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Abstract. In this work, we investigate a nonlinear coupled system of Caputo fractional differential
equations subject to integral boundary conditions in the framework of Banach spaces. The analysis is
conducted through a fixed point approach. First, the existence of mild solutions is established by employing
the Kuratowski measure of noncompactness together with the Generalized Darbo’s theorem involving a
nondecreasing control function. Uniqueness of the solution is then obtained using the Banach contraction
principle. In addition, we study the continuous dependence of the solutions on the input functions,
which ensures the stability of the model under perturbations. The Ulam-Hyers stability of the system is
also investigated, ensuring that small perturbations in the initial functions lead to proportionally small
changes in the solution. These results contribute to the well-posedness and robustness of the proposed
fractional model. Finally, a concrete example is provided to illustrate the applicability and effectiveness of
the theoretical results obtained.

1. Introduction

In recent decades, growing evidence from various scientific disciplines has demonstrated that classical
differential equations often fall short in capturing the complexities of systems governed by memory effects,
hereditary mechanisms, or nonlocal temporal behavior. These limitations have led to the rise of fractional
differential equations (FDEs) a class of mathematical models that generalize ordinary derivatives to non-
integer (real or complex) orders. Unlike classical derivatives, fractional operators possess an inherent
nonlocal character, making them ideally suited for modeling systems where the entire history influences
present dynamics [3, 10-12, 16, 20, 22, 25].

FDEs have found profound applications across numerous fields. In geophysics, they describe wave
propagation and diffusion in media with memory. In climatology, they help quantify persistent depen-
dencies in atmospheric and oceanic data [23, 25]. Control theory has benefited from fractional controllers
capable of capturing hysteresis and damping in complex systems [27]. In energy science, such equations
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model anomalous transport in batteries and capacitors [21]. They are also prevalent in epidemiological
models that reflect memory in transmission rates, and in neuroscience, where they help describe memory-
based plasticity and non-instantaneous neural interactions [5, 11, 30].

Among the various definitions of fractional derivatives, the Caputo derivative is widely adopted in
applied problems, particularly those involving initial value problems, as it accommodates classical initial
conditions naturally [1, 28, 31]. Its formulation has proven effective in incorporating temporal memory and
delays into time-fractional systems.

Furthermore, coupled systems of fractional differential equations where multiple dependent variables
interact dynamically provide a more realistic representation of many physical and biological systems.
When paired with integral (nonlocal) boundary conditions, these models can account for spatial averaging
effects, control constraints, and other global influences frequently encountered in engineering and physics
[6,21, 23].

To address such systems rigorously, it is advantageous to formulate them within a Banach space frame-
work, which allows for greater generality and access to functional analysis tools. In this setting, existence
and uniqueness results are often derived using fixed point theory. While classical tools like Banach’s
contraction principle are effective for strict contraction mappings, the Kuratowski measure of noncompact-
ness offers a powerful alternative in dealing with more complex, nonlinear, or weakly compact settings
[4,5,8,29].

Beyond existence, a well-posed model should ensure continuous dependence on input data an essential
property for both numerical simulations and physical consistency. To further strengthen model robustness,
Ulam-Hyers stability offers a way to quantify how solutions respond to small perturbations, thus reinforcing
the reliability of the model under data uncertainty or modeling errors [19, 26, 30].

In [2], Ahmed Alsaedi, Muhammed Aldhuain and Bashir Ahmad considered a coupled system of
nonlinear fractional differential equations of Caputo type, described by the representative equation

Do (t)=fit,p®), (@), a€(2,3), t€[0,Q],
DR ()= (o), (1), B (2,3), t€]0,Ql,

supplemented with the following integral boundary conditions

{ p0)=0,¢(Q=0 ¢(Q) = fof [p1 (s) + Qp2y’ ()] ds, pr,p2 €R,
P (0)=0, ¢ (Q =0, p(Q) = [[ [ (s) + Qrag’ (5)]ds, 11,2 € R,

where & € I, °D® and °DF are the Caputo fractional derivatives of order a and f respectively, and fi, f> :
I'xR xR — R are continuous functions. They proved the existence of solutions using the Leray-Schauder
nonlinear alternative and established uniqueness via the Banach fixed point theorem.

Motivated by these developments, this paper investigates a nonlinear coupled system of Caputo-
type fractional differential equations subject to integral boundary conditions in a Banach space setting.
We provide sufficient conditions for the existence, continuous dependence, uniqueness, and Ulam-Hyers
stability of mild solutions, employing a blend of fixed point theorems and techniques from the theory of
noncompactness highlighting modern approaches in the analysis of memory-governed systems

{ D (&) =g (tbp®), M) = fito®), (1), tel=]0,0], 1)
DO -gte®), M) =LEe®,p®), tel=]0,Ql,

supplemented with the following integral boundary conditions

{ ¢ 0 =0, 9 +¢ Q=0 p@=pi [, E)ds+Qay @), prp2 € R, 2

¥ (©0)=0,p0)+¢ (Q =0, Q= [ @s)ds +Qrp(&), n,m R,

where a, € (2,3), °D* and °DF are the Caputo fractional derivatives of order a and f respectively, (E, ||.||)
is a real Banach space, and fi, f»,41,92 : I X EX E — E are continuous functions. The analysis of this
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coupled system with boundary conditions is carried out by transforming the system into an operator
equation defined over a Banach space. The existence of solutions is established through analytical methods
founded on the Kuratowski measure of noncompactness, in conjunction with the Generalized Darbo’s
theorem involving a nondecreasing control function. These methods are particularly well-suited for dealing
with nonlinearities in infinite-dimensional settings. Uniqueness is established using Banach’s contraction
mapping theorem, which ensures a single mild solution under suitable conditions. Additionally, attention
is given to the sensitivity of solutions with respect to changes in initial conditions, and their stability is
discussed in the framework of Ulam-Hyers theory. Altogether, this study highlights the role of functional
analytic techniques in understanding the structure and stability properties of fractional differential systems.

2. Preliminaries
In the subsequent sections of this work, we denote by

e C(I,E) : the space of continuous functions defined from I into the Banach space E, with the norm

loll,, = sup le®|, ¢ eC@E.

o C(IXEXE,E) : the space of continuous functions defined from the product space I X E X E into E,
along with the norm defined below

Il = sup [l tu0)

(t,u,0)€IXEXE

|, fe CUXEXE,E).

e C(I,E) x C(I,E) : denotes the Banach space of all continuous function pairs on I X E, furnished with
the norm

I )l = llell + MWl (2 9) € CUXE)xCUXE).

Definition 2.1 ([14, 15, 20]). Consider a function ¢ from [a,b] into E which is Bochner integrable, and let a > 0.
The order « left-sided Riemann-Liouville fractional integral of ¢ is defined as follows

a 1 ' a-1
(Iw(p)(t)— mﬁ (t=s)"q@(s)ds, t>a,
where I () is the Euler Gamma function.

