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Bouharket Benaissa?, Mehmet Zeki Sarikaya®”

“Laboratory of Informatics and Mathematics Faculty of Material Sciences University of Tiaret, Algeria
YDepartment of Mathematics, Faculty of Science and Arts, Diizce University Diizce 81620, Turkey

Abstract. In this study, Milne-Mercer type inequalities for h-convex functions involving the generalized

fractional integral operators are established. In addition, new results are presented that generalized various
inequalities known in the literature.

1. Introduction

The analysis of fractional calculation is a generalization of classical analysis, and it progressed quickly
with the fascinating concept of convexity. Its numerous applications in functional analysis, stochastic theory,

and optimization theory have made it a highly desirable research topic. The author of [12] introduces a
novel class of functions called h-convex functions.

Definition 1.1. Let b : ] — R be a non-negative function, h # 0. We say that f : I — R is an h-convex function, if
f is non-negative and for all x,y € I, A € (0, 1) we have

fAx+ (1 =A)y) < HA)f(x) + ~(1 = ) f(y). (1)

If the inequality (1) is reversed, then f is said to be h-concave.
By setting
1. k(1) = A, Definition 1.1 reduces to convex function [9].

2. h(A) =1, Definition 1.1 reduces to P-functions [5, 10].
3. h(A) = A*, Definition 1.1 reduces to s-convex functions [4].

1 n
4. h(A) = - Z )\%, Definition 1.1 reduces to polynomial n-fractional convex functions [6].
k=1
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In [8], the famous Jensen-Mercer inequality was presented as follows: If f is a convex function on [g, ],
then

f[a +b— Z )\jZ]'J < f(a) + f(b) - Z /\ff(zj)/
j=1 j=1

for each z; € [a,b]and A; € [0,1] (j = 1;n) with Y A =1
j=1
In [1], the authors presented the following interesting result (Lemma 4.1).

Lemma 1.2. Let f be an h-convex function. Then for every z € [a, b], there exists A € [0, 1] such that

fa+b—z) < [(A) +h(1 - M][f(@a) + f(D)] - f(2). ()

The left- and right-sided generalized fractional integral operators of order a > 0 and p € (0, 1] are expressed
as follows [7]:

X a-1
pSZﬁf@) — r(la) f ((x - g)P F—) (t - a)P) (f _ g)pilf(f)dt, x>a,

S I A A (o (e (e A o
f’\sb,f(x)—r(a) f ( ; ) (b -1 f(tydt, x<b.

For p = 1, the previous operators are reduced to Riemann-Liouville fractional operators with order a > 0
as follows:

3% f(x) = @ f (x— )" f(tydt, x> a,

1 (7 _
I8 flx) = @ f (t—x)*' f(t)ydt, x <bD.

The beta-Euler function (., .) is defined for any p,q > 0 as follows:

1

Ba,p) = f -y ydy.

0

In 2022, Djenaoui and Meftah presented a Milne inequality for convex functions with Riemann integral as
follows [3, Corollary 2.4.].

2 fro-(52) v o] - 7 [ o] < 222

In 2023, Budak et al. established a fractional Milne type inequality for convex functions using Riemann-
Liouville integral operators [2, Theorem 1.].

a-1
‘[HMf«M)%M e 3 0+ 3, f0)]
@
4o +1
< Da+n’ -0 ([f@| + |7 @).

Based on earlier research, we developed an additional version of Milne-Mercer inequality for h-convex
functions using the generalized fractional integral operators.
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2. Milne-Mercer type inequalities

Lemma 2.1. Let « > 0, p € (0,1] and x, y € [a,b] where x < y. If f : [x,y] = R is a differentiable mapping such
that f € Ly ([x, y]), then the following identity holds.

S[praro-p-plaro-) v 2 @0

2001 00T (o + 1)

T |y SO0 oy o b=

= y;x fol(g_(1_tp)“){f’((1—t)(a+b—HTy)+t(a+b—x))

—f’((l—t)(a+b—“Ty)+t(a+b—y))}dt.

Proof. First, the following integral calculus is required. Let x,y € [4,b] where x < y and putting 7 =
t(a+b—y)+(1—t)(a+b—HTy),weget

fol (1) tP-lf(t(a+b—y) +a —t)(a+b— x;—y))dt

()L =) (- T

X ((11 +b- x+Ty) - T)P_l f(r)dt

— 2 e a—ll—' pxa b
“\ly=x) * (a) J(a+b_¥)_f(a+ - ).

