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On ¥ -semi-transitive families of operators

Stefan Ivkovié?

“Mathematical Institute of the Serbian Academy of Sciences and Arts, Kneza Mihaila 36, Beograd 11000, Serbia

Abstract. In this paper, we present the concept of disjoint Furstenberg-semi-transitivity. Then we provide
sufficient conditions for cosine operator functions generated by adjoints of weighted composition operators
to be Furstenberg-semi-transitive on the space of Radon measures on a locally compact, non-compact Haus-
dorff space. Also, we characterize disjoint Furstenberg-semi-transitive compositions of a right multiplier
and a generalized bilateral weighted shift on the standard Hilbert module over the C*-algebra of compact
operators on a separable Hilbert space. As a special case, we consider the case when the corresponding

Furstenberg family is the family of all infinite subsets of the set of natural numbers. Finally, we illustrate
our results with concrete examples.

1. Introduction

Supercyclicity is a fundamental concept in the dynamics of operators and numerous papers have been
written on the topics related to supercyclicity of operators. For example, Hilden and Wallen in [22]
proved that any unilateral backward weighted shift is supercyclic. Afterwards, Salas in [41] characterized
supercyclic bilateral weighted shift operators on IF(Z) in terms of a supercyclicity criterion. Supercyclicity
of several kinds of operators has also been studied in for instance [17, 30, 34, 36, 40, 44]. Moreover,
there is a close connection between supercyclicity and semi-Fredholm theory, see [1, 10, 18]. On the other
hand, Furstenberg topological transitivity as a generalization of topological transitivity and hypercyclicity
has been studied in several papers, see [2, 3, 8, 20, 21, 33]. Motivated by these facts, in this paper we
consider the concept of ¥ —semi-transitivity, as a generalization of the concept of topological transitivity
for supercyclicity given in [34] and characterize F —semi-transitivity classes of operators on various Banach
spaces.

The research on the dynamics of weighted composition operators has started from pioneering papers
by Salas on the dynamics on weighted shifts, see [38, 41]. Since then, numerous papers on the dynamics
of weighted composition operators on various function spaces have been published. In particular, the
dynamics of cosine operator functions generated by weighted composition operators has been studied in
for instance [11-15, 25, 43]. Moreover, the dynamics of cosine operator functions generated by some other
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operators has been investigated in for instance [29, 31, 32]. Finally, quite recently, topological transitivity of
the adjoints of weighted composition operators has been investigated and studied in [29]. These adjoints
considered in [29] act on the space of Radon measures on a locally compact, non-compact Hausdorff space.
Although there are several published papers on the dynamics of cosine operator functions, supercyclicity
of cosine operator functions has not been studied in any of these published papers. All these facts naturally
lead us to study in this paper supercyclicity and F —semi-transitivity (as a generalization of supercyclicity)
of cosine operator functions generated by the adjoints of weighted composition operators. In Section 3 of
this paper, after presenting the concept of ¥ —semi-transitivity, we obtain sufficient conditions for cosine
operator functions generated by the adjoints of weighted composition operators to be ¥ —semi-transitive on
the space of Radon measures (on a locally compact, non-compact Hausdorff space) equipped with the total
variation norm (Theorem 3.2). A special case of this theory is the case when the corresponding Furstenberg
family is the family of all infinite subsets of N, as given in Corollary 3.3. We provide also concrete examples
where the sufficient conditions of Theorem 3.2 and Corollary 3.3 in this paper are satisfied, but where
the sufficient conditions of [29, Proposition 3.3] are not satisfied, illustrating thus the difference between
(ordinary) topological transitivity and ¥ —semi-transitivity of cosine operator functions.

After pioneering papers by Salas on the dynamics on weighted shifts, several papers on the dynamics

of various kinds of generalized weighted shifts have been published, see [26, 28, 45]. In particular, the
dynamics of generalized bilateral weighted shifts on the standard Hilbert module over the C*-algebra of
compact operators on a separable Hilbert space has been studied in [28, 39], however, the concepts such as
supercyclicity and disjoint supercyclicity have not been considered in [28, 39]. This motivated us to study
disjoint supercyclicity and related concepts for the generalized weighted shift operator considered in [28].
In Section 4 of this paper, we present first the concept of disjoint F-semi-transitivity as a generalization
of disjoint topological transitivity for supercyclicity introduced in [34], and then, as a continuation and
extension of the results in [28, 39], in Theorem 4.2 we characterize disjoint ¥ -semi-transitive generalized
weighted bilateral shift operators on the standard Hilbert module over the C*-algebra of compact operators
on a separable Hilbert space in the case when the corresponding # -family is finitely invariant. Once again
it turns out that a special case of this theory is the case when the ¥ -family under consideration is the
family of all infinite subsets of IN. This special case is treated in Corollary 4.4 and Proposition 4.6 in this
paper. Also, we give concrete examples of ¥ -semi-transitive generalized weighted bilateral shift operators
(Example 4.8) where we also illustrate the difference between ¥ -semi-transitive (and thus also supercyclic)
generalized weighted bilateral shift operators on Hilbert modules and supercyclic classical weighted bi-
lateral shifts on the sequence space ¢2. In addition, we introduce a new concept of F-C*-semi-transitivity
for generalized bilateral shift operators on the standard Hilbert C*-module and we characterize disjoint
¥ -C*-semi-transitive generalized weighted bilateral shifts. This new concept of ¥ -C*-semi-transitivity is
a generalization of ¥ -semi-transitivity, so ¥ -semi-transitivity implies #-C*-semi-transitivity, however, the
converse is not true in general, as illustrated in Example 4.9 in this paper.
Next, hypercyclicity and supercyclicity of a composition of a left and a right multiplier on the space of
compact operators have been studied in for instance [19, 37]. Motivated by those results, in Proposition
4.10 and Corollary 4.11 we provide sufficient conditions for disjoint  -semi-transitivity of compositions
of right multipliers and generalized weighted bilateral shift operators (where the corresponding weights
are multiplied from the left) on the standard Hilbert module over the C*-algebra of compact operators
on a separable Hilbert space and we illustrate these results with concrete example where these sufficient
conditions are satisfied (Example 4.12). Finally, in Remark 4.13 we explain that our results from Section 4
remain valid also if we instead of a separable Hilbert space consider any standard Hilbert module over a
unital C*-algebra.

