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On F -semi-transitive families of operators
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Abstract. In this paper, we present the concept of disjoint Furstenberg-semi-transitivity. Then we provide
sufficient conditions for cosine operator functions generated by adjoints of weighted composition operators
to be Furstenberg-semi-transitive on the space of Radon measures on a locally compact, non-compact Haus-
dorff space. Also, we characterize disjoint Furstenberg-semi-transitive compositions of a right multiplier
and a generalized bilateral weighted shift on the standard Hilbert module over the C*-algebra of compact
operators on a separable Hilbert space. As a special case, we consider the case when the corresponding
Furstenberg family is the family of all infinite subsets of the set of natural numbers. Finally, we illustrate
our results with concrete examples.

1. Introduction

Supercyclicity is a fundamental concept in the dynamics of operators and numerous papers have been
written on the topics related to supercyclicity of operators. For example, Hilden and Wallen in [22]
proved that any unilateral backward weighted shift is supercyclic. Afterwards, Salas in [41] characterized
supercyclic bilateral weighted shift operators on lp(Z) in terms of a supercyclicity criterion. Supercyclicity
of several kinds of operators has also been studied in for instance [17, 30, 34, 36, 40, 44]. Moreover,
there is a close connection between supercyclicity and semi-Fredholm theory, see [1, 10, 18]. On the other
hand, Furstenberg topological transitivity as a generalization of topological transitivity and hypercyclicity
has been studied in several papers, see [2, 3, 8, 20, 21, 33]. Motivated by these facts, in this paper we
consider the concept of F−semi-transitivity, as a generalization of the concept of topological transitivity
for supercyclicity given in [34] and characterize F−semi-transitivity classes of operators on various Banach
spaces.

The research on the dynamics of weighted composition operators has started from pioneering papers
by Salas on the dynamics on weighted shifts, see [38, 41]. Since then, numerous papers on the dynamics
of weighted composition operators on various function spaces have been published. In particular, the
dynamics of cosine operator functions generated by weighted composition operators has been studied in
for instance [11–15, 25, 43]. Moreover, the dynamics of cosine operator functions generated by some other
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operators has been investigated in for instance [29, 31, 32]. Finally, quite recently, topological transitivity of
the adjoints of weighted composition operators has been investigated and studied in [29]. These adjoints
considered in [29] act on the space of Radon measures on a locally compact, non-compact Hausdorff space.
Although there are several published papers on the dynamics of cosine operator functions, supercyclicity
of cosine operator functions has not been studied in any of these published papers. All these facts naturally
lead us to study in this paper supercyclicity and F−semi-transitivity (as a generalization of supercyclicity)
of cosine operator functions generated by the adjoints of weighted composition operators. In Section 3 of
this paper, after presenting the concept of F−semi-transitivity, we obtain sufficient conditions for cosine
operator functions generated by the adjoints of weighted composition operators to beF−semi-transitive on
the space of Radon measures (on a locally compact, non-compact Hausdorff space) equipped with the total
variation norm (Theorem 3.2). A special case of this theory is the case when the corresponding Furstenberg
family is the family of all infinite subsets ofN, as given in Corollary 3.3. We provide also concrete examples
where the sufficient conditions of Theorem 3.2 and Corollary 3.3 in this paper are satisfied, but where
the sufficient conditions of [29, Proposition 3.3] are not satisfied, illustrating thus the difference between
(ordinary) topological transitivity and F−semi-transitivity of cosine operator functions.

After pioneering papers by Salas on the dynamics on weighted shifts, several papers on the dynamics
of various kinds of generalized weighted shifts have been published, see [26, 28, 45]. In particular, the
dynamics of generalized bilateral weighted shifts on the standard Hilbert module over the C*-algebra of
compact operators on a separable Hilbert space has been studied in [28, 39], however, the concepts such as
supercyclicity and disjoint supercyclicity have not been considered in [28, 39]. This motivated us to study
disjoint supercyclicity and related concepts for the generalized weighted shift operator considered in [28].
In Section 4 of this paper, we present first the concept of disjoint F -semi-transitivity as a generalization
of disjoint topological transitivity for supercyclicity introduced in [34], and then, as a continuation and
extension of the results in [28, 39], in Theorem 4.2 we characterize disjoint F -semi-transitive generalized
weighted bilateral shift operators on the standard Hilbert module over the C*-algebra of compact operators
on a separable Hilbert space in the case when the corresponding F -family is finitely invariant. Once again
it turns out that a special case of this theory is the case when the F -family under consideration is the
family of all infinite subsets of N. This special case is treated in Corollary 4.4 and Proposition 4.6 in this
paper. Also, we give concrete examples of F -semi-transitive generalized weighted bilateral shift operators
(Example 4.8) where we also illustrate the difference between F -semi-transitive (and thus also supercyclic)
generalized weighted bilateral shift operators on Hilbert modules and supercyclic classical weighted bi-
lateral shifts on the sequence space ℓ2. In addition, we introduce a new concept of F -C*-semi-transitivity
for generalized bilateral shift operators on the standard Hilbert C*-module and we characterize disjoint
F -C*-semi-transitive generalized weighted bilateral shifts. This new concept of F -C*-semi-transitivity is
a generalization of F -semi-transitivity, so F -semi-transitivity implies F -C*-semi-transitivity, however, the
converse is not true in general, as illustrated in Example 4.9 in this paper.
Next, hypercyclicity and supercyclicity of a composition of a left and a right multiplier on the space of
compact operators have been studied in for instance [19, 37]. Motivated by those results, in Proposition
4.10 and Corollary 4.11 we provide sufficient conditions for disjoint F -semi-transitivity of compositions
of right multipliers and generalized weighted bilateral shift operators (where the corresponding weights
are multiplied from the left) on the standard Hilbert module over the C*-algebra of compact operators
on a separable Hilbert space and we illustrate these results with concrete example where these sufficient
conditions are satisfied (Example 4.12). Finally, in Remark 4.13 we explain that our results from Section 4
remain valid also if we instead of a separable Hilbert space consider any standard Hilbert module over a
unital C*-algebra.

2. Preliminaries

In this section we will first recall some fundamental concepts from linear dynamics of operators.

Definition 2.1. Let X be a Banach space and T ∈ B(X), that is T is a bounded linear operator on X.We say that T is
topologically transitive on X if for each pair of open non-empty subsets O1 and O2 of X there exists some n ∈N such
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that Tn(O1)∩O2 , ∅. Similarly, we say that T is topologically semi-transitive on X if for each pair of open non-empty
subsets O1 and O2 of X there exists some n ∈N and some λ ∈ C \ {0} such that λTn(O1) ∩O2 , ∅.

Remark 2.2. In [34, Definition 1.2], topological semi-transitivity is actually called topological transitivity for su-
percyclicity. Topological semi-transitivity of weighted composition operators on various classes of function spaces has
been studied also recently in [30].

In this paper, given a set S, F represents a Furstenberg family of subsets of S, which is a non-empty
collection of subsets of S satisfying the following conditions:

1. The empty set ∅ is not an element of F .
2. If A belongs to F and A ⊆ B ⊆ S, then B also belongs to F .

Now we recall also definition of F -transitivity, which is a generalization of topological transitivity.

Definition 2.3. [2, Definition 1.1] Let X be a Banach space and B(X) be the space of all bounded linear operators on
X.Assume thatS is a set andF is a Furstenberg family of subsets ofS.A family {Tt}t∈S ⊆ B(X) is calledF -transitive
if for every pair of non-empty subsets U,V ⊆ X we have

{t ∈ S : U ∩ T−1
t (V) , ∅} ∈ F .