Takingr=(1-t)(a+b - “Ty)+t(a+b—x),we get

1
f (1 -ty t"‘lf((l —Ha+b- Y g b x))dt
0 2

(73] [l (oo S e ) T

x(t=(a+b- )" o

2 - a—lr pxa b
y_x) P ((X) ‘S( x+y)+f(a+ —X).

a+b——=
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By utilizing the integration by parts method, we can obtain the following expression:

I :fl(a—tp)‘*—;ft)f'(t(a+b—y)+(1—t)(a+b—’%))dt
0

= e A

(2ap

y_x)fl A=y (e b-y + (1= (arb- 2 ))ar
0

(s s 532)

(a+b-y).

2 pa+1
_ o pxa
(y—x) pI'(a+1) J(u+b—%)’f

Similarly to the following integral,

I =f1((1—tp)”—gt)f'(a—t)(mb—“Ty)+t(a+b—x))dt
0

=( 2 )((1—tp)a_%t)f(a—t)(ﬂb_%)H(Hb_x))r

y—Xx

0
(2] 0o oo 55 oo
S -

pa+1
+(y—x) pT(a+1) PTS‘("a+b_HTy)+f(a+b—x).

As a result, the following equality is valid:

y—x
4

(I - L) = %[2f(a+b—y)—f(a+b—¥)+2f(a+b—x)]

a-1 Ha
_ZP pT'(a +1) [p

(y_x)pa 37 %)—f(ﬂ+b—]/)+ ps?ﬁb_%)*f(a-’-b_x)]‘

(a+b—

So the proof is complete. [

We present the first result for Milne-Mercer inequality with the generalized fractional integral operators.

Theorem 2.2. Assume that the assumptions of Lemma 5 hold. If |f’| is a h-convex mapping on [a,b], then the
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following Milne-Mercer type inequality for the generalized fractional integral operators holds

3[2ra@so-n-laro- )42 5@+ b-x)

2001 (@ + 1) 7, -
T [PJ )_f(a+b—y)+ PJ(u+b_%)+f(a+b—x)]

(y —x)re (a+0-33
— 1
= y4 - [If@+b-y|+ f’(ﬂ+b—x))]fo (% - —t”)“) [h(t)+2h(%)h(1 —t)]dt (6)
< ]/;x {2010 + h(1 = DI F @]+ | F O = [|F @)+ |F W]}

X fol (g —- tf’)“) [h(t) ; Zh(%)h(l - t)] dt.

Proof. Using the absolute value of identity (5) and the h-convexity of the function |f’|, we deduce
1 x+y
5[2f(a+b—y)—f(a+b—T)+2f(a+b—x)]

2001 poT (o + 1)

|y FO D Yy S

< [(G-a-m)
d

< y;x fol(g—u—tp)“)(zha—t)

Utilizing h-convexity of |f’|, we get

f’((l—t)(a+b—x;—y)+t(a+b—x))

+

f’((l—t)(a+b—HTy)+t(ﬂ+b—]/))Hdt

A

f’(a+b—y)‘ +

f (ﬂ+b—¥)‘+h(t)[ f’(a+b—x)(])dt.

(a+b-y a+b-x
f( 2 T2 )

roes-=) -
i)
ty

[prarven-plavo-) v 2 @0

flla+b-y)|+

f'a+b-x)

|

therefore

2021 0T (a + 1)

T |y SO0y a0

2|

fa+b=y)|+|fa+b-x fol (g _a- tp)a) (2 h(l - t)h(%) + h(t) )dt.

This accomplishes the first inequality in (6). Applying (2) yields to the second inequality in (6). O
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To prove all of the results, we need to use the following lemma:
Lemma 2.3. Lett € (0,1), s € (0,1]. The following inequalities hold:
(1+5) 22, @)

£+ (1-1)° <2, (8)

and

©)

1+ 21-s
ts+21‘s(1—t)ss( - )

Proof. e Let O(x) = In(x + 1), where ®(0) = 0, ¢(1) = In2 and A(1,In2). On the interval [0, 1], the graph
of the function ® appears over the line (O, A). It therefore provides us

for all s€(0,1], In(s+1)>sIn2 e (1+5): >2.
e We use absurdity to demonstrate inequality (8), suppose that exist s € (0, 1] verified
1 s—1
E+1-t >[5
-0 (3)

we obtain

fol [£+ (1 —-t)°]dt > (%)5_1,

then

1 15*1 s
ki) (i<

therefore

(1 +s)% < 2 which is absurd with (7).