2. Preliminaries

In this section we will first recall some fundamental concepts from linear dynamics of operators.

Definition 2.1. Let X be a Banach space and T € B(X), that is T is a bounded linear operator on X. We say that T is
topologically transitive on X if for each pair of open non-empty subsets O, and O, of X there exists some n € IN such
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that T*(O1) N Oy # 0. Similarly, we say that T is topologically semi-transitive on X if for each pair of open non-empty
subsets Oy and O, of X there exists some n € IN and some A € C \ {0} such that AT"(O1) N O, # 0.

Remark 2.2. In [34, Definition 1.2], topological semi-transitivity is actually called topological transitivity for su-
percyclicity. Topological semi-transitivity of weighted composition operators on various classes of function spaces has
been studied also recently in [30].

In this paper, given a set S, ¥ represents a Furstenberg family of subsets of S, which is a non-empty
collection of subsets of S satisfying the following conditions:

1. The empty set 0 is not an element of 7.
2. If Abelongs to # and A € B C S, then B also belongs to 7.

Now we recall also definition of ¥ -transitivity, which is a generalization of topological transitivity.

Definition 2.3. [2, Definition 1.1] Let X be a Banach space and B(X) be the space of all bounded linear operators on
X. Assume that Sis a set and F is a Furstenberg family of subsets of S. A family {T¢}ies C B(X) is called F -transitive
if for every pair of non-empty subsets U, V C X we have

teS:UNT/ (V)£ 0} eF.

Throughout this paper, we let Q2 be a locally compact non-compact Hausdorff space and a be a homeomor-
phism from Q to Q. As usual, Cy(£2) denotes the space of all continuous functions on Q) vanishing at infinity,
Cp(QQ) denotes the space of bounded continuous functions on Q, whereas C.(Q) stands for the set of all
continuous compactly supported functions on Q). Both Cy(Q) and Cy,(Q2) are equipped with the supremum
norm. Moreover, we let w be a positive continuous bounded function on Q such that also w™" := % € Cp(Q).
Such function will be called weight throughout the paper. We put then T, to be the weighted composition
operator on Cy(Q) with respect to @ and w, that is T, (f) = w- (f o ) for all f € Cy(Q). Easily, one can see
that by the above assumptions T, ,, is well-defined and ||T4,,|l < [|w||sup. Since % is also bounded, then T, .,
is invertible and we have

o n-1
Lo (fequ)

Towf =

Simply we denote Sy = T,
By some calculation one can see that for each n € IN and f € Cy(Q),

n—1
Thf = [H(w o af)] (foa") (1)
=0
and
Y -1
Stof = [H(w 0 a‘f)] (Foa™. @)
=1

The adjoint T}, , is a bounded operator on M(Q2) where M(Q) stands for the Banach space of all Radon
measures on () equipped with the total variation norm. It is straightforward to check that

Toal(®) = [ woadgu oa™)

for every p € M(Q) and every measurable subset E of Q. Here u o a”}(E) = u(a™(E)) for every u € M(Q)
and every measurable subset E of Q). By (1) and (2) it follows that for every n € IN, u € M(Q2) and Borel
measurable subset E C Q) we have

n-1

Tow(U)(E) = fE H wodMd(u oa™)
=0



S. Ivkovi¢ / Filomat 40:7 (2026), 2425-2443 2428

and )
S0 = [ [[woarau oa”
j=1

For every Radon measure i on Q, we let as usual |u| denote the total variation of i. Also, we let M.(Q)
denote the space of all compactly supported Radon measures on Q.

3. ¥ -semi-transitive cosine operator functions

Assume that S is a set and ¥ is a proper Furstenberg family of subsets of S.

Let (a;).es be a family of homeomorphisms from Q to Q and (w:).es be a family of weights on Q. For
eachz € S, welet T; := T, ,, and let C; := (T} + S;). We will say that {C}}.cs is F -semi-transitive if for
every non-empty open subsets U; and U, of M(Q), the set

{z€ S: A, € R* such that A,C; (U;) N U, # 0}
is an element of ¥ .

Remark 3.1. We observe that F -semi-transitivity is in fact an extension of F -transitivity. While F -transitivity is
a well known concept in the literature, see [2, 8, 20, 21, 331, the concept of F -semi-transitivity is a new concept.
Moreover, while F -transitivity generalizes topological transitivity, F -semi-transitivity generalizes topological semi-
transitivity.

The next theorem gives some sufficient conditions for the family {C}},cs to be ¥ -semi-transitive.

Theorem 3.2. We have (ii) = (i).