Throughout this paper, we letΩ be a locally compact non-compact Hausdorff space and α be a homeomor-
phism fromΩ toΩ.As usual, C0(Ω) denotes the space of all continuous functions onΩ vanishing at infinity,
Cb(Ω) denotes the space of bounded continuous functions on Ω, whereas Cc(Ω) stands for the set of all
continuous compactly supported functions on Ω. Both C0(Ω) and Cb(Ω) are equipped with the supremum
norm. Moreover, we let w be a positive continuous bounded function onΩ such that also w−1 := 1

w ∈ Cb(Ω).
Such function will be called weight throughout the paper. We put then Tα,w to be the weighted composition
operator on C0(Ω) with respect to α and w, that is Tα,w( f ) = w · ( f ◦ α) for all f ∈ C0(Ω). Easily, one can see
that by the above assumptions Tα,w is well-defined and ∥Tα,w∥ ≤ ∥w∥sup. Since 1

w is also bounded, then Tα,w
is invertible and we have

T−1
α,w f =

f ◦ α−1

w ◦ α−1 , ( f ∈ C0(Ω)).

Simply we denote Sα,w := T−1
α,w.

By some calculation one can see that for each n ∈N and f ∈ C0(Ω),

Tn
α,w f =

n−1∏
j=0

(w ◦ α j)

 · ( f ◦ αn) (1)

and

Sn
α,w f =

 n∏
j=1

(w ◦ α− j)


−1

· ( f ◦ α−n). (2)

The adjoint T∗α,w is a bounded operator on M(Ω) where M(Ω) stands for the Banach space of all Radon
measures on Ω equipped with the total variation norm. It is straightforward to check that

T∗α,w(µ)(E) =
∫

E
w ◦ α−1 d(µ ◦ α−1)

for every µ ∈ M(Ω) and every measurable subset E of Ω. Here µ ◦ α−1(E) = µ(α−1(E)) for every µ ∈ M(Ω)
and every measurable subset E of Ω. By (1) and (2) it follows that for every n ∈ N, µ ∈ M(Ω) and Borel
measurable subset E ⊆ Ωwe have

T∗nα,w(µ)(E) =
∫

E

n−1∏
j=0

w ◦ α j−n d(µ ◦ α−n)
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and

S∗nα,w(µ)(E) =
∫

E

n∏
j=1

(w ◦ αn− j)−1 d(µ ◦ αn).

For every Radon measure µ on Ω, we let as usual |µ| denote the total variation of µ. Also, we let Mc(Ω)
denote the space of all compactly supported Radon measures on Ω.

3. F -semi-transitive cosine operator functions

Assume that S is a set and F is a proper Furstenberg family of subsets of S.
Let (αz)z∈S be a family of homeomorphisms from Ω to Ω and (wz)z∈S be a family of weights on Ω. For

each z ∈ S, we let T∗z := T∗αz,wz
and let C∗z := 1

2 (T∗z + S∗z). We will say that {C∗z}z∈S is F -semi-transitive if for
every non-empty open subsets U1 and U2 of M(Ω), the set

{z ∈ S : ∃λz ∈ R
+ such that λzC∗z (U1) ∩U2 , ∅}

is an element of F .

Remark 3.1. We observe that F -semi-transitivity is in fact an extension of F -transitivity. While F -transitivity is
a well known concept in the literature, see [2, 8, 20, 21, 33], the concept of F -semi-transitivity is a new concept.
Moreover, while F -transitivity generalizes topological transitivity, F -semi-transitivity generalizes topological semi-
transitivity.

The next theorem gives some sufficient conditions for the family {C∗z}z∈S to be F -semi-transitive.

Theorem 3.2. We have (ii)⇒ (i).
(i) {C∗z}z∈S is F -semi-transitive;

(ii) for each compact subset K of Ω, each ε > 0, and any two non-zero measures µ ν ∈ M(Ω) with |µ|(Kc) =
|ν|(Kc) = 0, there exists some F ∈ F and collections {Az}z∈F, {Dz}z∈F,{Ez}z∈F of Borel subsets of K such that

|µ|(Az) < ε, |ν|(Az) < ε, Dz ∩ Ez = ∅, Ac
z ∩ K = Dz ∪ Ez,

for all z ∈ F, and sup
t∈Ac

z∩K
wz(t)

 · (sup
t∈Dz

wz(t)
)
< ε,

 sup
t∈Ac

z∩K
wz(t)

 · (sup
t∈Ez

(
wz ◦ α

−1
)−1

(t)
)
< ε,

 sup
t∈Ac

z∩K

(
wz ◦ α

−1
)−1

(t)

 · (sup
t∈Dz

wz(t)
)
< ε,

 sup
t∈Ac

z∩K

(
wz ◦ α

−1
)−1

(t)

 · (sup
t∈Ez

(
wz ◦ α

−1
)−1

(t)
)
< ε,

sup
t∈Dz

 1∏
j=0

(
wz ◦ α

j
z

)
(t)

 < ε,
sup
t∈Ez

 2∏
j=1

(
wz ◦ α

− j
z

)−1
(t)

 < ε for all z ∈ F.
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Proof. Let U1 and U2 be two open non-empty subsets of M(Ω). Since Mc(Ω) is dense in M(Ω), we can find
two measures µ ∈ U1 \ {0}, ν ∈ U2 \ {0}, and a compact subset K of Ω such that |µ|(Kc) = |ν|(Kc) = 0. Given
δ > 0, let B(µ, δ) and B(ν, δ) denote the open balls in M(Ω) with radius δ and centres in µ and ν, respectively.
We can find some δ > 0 such that B(µ, δ) ⊂ U1 \ {0} and B(ν, δ) ⊂ U2 \ {0}. Choose F ∈ F and collections of
Borel subsets {Az}z∈F, {Dz}z∈F,{Ez}z∈F satisfying the assumptions of (ii) with respect to µ, ν, and

ε := min
{
δ
4

,
δ2

64∥µ∥∥ν∥
,
δ

8∥ν∥

}
.

For each z ∈ F, let µ̃z, ν̃z, ˜̃νz be the elements of M(Ω) given by µ̃z(B) = µ(B ∩ Ac
z ∩ K), ν̃z(B) = ν(B ∩Dz), and

˜̃νz(B) = ν(B ∩ Ez) for every z ∈ F and any Borel subset B of Ω. Then

|µ − µ̃z|(Ω) = |µ|(Az) < ε < δ and |ν − ν̃z − ˜̃νz|(Ω) = |ν|(Az) < ε < δ,

so µ̃z ∈ U1 \ {0} and ν̃z + ˜̃νz ∈ U2 \ {0} for all z ∈ F. Since T∗z and S∗z are invertible for all z ∈ F, we must have
that T∗z(µ̃z) , 0 and S∗z(µ̃z) , 0 for all z ∈ F. Moreover, since ν̃z + ˜̃νz , 0 for all z ∈ F, for each z ∈ F, either ν̃z
or ˜̃νz (or both) are nonzero, and hence T∗z(ν̃z) and S∗z( ˜̃νz) (or both) are nonzero for each z ∈ F. Therefore, for
all z ∈ F, we have

∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥ > 0 and ∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥ > 0.

For each z ∈ F, put

ϕz := µ̃z +
2
√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥

(
T∗z(ν̃z) + S∗z( ˜̃νz)

)
.

Then

∥ϕz − µ∥ ≤ ∥µ − µ̃z∥ + 2
√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥

√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥

and ∥∥∥∥∥∥∥
√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥

C∗z(ϕz) − ν

∥∥∥∥∥∥∥ =
=

∥∥∥∥∥∥∥
√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥

C∗z(µ̃z) + (T∗z)2(ν̃z) + (S∗z)2( ˜̃νz) + ν̃z + ˜̃νz − ν

∥∥∥∥∥∥∥ ≤
≤

√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥

∥C∗z(µ̃z)∥ + ∥(T∗z)2(ν̃z)∥ + ∥(S∗z)2( ˜̃νz)∥ + ∥ν̃z + ˜̃νz − ν∥ ≤

≤

√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥

2
√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥

(
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥

)
+

+∥(T∗z)2(ν̃z)∥ + ∥(S∗z)2( ˜̃νz)∥ + ∥ν̃z + ˜̃νz − ν∥ =

=
1
2

√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥

√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥+

+∥(T∗z)2(ν̃z)∥ + ∥(S∗z)2( ˜̃νz)∥ + ∥ν̃z + ˜̃νz − ν∥

for all z ∈ F. Now, by exactly the same arguments as in the proof of [29, Proposition 3.1] part (ii)⇒ (i), one
can show that for each z ∈ F we have∥∥∥T∗z(µ̃z)

∥∥∥ ≤ sup
t∈Ac

z∩K

{
wz(t)∥µ∥

}
,
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∥∥∥ ≤ sup

t∈Ac
z∩K

{
(wz ◦ α

−1
z )−1(t)∥µ∥

}
,∥∥∥T∗z(ν̃z)

∥∥∥ ≤ sup
t∈Dz

{wz(t)∥ν∥} ,∥∥∥S∗z( ˜̃νz)
∥∥∥ ≤ sup

t∈Ez

{
(wz ◦ α

−1
z )−1(t)∥ν∥

}
,

∥∥∥(T∗z)2(ν̃z)
∥∥∥ ≤ sup

t∈Dz


1∏

j=0

(wz ◦ α
j
z)(t)∥ν∥

 ,

and

∥∥∥(S∗z)2( ˜̃νz)
∥∥∥ ≤ sup

t∈Ez


2∏

j=1

(wz ◦ α
− j
z )−1(t)∥ν∥

 .