e Forte(0,1), s€(0,1], by using u =1—t, we get
J = £4+2170 -1 = (1-1)° +217°F,
then
2] = A +2)[F+ 1 -1)].
Applying (8) yields
J < (1+279)27
U

Next, consider some particular cases of Theorem 2.2 with h-convexity involving the generalized fractional
integral operators.
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1. Given h(t) = t° with s € (0, 1] in Theorem 2.2 and apply (9), we get

L = fol (‘35 —a- tp)“) [h(t) +2h(%)h(1 - t)] dt
- fol (% —a- tP)"‘) [+ 21 - ] at

1-s 1
() )
14215\ (4 1
()l

where we used

f(l—tp) dt = f(l He et dr = pﬁ(a+15)

By using (8), we get
h(A) + h(1 = A) < 215,

Yields the next Corollary.

Corollary 2.4. Assume a, p and f are defined according to Theorem 2.2. If |f’| is a s-convex function on [a, b],
then

’%[Zf(a+b—y)—f(a+b—“Ty)+2f(a+b—x)]

2001 00T (o + 1) [

(y —x)pe ( (10)
e i
s ;"(“2?”)(%—%(““%)){‘ ol

Remark 2.5. o Corollary 2.4 is a generalization of Theorem 3 in [11], simply by settings = 1, x = a and
y="b
o Tnking p = 1 in inequality (10), we get Milne-Mercer inequality via Riemann-Liouville operators for
s-convex function.

%[2f(a+b—y)—f(a+b—HTy)+2f(a+b—x)]

_21T(a +1)
(y — x)a

y=x (1+27\( 4a+1 ,
=73 ( > )(3(a+1))[.f(”+b_y)|+

y—x (1+27\( 4a+1 Zorl o1
=73 ( > )(3(a+1)){22 (7@l +

[sg ey @b+ flatb- x)]
(11)

-[I J
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The above inequality (11) is a generalization (4).

o Putting p = 1 and a = 1 in inequality (10), we get Milne-Mercer inequality via Riemann integral for
s-convex function.

‘%[2f(a+b—y)—f(a+b—HTy)+2f(a+b—x)]—ﬁﬁﬁb_xf(t)df

+b-y

fla+b-y|+|f@+b-2] (12)

< 5(y — x) (1 +21‘S) [
24 25

FON-[1F @+ Fol)-

5(y —x) (1+2'
< (y24 x)( +2s ){22‘5[|f'(a)|+

The above inequality (12) is a generalization (3).

2. Setting h(A) = 1 in Theorem 2.2 gives the following new result about the class P-function. Consider
s — 0% in the inequalities (10), (11) and (12).

Corollary 2.6. Assume a and f are defined according to Theorem 2.2. If |f’| is a P-function on [a, b], then

’%[Zﬂ“b‘y)—f(wb—HTy)+2f(a+b_x)]

2001 paT(a + 1)
(- [

)
el

Remark 2.7. Taking p = 1, we derive the following Milne-Mercer inequality via Riemann-Liouville operators,
where f is a P-function.

R fa+b-y) + PS‘E‘a+b_%)+f(a+b—x)]

(aso-332)

(13)

IA

fla+b—y)|+|f@a+b —x)”

IA

F@|+FoN-[frol+1Ful)-

’%[2f(a+b—y)—f(a+b—HTy)+2f(a+b—x)]

20 1T +1) [, »
T e SO0 T a2 "
<L () @b -yl +|f@rb-v)]
< y;x (4:(:11) fallf@|+|roh-[lF@l+fFwl]}-

Remark 2.8. By setting p = 1 and a = 1, we use the Riemann integral to derive the following Milne-Mercer
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inequality for the class P function.

’%[2f(a+b—y)—f(a+b—HTy)+2f(a+b—x)]—ﬁfa::xf(t)dt
< (y X) ] (15)
< 5(y8_ 9 lallr @) + -1 ).

3. Setting h(A) = Z A*. Given that At = A where s = 1 and the properties of the integral with

the sum, applymg (10) yields the following new result for the class n-fractional polynomial convex
function.

