in C(I), and Cé(l) as the subspace of functions in Cp(I) whose derivatives

up to order j also belong to Cp(l).
Consider f € Ci(I). Forany Iy, 1, € I:

I, fa
f00= Y, P - i,
7=0 '

where the remainder term is

G(fih, ) = (h — LY &, 1),

and &(I1, ) is some suitable function. Also (see [13]),

M |11 L|
where K(f; 6) denotes Peetre’s K-functional given as [35]:
K(f;0) = g}f {Ilf = glleo + 61l lleo} - )

Now, we provide a quantitative convergence estimate for the operators A, using K(f;-).

Theorem 3.1. Let f € Cé[O, ), then

2e ))7((](”' nx(1 + 4e) + 5e

e , 1 77
”{An(f;x)—f(x)}—(m)f(x)‘5(" f (x )‘ e+ 1 "6n(2e + nx(1+e)))’

Proof. For f € C2[0, ),

n(e+1

where

2
Cz(f}S,X) = (S —x) é(s;x), withé(%;x) — 0as S - x.

n{A (f;x )—Zlh( )f(q)( } <”Zﬂnk(x) Cz(f - x)

k=0
where a,,x(x) is given in (4). In view of @, we get
o 2 E_yf
Za (x)(— —x) ‘K(fT]

2 g
’ {An(f; 0-Y I’D’;—(,x)f(q)(x)}
q=0 ’ k=0

Let g € C5[0, o) be fixed. Then by (7),

24
n {An(f; 0-Y ll”;—(,x)f@<x>}
=0

) 2 |k |
Y an(x) (— - x) {Il(f - 9)"ls + ||g"'||m}

k=0

= {is = e o] + 1¢i<x>|}.
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Taking the infimum over g” € C}[0, o) and using Lemma ,

2e
n(e+1)

< (x+ L)q((fu nx(1 + 4e) + 5e

e " 1 7"
n{An(f;X)—f(X)}—(—H1)f(X)—E(JH )f @) <\t e ) K e s e )
O

Corollary 3.2. Under the assumptions of Theorem we have
. € 4 E 44
Lim 1 [Au(f; %) = f0O] = = /() + 57 (0).

Denote by C*[0,00) = {f : C[0,00) : lim f(x) exists and is finite }. We proceed to prove a Korovkin-

type theorem (see [16) 21]) using the test functions {1,¢™,e~>} and the following associated modulus of
continuity:

e¥—e¢’|<oand o =0},

w'(f,0) = sup{|f(x) = f(V)I,

x,v>0

defined for f € C*[0, o).

Theorem 3.3. Let f € C*[0, o0). For the operators A, ,
sup |A,(f;%) = f0) < 20° (f, VH,),
x>0

(de+242)  (bet3+3+4)
n(1+e) n2(1+e)

+O(%)3 —0,as 1 — oo.

where H, =
Proof. For x,v > 0and f € C*[0, o0) (see [21]),

v a2
1f(r) = f@)I < {1 + (%) ]w*(f, ).
By applying the operators A,,
An(f32) = £ < 1+ Al = e =)' (f0).
Now,

A€ = €)% x) = Au(e;x) + € Au(1;x) — 267 Ay (e %)
~ [e‘z"(Zex +2x — 2e) . €72 (24e — 8x — 32ex + 12x% + 12ex?) ) ( 1 )3]

n(l +e) 6n2(1 +e)
—X _ —X _ _ 2 2 3
i P e (ex + x —2e) N e *(24e — 4x — 16ex + 3x~ + 3ex?) +O(1) .
2n(1 +e) 24n2(1 + ¢) n

P
Taking the supremum over x > 0 and utilizing sup xPe™® = (%) , we obtain
x€[0,00)

(de+2+2) (6e+ 3 +12+4) 1,3
A, -V _ ,X 2; < e e e ( )
leig" (e R n(l +e) * n2(1+e)

= H,.

n
Therefore,

x>0

sup |A,(f;x) = f(x)| < (1 + %)a)*(f,a).