(i) {Ci).es is F -semi-transitive;
(1) for each compact subset K of Q, each ¢ > 0, and any two non-zero measures | v € M(Q) with |u|(K°) =
[VI(K) = 0, there exists some F € ¥ and collections {A;}zer, {Dz)zer AEz}zer of Borel subsets of K such that

|ul(Ay) <& I(Az) <e, D,NE, =0,A;NK=D,UE,,
forallz € F, and

sup wz(t)] . (sup wz(t)) <eg,
teASNK teD,
-1
sup wz(t)] . (sup (wz o a‘l) (t)) <é
teASNK teE,

sup (wz ) a‘l)_l (t)] . (sup wz(t)) <eg,

teASNK teD,

sup (wz o 0(‘1)_1 (t)] . (sup (wz o a‘l)_l (t)) <e

teASNK teE.

sup
teD,

—

Il
o

(wzoa)(t)]<e

]

2

sup H wzoa] (t)]<e forallz e F.

teE, =1
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Proof. Let U; and U, be two open non-empty subsets of M(Q). Since M.(Q) is dense in M(Q), we can find
two measures u € U; \ {0}, v € U, \ {0}, and a compact subset K of Q such that |u|(K®) = [v|(K®) = 0. Given
0 >0, let B(u, 6) and B(v, 6) denote the open balls in M(Q2) with radius 6 and centres in u and v, respectively.
We can find some 6 > 0 such that B(u, 6) € U \ {0} and B(v,0) C U, \ {0}. Choose F € ¥ and collections of
Borel subsets {A.}.cr, {D:}zer AE:}:er satisfying the assumptions of (i) with respect to y, v, and

' 4 GAlillvil” 8l

For each z € F, let (., v, V%, be the elements of M(Q) given by .(B) = u(B N AS N K), v2(B) = v(B N D;), and
v2(B) = v(B N E,) for every z € F and any Borel subset B of Q). Then

|y = 1) = ul(A2) <e <6 and v =7 = 12/(Q) = Pl(A:) < & <,

so I, € Uy \ {0} and v; + V. € Uy \ {0} for all z € F. Since T; and S; are invertible for all z € F, we must have
that T:(g.) # 0 and S;(I,) # O for all z € F. Moreover, since V; + v, # 0 for all z € F, for each z € F, either v,
or v, (or both) are nonzero, and hence T:(v;) and S:(7;) (or both) are nonzero for each z € F. Therefore, for
all z € F, we have

T2 + 1S3 ()1 > 0 and [ITZ(7)I] + 1S3 (v2)Il > 0.
For eachz € F, put

L2 VIT:(E)I + 1152 ()l
VIT: @I+ IS (I

(Pz = }Iz (T;(Vz) + S;(V:z)) .

Then

llgp= = ll < Nt = ll + 2 VT2 + 1S3 () \/IITé(ﬁz)II +[1S:0)

and

H VT + IS
VTG TS
_ H VTG + S50
VTG + IS

- ML)+ IS0
V@I @
_ MT@I+ IS0

" 2T+ IS

HIT2 @I+ IS G + Iz + 7% = vl =

= %\/IITz(VE)II + ST VI (@) + 1S3 (2)l1+

HITD? @l + IS + IV + 72 = v

for all z € F. Now, by exactly the same arguments as in the proof of [29, Proposition 3.1] part (ii)) = (i), one
can show that for each z € F we have

T2 < sup {wat)lull},

Cz(¢z) - VH =

Ci(tT) + (T2 () + (SLP(%) + v, + 7, — v

<

ICZ(EN + TP @I+ IS @l + 17 + v = vl <

(IT2 ()l + 1S3 (m)I)+

sup
teASNK
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ISz < sup {@. o az)) @llullf,
teASNK

| T22)|| < sup fw- I},
teD,

5.7 < sup {@w. o azy @I},
teE,

1
22| < sup{ | [ o abivif,
teD, =0

and
s < sup H(wzoaz RGNS

Indeed, as noticed in the proof of [29, Proposition 3.1] part (ii) = (i), for all z € F and n € IN we have

T (fi-)(B) = (w; o 0( d(,uz oa;")
[

for every measurable subset B of Q). However,

n-1

n-1
[ Tfe-oar i@ oan= [ ol i@ o0t -
B i B

Nall(ASNK) =

f_ H(wz oal)df,

"(BINAINK
so we get
n—-1
IT"(5)(B) < sup H (w. o al)(B)|fi=l(az"(B) N AN K) =

teASNK =0

n—1
= sup H(wz o al)(B)lul(az"(B) N AS N K)
tEACﬁK] 0

for each n € N, z € F and every measurable subset B of Q. It follows that

I T2(f22) < sup <H<wz oal)®) Il pl

teASNK j=0

for eachn € N, z € F. In particular, for all z € F we have

)| < sup {wdllull}-
teASNK

Other inequalities above can be proved in a similar way. Utilizing all these inequalities above together with
assumptions (i7) with respect to

&= m1n{6 6—2 0 }
4" 64llullivll” 8]
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and the fact that B(u, 6)  U; and B(v, 8) C U, we deduce that ¢, € U; and

NI EARA]
ITE@N+ 1S3 @)l

for all z € F. Hence

C(¢2) € Ly

FC{z € S: A, € R such that A,Ci(U;) N U, # 0}.
Since ¥ is Furstenberg , we obtain that
{z€S: 3N, € R such that A,C,(U;)) N U, # 0} € F.
Hence, {C}},cs is F -semi-transitive since U; and U, were arbitrary. [

Corollary 3.3. Let w be a weight on () and «a be a homeomorphism from ) to Q. Suppose that for each compact
subset K of () it holds that

n—-1 n
nl'gr}x) [sup H (w o aj) (t)] [sup H (w o a‘j)_l (t)] =0

teK =0 teK =1
and either
2n-1
lim |su woal)(t)|=0
=00 telgg( ) ]
or
2n -1
lim |su woa™l) ()|=0.
=00 telgg( ) ]

Then, for each non-empty open subsets Uy and Uy of M(Q), there exists some N € IN and some sequence {A,}, \ of
positive numbers such that A,C;,(Uy) N Uy # 0 for all n > N, where C;, = % (TZ,'w + S;’fw).