Corollary 2.9. Assume o and f are defined according to Theorem 2.2. If |f’| is a n-fractional polynomial
convex mapping on [a, b], then

3[2r@so-p-flavo-FE) 25w+ b-x)

opa=1 Har 1

‘ﬁ [’Jﬁﬁm_% fatb=y+ P . f(a+b—x)]
<y_xzn:(1+21_;)(é—l (a+1,1))[ (a+b-y)|+ - )(] "
CoAn U 2k 3 p p

y-x xo (1+27) (4 1 AR SRS , / /
EE Z( | Eo (“”'5)){5;@2 @]+ oh-[lf o]+ }

Remark 2.10. e Corollary 2.9 is a second generalization of Theorem 3 in [11], simply by setting n = 1,
x=aandy=b.

o Tuking p = 1 in inequality (16), we get Milne-Mercer inequality via Riemann-Liouville operators for
s-convex function.

‘%[zf(a+b‘y)—f(ﬂ+b—¥)+2f(a+b—x)]
—%[Sﬁbw) Fla+b—y)+ (bw)+f(a+b—x)]
cY-x (142171 [ da+ 1 , a”
o an ,;‘( 2t )(3(a+1))[
_ n 1 2 % 4 1 1 n o ,
Sy‘*”x;‘( +z% )(3(211)){ Z;(ZZ O1f @]+ (1 o] + )]}

The above inequality (17) is the second generalization of inequality (4).
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e Putting p = 1 and a = 1 in inequality (16), we get Milne-Mercer inequality via Riemann integral for
s-convex function.

1 1 a+b—x
‘g[zf(mb—y)—f(mb—“Ty)+zf(a+b—x)]—ﬁfm_y Ftydt

5(b-a) v (1+27% 1., ;

< (24,,[“) k_l( +2% )[f(a+b—y)|+’f(a+b—x)|] (18)
50-a) v (1+27F\ [ 1 x5 join g , , ,

<= H( o ){;;(zz k)[f(a)l+f(b)I]—[f(x)|+f(y)|]}.

The above inequality (18) is the second generalization of inequality (3).
Now, we present the second result.

¥ is a h-convex

Theorem 2.11. Let p > 1, l% + % = 1 and assume that a, p, f are defined as in Lemma 2.1. If
mapping on [a, b], the following Milne-Mercer type inequality holds

f/

3[2r@so-n-flavo-5E) 425w+ b-x)

2001 0T (g 4 1)
R [

N ey F@ D= I fa - 9)|

1

< 1/;" (2 fol (% _a _tp)a)p/ dt);’ (fol [h(t) +2h(%)h(1 - t)] dt)p
x|

< b%(z fol(g -q —tp)“)p/ dt)p (fol [h(t)+2h(%)h(1 —t)]dt);

f’(y)ﬂ}% -

(19)

fla+b- x)|p]'l’

fa+b- y)|p +

x {2 [h(A) + (1 = DI Ff +

f@)| +

Fol-|
Proof. Using the absolute value of identity (5), we get

3[2r@sb-n-lavo-5E) 425w+ b-x)

2041 50T (@ + 1)
(- [

1 [ G-o-m)
A [ -a-m)

N ey F@HD = I fa b= x)]

xX+y

f’((l—t)(a+b—T)+f(ﬂ+b_x)) dat

f’((l—t)(u+b—“Ty)+t(a+b—]/))‘df-
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Since A? + Br = 2" (A+ B)%, by using Holder inequality we deduce
+
‘%[2f(a+b—y)—f(a+b—¥)+2f(a+b—x)]

2097 0T+ 1) [, »
T oo [Pd(m_ﬂ%)fﬂa +b-y)+ Po(m_%yrf(a +b- x)]

<5 ([ -o-erfof (]
([ - o ([
([ g-ammf af o[

1
),

Given that |f’P is a h-convex function, we result

,(u+b—y+a+b—x)

1

14 P
dt)

1

f’((l—t)(a+b—HTy)+t(a+b—y))rdt)p

f’((l—t)(a+b—HTy)+t(a+b—x))

+vy F

f’((l—f)(a+b—XT)+t(a+b—x)) dt

f’((l—t)(a+b—HTy)+t(a+b—y))rdt};.

14

f,(Hb_“Ty)r == 2

f'a+b- y)|p +

fa+b-x[],

<i(3)|

hence

‘%[2f(a+b—y)—f(a+b—%)uﬂmb—x)]

2021 pOT(a 4 1) [
(y —x)re

e (e [ oo
+f01(h(1—t) f’(a+b— x;—y)

2 [ o of oo

X [f’(a +b- y)|p +(f'(a+b —x)ﬂi .