Choosing 0 = /H,, completes the proof. [J
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Likewise, for the next estimation we use the test functions {1, Trer +x)2}

smoothness: .

e SaandaZO}.
1+t

@(f,0) = sup {1f0 - Fol, [ -

x,t>0

Theorem 3.4. Let f € C*[0, 00), then for the operators A,,

sup IAu(f5) - ()] <2 a(f, L, L)

>0 dn  n2(e+1)
Proof. For x,0 > 0and f € C'[0, o) (see [21]),

2
[f(6) — f(x)| < (1 + %)5@0).

Then from Lemma

1 2e
Anlf ) = f)] < (1 + T (f + )) @(f,0).

n (e+1)n?

Taking the supremum over x € [0, o),

suplA,(f;) - f<x>|<(1+ 1 (1 *ﬁ)) v

Choosing 0 = [+ + @ +1 = gives the desired result. [

Define the Lipschitz class
Loa={9:0}(g:0,A) <M&", 5<1}, 0<a<l, M>0,

where
w(g;6,A) = sup |g(u +h) — g(u)| e~
=

is the exponential modulus of continuity [39]. Also consider the space

Cal0, ) = {g € C[0, ) : [|glla := sup |g(w)le™ " < }

u>0

We give another quantitative Voronovskaya type Theorem (see [17,39])) using wj(f";-, A).

Theorem 3.5. For A, : Ca[0, 00) — C[0, o),
A ((0 = 2% x) < Y2(x) Sa(),

where A > 0 and x € [0, o0). Moreover, if f € Ca[0,0) N C?[0, o) and f" € Lya, then

A (750 0 = g 0= (3 4 (WW 1 >]

1

+
n (1+en? 2 2 n2(2e + (1 + e)nx)

< (f 2e )[ez“‘" N Sa(x) N \/SZA(X)] o (f”) \/e (15 + nx(17 + 3nx)) + nx(1 + 3nx) "

where Sp(x) = e~ (26(1“’%) +4A(e + 1)x2).

7

7

2380

and the following modulus of
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Proof. Differentiating Eq. (5) both sides with respect to A,

e 4 A el
A (veA”;x) = x(e ] ” 1) Ly ,
+e 1+emn
where y := "1,
Next,
A
Ay (UzeA”,' x) =a ze;)rﬂ [nzxZeA/" et 1+ an)? + ¢ (e + 1) + xn] :

By elementary computations, we get

(#) ye%ﬂ”/” 2x]/e%+w" x (EEA/” + 1) ye% (xeA/n *

) x? ((eE% + 1)y)
"

A _ A\2, A0, -

"((v x)eA,x) (1+en - (1+en 1+e e+1
) x(e"A/" + 1) yes N yen+e'”
: 1+e 1+en|

Suppose that 2A < n < 2Ax. This yields:

ye%ﬂ’% < eAx+1+e%
2x N 1 < 2_x N 4e
1+en n2(1+e) ~ n  n2(l+e)

4 4
[l+e”}x en 2x 4e

=+ <=+ .
1+e |n n2(l+e) ~ n  n2(l+e)
Moreover,

xz(ee% + 1)y . x(egA/n + 1)ye% (xeA/n) _Zx[x(e@f\/n +1)yeﬁ] _ (x
e+1 1+e 1+e

It follows that
An (0= 02 3) < Y2(x) - 215 1 92(x) (4A( + 12e™)
< Y2(x) - e (2e<1+e%> +AAGe + 1)x2).
For x,0 € [0, 00) and f € Cl0, o0),
(v—

2
£0) = £0) + 0 -0 @) + CZ 1) 1+ Ro(fi0,),

2
where
(U - x)2 1 11
Ra(f0,0) = = (77 - £/0)

and 7 is located between x and v.
By operating A,

An (£ = £09 = P00 @) = 3P

2e

_+—
“\n (1+en?

< A (|Ra(f; 0, %)

4A(e + 1)x%e™).
) )

;x).