Indeed, as noticed in the proof of [29, Proposition 3.1] part (ii)⇒ (i), for all z ∈ F and n ∈Nwe have

T∗nz (µ̃z)(B) =
∫

B

n−1∏
j=0

(wz ◦ α
j−n
z ) d(µ̃z ◦ α

−n
z )

for every measurable subset B of Ω. However,∫
B

n−1∏
j=0

(wz ◦ α
j−n
z ) d(µ̃z ◦ α

−n
z ) =

∫
B∩αn

z (Ac
z∩K)

n−1∏
j=0

(wz ◦ α
j−n
z ) d(µ̃z ◦ α

−n
z ) =

=

∫
α−n

z (B)∩Ac
z∩K

n−1∏
j=0

(wz ◦ α
j
z) dµ̃z,

so we get

|T∗nz (µ̃z)(B)| ≤ sup
t∈Ac

z∩K

n−1∏
j=0

(wz ◦ α
j
z)(t)|µ̃z|(α−n

z (B) ∩ Ac
z ∩ K) =

= sup
t∈Ac

z∩K

n−1∏
j=0

(wz ◦ α
j
z)(t)|µ|(α−n

z (B) ∩ Ac
z ∩ K)

for each n ∈N, z ∈ F and every measurable subset B of Ω. It follows that

∥ T∗nz (µ̃z) ∥≤ sup
t∈Ac

z∩K
(

n−1∏
j=0

(wz ◦ α
j
z)(t) ) ∥ µ ∥

for each n ∈N, z ∈ F. In particular, for all z ∈ F we have∥∥∥T∗z(µ̃z)
∥∥∥ ≤ sup

t∈Ac
z∩K

{
wz(t)∥µ∥

}
.

Other inequalities above can be proved in a similar way. Utilizing all these inequalities above together with
assumptions (ii) with respect to

ε = min
{
δ
4

,
δ2

64∥µ∥∥ν∥
,
δ

8∥ν∥

}
,
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and the fact that B(µ, δ) ⊂ U1 and B(ν, δ) ⊂ U2,we deduce that ϕz ∈ U1 and√
∥T∗z(ν̃z)∥ + ∥S∗z( ˜̃νz)∥√
∥T∗z(µ̃z)∥ + ∥S∗z(µ̃z)∥

C∗z(ϕz) ∈ U2

for all z ∈ F. Hence

F ⊆ {z ∈ S : ∃λz ∈ R
+ such that λzC∗z(U1) ∩U2 , ∅}.

Since F is Furstenberg , we obtain that

{z ∈ S : ∃λz ∈ R
+ such that λzC∗z(U1) ∩U2 , ∅} ∈ F .

Hence, {C∗z}z∈S is F -semi-transitive since U1 and U2 were arbitrary.

Corollary 3.3. Let w be a weight on Ω and α be a homeomorphism from Ω to Ω. Suppose that for each compact
subset K of Ω it holds that

lim
n−→∞

sup
t∈K

n−1∏
j=0

(
w ◦ α j

)
(t)


sup

t∈K

n∏
j=1

(
w ◦ α− j

)−1
(t)

 = 0

and either

lim
n−→∞

sup
t∈K

2n−1∏
j=0

(
w ◦ α j

)
(t)

 = 0

or

lim
n−→∞

sup
t∈K

2n∏
j=1

(
w ◦ α− j

)−1
(t)

 = 0.

Then, for each non-empty open subsets U1 and U2 of M(Ω), there exists some N ∈ N and some sequence {λn}
∞

n=N of
positive numbers such that λnC∗n(U1) ∩U2 , ∅ for all n ≥ N, where C∗n =

1
2

(
T∗nα,w + S∗nα,w

)
.

Proof. Let S =N and F be the collection of all A ⊆N such that for some N ∈N we have {N,N + 1, ...} ⊆ A.
For each n ∈ N, we let αn := αn and wn :=

∏n−1
j=0

(
w ◦ α j

)
. Then we consider the case when An = En = ∅ and

Dn = K (such that ˜̃νn = 0) for all n ∈ N, and the case when An = Dn = ∅ and En = K for all n ∈ N, (such
that ν̃n = 0 for all n ∈ N). By adapting the proof of Theorem 3.2 for these special cases, we can deduce the
statement of corollary.

Now we will provide a concrete example where the conditions of Corollary 3.3 are satisfied.

Example 3.4. Let Ω = R and M, δ be positive constants such that M ≥ 2 + 2δ and δ ≥ 1. Put α to be the function
on R given by α(t) = t + 1 for all t ∈ R. Set

w(t) =


M for t ≤ −1,
M + t+1

2 (1 + δ −M) for t ∈ [−1, 1],
1 + δ for t ≥ 1.

.

By some calculations one can check that for each compact subset K of Ω it holds

lim
n−→∞

sup
t∈K

n−1∏
j=0

(
w ◦ α j

)
(t)


sup

t∈K

n∏
j=1

(
w ◦ α− j

)−1
(t)

 = 0
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and

lim
n−→∞

sup
t∈K

2n∏
j=1

(
w ◦ α− j

)−1
(t)

 = 0,

so the conditions of Corollary 3.3 are satisfied. However, it is not hard to check by some calculations that for every
strictly increasing sequence {nk} ⊆N and every t ∈ R it holds that

lim
k→∞

nk−1∏
j=0

(w ◦ α j)(t) = ∞,

hence the conditions of [29, Proposition 3.3] are not satisfied. This illustrates the difference between the sufficient
conditions of Corollary 3.3 and the sufficient conditions of [29, Proposition 3.3].

4. Disjoint F -semi-transitive generalized weighted shifts

We start with the following definition.

Definition 4.1. Let S be a set, F be a Furstenberg family of subsets of S and {Tt,1}t∈S, . . . , {Tt,N}t∈S be families of
bounded linear operators on a Banach space X. We say that {Tt,1}t∈S, . . . , {Tt,N}t∈S are disjoint F -semi-transitive, or
shortly dF -semi-transitive, if for every collection of non-empty open subsets O,V1, . . . ,VN of X, there exists some
F ∈ F such that for all t ∈ F there exists some λt ∈ R+ satisfying

O ∩ λtT−1
t,1 (V1) ∩ · · · ∩ λtT−1

t,N(VN) , ∅.

We recall also that the families {Tt,1}t∈S, . . . , {Tt,N}t∈S are said to be disjointF -transitive, or shortly dF -transitive,
if for every collection of non-empty open subsets O,V1, . . . ,VN of X, there exists some F ∈ F such that for
all t ∈ F we have

O ∩ T−1
t,1 (V1) ∩ · · · ∩ T−1

t,N(VN) , ∅.

In this section, for a separable Hilbert space H we let B(H) be the space of all bounded linear operators on
H, and C be the C∗-algebra of compact operators on H. For an orthonormal basis {e j} j∈Z for H, we let for
each m ∈ N, Pm be the orthogonal projection onto Span{e−m, . . . , em}. We will denote by ℓ2(C) the standard
(right) Hilbert module over C, see [35, Example 1.3.5]. Notice that ℓ2(C) is a Banach algebra. Indeed, we
can define multiplication on ℓ2(C) as pointwise multiplication, i.e., if {x j} j∈Z, {y j} j∈Z ∈ ℓ2(C), then

{x j} j∈Z · {y j} j∈Z = {x jy j} j∈Z.