Definition 2.2 ([14, 15, 20]). Consider a function ¢ from [a, b] into E witch is n-times differentiable in the Bochner
sense, and let € (n — 1, n) with n = [a] + 1 € IN. The left-sided Caputo fractional derivative of order  is defined as

(chzﬂ(p)(t):ﬁ f (t—s)" " o (s)ds, t > a.

Remark 2.3 ([14, 15, 20]). One of the most important identities involving the Caputo derivative is

a cya v qo(k) (LZ) k
(5 Dsg) =9t = ) T (=0
k=0

Definition 2.4. Considering the following coupled system

Do (H) = F(1), t€[0,Q], 2 <a <3, 5
DY () = G (), t€0,Q], 2 < B <3, )

where F,G € C(I,E).
A function (@,) € C(I,E) x C(I, E) is called a mild solution of (3) and (2) if it satisfies the corresponding integral
equation of (3) and (2).
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Lemma 2.5. The coupled system (3) with conditions (2) has a unique mild solution (@, ) in C(I, E) X C(I, E), given
by the following pair of integral equations

_ f(t—s)‘*‘1 L Qo9 Q-5
(p(t)—f F(S)ds+—f (y ®) F(ﬁ ) yl(t)Tﬁ))G(s)ds

_a)a2 a-1
+ X f (m () (Q ) -72(H (Qr (Z)) )F(s)ds
p-1 Y]
%f (Vz(t)sz F(ﬁ)) +P1)/z(t)%)G(s)ds
%f ( ®) Qrg +rl)/1 ®) Igé(a_j)l))F(s)ds, 4)

and

N S AR 1 Q( Q-9 Q-9
P(t) = fo(t s) G(s)als+Af0 x3 (£) Ta-1) 1 (1) @) F(s)ds

T
Q _ )2 _q)f1
+% fo (K4(t) Q=9 " (n8=2 )G(s)ds
1
A

re-1 ING))
a—1 a
-9 = (‘2) +r (g -9 )P(s)ds
E-sf
IN())

( +1)

x2 () Qp2

K2 (£ p1 ) G(s)ds, (5)

F (ﬁ 1)
where

71(8) = (A = 2QC) £+ (Q* - 2Q), 72 (1) = (Q* —2Q) # + (A1 —2QC1),

73 (t) = —(2Q - Q% + AxCy — 2QC1G) # - (Q*C1 — Ay),

ya(t) = = (Q*Ca = Ay) # = (A1C2 - Q7 - 2QC1C +2Q),

K1 (1) = (4Q°C2 - 2QA) # + (4Q* - 2Q°), 12 (1) = (4Q? - 2Q%) £ + (4Q°Cy - 2QA,),

i3 (1) = - (Q" = 2Q° - A1A; +2QA1Co) £ - (204, - 2Q°CH),

ks (1) = - (2QA2 — 2Q°Cy) # - (Q* = 2Q° - AtA; +2QA,CH),

and
A = A1 (2QC; — Ay) +2QC1 (A2 — 2QC)) + Q* — 4Q° + 407,
with
3 Q _ a2
A = % +Qr&%, Ci=rn&+Qr, E1 = - | (1("2(045—)1) F(s)ds,
Plé3 Q-9
Ay = > +Qpa&?, Co=p&E+Qpa, Ex = . TG-1) G(s)ds,

fQ-9 =" a-1 r1 J e
fo T OBt )f (=" FlsMs + gy f (& — ) F(s)ds,

Q s)a 1 C2p2 41 P
jo‘ F(s)ds + Tﬁ)f (&E=9)"7 G(s)ds + ———— f (& =)’ G(s)ds.

T(ﬁ 1)
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Proof. Let (¢, ) € C(I,E) x C(I, E) be a solution of (3) and (2), we have

‘D () =F(t), te[0,Q], 2<a<3,
‘DPY () =G(t), te[0,Q], 2<B<3.

Applying the operators I* and If on the equations ‘D% (t) = F (t) and ‘DFy (t) = G (t), respectively, produces

o) = it f(f (t-9) ' F(s)ds +mt + i, 6
Y(t) = r(ﬁ)j;) (t—sP " G(s)ds +at? + oy, ©)

where a1 = ¢” (0), a2 = ¥ (0), c1 = ¢ (0) and ¢, = ¢ (0). Thus, we have

¢ (B = mip fo (t =) 2F(s)ds + 2ait, ,
Y (t) = r(ﬁl—l) fot (t — )2 G (s) ds + 2axt. @

Given the conditions ¢ (0) + ¢’ (Q) = 0 and ¢ (0) + ¢’ (Q) = 0, it follows that

2111Q+C1 = El, (8)
2{12Q +cp = Es.

We have

foé(p(s)ds = ﬁ j: fos (s — v)* ! F(v)dvds + £5 (a152 +c1)ds
1 : a-1 &
= mfo‘ f(s—v) P(v)dvds+a1§+c1£
1 3 3 a1 53
=m£ 1—"(0)]0~ (s—0) dsdv+a1?+c15

—;fg(é— VY F(v)do + 5—3
“T@+D i v)" F(v)dv a13+c1§,

then, we obtain

fo @ (s)ds = F(a+1 fo (& —9)* F(s)ds + m % 5 +c1£, ©)
fo Y (s)ds = F(ﬁ+1) fo = s) G(s)ds+a2 5 +c25
From the conditions ¢ (Q) = p; fo s)ds+ Qpa¢ (&) and P (Q) =1y fo @ (s)ds + Qrap (&), it can be deduced
that

mA; —c1C1 +a,Q% + ¢ = Dy, (10)
g1Q2 +c1 —aAy — Cy = Ds.

By (8) and (10), we have

2a1Q +c1 = El,

ZazQ +Cy = Ez,

—mAy —c1Cy + 12Q* + ¢ = Dy,
611Q2 +c1 — 1Ay — cCr = Do

We rewrite this representation in matrix form MV = W, where

20 1 0 0 n E
_ 0 0 2Q 1 _ C1 _ E2
M= “A -G, @ 11 V= o and W = D,

Q2 1 —Az —Cz Co Dz
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By applying Cramer’s Rule, we obtain the values of the constants a1, a5, ¢; and ¢y, from which we deduce
the integral expressions for ¢ (t) and ¢ (t). Hence, the lemma is proven. [J

Definition 2.6 (The Kuratowski measure of noncompactness [18]). Let (E, ||.||) be a Banach space and let Bp
denote the collection of bounded subsets of E excluding the empty set.
The Kuratowski measure of noncompactness is the mapping Q2 : Bg — [0, +00) defined for A € Bg by

Q(A) =inf{d>0:3n € N, IA; CE, i =1, n, such that A € U, A,, and diam (Ai) < d, Vi,
where

diam (A;) = sup{”(p - 1/)” RS A,-}.