2381
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Also, there holds the following estimate [39]
IRy(f;0,%)| < % (47 + &) (1 + w%f') o — x (73, A).
This, together with Lemma yields

A (F30) = 00~ e 0= [+ ) 5
< % [An ((eZA" +e) (|z;—x|2 LR 6"' ) )] W (f";6,A). (10)
Furthermore, applying the Cauchy-Schwarz inequality along with (§) yields
Ay (jo - 5P x) < |JSan(@UR®) - . a1
Pa(x)

By using (8) and (1I) in (10) and choosing 6 := , we get the required result. [J

(%)
Remark 3.6. Forx >0,

Pr(x)  e(15+ nx(17 + 3nx)) + nx(1 + 3nx)
P2(x) n2(2e + (1 + e)nx)

Thus, the Theorem [3.5]is validated.

For v € [0, o), consider the space

— 0asn — oo.

E[O, 00) :={f :[0,00) > R : fis continuous and [f(v)| < T (1 + 2},
where I'y > 0 is some constant dependent on f and the corresponding weighted modulus of continuity

[3], for f € E[O, ), is given as:
Qf;y)= sup g =)

0sh<y, velo,e0) (1 +H2)(L+v2) '

Consider a subspace W C C[0, o) that includes all polynomials. For f € C?[0, ) , we can consider the
same remainder as mentioned in (9) and it satisfies [3]:

IRa(f;0, )| <2(1+52) 1 +22) Q(f"; 5)(1+ (Uéx) ) (12)

g(y)

Furthermore, let 62[0, o) be the class of functions g € E[O, 00) such that lim

y—)OO

we establish a quantitative form of the Voronovskaya-type theorem in the weighted space.

Theorem 3.7. Let f e W, f” € C,[0, 00). Then A, : W — C[0, o) satisfies

5 exists and is finite. Next

A(fi3) = F(0) - n(Hef()——(— nz(He) £ )‘

2 2
<16(1 +x?) Q(f )(Tn(x))1/4) (E + nz(le_,_ e))'

where
nx (15an2 + 25nx + 1) te (15n3x3 + 175n%%2 + 362nx + 203)

) = n4(nx + e(nx + 2)) ' (13
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Proof. For f € ‘W, applying A, to its Taylor expansion yields

An(f;%) = fO) = (0 f () - labn(x)f/’(x) Au((© = x)*Ra(f;0,2); ).
Using Lemma [2.2]and equation ( ., we get

A0 50 - s 003 (24 s )

<2(1+ &)1+ xH)Q(f”; ) [( L)

(1 + e)n?
+l 203e (1+362e)x  25(1 + 7e)x? N 1543
F\d+emt (1+end (1+e)n* n3

<8(1+xH)Q(f”; 6)( L)(l 514 Tn(x))

(1 + e)n?

which follows by taking 6 < 1. Moreover, choosing 6 = (’cn(x))l/ * gives the desired assertion, where Ty(x) is
y g & &

given in (13).
lim (1#6(36)) 0,
9200

Remark 3.8. By simple computations,

which validates the Theorem|[3.7]

4. Modified operators preserving e~

Motivated by earlier works on linear positive operators that preserve exponential functions such as
e ,a > 0 (see [2,9,33] ) and e~ (see [14]), we introduce modified adjoint Appell-Euler operators, preserving
e (u > 0), as follows:

An(f;%) = Au(f; a4(x))
2 —nay (x . ex(nay(x)) E
= () f() (9

k=0
where, in view of , a,(x) satisfies the following;:

eZT# 2u
Pur _ (e + 1]61111,,()()(3"—1)

7

e+1

which gives

2u 2u
ur-tog( 1) [1og(<51)
, XE|——F—,
n (eZ»TM - 1) 2u

a,(x) = oo |. (15)

Hence, the operators in (14) have the form:

2u
2ux—10g[ ot )

2u
e k| ———=
2pux- log[ +1] k 2

e+ e —1

Anlfi) = (eil) e i K f(%) (16)

k=0
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Lemma 4.1. The following holds for the operators A,:

e .
Zn(eAt; x) = [ﬂ]ena,,(x)(e 7 ,1).

e+1

Proof. We have

An(eM;x) = (e

A
) 11 (x) Z fk”lan x) A _ [e“ + 1] enanm(e%tl)
e+1 )

Interestingly, the operators Z,, preserve constant functions, since Zn (eo; x) = 1.