To see that {x jy j} j∈Z belongs to ℓ2(C), it suffices to observe that∑
j

y∗jx
∗

jx jy j ≤
∑

j

y∗j∥x j∥
2y j ≤∥

(∑
j

x∗jx j

)
∥

∑
j

y∗j y j.

For each m, J ∈N,we let p̃J,m ∈ ℓ2(C) be given by

(p̃J,m)i =

Pm, if − J ≤ i ≤ J,
0, else.

As shown in the proof of [28, Proposition 3.1], the set {p̃J,m}(J,m)∈N2 forms a left approximate unit for ℓ2(C).
For N ∈ N, let r1, . . . , rN ∈ N with r1 < r2 < · · · < rN. Further, for each n ∈ N and s ∈ {1, . . . ,N}, let

{W(s)
n, j} j∈Z be a family of operators in B(H) which is uniformly bounded in norm and such that each W(s)

n, j has
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a bounded inverse. Also, assume that U1, . . . ,UN are unitary operators on H. Then, for each n ∈ N and
s ∈ {1, . . . ,N},we let Tn,s be the operator on ℓ2(C) defined as(

Tn,s({xi}i∈Z)
)
= {W(s)

n, j x j−rsnU
rsn
s } j∈Z.

By [28], Tn,s is a bounded linear operator on ℓ2(C) for each n ∈N and s ∈ {1, . . . ,N}.
In what follows, we will assume that F is a family of subsets ofNwhich is finitely invariant, that is, for

each n ∈N and F ∈ F we have F \ {1, . . . ,n} ∈ F too.
Now we are ready to give the first result of this section.

Theorem 4.2. Under the above notation and assumptions, the following statements are equivalent.
(1) The families of operators {Tn,1}n∈N, . . . , {Tn,N}n∈N are dF -semi-transitive.
(2) For every J,m ∈ N and ε > 0, there exists some F ∈ F such that for each j ∈ Z with −J ≤ j ≤ J we can find

families {Dn, j}n∈F, {G
(1)
n, j}n∈F, . . . , {G

(N)
n, j }n∈F of compact operators on H satisfying

∥Dn, j − Pm∥ < ε, ∥G
(s)
n, j − Pm∥ < ε,

and
∥W(ℓ)

n, j+rℓn
Dn, j∥ ∥W

(s)−1
n, j G(s)

n, j∥ < ε
2 for all n ∈ F and ℓ, s ∈ {1, . . . ,N},

and satisfying in addition that for each distinct s, ℓ ∈ {1, . . . ,N} and all n ∈ F

∥W(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j G(s)

n, j∥ < ε.

Proof. (1) ⇒ (2) Let J,m ∈ N be given. Since the families {Tn,1}n∈N, . . . , {Tn,N}n∈N are disjoint F -semi-
transitive and F is finitely invariant. given ε > 0, we can find some F ⊆ F with {1, . . . , 2J} ∩ F = ∅ such that
for each n ∈ F, there exists some xn ∈ ℓ2(C) and some λn ∈ R+ with

∥(xn) − p̃J,m∥ < ε,

∥λn(Tn,ℓxn) − p̃J,m∥ < ε for all ℓ ∈ {1, . . . ,N}.

This gives further that
∥(xn) j − Pm∥ < ε,

and
∥λnW(ℓ)

n, j+rℓn
(xn) jU

rℓn
ℓ ∥ < ε.

for all j ∈ Zwith −J ≤ j ≤ J and ℓ ∈ {1, . . . ,N}, because

(Tn,ℓ(xn)) j+rℓn =W(ℓ)
n, j+rℓn

(xn) jU
rℓn
ℓ ,

and j + rℓn > J for all j ∈ Zwith −J ≤ j ≤ J and n ∈ F.
Hence

|λn| ∥W
(ℓ)
n, j+rℓn

(xn) j∥ = ∥λnW(ℓ)
n, j+rℓn

(xn) j∥ =

= ∥λnW(ℓ)
n, j+rℓn

(xn) jU
rℓn
ℓ ∥ < ε

for all n ∈ F, j ∈ Zwith −J ≤ j ≤ J and ℓ ∈ {1, . . . ,N}. Further, since

∥λn(Tn,s xn) j − Pm∥ < ε for all j ∈ Zwith − J ≤ j ≤ J and s ∈ {1, . . . ,N},

it follows that
∥λnW(s)

n, j(xn) j−rsnU
rsn
s − Pm∥ < ε,
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however,
1
|λn|
∥W(s)−1

n, j (λnW(s)
n, j(xn) j−rsnU

rsn
s )∥ = ∥W(s)−1

n, j
1
λn

(λnW(s)
n, j(xn) j−rsnU

rsn
s )∥

= ∥(xn) j−rsnU
rsn
s ∥ = ∥(xn) j−rsn∥ ≤ ∥xn − p̃J,m∥ < ε,

once again because j − rsn < J − 2J ≤ −J. For each n ∈ F, ℓ, s ∈ {1, . . . ,N} and j ∈ Zwith −J ≤ j ≤ J, define

Dn, j := (xn) j and G(s)
n, j = λnW(s)

n, j(xn) j−rsnU
rsn
s .

Then
∥Dn, j − Pm∥ < ε, ∥G

(s)
n, j − Pm∥ < ε,

and
|λn| ∥W

(ℓ)
n, j+rℓn

Dn, j∥ = ∥λnW(ℓ)
n, j+rℓn

Dn, j∥ < ε,

1
|λn |
∥W(s)−1

n, j G(s)
n, j∥ = ∥W

(s)−1
n, j

1
λn

G(s)
n, j∥ < ε,

so
∥W(ℓ)

n, j+rℓn
Dn, j∥∥W

(s)−1
n, j G(s)

n, j∥ < ε
2.

Finally, if ℓ, s ∈ {1, . . . ,N} with ℓ , s, then |rℓ − rs|n > 2J for all n ∈ F. Hence, either j − rsn + rℓn < −J or
j − rsn + rℓn > J for any j ∈ Zwith −J ≤ j ≤ J. Therefore, (p̃J,m) j−rsn+rℓn = 0, hence

∥W(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j G(s)

n, j∥ =

= ∥λnW(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j

1
λn

G(s)
n, j∥ =

∥∥∥λnW(ℓ)
n, j−rsn+rℓn

(xn) j−rsnU
rsn
s

∥∥∥
=

∥∥∥λnW(ℓ)
n, j−rsn+rℓn

(xn) j−rsn

∥∥∥ = ∥∥∥λnW(ℓ)
n, j−rsn+rℓn

(xn) j−rsnU
rℓn
ℓ

∥∥∥
=

∥∥∥λn(Tn,ℓ(xn)) j−rsn+rℓn

∥∥∥ = ∥∥∥(λnTn,ℓ(xn) − p̃J,m) j−rsn+rℓn

∥∥∥ < ε.
for all n ∈ F, j ∈ Zwith −J ≤ j ≤ J, and s, ℓ ∈ {1, . . . ,N}with s , ℓ.

(2) ⇒ (1) Let O,V1, . . . ,VN be non-empty open subsets of ℓ2(C). Then there exist some J,m ∈ N and
some x ∈ O, y(1)

∈ V1, . . . , y(N)
∈ VN such that p̃J,mx = x and p̃J,my(ℓ) = y(ℓ) for each ℓ ∈ {1, . . . ,N} since the set

{p̃J,m}(J,m)∈N2 forms a left approximate unit for ℓ2(C).
For each a ∈ ℓ2(C), let Bδ(a) denote the open ball with centre in a and radius δ . We can find some δ > 0

such that Bδ(x) ⊆ O and Bδ(y(ℓ)) ⊆ Vℓ for each ℓ ∈ {1, . . . ,N}. Put Cy =
∑N

s=1 ∥y(s)
∥ and

ε :=
δ

2JN(∥x∥ + 2Cy + δ)
.