Lemma 2.7 ([18]). For bounded sets A, B C E, the following properties hold.
Monotonicity: if A C B, then Q(A) < Q(B).

Closure invariance: Q (A) = Q(A).

Convex hull invariance: Q (conv (A)) = Q (A).

Homogeneity: QO (AA) = |A|Q(A) for all scalars A € R.

Subadditivity: Q(A + B) < Q(A) + Q(B), where A+ B={a+b:acA, beB).
Zero characterization: Q) (A) = 0 & A is relatively compact in E.

Lemma 2.8 ([18]). Let A c C (I, E) be a bounded and equicontinuous set.
Foreach t € 1, define A(t) = {¢ (t) : ¢ € A} C E. Then, the function t — Q (A (t)) is continuous on I where

Qc (A) =sup Q(A (D),

tel

and

Q(flqo(s)ds,go GA) < [Q(A(s))ds.

Theorem 2.9 ([7]). Let Qy, Qy, ..., Q, be measures of noncompactness on the Banach spaces Eq, Ep, ..., E,,
respectively. Consider a convex mapping F : (R*)" — R* satisfying F (t1,t2...,t,) = 0 if and only if t; = 0 for all
i=1,2,..n. Then, for any bounded set A C E; X Ey X ... X E,, the quantity

Q (A) = P (Ql (Al) 7 QZ (Az) VALY Qn (ATI)) 7

defines a measure of noncompactness on the product space E1 X E; X ... X E,, where A; denotes the canonical projection
of Ainto E; foreachi=1,2,...,n.

Example 2.10 ([7]). Let Q be a measure of non-compactness in E. Consider the mapping F : (R*)* — R* defined
by F (t,s) =t + s, it is clear that F satisfies all the hypotheses stated in Theorem 2.9. Consequently, the functional

Q(A) = QA1) + Q(Ay),
defines a measure of non-compactness in the product space E X E, where A1, A, denote the canonical projections of A.

Lemma 2.11 ([9]). Let v : R* — R* be an upper semicontinuous and nondecreasing function. The following are
equivalent

o v(t) <t, forevery t > 0.

o foreacht > 0, the iterates v" (t) converge to zero as n — +oo, that is lim v" (t) = 0.
n—+oo
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Theorem 2.12 (Generalized Darbo’s fixed point theorem [9]). Let M # ¢ be a closed, bounded, and convex
subset of a Banach space E. Consider a continuous mapping N : M — M such that

Q(NA) <0v(Q(A)), (11)

for all nonempty subset A C M, where Q is any measure of non-compactness and v : R* — R* is a nondecreasing
function satisfying hm v" (t) = 0, for all t € R*, with v" denoting the n-th iterate of v. Under these assumptions, N
possesses at least one ﬁxed point in M.

Theorem 2.13 (Contraction [24]). Let T be an operator defined from a Banach space E into itself. We say that T is
a contraction if there exists a constant k € (0, 1) such that

Y €E.

Theorem 2.14 (Banach fixed point theorem [24]). Let T be a contraction operator defined from a Banach space E
into itself. Then T has a unique fixed point ¢ in E, that is

Al € E such that Tp = .

3. Main results

To establish the upcoming results, we define the operator W : CUXE) X C(IXE) - C(IXE)xC(I X E)
as follows

_[ Yile¥)
q'(¢,¢0-—( W, (o, 1) )’ (12)
where W, and W, are defined from C (I x E) x C(I X E) into C (I X E) by the following

t(t )a
il )0 = [ L6 0 @ p©) s+ p 0,4 0)

1 Q-9 Q-s)"
fo(%‘()l"(ﬁ 1) -y1(b) 0 )fz(SI(P(S)ﬂP(S))dS

a-2 _
j‘@ﬂﬂ n@ﬁ%{rjﬁ@¢@4w»m

+

B> |

L

fl
(”@Qm H@ rw+n
( Oc 1 (

G)an r( ) -+mylﬁ) +1))ﬁ(5¢%@ Y (s))ds, (13)

s () = )ﬁ@@@)w@ﬁs

l>|'—‘ l>|'—‘ l>|

g—zg—\

and
t=s" fals,0 (), P (6)ds + g2 (o (1), ¢ (1)

(Q—)“2 Q-9
T ()
Q-3
L)

(i : 1))ﬁ( 50,1 (5)ds

W (@, 9)(t) =

@\H
< T~

O

O S el )ﬁ@@@L¢@M5

O

@ #2
re-

) 1
mw%éz

( 1
( (-9

K () Qpo—~——=—"—— 0)

Ky (t) = — K1 (t) =

S— 5

(e}

|
|

)ﬁ@@ () ds

iy

+x1 ()1

MH MH MH MH —

+m®m

—
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forany t € I.
It is evident that the fixed points of the operator (12) correspond to the mild solutions of the coupled
system (1) with conditions (2).

3.1. Existence and uniqueness

In this section, we first employ the Kuratowski measure of noncompactness together with the General-
ized Darbo’s theorem involving a nondecreasing control function to prove the existence of solutions, and
then apply the Banach contraction principle to establish existence and uniqueness results.

3.1.1. Existence of solutions
Let Y be the set of functions defined as follows

Y= {v :R" - R* : v is a nondecreasing mapping satisfying lim v" (t) = 0, forall t € ]RJ’} .
n—oo
Remark 3.1. The following properties hold for the set Y :

e IfAe[0,1],veY, then Av e Y.

o Ifv e, then it follows immediately that v (t) < t for all t > 0.

Define

o={e v ecapxcar): @y, <},

to be the closed ball of radius w centered at the origin in the product space C (I, E) x C (I, E).
To simplify the forthcoming computations, we introduce the following constants

fi=sup|fict

Vz—Suth

= sup g (¢, €{1,2},

€{1,2,3,4},

ki =suplk; (H), i €{1,2,3,4}.

tel

Consider the following assumptions:

o There exist four continuous functions 71, 72, 01, g2 € Y such that

1 (& 02, 92) = fi (o pr, 9| < i (lp2 = ol + w2 = va), i = 1,2, (15)

and

|19 (&, @2, 12) = gi (8, 1, 91)|| < @ (”(PZ - pr|| + [[w2 - ¢ ) i=1,2 (16)

o There exist two constants k1, k; € IR}, with % + % <1, such that

IAIQY  73QY! 72Q" — |72 |74 o

pl|m@“@ ﬁw 2+ T@ T@+ (rm+n+rm+m)Ql)
1 STrTe S Yo A G A TRP™ _
|A|(T2(‘”’+f2)( r@ TtEen 2[r<ﬁ+1) rgey) < Jra@

(17)
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)Qt1+1)+02 (a))_'_é\z

and
1 ~[(BQT ®Q (I I
Pz‘m(“(“’“fl)( T (@) +F(a+1)+K1(F(a+1)+F(a+2)
1 AQF @O e P2 lpi]
|A|(T2(“”+f2)(r<ﬁ DT TE e e (F(ﬁ+1) )
SK—ZCU.