Proof. Let S = N and ¥ be the collection of all A € IN such that for some N € N we have {N,N + 1, ...} C A.
For each n € IN, we let a;, := a" and w,, := H;':_(} (w oal ) Then we consider the case when A,, = E, = 0 and

D, = K (such that v, = 0) for all n € N, and the case when A, = D,, = 0 and E,, = K for all n € N, (such
that v}, = 0 for all n € IN). By adapting the proof of Theorem 3.2 for these special cases, we can deduce the
statement of corollary. [

Now we will provide a concrete example where the conditions of Corollary 3.3 are satisfied.

Example 3.4. Let Q = R and M, 6 be positive constants such that M > 2 + 26 and 6 > 1. Put « to be the function
on R given by a(t) =t + 1 for all t € R. Set

M fort < -1,
w(t) ={M+ 51 +6-M)fort e [-1,1],
1+6fort>1.
By some calculations one can check that for each compact subset K of Q2 it holds

n-1 n
nanch {sup H (w o aj) (t)] [sup H (w o a‘j)_l (t)] =0

teK =0 teK =1
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and

2n
nhlr}>o [sup H (w o a‘f)_l (t)J =0,

teK =1

so the conditions of Corollary 3.3 are satisfied. Howeuver, it is not hard to check by some calculations that for every
strictly increasing sequence {ny} C IN and every t € R it holds that

nk—l

lim H(woaf)(t) = o,
j=

hence the conditions of [29, Proposition 3.3] are not satisfied. This illustrates the difference between the sufficient
conditions of Corollary 3.3 and the sufficient conditions of [29, Proposition 3.3].

4. Disjoint ¥ -semi-transitive generalized weighted shifts

We start with the following definition.

Definition 4.1. Let S be a set, ¥ be a Furstenberg family of subsets of S and {Ty1}ees, - - -, {TiN}es be families of
bounded linear operators on a Banach space X. We say that {Ti1}tes, - - ., {TeN}es are disjoint F -semi-transitive, or
shortly dF -semi-transitive, if for every collection of non-empty open subsets O, V1,...,Vy of X, there exists some
F € F such that for all t € F there exists some A; € R* satisfying

ONAT (V) NN AT (V) # 0.

We recall also that the families {Tt1}ses, - - ., {Tt N} tes are said to be disjoint ¥ -transitive, or shortly dF -transitive,
if for every collection of non-empty open subsets O, V1, ..., Vy of X, there exists some F € ¥ such that for
all t € F we have

ONT (Vi)n---NT (V) # 0.

In this section, for a separable Hilbert space H we let B(H) be the space of all bounded linear operators on
H, and C be the C*-algebra of compact operators on H. For an orthonormal basis {¢;};cz for H, we let for
each m € N, P, be the orthogonal projection onto Span{e_y,, ...,en}. We will denote by ¢£,(C) the standard
(right) Hilbert module over C, see [35, Example 1.3.5]. Notice that ¢>(C) is a Banach algebra. Indeed, we
can define multiplication on £>(C) as pointwise multiplication, i.e., if {x;} ez, {y;}jez € 2(C), then

(xitiez - {yjliez = {xjyj}jez-

To see that {x;y;} ez belongs to £2(C), it suffices to observe that
Y vy < Y vty <l (Y ) 1Y vy
i j j j

For each m, ] € N, we let fjj,, € {>(C) be given by

P, it —]<i<]
Py = {O, else.

As shown in the proof of [28, Proposition 3.1], the set {} .} jm)en forms a left approximate unit for £>(C).
For N € N, letrq,...,ry € Nwithr < r, < --- < ry. Further, for eachn € N and s € {1,...,N}, let
{W:ls)j} jez be a family of operators in B(H) which is uniformly bounded in norm and such that each WS;. has
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a bounded inverse. Also, assume that Uj, ..., Uy are unitary operators on H. Then, for each n € IN and
s€{l1,...,N}, we let T, s be the operator on £,(C) defined as

(Tus(xidicn)) = (WS xjo U™ ez

By [28], T, is a bounded linear operator on £,(C) for eachn € Nand s € {1,...,N}.

In what follows, we will assume that ¥ is a family of subsets of IN which is finitely invariant, that is, for
eachne Nand F € ¥ wehave F\{1,...,n} € F too.

Now we are ready to give the first result of this section.

Theorem 4.2. Under the above notation and assumptions, the following statements are equivalent.
(1) The families of operators {Ty1}neN, - - -, AT NInen are dF -semi-transitive.
(2) For every J,m € IN and ¢ > O, there exists some F € F such that for each j € Z with —] < j < J we can find

families {Dy, j}ue, {G;l,;}nep, o, {G%)}nep of compact operators on H satisfying

IDwj = Pull <&, Gy = Pull <,

and
WS, DulIW GO < & foralln € Fand £,s € {1,...,N),
and satisfying in addition that for each distinct s,£ € {1,...,N}andalln € F
W WO G < e

n,j—rsh+ren n,j

Proof. (1) = (2) Let ,m € IN be given. Since the families {T}1}uen, ..., {TuNlnen are disjoint ¥ -semi-
transitive and ¥ is finitely invariant. given ¢ > 0, we can find some F C ¥ with {1,...,2]} N F = 0 such that
for each n € F, there exists some x,, € £,(C) and some A, € R* with

||(xn) - ﬁ],m” <g,

A (T exn) = Prmll < € forall £ € {1,..., N}

This gives further that
”(xn)j - Pull <e,

and .
AW, Gen) T < .

n,j+ren

forall je Zwith—] <j<Jand ¢ e€{l,...,N}, because

(Toe(xXn)) j4ren = we (xn)j (u;m'

n,j+ren

and j+rm > Jforall je Zwith-J<j<JandneF.