Choose F ∈ F and families
{Dn, j}n∈F, {G

(1)
n, j}n∈F, . . . , {G

(N)
n, j }n∈F

for each j ∈ Zwith −J ≤ j ≤ J, satisfying the assumptions of (2) with respect to J, m, and ε.
For each n ∈ F, let un, v

(1)
n , . . . , v

(N)
n ∈ ℓ2(C) be given by

(un) j =

Dn, j x j, if − J ≤ j ≤ J,

0, else.

and

(v(ℓ)
n ) j−rℓn =

W(ℓ)−1
n, j G(ℓ)

n, j (y(ℓ)) jU
∗rℓn
ℓ , if − J ≤ j ≤ J,

0, else.
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Since ∥Dn, j − Pm∥ < ε and ∥G(ℓ)
n, j − Pm∥ < ε < 1 for all n ∈ F, ℓ ∈ {1, . . . ,N} and j ∈ Z with −J ≤ j ≤ J, it

follows that Dn, j , 0 and G(ℓ)
n, j , 0, hence W(ℓ)

n, j+rℓn
Dn, j , 0, and W(ℓ)−1

n, j G(ℓ)
n, j , 0 for all n ∈ F, ℓ ∈ {1, . . . ,N} and

j ∈ Zwith −J ≤ j ≤ J. Now we notice that

∥Tn,ℓ(un)∥ ≤
J∑

j=−J

∥W(ℓ)
n, j+rℓn

Dn, j∥ ∥x∥

because

(Tn,ℓ(un)) j+rℓn =

W(ℓ)
n, j+rℓn

Dn, j x jU
rℓn
ℓ , if − J ≤ j ≤ J,

0, else.

Moreover, since for each distinct s, ℓ ∈ {1, . . . ,N} and all n ∈ F,

(Tn,ℓ(v
(s)
n )) j−rsn+rℓn =

=

W(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j G(s)

n, j(y(s)) jU
∗ rsn
s U

rℓn
ℓ , if − J ≤ j ≤ J,

0, else.

it follows that

∥Tn,ℓ(v
(s)
n )∥ ≤

J∑
j=−J

∥W(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j G(s)

n, j∥ ∥y
(s)
∥.

Finally, it is easy to see that by the construction of v(ℓ)
n , we have

Tn,ℓ(v
(ℓ)
n ) j = G(ℓ)

n, j(y(ℓ)) j if − J ≤ j ≤ J, and 0 else.

For each n ∈ F, set

xn := un +

√∑N
ℓ=1

∑J
j=−J ∥W

(ℓ)
n, j+rℓn

Dn, j∥√∑N
ℓ=1

∑J
j=−J ∥W

(ℓ)−1
n, j G(ℓ)

n, j∥

N∑
ℓ=1

v(ℓ)
n .

By the triangle inequality and the choice of ε, it is not hard to deduce by some calculations that

xn ∈ O and

√∑N
ℓ=1

∑J
j=−J ∥W

(ℓ)−1
n, j G(ℓ)

n, j∥√∑N
ℓ=1

∑J
j=−J ∥W

(ℓ)
n, j+rℓn

Dn, j∥

Tn,ℓ(xn) ∈ Vℓ

for all n ∈ F and ℓ ∈ {1, . . . ,N}.

Next, let {Sn}n∈N be a sequence of bounded invertible linear operators on H and {Tn,1}n∈N, . . . , {Tn,N}n∈N be
families of generalized weighted bilateral shifts on ℓ2(C) as defined in the beginning of this section. For
each n ∈ F and s ∈ {1, . . . ,N}we let SnTn,s be the operator on ℓ2(C) given by(

SnTn,s({xi}i∈Z)
)

:= {SnW(s)
n, j x j−rsnU

rsn
s } j∈Z.

It is not hard to check that the operator SnTn,s is a bounded linear operator on ℓ2(C). In fact, SnTn,s is again
a generalized weighted bilateral shift operator on ℓ2(C) with respective weights {SnW(s)

n, j} j∈Z for every n ∈ F
and s ∈ {1, . . . ,N}.
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We will say that {Tn,1}n∈N, . . . , {Tn,N}n∈N are disjoint F -C*-semi-transitive, or shortly dF -C*-semi-transitive,
if for every collection of non-empty open subsets O,V1, . . . ,VN of ℓ2(C), there exists some F ∈ F such that
for all n ∈ F there exists some invertible bounded linear operator Sn on H satisfying

O ∩ (SnTn,1)−1(V1) ∩ · · · ∩ (SnTn,N)−1(VN) , ∅.

The next theorem can easily be deduced from Theorem 4.2.

Theorem 4.3. Under the above notation and assumptions, the following statements are equivalent.
(1) The families of operators {Tn,1}n∈N, . . . , {Tn,N}n∈N are dF -C*-semi-transitive.
(2) For every J,m ∈ N and ε > 0, there exists some F ∈ F and a sequence {Sn}n∈F of bounded invertible linear

operators on H such that for each j ∈ Z with −J ≤ j ≤ J we can find families {Dn, j}n∈F, {G
(1)
n, j}n∈F, . . . , {G

(N)
n, j }n∈F of

compact operators on H satisfying for all n ∈ F and ℓ, s ∈ {1, . . . ,N} that

∥Dn, j − Pm∥ < ε, ∥G
(s)
n, j − Pm∥ < ε,

∥SnW(ℓ)
n, j+rℓn

Dn, j∥ < ε, ∥W
(s)−1
n, j S−1

n G(s)
n, j∥ < ε,

and satisfying in addition that for each distinct s, ℓ ∈ {1, . . . ,N} and all n ∈ F

∥SnW(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j S−1

n G(s)
n, j∥ < ε.

Proof. For the proof of (1) ⇒ (2), we can proceed in exactly the same way as in the proof of Theorem 4.2
part (1)⇒ (2) by considering Sn and S−1

n instead of λn and 1
λn
, respectively.

For the proof of (2) ⇒ (1), we can also proceed similarly as in the proof of Theorem 4.2 part (2) ⇒ (1).
However, the only difference is that in this case we let now for each n ∈ F, v(1)

n , . . . , v
(N)
n ∈ ℓ2(C) be given by

(v(ℓ)
n ) j−rℓn =

W(ℓ)−1
n, j S−1

n G(ℓ)
n, j (y(ℓ)) jU

∗rℓn
ℓ , if − J ≤ j ≤ J,

0, else,

which clearly gives that

∥(v(ℓ)
n )∥ ≤

J∑
j=−J

∥W(ℓ)−1
n, j S−1

n G(ℓ)
n, j∥∥y

(ℓ)
∥.

Then it suffices to also notice in this case that for each n ∈ F and ℓ ∈ {1, . . . ,N} it holds that

∥SnTn,ℓ(un)∥ ≤
J∑

j=−J

∥SnW(ℓ)
n, j+rℓn

Dn, j∥ ∥x∥

(where un is the same as in the proof of Theorem 4.2 in the part (2) ⇒ (1)) and and moreover, for each
distinct s, ℓ ∈ {1, . . . ,N} and n ∈ F we have

∥SnTn,ℓ(v
(s)
n )∥ ≤

J∑
j=−J

∥SnW(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j S−1

n G(s)
n, j∥ ∥y

(s)
∥.

Finally, by the construction of v(ℓ)
n , it follows that

SnTn,ℓ(v
(ℓ)
n ) j = G(ℓ)

n, j(y(ℓ)) j if − J ≤ j ≤ J, and 0 else,

for each n ∈ F and ℓ ∈ {1, . . . ,N}.
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For each n ∈ F, set

xn := un +

N∑
ℓ=1

v(ℓ)
n .

By the triangle inequality and the choice of ε, it is not hard to deduce by some calculations that

xn ∈ O and SnTn,ℓ(xn) ∈ Vℓ

for all n ∈ F and ℓ ∈ {1, . . . ,N}.