2491

(18)

Remark 3.2. In view of assumptions (15) and (16), we deduce that for all A1, Ay € C(I,E) and for all t € I, we have

Q(fi(t, A1, A2) < 1;(Q(A1) + Q(A)),
and

Q(gi(t,A1,A2)) < 01 (Q(A1) + Q(A2)).

(19)

(20)

Theorem 3.3 (Existence). Suppose that conditions (15), (16), (17) and (18) hold. Then, the coupled system (1) with

conditions (2) has at least one mild solution.

Proof. For the sake of clarity and logical flow, we structure the proof into a number of successive steps.

Step 1. W maps B, into itself.
Let (p,¥) € B, and t € I, from (15) and (16) we have

If: 06, p &) <|lfi (50 6), ¥ 6) - £6,0,0) +]If: 0,
<t(le@| +ly ©)) + £

<T; (a)) +ﬁ,

and

l9: 0 ), v O < [l9: 5.0 ), ¥ ) = 9:6,0,0)]| + g s,
stw@wW¢@m+%
< 0oi (w) +g/];.

Then, we get

(t-

%1 (0, ) )] < (Tl (@) + fi f ds + 01 () + 1

(
+|i| (72 a))+fzf (y4(t)| (1"(5 1) +| L) (Qr(ﬁ) )ds
(@) [ (=01 |2()|(Q 2 )as
" (- )KUM“)'Q F(ﬁ) |’71V2()|r<ﬁ+)1))d
' ﬁ(ﬁ (w)+f)f£(|w1 wleF T )) +lryr (0] I +)1))ds.

(21)

(22)
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Thus

IAIQY  y3Q! 72Q% —~( In |74 et
[ @) 0] < |A|<T1(“’)+f1)(r( 1) T@ T+l 1(1"(a+1)+1"(a+2))Q 1)

p-1 2 OB
|A| (Tz w)+f2)[V4Q . 71Q +772( |P2| N |P1) )Qﬁ+1)+01 @) + 7.

re) T@E+1) r@+1) T(E+2)

Taking the supremum over ¢ € I and then using (17), we obtain

IAIQY  73Q¢7! 2104 —~ |72 |71 st
(RO Al (Tl (@) +f1)(r( )T T@ Ta+D +7/1(1“(a+1) * F(a+2))Q 1)

ZTe N Te N G Pl ) s _
iR G e 2(r<ﬁ+1>+r<ﬁ+z> @ Jra@rn
SH(L)
Similarly, using (18) we obtain
||‘I/( ll’)” (T @) +f) % . Q" e 7] N |r1] 0 + 0 () + 75
2Pl = a1 (1 NTw@ "Ta+ry “\Ta+1) T@+2) QW)+ g2

AQF @ @k |pl R
IAI(TZ(w)+f2)[T(ﬁ+1)+ @) +F(ﬁ+1)+K2(F(ﬁ+1)+F(ﬁ+2)]Qﬁ )

< —w.
K>

Consequently

19 @ 9)oe = [¥1 @ 9 + [¥2 (@ 9] < 0

Then, W maps B, into itself.
Step 2. W maps every bounded subset of B,, into an equicontinuous set.

LetB, = {((P, v)e C(ILEyxC(IE): “((p, 1j))|| < cD} C B, beabounded set. By using (15), forany (¢, 1) € B,
and ty,t, € [ with t; < f;, we have

|9: (b2, (2) , ¢ () = gi (11, 9 (1) , ¢ ()|

<7 (|lo (k) — @ ]| + |9 () = @ @[]) + [l91 (B2, @ (81) , ¥ (1)) = g (B, 0 (1), ¥ (2] -

Since 7;(t) > 0, for all t > 0, we have 7; (0) = 0, and ltirro1 7;(t) = 0. Therefore, 7; is continuous at t = 0, in

cXc

addition, from the fact that ¢ and 1 are continuous, we get

ti(lo (k) — @ )| + [ () = ¢ (1)]]) > Oas by — £a. (23)
On another hand, for all § > 0, we have

l9: (t2, 9 (1), ¢ (1)) = gi (b1, 9 (1), ¢ (1))

< sup {Hgi (a,p,9)—9i(b,p,q)||, la—bl <0, (p,q) € E X E with ”PH s o,
Since t, — t;, we get

lgi (200 (41), (1)) = i (b1, 0 (80), 9 ()|

< ilifg {Hgi (a,p,9)—9i(b,p,q)||, la—bl <0, (p,q) € E X E with ”PH s o,

).

3
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Keeping in mind that g; is uniformly continuous on any bounded subset of I X E X E, we have
sup {51 (6.7,0) = 0., ] 1511 0,p0) € Ex Ewith ] <, ] < @} = .
That is

l9: (k2,0 (t1), ¢ (40)) = gi (b1, @ (), ¥ ()] = Oas b1 — 1.
From (23) and (24), we deduce that

||gz' (t2, @ (£2) , P (£2)) — gi (t1, @ (t1) , ¢ (fl))“ — Oast; — tp.

Now, we have

W%mwmr%@wmﬂ
t ty — a-1
Sfo ((2r(zz)) -G r(a) 1A G0 (5), 1 (5))]| ds

f (2 S) ”fl(sgos) ¢(s))||ds+||gl(t2, (), ¥ (82)) = g1 (1, @ (1), (1))

%LQU)M(Q ~ 74 (t)] F(ﬁ 1) + 1 () =1 ()] (Qr(ﬁ) )”fz( 5,0(5), 0 )| ds
% fo Q(Im(tz ya(tll(Q +[y2 (82) = 72 (1) (Q )Hﬂ(Sgo(s) ¥ ()| ds
%fo(l (72 (k2) = y2 (1)) (él"(ﬁ) Q+|p1 (2 (t2) = y2 (1) )1r(ﬁ+1))||fz(s<p(s) ¥ (9))|| ds
+%f0 (|72(7/1(fz)—7/1(t1 )| (51‘() Q+[r (1 () - Vl(tz)))r( +1))Hf1(s @ (5),9 ()| ds.
Using (21), we get
W1 (¢, 1) (t2) = W1 (, 9) (1)
(11 @) + f1)

< (8 8) ¢l (e (), 9 @) - 1 (9 (), @)
|y (t2) = ya ()| QP71 . 1 (t2) =71 ()| QF

+ % (2 (@) + )

I'(B) rp+1)
s (t2) = y3 ()| Q¥ 2 (k) =72 ()] Q°
A (Tl (@ +f) T (@) T T@)
1 Ip2 (72 (82) = 72 ()| QFL |p1 (2 (t2) = y2 (1)) QP+
+3 (@ p) T@+1) * T(B+2)
1 |2 (1 (1) =1 ()] Q™1 | (31 (1) — 71 (12))] Q**
rx(m@+ £) T(a+1) M T(@+2)

From (25), we deduce that

W1 (9, ) (t2) = W1 (9, 9) ()| > Oas ty > 1y,

this implies that W, (B,,) is equicontinuous.