Hence . .
Wil = AW il =
4
= AWy o) U <

foralln € F,je Zwith—-] < j<Jand ¢ €{l,...,N}. Further, since
IAu(Thsxn)j — Pull <& forall j€ Zwith —]J<j<Jandse€{l,...,N},

it follows that
WS 6n) o UL = Pall <,
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however,
1 1 1 |
T I G o) T = W, AW 050) o T
n n
= ”(xn)j—rsn 7/[;5”“ = ||(xn)]‘—rsn“ < ey = ﬁ],m“ <g,

once again because j —rsn < | —2] < —]. Foreachn € F, {,s € {1,...,N}and j € Z with -] < j <], define

Dyji= (xn)jand G = AW () UL,

Then
IDwj = Pull <&, NGy = Pull <,
and y .
Al IW Dl = AW Dl < e,
1 E) -1~ = ()11 ~(s)
WG = W LGl < e,
SO

¢ -1
WS, DulIW G < &,

n,j+ren

Finally, if £,s € {1,...,N} with £ # s, then |r, — r5Jn > 2] for all n € F. Hence, either j —rsn + ryn < —J or
j—rsn+rm>]forany j€ Zwith -] < j < J. Therefore, (f}m)j-r.n+r,n = 0, hence

©) (5)-1 ~(s) ) —
W WO G0l =

n,j—rsn+ren n,j

= I, WO we -t Alnti)j|| = 4w () joron U™

n,j—rsn+ren o n,j n,j=rsn+ren

= AW ol = AW o) U

n,j—rsn+ren n,j—=rsn+ren

= “/\n(Tn,é’(xn))jfranrr/n” = ”(/\nTn,t’(xn) - ﬁ],m)j—rswrrm” <eé.
forallneF,je Zwith—-]<j<],ands, £ €({l,...,N} withs # {.

(2) = (1) Let O, V1, ..., Vn be non-empty open subsets of £,(C). Then there exist some J,m € IN and
some x € O, yV € Vy,...,y™N) € Vy such that fij,,x = x and i,y = y for each € € {1,...,N} since the set
{Prm}gmen2 forms a left approximate unit for £>(C).

For each a € £,(C), let Bs(a) denote the open ball with centre in a and radius 6 . We can find some 6 > 0
such that Bs(x) € O and Bs(y©) C V, foreach € € {1,...,N}. Put C, = Y1, [ly®|| and

5
T 2IN(IIxll + 2C, +0)°

Choose F € ¥ and families ) N
D itner, (G er, .o AGN ) er

n,j n,j
for each j € Z with —] < j < |, satisfying the assumptions of (2) with respect to J, m, and «.

For eachn € F, let un,vg,l), ... ,vle) € {,(C) be given by

Dyjxj, if =] <j<],
(”n)]' =
0, else.

and

O -1 ~WO) (O, qpren e _ ;
@0y, = Waj  Coj W)U, i =T <j<]
n Jj—rem —
0, else.
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Since [IDy,,; — Pull < € and ||G“§ —Pyll<e<lforallneF,£efl,...,Nand j € Zwith -] < j < J, it
follows that D, ; # 0 and G( ) 2 0, hence W( ) D,,; # 0, and Wf;_lef; #0forallneF,{e{l,...,N}and

n,j+ren

J€Zwith—]<j<]. Now we notice that

(¢
1T, ()l < Z WDl

because
WO Dyx U, i -] <j<],

n,j+ren

(Tn,f(un))j-%—rm =
, else.

Moreover, since for each distincts, £ € {1,...,N}and alln € F,

(Tnt’(v ))/ ron+ren —

WL Wi Goi ) ™ U™, if —T<j<],

0, else.

it follows that

-1
Ty, (@) < Z WS s WO GO

nj
Finally, it is easy to see that by the construction of o), we have
T @) = GY G, /() if =J<j<] andOelse.

For each n € F, set

Xn Z vgf).

\/2“ W60

By the triangle inequality and the choice of ¢, it is not hard to deduce by some calculations that

() .
\/zg_ ] WDl &

1

0) -1 ~(L
JEL T w6l

x, €0 and The(xn) € Ve
N l
VELEL W Dl

forallme Fand £ €{1,...,N}. O

Next, let {S,},en be a sequence of bounded invertible linear operators on H and {T,1}neN, - - -, {Ty,n}nen be
families of generalized weighted bilateral shifts on ¢,(C) as defined in the beginning of this section. For
eachn € Fands € {1,...,N} welet S, T, s be the operator on £,(C) given by

(SnTn,s({xi}iEZ)) {S WS) x] r,nﬂgsn}jel'

It is not hard to check that the operator S,T, s is a bounded linear operator on ¢,(C). In fact, 5, T, is again
a generalized weighted bilateral shift operator on £,(C) with respective weights {SnWis)j} jez foreveryn € F
andse{l,...,N}.
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We will say that {Ty1}nen, - - ., {TnNInen are disjoint F-C*-semi-transitive, or shortly d¥ -C*-semi-transitive,
if for every collection of non-empty open subsets O, V1, ..., Vy of £>(C), there exists some F € ¥ such that
for all n € F there exists some invertible bounded linear operator S, on H satisfying

O N (SyTu) ' (V) NN (S Tun) ™ (Vi) # 0.
The next theorem can easily be deduced from Theorem 4.2.

Theorem 4.3. Under the above notation and assumptions, the following statements are equivalent.
(1) The families of operators {Ty1}neN, - - - , ATn NInen are dF -C*-semi-transitive.
(2) For every J,m € N and € > 0, there exists some F € F and a sequence {S,}uer of bounded invertible linear

operators on H such that for each j € Z with —] < j < [ we can find families {Dy, j}ner, {GS;}HGF, .., {qu ]) neF Of
compact operators on H satisfying foralln € Fand €,s € {1,..., N} that

IDwj = Pull <&, NGy = Pull <,

3 —1c-
IS, WS, Dujll < &, IWS1SGP < e,

n,j+ren
and satisfying in addition that for each distinct s,£ € {1,...,N}and alln € F
115, W WIS Gl < .

n,j—rsn+ren - n,j

Proof. For the proof of (1) = (2), we can proceed in exactly the same way as in the proof of Theorem 4.2
part (1) = (2) by considering S, and S;,! instead of A, and Al”, respectively.