Lemma 4.2. The central moments Zn(¢§(t), X) = Z,,((t — x)", x) are mentioned forr = 0,1,2,3 as:

AUt x) =1,
An(i(); x) = an(x) +

7

(e + 1)n

A (D2(F): x) = _apa @2
An(P(t); x) = (a,(x) —x)° + " +n(€+1)

(an(x) -x+ %),

A,30;) = (@) =) + 22

n n n(e+1) n

+3ai(x) + 3x% — 6xa,(x) + %)

Lemma 4.3. For the operators Z,,, we have

o g[w o
1+¢" 7

T+e © o ’
(42 = &,

3u 2
S ar
i -1 || 20u-log| 14
kS [L ][ " Og[ - ]]

2u
[g T

Zn (e#t; x) =

- 1+een 2u
Sut. .\ _ 2
Au(e?t; x) = T+o e o -1 ,
2
% 1 {| 221 1“ o
" [L —] xp—log|
e 1+€e" 2u
A, (e x) = e -1
() = =

Theorem 4.4. Let f € C*[0, 00) and its second derivative exists at some point x € [0, 00). Then

im 1 (A, (£32) = £() = —xf' () + 5 £ (@)

a,(x)  3xa,(x) N 3a2(x) L (9an(x) 6

2384

Proof. Consider the substitution u = et and define the auxiliary function g(u) := f (1“7”) so that f(t) = g(e).

Using Taylor’s theorem for g(u) around u = e*, one has

£ = ) = ge) + /() ) + g (@)(e — o + o) — ¢

where h,(t) > 0ast — x.
Now

Au(f32) = f(x) + /() - Au(pr(1); ) + %9”(6‘“‘) - Au(@a(D); %) + Ay ((t) - a2(8); %),
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where @,(t) := (e" — )" for r € N.
Also,

g/(er) — Lf’(x), g//(eyx) - e—Zyx (éf//(x) _ %f,(x)) .

pet
Substituting these into the expansion, we get

1
L ehix

Au(f;x) = f(x) =

F10) Al ) + 57 (%f”(x) - if’(x)) A1) + Anl()) - pa(t); ).

Since

1}1_1)1; nZn((p1(t); x) = —% yzxe”" and &1_{210 nzn((pz(t); X) = yzxez“x.

Also, by Cauchy-Schwarz inequality,

1
2

M Op2(0; 9] < [A,0209)] [P (pa(t3 )]

Moreover, _
lim A, (h3(t); x) = 0.
n—oo

The above, together with Lemma implies that
lim nfA, (1(B)p2(8); )] = 0.
Thus,
: a X ’
lim n (A,(f;2) = f@) = 5 () = pxf ().
O
Let us denote
Cul0,00) :={f :[0,00) = R : fis continuous and |f(x)| < Ket"},
Cul0,00) := {f € Cu[0, 00) : lim e™™|f(x)| = s},
where 1 > 0 is fixed and s, K are some positive constants. Also,

”f”y = sup e_#x|f(x)|-

x€[0,00)

For any f € C}[0, ®), consider the weighted modulus of continuity defined as [1, 34]:

a(f;0) := sup{%, x,y=0and |y —x| < 6},

For some basic properties of &(f;-), we refer the readers to [1].

Theorem 4.5. Let f € CZ[O, ), then

u
(1 +et’,’ﬁ) m“/”—l 1 + L’% e“/”—l
J— 1 CZt/n_ e 1 —+ L,Z 1/n_
()~ fll <2 (o) +s O“Jf;y‘l\/2—2( )( =

T+e \1+¢2/n T+e \1+e2u/m
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Proof. By elementary calculations, one has for x € [0, ) and f € C}[0, o),
" |3H;'/ — eﬂx| .
f(y) = fx) <2 +e)[1+ BT @(f;0).