2493

(24)

(25)
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Using the same reasoning as before, we obtain that

”qu (0, ¥) (t2) = Wa (o, ) (tl)” — 0ast; — fy,

which means that W, (B,) is also equicontinuous.
Consequently, the operator W maps bounded sets into equicontinuous sets.
Step 3. The operator W is continuous on B,,.

Let (4, Yn) C By, be a sequence such that (¢, ) — (@, ) in B,. Then, we have

(R2tt o) O =1 (p,9) |

_ el
<, (tr(S)) 1fi 50 (6), 0 5)) = fi (5,0, ¥ S| s + [lan 6o ), 90 ) = 91 (1,0 1), 1)
Q Q-
A f (|7/4( )| = F(ﬁ 1) + |1 @) r(ﬁ) )||fz(s Pn(5), P (5)) = fo (5,0 ), 9 ()| ds
+ﬁ (|y3( 1( |y2(t)) (Qr = )||f1 (5,90 (5), ¥ ) = fi (5,0 (5), 1 (5))] ds
A f (1pm t)IQ |P1)/z(f)|r(ﬁ+1))||fz(s Pn (), 9 () = (5,9 6), ¢ ()| ds
I f (!rm ®]Q ) + |y t)lr G+ D )||f1 (5, @u (5), 1u ) = fi (5,9 ), i (5))]| ds.

Using the Dominated Convergence Theorem (DCT), it follows that

||\111 (@, ) () = W1 (@, ) (t)” —0asn — oo,

similarly

”\PZ (@n, ) () = W2 (@, ) (t)” — 0asn — oo.

Having established the pointwise convergence of the sequences W1 (¢, ¥») = W1 (¢, ¢) and W5 (@, Pu) —
W, (¢, 1), the final step is to show that they are equicontinuous, allowing us to invoke the Arzela-Ascoli
theorem.

From Step 2, W maps bounded sets into equicontinuous sets. Hence, {W (¢, 1)}, is equicontinuous,
and together with the pointwise convergence, we conclude that the convergence is uniform. Therefore, we
conclude that W is continuous.

Step 4. The operator W satisfies inequality (11).

Let G = conv (WB,). It is clear that G is convex, closed, and bounded subset of B,. Since G C B,, then

WY(G) c W(B,) € G. From Steps 1 and 3, we conclude that the operator ¥ : G — G is both bounded
and continuous, and from Step 2, we conclude that G is equicontinuous. It follows from Lemma 2.8

that t — Q(G (#) is continuous on 1. Using Example 2.10 along with the properties of the measure of
noncompactness ), we deduce that, for each t € I

Q¥ (G) (1) = QW1 (G) (H) + QW2 (G) (1)
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On the one hand, we have

t e a1
%Q (f1(s,G1(s), G2 (s))ds + Q(g1 (£, G1 (), G2 (1))
Q

+m (|V4<>| r(ﬁ 1) +1 (0] © r(ﬁ) )Q(fz(s G1(5), G2 (5)) ds
©Q

QW (G) () < fo

a-1
+ m (|7/3( )| +[y2 () M)Q(ﬁ (5,G1(5), G (5))) ds

, L f (|pm<t>)g‘—1+| ] =L )Q(fz(s G1 ()G (5))) ds
|A| 0) T(+1)

|A| (|7’2)/1 (t)| Q r( ) + ) "Y1 (t)| (60( S)l))Q(fl (S Gl (S) GZ (S))) dS

where G; and G; be the canonical projection of G € B, over C (I, E).
Using (25) and (20), we get

Q¥ (G) (1) < Ot %n (Q(G1(5) + QG2 (M)ds + 01 QG (1) + QG2 (1)
wf (ool o2 n G ICTCHER A O
|A| (|y3(t)|( +| 2 () (QF() )n(Q(Gl(s)m(Gz(s»))ds

A f (IPsz())Q r(ﬁ) +lp2® ir(ﬁ 1)) ©(Q(G1 () +Q (G () ds
+|17| f (Irm()lQ +)m<>| < +1)) 1HQG1 () + QG () ds.
Thus, by Lemma 2.8, we get
Q. (¥ ()
<a(Q©)+ |1|T1 CRE ))(r|(Aa|$a1) Al(r(flxrzl n" r(!:llz))ga+1 r(yZQ:l) * 7;?:)_1

1 —_
*mTZ(Qc(G’)(rqm)* AT+ " T(E+2)

In the same way, we obtain

71Q° 77( P2l . &l ]Q[m 7’4Qﬁ_1).

Q: (¥2(6))

<0 (Q.(6)+ &12 (Q (G))( Al QF k1QF [ | I )Qﬁ” , [

TE+D) TE+D 2(TE+D TE+2)

1 = — |72 |71 ot Q" Q!
STy (QC(G))(Kl(r(a+ D F(a+2))Q t+ Ta+)  T(@ )

2495
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Consequently, we obtain
Q: (¥ (G))
<01 (Q:(6) + 22 (2 (G))

L @)L, (el e, (2 QT Ga+ &) Q!
+mT1(Qc(G))(m+(71+K1)( 2, _ I )Q1+ 2t k)b st ks )

I'a+1) T(x+2) T'(e+1) I'(a)
1= AQF i+ |p il ) o, Gar Q!
+mT2(QC(G))[I..(‘B+1)+ F(‘B+1) +(7/2+K2)(r(‘8+1)+r(ﬁ+2) Qﬁ1+ r(ﬁ) ]

By setting

|Al Q%
E=atet |A|(F(a+1) (1

1N Gt
ANNT(B+1) rg+1)

— |72 |74 w1 O02+i)Q% (3 +143)Q!
Kl)(F(a+1)+F(a+2))Q T erD T T )“
lp| Ipi] i)

T(l3+1)+F(ﬁ+2))Qﬁl+ D) )

e @)(
we find that
Q: (¥ (G) < £(Q:(G)).