Now, let F be the family of all infinite subsets ofN and

{W(1)
j } j∈Z, . . . , {W

(N)
j } j∈Z ⊂ B(H)

with each W(ℓ)
j ( j ∈ Z, 1 ≤ ℓ ≤ N) invertible, and

∥W(ℓ)
j ∥ ≤M for all j ∈ Z, ℓ ∈ {1, . . . ,N},

for some fixed M > 0. For each n ∈N, i ∈ Z and ℓ ∈ {1, . . . ,N}, we let W(l)
n,i ∈ B(H) be given by

W(l)
n,i =W(ℓ)

i W(ℓ)
i−1 · · ·W

(ℓ)
i−rℓn+1.

Finally, for each ℓ ∈ {1, . . . ,N} we let T̃ℓ be the generalized bilateral weighted shift operator on ℓ2(C)
(introduced in [28]) with respect to the sequence {W(ℓ)

j } j∈Z and unitaryUℓ, i.e.

(T̃ℓ(a))i =W(ℓ)
i ai−1Uℓ for all i ∈ Z, a ∈ ℓ2(C).

Then it is not hard to check that for each ℓ ∈ {1, . . . ,N} it holds that

Tn,ℓ = T̃ rℓn
ℓ for all n ∈N.

We will now present an application of Theorem 4.2 and Theorem 4.3 in this concrete case.

Corollary 4.4. Under the above notation and assumptions, the following statements are equivalent.
(1) The sequences of operators {T̃r1n

1 }n∈N, . . . , {T̃
rNn
N }n∈N are dF -semi-transitive.

(2) For every J,m ∈N there exist a strictly increasing sequence {nk}k ⊆N and sequences of operators in C

{D(k)
−J}k∈N, {G

(k)
−J,1}k∈N, . . . , {G

(k)
−J,N}k∈N,

{D(k)
−J+1}k∈N, {G

(k)
−J+1,1}k∈N, . . . , {G

(k)
−J+1,N}k∈N,

...

{D(k)
J }k∈N, {G

(k)
J,1}k∈N, . . . , {G

(k)
J,N}k∈N,

such that
lim
k→∞
∥D(k)

j − Pm∥ = lim
k→∞
∥G(k)

j,ℓ − Pm∥ = 0,

and
lim
k→∞
∥W(s)−1

j−rsnk+1 · · ·W
(s)−1
j G(k)

j,s ∥∥W
(ℓ)
j+rℓnk

· · ·W(ℓ)
j+1D(k)

j ∥ = 0

for all J ∈ Z with −J ≤ j ≤ J and ℓ, s ∈ {1, . . . ,N}. Moreover, for each distinct ℓ, s ∈ {1, . . . ,N} and all j ∈ Z with
−J ≤ j ≤ J, it holds that

lim
k→∞
∥W(ℓ)

j+rℓnk−rsnk
· · ·W(ℓ)

j−rsnk+1W(s)−1
j−rsnk+1 · · ·W

(s)−1
j G(k)

j,s ∥ = 0.
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Corollary 4.5. Under the above notation and assumptions, the following statements are equivalent.
(1) The sequences of operators {T̃r1n

1 }n∈N, . . . , {T̃
rNn
N }n∈N are dF -C*-semi-transitive.

(2) For every J,m ∈ N there exist a strictly increasing sequence {nk}k ⊆ N, a sequence {Snk }k∈N of bounded
invertible linear operators on H and sequences of operators in C

{D(k)
−J}k∈N, {G

(k)
−J,1}k∈N, . . . , {G

(k)
−J,N}k∈N,

{D(k)
−J+1}k∈N, {G

(k)
−J+1,1}k∈N, . . . , {G

(k)
−J+1,N}k∈N,

...

{D(k)
J }k∈N, {G

(k)
J,1}k∈N, . . . , {G

(k)
J,N}k∈N,

such that
lim
k→∞
∥D(k)

j − Pm∥ = lim
k→∞
∥G(k)

j,ℓ − Pm∥ = 0,

and
lim
k→∞
∥W(s)−1

j−rsnk+1 · · ·W
(s)−1
j S−1

nk
G(k)

j,s ∥ = 0,

lim
k→∞
∥Snk W

(ℓ)
j+rℓnk

· · ·W(ℓ)
j+1D(k)

j ∥ = 0,

for all J ∈ Zwith −J ≤ j ≤ J and ℓ, s ∈ {1, . . . ,N} and satisfying in addition that for each distinct ℓ, s ∈ {1, . . . ,N}
and all j ∈ Z with −J ≤ j ≤ J, it holds that

lim
k→∞
∥Snk W

(ℓ)
j+rℓnk−rsnk

· · ·W(ℓ)
j−rsnk+1W(s)−1

j−rsnk+1 · · ·W
(s)−1
j S−1

nk
G(k)

j,s ∥ = 0.

In order to construct concrete examples satisfying the conditions in (2) of Corollary 4.4 and Corollary 4.5,
we need first the following technical results.

Proposition 4.6. Under the above notation and assumptions, if for each j ∈ Z there exist dense subsets H( j)
0 ,H

( j)
1 , . . . ,H

( j)
N

of H and a strictly increasing sequence {nk}k ⊆N such that for each s, ℓ ∈ {1, . . . ,N} and every x( j)
∈ H( j)

0 , y( j)
s ∈ H( j)

s
we have

lim
k→∞

∥∥∥W(s)−1
j−rsnk+1 · · ·W

(s)−1
j y( j)

s

∥∥∥∥∥∥W(ℓ)
j+rℓnk

· · ·W(ℓ)
j+1 x( j)

∥∥∥ = 0,

and for each distinct s, ℓ ∈ {1, . . . ,N} and every y( j)
s ∈ H( j)

s ,we have

lim
k→∞
∥W(ℓ)

j+rℓnk−rsnk
· · ·W(ℓ)

j−rsnk+1W(s)−1
j−rsnk+1 · · ·W

(s)−1
j y( j)

s ∥ = 0,

then the sequences of operators {T̃r1n
1 }n∈N, . . . , {T̃

rNn
N }n∈N are dF -semi-transitive.

Proof. The main idea in this proof is motivated by the proofs of [28, Theorem 3.2] and [27, Proposition 2.7].
Given m ∈N and j ∈ Zwith −J ≤ j ≤ J, for every η ∈ {−m, . . . ,m}we can find sequences

{ f (η)
i, j }i∈N,⊆ H( j)

0 , {h
(η)
i,l, j}i∈N ⊆ H( j)

l for each ℓ ∈ {1, . . . ,N}

such that
f (η)
i, j → eη, and h(η)

i,ℓ, j → eη as i→∞,

for all η ∈ {−m, . . . ,m} and ℓ ∈ {1, . . . ,N}. Since by the assumption we have for all ℓ, s ∈ {1, . . . ,N} and
η ∈ {−m, . . . ,m} that

lim
k→∞

∥∥∥W(s)−1

j−rsnk+1 · · ·W
(s)−1

j h(η)
i,s, j

∥∥∥∥∥∥W(ℓ)
j+rℓnk

· · ·W(ℓ)
j+1 f (η)

i, j

∥∥∥ = 0,
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and for each distinct s, ℓ ∈ {1, . . . ,N} and η ∈ {−m, . . . ,m}we have

lim
k→∞

∥∥∥W(ℓ)
j+rℓnk−rsnk

. . .W(ℓ)
j−rℓnk+1W(s)−1

j−rsnk+1 . . .W
(s)−1

j h(η)
i,s, j

∥∥∥ = 0,

we can inductively easily construct a subsequence {nki }i∈N such that∥∥∥W(s)−1

j−rsnki
· · ·W(s)−1

j h(η)
i,s, j

∥∥∥∥∥∥W(ℓ)
j+rℓnki

· · ·W(ℓ)
j+1 f (η)

i, j

∥∥∥ < 1
4m24i ,

and ∥∥∥W(ℓ)
j+rℓnki−rsnki

· · ·W(ℓ)
j−rsnki+1W(s)−1

j−rsnki+1 · · ·W
(s)−1

j h(η)
i,s, j

∥∥∥ < 1
2m2i .

For each i ∈N and ℓ ∈ {1, . . . ,N}we define operators D(i)
j and G(i)

j,ℓ on H by

(D(i)
j ) eη =

 f (η)
i, j , for η ∈ {−m, . . . ,m},

0, else,
(G(i)

j,ℓ) eη =

h(η)
i,ℓ, j, for η ∈ {−m, . . . ,m},

0, else.