By applying the operators A, on the above and using Cauchy-Schwarz inequality,
[As(f3) = £
< An(f @) = f@:)
- HY — phix
<2A, ((e“-‘/ + et (1 + %);x) a(f;5)

<2 (Zn(ew; 0+ % VA, (2(y); ) + e + i—é An(2(y); x)) o(f; 6).

By using Lemma 4.3}

2
1+ "
T+e

[
(e n —1) 2xu—log|

|4, (f; ) = f2)] ¢ = (1 +86%) 1 2 1 /Zn(¢§(y);x) "
eSyx = 2 (1 + e)e3yx + epr + E W EZWC a)(f, 6)

By taking the supremum over x € [0, o), one gets

[Au(f;2) = f0)
sup ————

x€[0,00) e
e% el P S
-\ (1+€ ( 1+e )LZ!M”11+1+2 \/ 2(1+e€'1)( 1+e )M v(fé)
> ud - Y ;
1+e \1+e2un o Tre A+
< 00,
since
B% C’l/n7
' (1 +e 1+e ‘,Z}p/n,lq
N PR ( ) = 0.
n—oo 1+e 1+ 62[.1/11

I
(1+e"-’W ) el/n_q
Selecting 6 = u! \/2 -2 (%)f2 "1 gives the assertion. []

Next, we provide some analogous Theorems for the operators A, to those for the operators A, without
proof.

Theorem 4.6. Let f € C3[0, o). For every x € [0, o), the operators A, satisfies the following:

J%Zn(fr x) = f(x).
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Theorem 4.7. Let f € C3[0, ). For the operators A,,

n {M; %)= f() - (an<x> i x) @

1 an(x) 2e 1 1
-3 ((an(x> 0t 0 s (0 - x E))f (x)}

n

0w, 2

(@n(x) = 2)° + n n(e+1)

<n

(a0 + %)‘ K (F; lkn @),

where _
_ AW
6AN(YH(H); %)

Theorem 4.8. Let f € C*[0, o). Then for the operators A, , we have

sup [4,(f;2) — f(9) < 20" (£, VDa),

Kn(X)

— 0asn — oo.

3
— 1 . 1+2e+e’+éd 1
where Dy, =2+ - + e (Lrep +O(n) .

Proof. Along the lines of proof for the Theorem 3.3}

sup |A,((e™ — e™)% x)|

x>0

2
iy €F (—46 + x2 + 2ex? + ezxz) (%) 1\3
<sup|-2e7"|e™ - + + ()(_)
>0 2n 8(1 +¢)? n
1 1+42+6é+¢6 (1)3
<24 —4+— -
ne n2e?(1 + e)? n
=D,.
Therefore,

sup [A,(f;%) — F()| < (1 + Dné)w*( £,6).
x>0
[l

5. Graphical Analysis

Lastly, we analyse the rates of convergence of the operators A,(f;x) and Zn( f;x) with the help of
graphical examples.

Fig. [1)illustrates the approximations to the function f;(x) = x°¢™> + x%¢~* by the operators A,.
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0.7} .. )
R ~ A (f1; x) ]
0.6 . % Ae (Fr: 3
- . . 6 (f1; %) ]
0.5 fr()=x2e™ ]
X wx3e72X
< 04 ]
<
<
= 03 ]
X
S
0.2 ]
0.1 ]
0.0 ]
1 1 1 L 1 1 1

Figure 1: Graph of the function fi(x) = x®¢™* + x%¢™* and its approximations by the operators A, with the
valuesn = 2,6.

From Fig. we observe that the rate of convergence for the operators A,(fi;x) increases with an
increase in the values of n. To validate this observation, we provide Table I} which shows that the error of
approximation decreases for higher values of 7.

X EAZfl EAéfl

0.023141 0.000918
2.5 0.129484 0.047656
4.5 0.009317 0.006086
8.5 0.015716 0.004782

Table 1: The approximation-error of A,(f;x) to the function fi(x) = x®¢™>* + x%¢™™ for different values of x
andn.