It follows from Remark 3.1 that ¢ € Y.
Hence, by Theorem 2.12 and Lemma 2.4, it follows that the coupled system (1) with conditions (2) has at
least one mild solution (p, ¥) in G. O

Example 3.4. Let

Po
1 oo
E=I'(R)={¢p=]| : ,(pl-e]R,z‘e]N*,Zkoi|<00,

©On i=0

be the Banach space of absolutely convergent real sequences, endowed with the norm

Il = Yo

Consider the following coupled system of nonlinear Caputo fractional differential equations

{ D (pt)—q Lo ®),v®)=fi(te®t),p®), t€l0,Q], 26)
DP ) =gt o), ¢ (1) = fa(t, o), (1), te[0,Q],

with the following integral boundary conditions
¢ (0)=0, p(0)+¢' (Q =0, p(2) =13 fOZ'Zw (5)ds +12Q¢ (0.7),
Y (0)=0, ¢ 0)+¢'(Q) =0, p(2)=1.1 fo T (s)ds +1.3Q¢(0.7),
where Q=1,a=27,=25,

(27)

i) ={(555n ) o+ 55e 7w} L S lwy) = {5% S Od}

nelN’

2 1 1
7t ¢)= {t T A %%}new , 2t oY) = {tz T sm (t) %}
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Forall (p,V), ((p, @) € E x E, we have
- 1
|4 oo - £ (1.2 9)| < (5550 o = @l + 556 e - 0]
1
< 55 (Il = ll + 1y - IPH)

|09 - £2(0:0.9)] < oz llo = @l + 35 cos* @ v - 9]
1 ~
< 75 (e = 2ll + v = 2l
o1 G0, 9) - 91 (.0, 0)]| < s o - 0l + 55 v - 9
1
<15 (llo- -4l

and

920, 9) = 92(6:0,9) < s o = 0l + s s 0w - 9]
—10<”(P 7l + v - lMD

then for i € {1,2}, we have 7; () = 0; () = 5t, are nondecreasing and upper semicontinuous function satisfying
T; (t) < t,and g; (t) < t, for all t > O, then by Lemma 2.11 we conclude that t;, 0; € Y.
We set w and k1 = kp = % Then we obtain the associated inequalities

1 (l y ) 211137 53911 102725 . 2 25
PL= 211137 \10 TG7) 'TR7) T TG TG T T@y)
1 /1 13.7404  15.102 1 15 1
T 1137 (E % 2)( r@s Tes) 2725(r(3 5) ' T(5) )) 10 %2

~(0.8764 <1 = %w,

and

1 (lx ) 233672 20545 0 ( 2 25 1,
P2= 511137 \10 T(27)  T@37) Te7 'T@y)
1 (1 ) 21.1137 6.3671  30.204
+——|=x + +
21.1137 \10 r(35 T (25 T35

+ —_—
1 15
20545 (r 35 T (4.5))

~0.8488 <1 = 1a).
2
Hence, it follows that all the assumptions required by Theorem 3.3 are satisfied. Consequently, the coupled system
(26) with conditions (27) has at least one mild solution (¢, {) in B,.

3.1.2. Uniqueness of solutions using the Banach theorem
For the purpose of proving our main results, we adopt the following set of hypotheses:
(H1) There exist four constants L, L;; € Y, with i € {1,2}, such that

1fi (& @2, 12) = fi (o1, 90)|| < Ly ([[02 = 1| + [[2 = ).
“{]i (t, P2, ¢2) = gi (L, @1,1#1)” < Ly (”@2 - §01” + Hle - 11’1”)'
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(H2) Suppose the following inequality holds

1 |72 |71 w1 2+i2)Q*  (y3+13)Q!
p= |A|Lﬁ((ler 1)(T(a+1)+r(a+2))Q t+ T+l | T )

1 (i+) @ (|l lp| . At
+ELﬂ(—F(ﬁ+1) +0/2+K2)(1"(ﬁ+1)+1"([3+2)]Qﬁ1+—F(ﬁ) ]

L Q| LpQf
Ta+1) T@+1)

+Lp+Lp<1,
where y; = sup b/i t) (, K =sup ki (t)l, i €{1,2,3,4}.
tel tel
Theorem 3.5. Suppose that hypotheses (H1) and (H2) hold. Then, the coupled system (1) with conditions (2) has a
unique mild solution (¢, ) in C(IXE) X C(IXE).
Proof. Let (¢1,¢1) and (@2, 12) be two elements of the product space C (I X E) x C (I X E), then we have

[ (@2, 92) = W (@1, ¥1)||,.. = W1 (@2, 92) = W1 (@1, )|, + || W2 (@2, 12) = Wa (o1, 1), -

On the one hand, we have

W, ((PZ ¥2) (8) = 1 (1, 1) ()

a-1
<), (tr(s)) £ (5, 02(5), 12 () = fu (5,91 (), 1 (5))| ds
+1|91 (t,p2(t), Y2 (1)) - 7 (t P10, 1 )|

|A| (| 0 1(‘3 +| N - ) )||f1 (5,02(5), 02 5)) = fi (5,01 5) , 1 )] s

|A|f (‘1’2)/1( 'Q +| Y1 t)| T( +1 )”fl (5,902(5),Y2(s)) = fi (s, 01 (s), Yn (s))”ds

T f (1pm OffoR it r(ﬁ) |pm<>|r(ﬁ 1))||f2( 5,929, 42(9) = (5,91 (5), 1 ()] ds

|i| (|y4( ‘(19(;-)1) + ] ) (Qr(ﬁ) )Ilfz(s 209,42 (9) = fo (5,91 (), ¢ ()| ds.
Using (H1), we find
W1 (92, 2) (6) = W1 (1, 1) (B)|

t _ el
so“s)dms—@wthwwwmwwm@—%whwm*%@m

I'(a)
1 Q
e [ (ol Iyz(ﬂ)(Qr() Nz - 1 01+ - s 0]
ro f (ml(t}Q + iy t)|r( +1)(H<pz<s) o1 6+ [[e2© = v1 0} ds

pays 0] QL iy ] & )(quz(s) @1 6)|| + [z 5) = Y1 6)]]) ds

1 -1
+Ef ( F(ﬁ) F(ﬁ+1)

1
i, (oo G2y ool e - ool - s ol



M. Messous et al. / Filomat 40:7 (2026), 2483-2508

Thus, we get

@1 (@2, 2) (1) = W1 (1, 1) (1)
1 AQY [ Inl 1] - 72Q°  ysQ+t
<[|A| fl(r(a+1) n (F(a+1)+r(a+2))Q 1+T(oc+1)+ T (@) )
1 (nQ (I Pl ) e, 730
|Aﬁﬂ(rw+1>+”(rm+1)+rw+2>Q TR

Taking the supremum over t € I, we obtain

11 (92, 92) = W1 (g1, 90)]

1 AIQ* ([ _Iral |r1] o 72Q%  yQ!
= [mLﬁ(r(aﬂ) +V1(r(a+1) +F(a+2))Q DT Tw )

1 (7 (I Pl ) g, 7208
|A|Lf2(r(ﬁ+1)+72(r(ﬁ+1)+r(5+2) Q+ *Ln

In the same way, we obtain

W2 (92, 2) (6) = Wa (1, 1) (8)|

1 |72 |71] 1 ] Q" Q!
[|A|Lf1( (F(a+1)+F(a+2))Q "Ta+n T )+L’72

1 (AQﬁ fQ’ H?( Pl Ipl ]Q,g+1+@Qﬁ-l]]

HRE R R S R )
X (|lo2 = @1l + w2 = vall.,)-

Thus, we get

12 (92, ¥2) = W2 (o1, 9],

1 |72 |71] 1l K2 Q" Q1
[|A|Lf1( (F(a+1)+F(a+2))Q "Ta+n T )+L92

1 e T P O il ) | QT
IAILfZ(F(ﬁH)+F(ﬁ+1)+K2(T(ﬁ+1)+T(ﬁ+2))Qﬁ1+ ]

X (lle2 = oill, + lv2 = )

We conclude that

||\I’ ((PZ IIDZ) - \y((pl 1lbl)“c)(c

72| Ir] w1 2+12)Q% (3 +ia) Q!
[|A|Lf‘((yl+ 1)(F(a+1)+F(a+2))Q 1+ T+l | T )

L (@@ (el el ), (iR Q!