This accomplishes the first inequality in (19). Apply inequality (2), we get
fa+b-y| + F@f +|Fof1-]

P ey @b = )+ IS+ x)]

(a+b-5 (a

<

P
+ h(t)

fa+b-x||dt

, _xXty
f(a+b ; )

14 P
+h(t) |f'(@a+b- y)|”)dt]

| +

f'a+b- x)lp < 2[h(A) + h(1 = V]I

Fol],
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which yields to the second inequality in (19). O

We propose certain particular Milne-Mercer inequalities for i-convex functions.

1. Given h(A) = A®* with s € (0, 1] in Theorem 2.11 and using (9), we obtain

L = fol [h(t)+2h(%)h(1 —t)]dt
- fol £+ 211 - p] at
< (1 f‘s).

Corollary 2.12. Assume a, p and f are defined according to Theorem 2.11. If |f'|V is a s-convex function on
[a, b], then

‘%[2f(a+b_1/)—f(ﬂ+b—“Ty)+2f(a+b—x)]

2001 T (g + 1)
BCEER [

< y;x(z fol(g ! —tP)“)pl dt)p’ (1 +231_S)p[
o2 oo of (2

Remark 2.13. o Withs=1,x =aand y = b, Corollary 2.12 improves Theorem 4 from [11].

Ny @D @b x)]

~ (u+b—%
(20)
fla+b- x)|”]?

fa+b-y| +

Fal)

el +

f@| +

Fof1-|

o Tnking p = 1 in inequality (20), we get Milne-Mercer inequality via Riemann-Liouville operators for
s-convex function.

S[2f@ro-p-flaro-5E)+2f@+b-)]

2 T(a+1)
(y —x)

<= (2 fol (g ~(1- t)"‘)pl dt)pl/ (1 +23H); [
2 [ oo o) (7

o Putting a = 1 in inequality (21), we get Milne-Mercer inequality via Riemann integral for s-convex

[:‘«;M_%_f(a D=9+ I fa+ = x)]

(a+b—

fa+b-yf +|f@a+b- x)|”]’%

f@f + | +

ol
(21)

Fof1-|
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function.

‘%Pﬂa+b—yy—f@+b—3%1)+zﬂa+b—@]—;%;l:i:fmw
87 -G )

20 ()

f@+b—yﬁ%¢f@+b—xﬁﬁ

P
(22)

f@f +

FO-[If @l +

o Putting s = 1 in inequality (22), we get Milne-Mercer inequality via Riemann integral for convex
function.

‘%me+b—yy—f@+b—f%l)+2ﬂa+b—m]—;%;lzz:famt
<567

2 ()

2. Setting h(A) = 1 in Theorem 2.11 gives the following new result about the class P-function. Consider
s — 0" in the inequalities (20), (21) and (22).

fm+b—xﬁﬁ

fa+b-y| +

WWW”#

f@f +

FO-[lF@l" +

Corollary 2.14. Assume «, p and f are defined according to Theorem 2.11. If |f'| is a P-function on [a, ],
then

’%wa+b—yy—f@+b—fgl)+2ﬂa+b—m]

W*Hﬂﬂa+D[
(y —x)re

fﬁawiyyﬂa+b—w+J%awiyyﬂa+b—@]

(23)

fa+b- x)|p]%

fa+b-y| +

e oo 4

1

=

— 1 O\ 1
y4(2£(§—a—mﬂﬁﬂ 3t 41l @[ + 1 - [[Ff +Fol])

<

Remark 2.15. Taking p = 1, we derive the following Milne-Mercer inequality via Riemann-Liouville operators,
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where f is a P-function.
E[2f(a+b—y)—f(a+b—HTy)+2f(a+b—x)]

27T+ 1)
(y—x)*

Sy;x(zfol(g—(l—t)) dt)y 3|
y;x(zfol(g—(l—t)“)p/dt); 3

Remark 2.16. By setting p = 1and o = 1, we use the Riemann integral to derive the following Milne-Mercer
inequality for the class P-function.

3 oy FO+D=)) 4 ] flat b= )

(24)

~of ]

IA

el

+F@f1-{lFmf

+b—x

’%[2f(a+b—y)—f(a+b—HTy)+2f(a+b—x)]—ﬁﬂb_y byt
<25 -6)7)
2 [ (676 S ewarron-trerrory

3. Setting h(A) = Z At. Given that At = A* where s = 1 and the properties of the integral with

|-

"a+b-y| +

I (25)

the sum, applymg (20 ) yields the following new result for the class n-fractional polynomial convex
function.