By some calculations and arguments similar to those in the proof of [28, Theorem 3.2] and [27, Proposition
2.7], we can conclude that the sequences of operators

{D(i)
j }i∈N, {G

(i)
j,1}i∈N, . . . , {G

(i)
j,N}i∈N

satisfy the conditions in (2) of Corollary 4.4. for every j ∈ Zwith −J ≤ j ≤ J.

Similarly, based on Theorem 4.3 and Corollary 4.5, we can prove the following proposition.

Proposition 4.7. Under the above notation and assumptions, if for each j ∈ Z there exist dense subsets H( j)
0 ,H

( j)
1 , . . . ,H

( j)
N

of H, a strictly increasing sequence {nk}k ⊆ N and a sequence {Snk }k∈N of bounded invertible linear operators on H
such that for each s, ℓ ∈ {1, . . . ,N} and every x( j)

∈ H( j)
0 , y( j)

s ∈ H( j)
s we have

lim
k→∞

∥∥∥W(s)−1
j−rsnk+1 · · ·W

(s)−1
j S−1

nk
y( j)

s

∥∥∥ = 0,

lim
k→∞

∥∥∥Snk W
(ℓ)
j+rℓnk

· · ·W(ℓ)
j+1 x( j)

∥∥∥ = 0,

and for each distinct s, ℓ ∈ {1, . . . ,N} and every y( j)
s ∈ H( j)

s ,we have

lim
k→∞
∥Snk W

(ℓ)
j+rℓnk−rsnk

· · ·W(ℓ)
j−rsnk+1W(s)−1

j−rsnk+1 · · ·W
(s)−1
j S−1

nk
y( j)

s ∥ = 0,

then the sequences of operators {T̃r1n
1 }n∈N, . . . , {T̃

rNn
N }n∈N are dF -C*-semi-transitive.

Thanks to Proposition 4.6 we will now give an example where we will show that it can happen that
∥W j∥, ∥W−1

j ∥ ≥ 1 for all j ∈ Z and that at a same time the sequence of operators {T̃n
}n∈N is F -semi-

transitive, which illustrates the important difference between F -semi-transitivity (and thus supercyclicity)
of generalized bilateral weighted shifts on Hilbert C*-modules and supercyclicity of the classical bilateral
weighted shifts on the sequence space ℓ2.

Example 4.8. Let N = 1, r1 = 1 and H = L2(R). As in [28, Example 3.3], choose some {w j} j∈Z ⊆ L∞(R) such
that w j > 0, w−1

j ∈ L∞(R) and ∥ w j ∥≤ M for all j ∈ Z and some M > 1. Let {c j} j∈Z ⊆ R+ be such that c j ≥ C
for all j ∈ Z and some C > 0. For each j ∈ Z let α j be the translation on R given by α j(t) = t − c j for all t ∈ R.
If there exists an ε > 0 such that w jχ[0,∞) ≤ 1 − ε,w jχ(−∞,0) = 1 for all j ≥ 0 and w j = 1 for all j < 0; then by
the same arguments as in [28, Example 3.3] one can show that the conditions of Proposition 4.6 are satisfied when
W j(t) = w j · ( f ◦ α j) for all f ∈ L2(R), j ∈ Z and H( j)

0 = H( j)
1 = Cc(R) for all j ∈ Z. However, by the construction of

the sequence {w j}, it follows that ∥W j∥, ∥W−1
j ∥ ≥ 1 for all j ∈ Z. On the other hand, if there exists an ε > 0 such that

w jχ[0,∞) = 1,w jχ(−∞,0) ≥ 1+ ε for all j < 0 and w j = 1 for all j ≥ 0, then again the conditions of Proposition 4.6 will
be satisfied, however, in this case we would again have by the construction of the sequence {w j} that ∥W j∥, ∥W−1

j ∥ ≥ 1
for all j ∈ Z.
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By our definition, dF -semi-transitivity implies dF -C*-semi-transitivity, however, the converse is not true
in general, as the next example illustrates.

Example 4.9. Let again N = 1, r1 = 1,H = L2(R) and α be the function onR given by α(t) = t− 1 for all t ∈ R. Let
v = 2χ(−∞,0)+

1
2χ[0,∞) and S̃ be the weighted composition operator on H with respect to v and α, that is S̃( f ) = v ·( f ◦α)

for all f ∈ H. For each n ∈ N, put Sn := S̃n. If we let for each j ∈ Z,W j be the identity operator on H, then it is not
hard to check that the conditions of Proposition 4.7 are satisfied with H( j)

0 = H( j)
1 = Cc(R) for all j ∈ Z. Thus, the

generalized non-weighted bilateral shift operator on ℓ2(C) is F -C*-semi-transitive, however, by Theorem 4.2 it can
not be F -semi-transitive on ℓ2(C).

Hypercyclicity and supercyclicity of a composition of a left and a right multiplier on the space of compact
operators have been studied in for instance [19, 37]. Motivated by those results, in the rest of this paper,
we shall study the dynamics of a composition of a right multiplier and generalized weighted bilateral shift
operator on ℓ2(C) defined in the beginning of this section. To this end, let W̃1, . . . , W̃N be invertible, bounded
linear operators on H. For each s ∈ {1, . . . ,N} and n ∈N,we let Rs,n be the operator on ℓ2(C) given by

Rs,n({xi}i∈Z) = ({xi · U
∗ rsn
s W̃s

rsn
}i∈Z)

for all {xi}i∈Z ∈ ℓ2(C). By [35, Proposition 1.2.4 (i)], the operator Rs,n is a bounded linear operator on ℓ2(C) for
each s ∈ {1, . . . ,N} and n ∈ N. Let {Tn,1}n∈N, . . . , {Tn,N}n∈N be the families of operators on ℓ2(C) as defined in
the beginning of this section. For each s ∈ {1, . . . ,N} and n ∈ N, we let Tn,s ◦ Rs,n be the composition of Tn,s
and Rs,n, that is (

(Tn,s ◦ Rs,n)({xi}i∈Z)
)
= {W(s)

n, j x j−rsnW̃s
rsn
} j∈Z.

We will now present an extension of Theorem 4.2 in this setting.

Proposition 4.10. Under the above notation and assumptions, we have (2)⇒ (1).
(1) The families of operators {Tn,1 ◦ R1,n}n∈N, . . . , {Tn,N ◦ RN,n}n∈N are dF -semi-transitive.
(2) For every J,m ∈N and ε > 0, there exists some F ∈ F such that we can find families

{D̃n}n∈F, {G̃n
(1)
}n∈F, . . . , {G̃n

(N)
}n∈F,

{Dn,−J}n∈F, {G
(1)
n,−J}n∈F, . . . , {G

(N)
n,−J}n∈F,

{Dn,−J+1}n∈F, {G
(1)
n,−J+1}n∈F, . . . , {G

(N)
n,−J+1}n∈F,

...

{Dn,J}n∈F, {G
(1)
n,J}n∈F, . . . , {G

(N)
n,J }n∈F,

of compact operators on H satisfying

∥D̃n − Pm∥ < ε, ∥Dn, j − Pm∥ < ε, ∥G̃n
(s)
− Pm∥ < ε, ∥G

(s)
n, j − Pm∥ < ε,

and
∥W(ℓ)

n, j+rℓn
Dn, j∥∥D̃nW̃ℓ

rℓn
∥ ∥W(s)−1

n, j G(s)
n, j∥∥G̃n

(s)W̃s
−rsn
∥ < ε2

for all n ∈ F, j ∈ Z with −J ≤ j ≤ J and ℓ, s ∈ {1, . . . ,N}; and satisfying in addition that for each distinct
s, ℓ ∈ {1, . . . ,N} and all n ∈ F, j ∈ Z with −J ≤ j ≤ J it holds that

∥W(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j G(s)

n, j∥∥G̃n
(s)W̃s

−rsnW̃ℓ
rℓn
∥ < ε.
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Proof. Let O,V1, . . . ,VN be non-empty open subsets of ℓ2(C). Then there exist some J,m1 ∈ N and some
x ∈ O, y(1)

∈ V1, . . . , y(N)
∈ VN such that p̃J,m1 x = x and p̃J,m1 y(ℓ) = y(ℓ) for each ℓ ∈ {1, . . . ,N}. Since {Pm}m∈N

forms also a right approximate unit for C by [35, Proposition 2.2.1], it follows that we can find some m2 ∈N
such that p̃J,m1 xp̃J,m2 ∈ O and p̃J,m1 y(ℓ)p̃J,m2 ∈ Vl for each ℓ ∈ {1, . . . ,N}. Set m := max{m1,m2}. Then p̃J,mxp̃J,m ∈ O

and p̃J,my(ℓ)p̃J,m ∈ Vl for each ℓ ∈ {1, . . . ,N}. Put Cy =
∑N

s=1 ∥y(s)
∥ and

ε :=
δ

(2JN + 3)(∥x∥ + 2Cy + δ)
.