+ EL”(W (2 +K2)(F(ﬁ+ n" F(ﬁ+2)]Qﬁ - Tﬁ))
L 14 L

+r (;? 5 F(EQ ) + Lgl + Lﬂ:| ”((PZI l,[72) - ((Plf wl)chc

gp“((pz,l,bz) (¢1f¢1)||cxc‘

] + Lﬂ] “(@2; EbZ) - (qol’ 17[}1)||c><c :

@2, 92) = (@1, 90

2499

(28)

(29)
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Using (H2), we obtain that ¥ is a contraction.

Finally, according to Theorem (2.14), the operator W possesses a unique fixed point (¢, ) in C (I X E) X
C (I x E), which corresponds precisely to the unique mild solution of the coupled system (1) with conditions
2. O

3.2. Continuous dependence
Definition 3.6 (Continuous dependence [13]). Consider two mild solutions (¢, ) and (¢*, ") of the coupled

system (1) with conditions (2), corresponding to the sets of functions (fi, fo, g1, 92) and ( fi 1,9 !72) respectively.
We say that the mild solution depend continuously on the functions fi, f», g1 and go,if there exist four constants
ki, ko, ks, ks € R, such that

e, <ki|lfi= fille +kellfe = £l + K llgs = gill. + ke llg2 = 2]l

Theorem 3.7. Assume that hypotheses (H1) and (H2) hold. Then, the unique mild solution (¢, ¢) € C (I X E) X
C (I X E) of the system (1) with conditions (2) depends continuously on the functions fi, f>, g1 and g».

Proof. Let f1, fo, 91,92, f;, f5, 91,95 : I X EX E — E, continuous in their respective arguments.
According to Theorem 3.5, the two following problems

{ D (pt) g (L, ®),v®) = fit,e®), Y1), t€[0,Q],
D) —g2 (b (), (1) = (L), (), t€[0,Q],

and

D (@) -g; (oM, Y B)) = f; (Lo ®), ¥ ®), t€[0,Ql,
DF(p () — g5 (£, (1), 0 (1) = 5 (£, (1), ¥ (1), £ €10,Q1,

together with conditions (2), admit two mild solutions (¢, ) and (¢*, ¢*) in C (I X E) X C (I X E) respectively,
such that

f
go<t>=f0‘ D 606, b ) s + g1 (1 ), ()

I'(a
f(m QI o LI F(ﬁ) Q) herw v
2 [0 Lt -0 2 e v o
2 (me(t r(ﬁ))ﬁ s 1))fz(3(p(s) Y ©)ds
2 (Qrm(t) EoI w0 S22 g v o

t
o (1) = fo =9 o0 6), 07 ©)ds + (69" (), 4" (1)

F(a)
_g)f2 _g)f1
( 0L 0 I e @ v o)
—)“ CEDSAPRI
a0 Q2 QI o fi (9" 0), " () ds

ﬁ 1
205555 iy

( (_)al (

Qray1 () —=7—— +riy1(t) T +1))f1( s, 9" ()" (s))ds,

o () )fz (59 ), (5))ds

Oy

%ﬁh%

SIS
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1 ! _
0= 175 [ (=9 Ae00p O 0o, )

Q a-2 a—1
+1f (m(t) (Q( 5)1) S ) )ﬁ(w(s) ¥ (s))ds

A
p-2 -
A (K4(t) NG S)l) Y ki r(;)) )fz(s,qo<s),¢(s))ds
E a—1
w1 [ (om0 2= a0 o) i oove
1 & )ﬁ 1 p
- t t y
X ; (QPZKZ() ) +p1 2()F(ﬁ 1))fz(s @ (s),P(s))ds
and
t
U= [ =9 0" 6, 6)ds+ g5 (59" (1), 0 (1)
L@ Jo
1 Q a-2 A o !
3 [ (a0 BT -0 Q2 e o0 @
1 (9 s)ﬁ2 Q-9"\ . . .
Kfo (K4(t) Ty YT )fz(sf(P (), 4" (s))ds
'3 a—1 a
%jo‘ (Q”zKl (t) (ér(s)) + 11k () IECE +S)1))f1 (s,9"(5),9" (5))ds
1 (& -5y
Kj(; (QPsz(t) 0) +p1 2()F(ﬁ 1))f2( s, 9" (s),Y" (s))ds.

Fori € {1,2,3,4}, we have the following inequalities

Ifi G506, ¥ )= f 6, v O < ||fie6), ¢ 6) - fils, @ 6), ¢ )|
+fis @ ), ¥ () = £ (5,97 (), ¢ 5)|,

and

9 (5,0 ), 0 ) = g5 (5,9 (5), Y G| < [|g: (5,0 (5), () = g (5, 9" (5), ¢ )

+[lg: G5, 0" 6, 9" ) = g5 5,07 ), " )]

Using (H1), we get

Ifis o), 0 6) = f (s 96, v <||fi- £ + L0 ) = (@ ). (30)
and

9: G 0 6), 9 ) = g3 (5,9 ), ¥ O < [|gi = gil|. + Lot [ (@ ) = @ 9| - (31)
We have

e, ) = (@ ) = @ =079 = )| = o = @[l + [ = w7, -
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On the one hand, we have

e &) = @)
f (t _S)afl . . .
T i@ @ vE) = fi 69 @,y () ds
+]|g1 (t @ (B, ¥ (1) - g; (t fp* RO
Q- Q
|A|f (| 1(8) ‘ r(ﬁ) | | F(ﬁ 1) )”fZ(S @ (s), ¢(S)) fz (s, P (s), (s))HdS
e [ (el 9 +| 0] L 60 0, 0,47 )

+mf0(szz(t)|Q F(ﬁ) |P17/2(t)|r(ﬁ+1))”fz(s(p(s)1/1 )= £ (5,07 (5), " (s))|| ds
1
‘wl

Using (30) and (31), and then taking the supremum over ¢ € I, we obtain

s 0] Q5 -t >IW+1 )Ilfl( 596),9 )= f (5,0 (), 4" () ds,

. 1 Al Q —~ 7 e 720" y3Qe!
”(P_(PHM—LN fl(l"(a+1) n (F(a+1) F(a+2))Q t+ Ta+) " T )
1 y10F — P2 pe1 71QF!
Al fZ(F(ﬁH) " (F(ﬁ+1) F(ﬁ+2))Q I (B) )”ﬂ]

@) = @ 9. +llor - i)l

IAIQY  —~(__ 1 at 72Q° VsQ
+|A|(F(a+1) Vl(r(a+1) F(a+2))Q resD T T@ )||f1 Al

L leﬁ Vs P2 + V4Q = +
+m(1“(,8+1)+)/ (F(ﬁ+1) F(ﬁ+2))Qﬁ 1y N7 )Hfz‘fz“c.