For the proof of (2) = (1), we can also proceed similarly as in the proof of Theorem 4.2 part (2) = (1).
However, the only difference is that in this case we let now for each n € F, v(l) ., quN) € £>(C) be given by
w1 1G"> O U", i -J<j<],

@) =y "

, else,

which clearly gives that

||<v“’>||<2||w"“ S Gyy ity I

Then it suffices to also notice in this case that for eachn € Fand € € {1, ..., N} it holds that
1S5 T eCatn)ll < Z 1:W, . DIl

(where u, is the same as in the proof of Theorem 4.2 in the part (2) = (1)) and and moreover, for each
distincts, £ € {1,...,N} and n € F we have

18T e < Zns WO ar WIS GO

n,j—rsn+ren n]
==

Finally, by the construction of o, it follows that
5, Tue(@); = foi.(y“)) ; if —J<j<] andOelse,

foreachne Fand £ €{1,...,N}.
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For each n € F, set

N
M )
=1

By the triangle inequality and the choice of ¢, it is not hard to deduce by some calculations that
x, €0 and S,Ty(x,) €V
forallme Fand £ €{1,...,N}. O

Now, let # be the family of all infinite subsets of IN and
Whiez, ..., (W) jez © B(H)
with each W;.f) (je€Z, 1< € < N)invertible, and
IWOl<M foralljez, te(l,...,N),
for some fixed M > 0. Foreachn €N, ie Zand € € {1,...,N}, we let Wff)l € B(H) be given by

WO = WOWO .. O
n,i

i Vie1 i—ren+1’
Finally, for each ¢ € {1,...,N} we let T; be the generalized bilateral weighted shift operator on ¢(C)
(introduced in [28]) with respect to the sequence {W;.f)} jez and unitary Uy, i.e.
(Te(@)i = Wa U, forallie Z, a e t(C).
Then it is not hard to check that for each £ € {1,..., N} it holds that
T, =T;" forallneN.
We will now present an application of Theorem 4.2 and Theorem 4.3 in this concrete case.

Corollary 4.4. Under the above notation and assumptions, the following statements are equivalent.
(1) The sequences of operators {T}"}en, . . . AT\ " Inew are dF -semi-transitive.
(2) For every |,m € IN there exist a strictly increasing sequence {ny} € IN and sequences of operators in C

k k k
(D8hen,  (GY) heen -+ (GY) heeny,
k k k
{D(_])+1}kEN/ {G(—])+1,1 }kE]N/ ey {G(_])+1,N}kE]N/

k k k
(D hen, G hkens -+, (G ey,

such that © ©
I}gg ID;” = Pull = ]}LI?OIIG]-,( = Pull =0,

and
: (s)-1 () -1 ~(k) (0) ) )y —
}}Eglle—rsnkﬂ e WGNIW o Wi D=0
forall ] € Zwith—] < j< Jand {,s € {1,...,N}. Moreover, for each distinct {,s € {1,...,N}and all j € Z with
—] <j <], it holds that
lim (W' N AR (YA VA kT el )
k—co j js

JHTeng—rsny J=rsme+1 T jmrem+1
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Corollary 4.5. Under the above notation and assumptions, the following statements are equivalent.

(1) The sequences of operators {T™" }pen, - . . AT Ve are dF -C*-semi-transitive.
q P 1 N

(2) For every J,m € IN there exist a strictly increasing sequence {ni} € IN, a sequence {Sy, }ren of bounded
invertible linear operators on H and sequences of operators in C

{DY{;}kE]N/ {G( ) }kE Ns---s {G(_k;/N}kEIN/

k k k
(DY, hew, {GH, een - AGY, e,

{DP heen, {G“}keN,.. AGI ke,

such that ; ;
lim IDf = Pyl = lim |G? ~ Pull = 0,
and () (5) (k)
s)—1 s)—1 -1 _
W0 WS Gj,su =0
f) (k)
hm ||SnkW]+er .. ]+1D | =

forall] € Zwith—] < j<Jand {,s € {1,..., N} and satisfying in addition that for each distinct {,s € {1,..., N}
and all j € Z with —] < j < ], it holds that

lim |S,,, W' WO W w9160y < g
k—oo k i i s

]+rmrrsnk Jmrsm+l " j=reme+1

In order to construct concrete examples satisfying the conditions in (2) of Corollary 4.4 and Corollary 4.5,
we need first the following technical results.

Proposition 4.6. Under the above notation and assumptions, if for each j € Z there exist dense subsets H 0, H; D ..., H%)

of H and a strictly increasing sequence {ni}x € IN such that for each s, € € {1,..., N} and every xU) € H(]) y(]) € ng)
we have

fim [|WI7, o WP WL, - Wi O = 0

f—sco j= rgnk+1

and for each distinct s, € € {1,..., N} and every ygj) € ng),we have

hm (W WO et ”.W;s)—lygj)” ~0

JHren—rsny j=rsm+l " j=rem+1
then the sequences of operators {T;l”}neN, ., {Tlr\“{’”}neN are dF -semi-transitive.