Choose F ∈ F and families

{D̃n}n∈F, {Dn, j}n∈F, {G̃n
(1)
}n∈F, {G

(1)
n, j}n∈F, . . . , {G̃n

(N)
}n∈F, {G

(N)
n, j }n∈F

for each j ∈ Z with −J ≤ j ≤ J, satisfying the assumptions of (2) with respect to J, m, and ε. For each n ∈ F,
let un, v

(1)
n , . . . , v

(N)
n ∈ ℓ2(C) be given by

(un) j =

Dn, j x jD̃n, if − J ≤ j ≤ J,

0, else.

and

(v(ℓ)
n ) j−rℓn =

W(ℓ)−1
n, j G(ℓ)

n, j (y(ℓ)) j G̃n
(ℓ)W̃ℓ

−rℓn, if − J ≤ j ≤ J,

0, else.

By similar arguments as in the proof of Theorem 4.2 part (2)⇒ (1), we can deduce that D̃n , 0 and G̃n
(s)
, 0

for all n ∈ F, s ∈ {1, . . . ,N}, and moreover

∥Tn,ℓ(un)∥ ≤
J∑

j=−J

∥W(ℓ)
n, j+rℓn

Dn, j∥∥D̃nW̃ℓ
rℓn
∥ ∥x∥

and

∥Tn,ℓ(v
(s)
n )∥ ≤

J∑
j=−J

∥W(ℓ)
n, j−rsn+rℓn

W(s)−1
n, j G(s)

n, j∥∥G̃n
(s)W̃s

−rsnW̃ℓ
rℓn
∥ ∥y(s)

∥.

For each n ∈ F, set

xn := un +

√∑N
ℓ=1

∑J
j=−J ∥W

(ℓ)
n, j+rℓn

Dn, j∥∥D̃nW̃ℓ
rℓn
∥√∑N

ℓ=1
∑J

j=−J ∥W
(ℓ)−1
n, j G(ℓ)

n, j∥∥G̃n
(ℓ)W̃ℓ

−rℓn
∥

N∑
ℓ=1

v(ℓ)
n .

and proceed further as in the proof of Theorem 4.2 part (2)⇒ (1).

Let again, for each ℓ ∈ {1, . . . ,N}, T̃ℓ be the generalized bilateral weighted shift operator on ℓ2(C) with
respect to the sequence {W(ℓ)

j } j∈Z and unitaryUℓ, as defined in the beginning of this section. Recalling that
the involution on C is an isometry, by similar arguments as in the proof of Proposition 4.6, we easily obtain
the following corollary of Proposition 4.10 in the special case when F is the family of all infinite subsets of
N.
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Corollary 4.11. Under the above notation and assumptions, if there exist dense subsets

H̃0, H̃1, . . . , H̃N,

H(−J)
0 ,H

(−J)
1 , . . . ,H

(−J)
N ,

...

H(J)
0 ,H

(J)
1 , . . . ,H

(J)
N

of H and a strictly increasing sequence {nk}k ⊆N such that for each s, ℓ ∈ {1, . . . ,N}, each j ∈ Z with −J ≤ j ≤ J and
every x̃ ∈ H̃0, x( j)

∈ H( j)
0 , ỹs ∈ H̃s, y

( j)
s ∈ H( j)

s we have

lim
k→∞

∥∥∥W(s)−1
j−rsnk+1 · · ·W

(s)−1
j y( j)

s

∥∥∥∥((W̃s
−rsnk )∗ ỹs∥

∥∥∥W(ℓ)
j+rℓnk

· · ·W(ℓ)
j+1 x( j)

∥∥∥∥(W̃ℓ
rℓnk )∗x̃∥ = 0,

and for each distinct s, ℓ ∈ {1, . . . ,N} and every y( j)
s ∈ H( j)

s ,we have

lim
k→∞
∥W(ℓ)

j+rℓnk−rsnk
· · ·W(ℓ)

j−rsnk+1W(s)−1
j−rsnk+1 · · ·W

(s)−1
j y( j)

s ∥∥(W̃ℓ
rℓnk )∗(W̃s

−rsnk )∗ ỹs∥ = 0,

then the sequences of operators {T̃r1n
1 ◦ R1,n}n∈N, . . . , {T̃rNn

N ◦ RN,n}n∈N are dF -semi-transitive on ℓ2(C).

We end this paper with an example where the conditions of Corollary 4.11 are satisfied.

Example 4.12. Let N = 1 and H = L2(R). For each j ∈ Z, let W j be the identity operator on H. Put α̃ to be the
function onR given by α̃(t) = t−1 for all t ∈ R and w̃ == 2χ(−∞,0)+

1
2χ[0,∞). If we let W̃ be the weighted composition

operator on H with respect to α̃ and w̃, then by some calculations it can be checked that the the conditions of Corollary
4.11 are satisfied with H̃0 = H̃1 = H( j)

0 = H( j)
1 = Cc(R) for all j ∈ Z.

Remark 4.13. We notice that due to [35, Proposition 2.2.1] our results in this section remain valid if we instead of a
separable Hilbert space H consider any standard Hilbert module ℓ2(A) over a unital C*-algebraA.

Acknowledgement: The author is very grateful for Reviewer‘s careful reading of the manuscript and
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paper.
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[36] Martin, Ö., Sanders, R., Disjoint supercyclic weighted shifts, Integral Equations and Operator Theory, 85 (2016), 191-220.
[37] Petersson, H., Hypercyclic conjugate operators, Integral Equations and Operator Theory, 57(3) (2007), 413-423.
[38] Salas, H., Hypercyclic weighted shifts, Transactions of the American Mathematical Society, 347 (1995), 993-1004.
[39] Ri, S.-U., Ju H.-H., Kim, J.-M., Frequent, disjoint hypercyclicity and strong topological transitivity of generalized weighted shift operators

on Hilbert C-modules (2025), https://doi.org/10.48550/arXiv.2510.00445
[40] Sadouk, E. M., Benchiheb, O., Amouch, M., Disjoint topologically super-recurrent operators, Filomat 38 30 (2024), 10495–10504.

https://doi.org/10.2298/FIL2430495S
[41] Salas, H., Supercyclicity and weighted shifts. Studia Mathematica, 135(1), (1999), 55- 74.
[42] Sawano, Y., Tabatabaie, S. M., Shahhoseini, F., Disjoint dynamics of weighted translations on solid spaces, Topology and its

Applications, 298, (2021), 107709, 14 pp.
[43] Wang, C., Zhang, L., Ma, Y., Topologically multiply recurrent sequence of cosine operators on Orlicz spaces, Discrete and Continuous

Dynamical Systems-Series S, 18(3), (2025), pp. 710–721.
[44] Wang, Y., Chen, C., Zhang, L., et al. Supercyclic dynamics of translations on weighted Orlicz spaces. Banach Journal of Mathematical

Analysis, 16, 54 (2022). https://doi.org/10.1007/s43037-022-00206-5
[45] Wang,Y., Chen, C., Zhou, Z.-H., Disjoint hypercyclic weighted pseudoshift operators generated by different shifts. Banach Journal of

Mathematical Analysis, 13(4), (2019), 815 - 836. https://doi.org/10.1215/17358787-2018-0039