Corollary 2.17. Assume «, p and f are defined according to Theorem 2.2. If |f'|P is a n-fractional polynomial
convex mapping on [a, b], then

F[2r@ro-p-flaro-5E)+2f@+b-)

2pa-1 par(a + 1) [

(y — x)P° P‘”f(* ooty fla+b-y)+ P@aa prr)y’ Sla+b- x)]

y=x( ("4 VOV (1 (142 :
<= (2f0(§—(1—tp)) dt) (E;( 2% )] | 26)
y-x ! VN (1 (142 g

et [ o) ()

x{%izz‘i[ ‘@ +[FO-f ol +|f ]}p
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Remark 2.18. e Forn=1,x =aand y = b, Corollary 26 improves Theorem .4 from [11].

o Tnking p = 1 in inequality (26), we get Milne inequality via Riemann-Liouville operators for n-fractional
polynomial convex function.

3[2ra@rb-p-flavo-5E) 425w+ 0]

27 T (@ + 1) [ oy
— \s
(y —x)° (a+b-

y— 14 2\ (1 (1421}
<2 [eo-nfof (R
y- T4 WV (1 (142
<2 [ oo of (027
x {% Zn"zZ‘% [ f’(y)(p]}p .

k=1

e Putting p = 1 and o = 1 in inequality (26), we get Milne inequality via Riemann integral for s-convex
function.

oy @D+ flat b x)]

|

=

fa+b- x)|p]’l’

S|

/ _ P
fa+b-y)l| + o

1
p[
1
P

=

=
=

@l +|rof1-[lFml +

l%[Zf(a+b—y)—f(a+b— “Ty)+2f(a+b—x)] - Lfam_xf(t)dt

Y =X Javb-y

1 1

=7 1+pf((§)l+pl‘(§)l+p/):p/ %;(%))V[f'<a+b—y>)”+)f'<a+b—x>lp];
I GO R

]P
1
X{l 227% [
n
k

f’(y)lp]} -

=

<
|

=

N

i

=

f@| +

Fof1-|

Ff +

1l
—_

(28)

References

[1] M. Abbasi, A. Morassaei, F. Mirzapour, Jensen—-Mercer Type Inequalities for Operator h-Convex Functions, Bull. Iran. Math. Soc. 48
(2022), 2441-2462. https://doi.org/10.1007/s41980-021-00652-1

[2] H.Budak, P. Kosem, Fractional Milne Type Inequalities, Preprint, January 2023. https://www.researchgate.net/publication/370818703

[3] M. Djenaoui, B. Meftah, Milne Type Inequalities for Differentiable s-Convex Functions, Honam Math. ]. 44 (2022), 325-338.

[4] W. W. Breckner, Stetigkeitsaussagen fiir eine Klasse verallgemeinerter konvexer Funktionen in topologischen linearen Ridumen, Publ. Inst.
Math. 23 (1978), 13-20.

[5] S.S. Dragomir, ]. Pecari¢, L. E. Persson, Some Inequalities of Hadamard Type, Soochow J. Math. 21 (1995), 335-341.

[6] I.Iscan, Construction of a New Class of Functions with Their Some Properties and Certain Inequalities: n-Fractional Polynomial Convex
Functions, Miskolc Math. Notes 24 (2023), no. 3, 1389-1404. https://doi.org/10.18514/MMN.2023.4142

[7] E Jarad, E. Ugurlu, T. Abdeljawad et al., On a New Class of Fractional Operators, Adv. Differ. Equ. 2017 (2017), Article 247.
https://doi.org/10.1186/s13662-017-1306-z



B. Benaissa, M.Z. Sarikaya / Filomat 40:7 (2026), 2393-2408 2408

[8] A.McD. Mercer, A Variant of Jensen’s Inequality, J. Inequal. Pure Appl. Math. 4 (2003), no. 4, Article 73.
[9] D. S. Mitrinovi¢, J. E. Pecari¢, A. M. Fink, Classical and New Inequalities in Analysis, Springer, Dordrecht, 1993.
https://doi.org/10.1007/978-94-017-1043-5
[10] C. E. M. Pearce, A. M. Rubinov, P-Functions, Quasi-Convex Functions and Hadamard-Type Inequalities, ]. Math. Anal. Appl. 240
(1999), 92-104.
[11] R.Ying, A. Lakhdari, H. Xu, W. Saleh, B. Meftah, On Conformable Fractional Milne-Type Inequalities, Symmetry 16 (2024), Article
196. https://doi.org/10.3390/sym16020196
[12] S. Varosanec, On h-Convexity, ]. Math. Anal. Appl. 326 (2007), 303-311. https://doi.org/10.1016/j.jmaa.2006.02.086