Similarly, in Fig. [2| the approximations of the function f>(x) = x? cos(x) + x sin(x) + 15 by the operators
A, are shown.

o
A1s (f2; x) ]
S0 Ag (f2; X) ]
A7o (fo; x
< 40f 70 (f2; X) ]
& [ omaaa- fp (x) = x2 Cos (x)
<: 30F +x Sin (x) + 15 ]
E3
& 20 ]
ol -—-\\ ]
07 e ]
1 1 1 1 1

Figure 2: Graph of the function f,(x) = x? cos(x) + x sin(x) + 15 and its approximations by the operators A,
with the values n = 15, 40, 70.
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It can be seen that the operators A,(f»; x) provide better approximation for higher values of n. Table
further affirms this conclusion.

X EA15f2 EA4of2 EAmfz

0.5 0.111157 0.043122 0.024799

2 0.830013 0.319071 0.183295
3.2 0.520339 0.150546 0.078981
55 0.855768 0.515456 0.325753

Table 2: The approximation-error of A,(f;x) to the function f,(x) = x*cos(x) + xsin(x) + 15 for different
values of x and n.

Next, to check their preserving capability for the function f3(x) = ¢** + 2, the approximations by the
operators A, are presented in Fig.

LI AL R B L L L SO S S B B B L L B R R R B B R L |
; fa(x) = €2X 42 /
300 3 /]
[ _ /]
[ As (f3; x)withpy = 0.5 ’
250f _5(3 ) with / 1
® [o====- As (f3; x) withpy = 1 :'
S 200 - ]
< As (f3; X)with = 1.5 /
I<T E
— 150f ]
8 -
< 100} ]
50 ]
o ]
1 1 1 1 1 1 1

Figure 3: Graph of the function f3(x) = ¢* + 2 and its approximations by the operators A, with n = 5 and
p=051,15.

It may be noticed that for smaller values of  (specifically close to i = 1), the operators A,(fs; x) provide
better approximation. At u = 1, the function f3(x) and the operators A,(f3; x) overlap together. Similar
conclusion can be obtained from Table[3

EZ5f3

x  wu=05 wu=1 u=15
0.2 0.085717 0 0.077941

0.7 0.734985 0 0.586775
1.2 3.52216 0 2.51471

Table 3: The approximation-error of A,(f;x) to the function f3(x) = €2* + 2 for different values of x and .

For particular values of n = 20 and p = 0.05, the approximations to the function fi(x) = 3 sin(4x)—e*+x>+7
are illustrated in Fig.
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200 o

r Az (fa; x) ’ T

[— ! * 1

Agg (f4; x) with 1 = 0.05 . Y

I ]

15 mmema- fa(x) = 3Sin(4 x) 7

| X +x3+7 1

10-

fa(x), A2g (f4;x), A2g (f4;x)

Figure 4: Graph of the function fi(x) = 3sin(4x) — e* + x> + 7 and its approximations by the operators A,
and A, with n = 20 and p = 0.05.

Itis concluded that for specific value of y, the operators A, have higher rate of convergence as compared
to the operators A,(f; x). Table E] guarantees this conclusion.

X EAzof4 Ezzoﬂ

0.4 0.544655 0.43905
1.5 0.810486 0.450324
27 222101  1.96577

Table 4: The approximation-error of Ayy(f;x) and Ao f;x) to the function fi(x) = 3sin(4x) — e* + x> + 7 for
u = 0.05 and different values of x.

6. Conclusion

We introduced linear positive operators associated with the adjoint Appell-Euler polynomials and
derived their moments along with quantitative convergence estimates using the K-functional and var-
ious moduli of smoothness. Korovkin-type theorems were proved for test functions {1,e7*,¢ >} and

2
{1, ﬁ,<11?) } We also constructed modified operators preserving constants and ¢***, u > 0, and stud-

ied their asymptotic behavior and convergence properties. For future investigations, it would be natural to
construct and analyze similar operators associated with a broader range of special function families.
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