Proof. The main idea in this proof is motivated by the proofs of [28, Theorem 3.2] and [27, Proposition 2.7].
Givenm € N and j € Zwith -] < j <], for every n € {-m, ..., m} we can find sequences

(£ PYien, € HY (1) Yien € HY” for each € € {1,..., N}

such that
f(”) — e, and hfl,)] —e, asi— o,
forall n € {-m,...,m} and ¢ € {1,...,N}. Since by the assumption we have for all {,s € {1,...,N} and
nef{-m,...,mt hat

B [y D W =0,

j=rsm+1 i5,] jHreny j+1
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and for each distincts, £ € {1,...,N}and n € {-m, ..., m} we have

lim || WO W LW =0,

k0o JHreng—rsny j=rem+1 " e+l 7T T is,j

we can inductively easily construct a subsequence {ny, }ien such that

I, = I, £ <
and (0) (6) (s)™! (5)™" 1, (M) 1
”Wj-%—rmki—rsnki e Wj—rsnki-#l Wj—rsnki+1 o W/ hi,s,j” < m

Foreachie N and ¢ €{l,..., N} we define operators Dj.i) and G;.iz, on H by

) ()
(D(i))e, _ { i forne{-m,...,mj, (G(i))e,] _ {hi,l,’]., forne{-m,...,mj,
]' 7] jf
0

B else, 0, else.

By some calculations and arguments similar to those in the proof of [28, Theorem 3.2] and [27, Proposition
2.7], we can conclude that the sequences of operators

{Dﬁ-i)}iell\]r {G%}ielNr e {G%}ieN
satisfy the conditions in (2) of Corollary 4.4. forevery j€e Zwith -] <j<]. O
Similarly, based on Theorem 4.3 and Corollary 4.5, we can prove the following proposition.

Proposition 4.7. Under the above notation and assumptions, if for each j € Z there exist dense subsets H W, HY ) e, H%)
of H, a strictly increasing sequence {ni}r € IN and a sequence {S,, }xen of bounded invertible linear operators on H

such that for each s, € € {1,...,N} and every x0) € ng), ygj) e HY we have

fim [[W WO TS P =0,

00 j—rsn+1
: @ w0 LD =
,}l_)n; Hsnk Wj+rmk Wj+1 xV “ =0,
and for each distinct s, € € {1,..., N} and every yg) € Héj),we have
: () () (s)-1 (5)-1g-1,, Dy —_
,}I_)H; ”S"k Wj+rmk—r5nk e Wj—rsnk+1 Wj—rsnk+1 T W] S”k Ys ” =0,

then the sequences of operators {TT"},,GN, ., {Tlr\“{’”}neN are dF -C*-semi-transitive.

Thanks to Proposition 4.6 we will now give an example where we will show that it can happen that
||W]-||,||Wj‘1|| > 1 for all j € Z and that at a same time the sequence of operators {T"},cN is F -semi-
transitive, which illustrates the important difference between ¥ -semi-transitivity (and thus supercyclicity)
of generalized bilateral weighted shifts on Hilbert C*-modules and supercyclicity of the classical bilateral
weighted shifts on the sequence space ¢2.

Example 4.8. Let N = 1,71 = 1 and H = L*(R). As in [28, Example 3.3], choose some {wjljez € L*(R) such
that w; > 0, wjfl € L*(R) and || w; ||[< M for all j € Z and some M > 1. Let {cj}jez € R* be such that c; > C
forall j € Z and some C > 0. For each j € Z. let a; be the translation on R given by a;(t) = t —c; forall t € R.
If there exists an ¢ > 0 such that Wjxjo,e) < 1= €, WiX(-00) = 1 for all j > 0 and w; = 1 for all j < 0; then by
the same arguments as in [28, Example 3.3] one can show that the conditions of Proposition 4.6 are satisfied when
Wi(t) = w; - (f o a)) for all f € L*(R), j € Z and H(()’) = H?) = C(R) for all j € Z. However, by the construction of
the sequence {wj}, it follows that |[Wjl, ||WJT1|| > 1forall j € Z. On the other hand, if there exists an & > 0 such that
WiX[0e0) = 1, WjX(~c00) 2 1 + € forall j < 0and w; =1 for all j > 0, then again the conditions of Proposition 4.6 will
be satisfied, however, in this case we would again have by the construction of the sequence {w;} that [[W}l, IIW].‘lll >1
forall je Z.
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By our definition, 4% -semi-transitivity implies d¥ -C*-semi-transitivity, however, the converse is not true
in general, as the next example illustrates.

Example 4.9. Let again N = 1,71 = 1,H = L*(R) and « be the function on R given by a(t) = t — 1 for all t € R. Let
0 = 2)(~000) + 2 X[0,00) a11d 5 e the weighted composition operator on H with respect to v and a, that is S(f) = v-(f oax)
forall f € H. For eachn € N, put S,, := S". If we let for each j € Z, W be the identity operator on H, then it is not
hard to check that the conditions of Proposition 4.7 are satisfied with H(()]) = ng) = C.(R) for all j € Z. Thus, the
generalized non-weighted bilateral shift operator on {,(C) is F-C*-semi-transitive, however, by Theorem 4.2 it can
not be F -semi-transitive on £»(C).

Hypercyclicity and supercyclicity of a composition of a left and a right multiplier on the space of compact
operators have been studied in for instance [19, 37]. Motivated by those results, in the rest of this paper,
we shall study the dynamics of a composition of a right multiplier and generalized weighted bilateral shift
operator on £, (C) defined in the beginning of this section. To this end, let Wi, ..., Wy be invertible, bounded
linear operators on H. For each s € {1,...,N} and n € IN, we let R, , be the operator on ¢,(C) given by

Rs,n({xi}iel) = ({xi . 7/I;Vsnvvsrsn}iel)

for all {x;}icz € €2(C). By [35, Proposition 1.2.4 (i)], the operator R; , is a bounded linear operator on ¢,(C) for
eachs e {l,...,N}and n € N. Let {T;1}nen, - - -, {TuN}nen be the families of operators on £,(C) as defined in
the beginning of this section. For each s € {1,...,N} and n € N, we let T}, ; o R;, be the composition of T, s
and R, ,, that is

((Tn,s ° Rs,n)({xi}iel)) = {W,(:; xj—rsnwsrsn}jez-

We will now present an extension of Theorem 4.2 in this setting.

Proposition 4.10. Under the above notation and assumptions, we have (2) = (1).
(1) The families of operators {Ty1 © RintneN, - - -, AT N © RNnlnen are dF -semi-transitive.
(2) For every |,m € N and € > O, there exists some F € F such that we can find families

< s (1 5 (N
{DH}HEF/ {Gl’l( )}HGFI ceey {Gl’l( )}HEFI
(Difhneb AGy. hucks -+ (G e,

1 N
{Dn,—]+1}nEFr {G;,)_]_H}nel—“/ ey {G,(1,_)]+1}716Fr

{Dujhner (G ek, - Gl ek,

of compact operators on H satisfying
3 5 (s)
1Dy = Pull < & Dy, = Pull < &, 1G,"” = Pull < &,IGyy; = Pull <,

and

¢ S -1 5 ()17 7
W D IIDLA NIWE T GEONIG, W ™) < 2

n,j+ren

foralln € Fj € Z with =] < j < Jand {,s € {1,...,N}; and satisfying in addition that for each distinct
s,(e€{l,...,NYandalln € F,j € Z with —] < j < ] it holds that

”W(l’) W(s)—l Gfi;l”lén(S)Ws_rsnWfrm” <e

n,j=rsn+ren o n,j
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Proof. Let O, V1,...,Vy be non-empty open subsets of £,(C). Then there exist some J,m; € IN and some
x €0,y e Vy,...,yN € Vy such that fij,x = x and fj, y© = y© for each € € {1,...,N}. Since {P}men
forms also a right approximate unit for C by [35, Proposition 2.2.1], it follows that we can find some m, € IN
such that f},u, Xpm, € O and P,y OP;m, € V) foreach € € {1,...,N}. Set m := max{my, my}. Then p;uxpjm € O
and Py pm € Vi foreach £ € {1,...,N}. Put C, = YN ly®|l and

5
© T N+ 3)(kl +2C, +0)

Choose F € ¥ and families

1 ~ (N
)}HEF/ {G(l)'}nEF/ sy {Gn( )

n,j

{ﬁn}neF/ {Dn,j}neF/ {Gn( }nEF/ {G;N-)}nEF

2

for each j € Z with —] < j < ], satisfying the assumptions of (2) with respect to J, m, and ¢. For each n € F,

let un,vgll), ... ,vff\]) € 6,(C) be given by

Dn,jlejn/ if — ] < ] < ],
(”n)j =
, else.

and

0) -1 ~(C 5 (O — . .
o WO GO () G OW, T, i < <]
(0n )]’—rm =
, else.

By similar arguments as in the proof of Theorem 4.2 part (2) = (1), we can deduce that D,, # 0 and G, © #0
foralln € Fse{l,...,N}, and moreover

J
1Tl < Y WD D IND ™1l

n,j+ren
=
and
: ¢ 1 ()
- 5 (S)ypy —Tshiyfy Ten
1T @ < Y WO WO GONG, W W ).

=1

For each n € F, set

N 14 5
VEL T IO DI
+

Xp=U ng).

o n
£) -1 ~(C 5 (O55 —
VEL B IWO 6O e, Ow, )

and proceed further as in the proof of Theorem 4.2 part (2) = (1).
|

Let again, for each ¢ € {1,...,N}, T, be the generalized bilateral weighted shift operator on ¢,(C) with
respect to the sequence {W](O} jez and unitary U, as defined in the beginning of this section. Recalling that

the involution on C is an isometry, by similar arguments as in the proof of Proposition 4.6, we easily obtain
the following corollary of Proposition 4.10 in the special case when ¥ is the family of all infinite subsets of
IN.
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Corollary 4.11. Under the above notation and assumptions, if there exist dense subsets

H(),Hl,. . 'IHNI

D D D
H{) HOD, L HD,

a0 ()
HY,H),... HY

of H and a strictly increasing sequence {ni}x € IN such that for each s, € {1,...,N}, each j € Z with -] < j < J and
every % € Hy,x\V € H(()]), s € H;, yg) € Hg) we have

tim [[WE 0 - WOy W - W O lIeA s = o,

=00 j=rsng+1 JHreng j+1
and for each distinct s, € € {1,..., N} and every yg) € Héj),we have

]}1—{2 ”W(t’) . W(f) W(S) -1 W;S)—1}/2]')|”l(Wfo"k)*(Ws—fsnk)*ys” =0,

JHreng—rsng j=rsme+1 " jorsme+l

then the sequences of operators {T?" o RiulneN, - -+, {TI’G’" 0 Ry ulnen are dF -semi-transitive on £(C).

We end this paper with an example where the conditions of Corollary 4.11 are satisfied.

Example 4.12. Let N = 1 and H = L*(R). For each j € Z, let W; be the identity operator on H. Put & to be the
function on R given by a(t) = t—1forall t € R and @ == 2)(—c0,0) + 3 X[0,00)- If we let W be the weighted composition
operator on H with respect to & and @, then by some calculations it can be checked that the the conditions of Corollary
4.11 are satisfied with Hy = Hy = H(()j) = HY) = Cc(R) forall j € Z.

Remark 4.13. We notice that due to [35, Proposition 2.2.1] our results in this section remain valid if we instead of a
separable Hilbert space H consider any standard Hilbert module €,(A) over a unital C*-algebra A.

for
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