In the same way, we obtain

|72 |71 o Q" }3Q!
(I ‘#Hw—[mﬁﬂ(“l(r(mn+r(a+2))Q 1+T(a+1)+ (@) )+L?2
R [T L I | B P Toi
At teen T F(ﬁ+1) "T(+2) T (p)
[l ) = (@7 )| + [lg2 = g5,
1 (-~ |7 |71 . K Q" K3Q*”
+m("1(r(a+1)+r(a+z))g 1+F(a+1) T(@ )”fl £l
1wt me o el el ) e, BO
IA[\T(B+1) F(ﬁ+1) rg+1) r(ﬁ”) IN())

]Hfz -l
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Consequently

(@, 9) = (%, 1) ..
S[&T(@ﬂa)( 2l _Inl )Qa+1+(772+15)Q“+(773+1?3)Q“‘1)

Ta+1) T(a+2) T(@+1) T (@)
| T Al
+[£q(9%5;§%?f+(?£+ﬁb(r(fﬂl)+I(Eﬂz)]Qm4*'ga+;2%Qﬁ1)
| sl Al - il 2 el

<ki|lfi = fille +kllfe = £l + ks llgs = gill. + ke llg2 = 2]l

As a result, the claim is established, which completes the proof. [

3.3. Stability

Define the following nonlinear operators ®;,®, : CIX E) X C(I XE) - C(IXE)

{ Dy (¢, ) (1) = D (@ () = g1 (L@ (1), Y (D) = i (t, @ (1), (D), £€[0,Q], 2< <3,
D2 (0, ) () ="DF () —g2(t, (), p M) - ot (), (#), t€[0,Ql, 2<p <3.

Definition 3.8 (Ulam-Hyers stability [17, 32]). The coupled system (1) with conditions (2) is said to be Ulam-
Hyers stable, if there exists some positive constants My and My, such that for some €1 and €, that are greater than 0,
and for each mild solution (¢*, ¢*) in C (I X E) X C (I X E) that satisfies the following inequality

{

there exists a unique mild solution (¢, ) in C (I X E) X C (I X E) of the coupled system (1) with conditions (2), such
that

@1 (¢, ¢)
Dy (9", ¥7)

<
w =€V (32)

w €

(@, ) = (@, )

<
oxe = M€ + Mes.

Theorem 3.9. Suppose that hypotheses (H1) and (H2) hold. Then, the coupled system (1) with conditions (2) is
Hyers-Ulam-stable.

Proof. Let (¢,1) € C(IXE) x C(I X E) denote the unique mild solution of the coupled system (1) with
conditions (2) satisfying (13) and (14), and let (¢*, ¥*) € C(I X E) x C (I X E) be any solution satisfying:

{ D (" () =g (£, 97 (0, " (1)) = fu (£, 9" (), 9" (1) + D1 (97, ) (), £ € [0, 8

1,
DF (Y () — g2 (9" (1), " (1)) = fa (£, " (B), " (D) + D2 (9", ¢") (1), £ €[0,Q].

1



Then, we have

Q" (8) =W (e" ) (5) +

and

Pr(t) = Wa (@7, ¢7) (1) +

For t € I, we have

1 (@, 97) (B — " ()|

t(t_s)a
Sfo @ 1@
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[

(i’ S)a 1

T( q)l(qo IP)(S)dS

% ! (4“ r(ﬁs)ﬁl;- 1<>(Qr(;))ﬁ1)<I>z(<p*,¢*)<s>ds
%fOQ(yS(t) s)‘”_ 2()(Qr()) )Cbl(cp ) 6)d
%foé(yz t)Qz F(ﬁ) +p1y2(t 1“(/3+1)) D, (¢, ¥ (5)d
1 [ oo s d= 0 =2 o e 0

%ﬁ) f (£ =51 @y (¢, 07) (5) ds

%fog (“ DT S)ﬁl)2 —ra () (Qr_(;))ﬁ_l)@z (9", ¥") (5)ds
%fo (Kl(t (é—s)a - (t)rllﬁé( +)1)) &1 (¢ 0") () ds
%L ("2“ o2 l"(ﬁ))ﬁl+ 2<>P1r(ﬁ 1)) : (", §) (5) ds.

©
w)(s>|)ds+|A|f ( ol o] 22

e [ (e 0l G+ b0 G2 e v )
N f (!szz(t)lQ 1"(5) +|P1V(t)(r(ﬁ_+1))||(Dz((p*,¢*)(s)”ds
o f (= o]0 ET o S 2 e v @)
Thus
II‘Pl(@* O - @)
Q1 JiQf o
< ey o @l IAI(Y;(ﬁ) +r?/31+1>)”®2(")’4’)”°°
70 70 p2| 1|
+m( () r(a+1))H JORD |A| (F(ﬁ+1) T(E+2)

1 |rl

|71

+Ey1(r(a+1)+

I'a+2)

)Qa+1 ”q)l ((P*/ lp*)Hw )

2504

Q-

r(ﬁ) o ) 0 s

)Qﬂ“ 029, 0.
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Using (32), we get
W1 (@' ) () = " O

AlQ* |7 |74 . 72Q% 73Q7!
—m(r(am)”l(r((xn) F(a+2))Q t T+l = T )el
1 (70 (I Pil ), B,
m(rwn)* 2[F(ﬁ+1)+F(ﬁ+2) RS TN
Similarly
%2 (@, %) () =y~ (1)
1 [~ |7 |74 e K2 Q" Q!
Sm(Kl(F(a+1)+l"(a+2))Q T esD T T@ )€1
1( A @ (Il R P te
m(r<ﬁ+1)+r(ﬁ+1>+"[r(ﬁ+1) 629 T TE
Therefore, by (28) and (33) we find
o) - @)
<|[W1 (@, ) () = W1 (@7, ¥") O] + W1 (@7, ) () — 9" ()
AlQY || |74 P 72Q% y3Q7!
<ﬂ(r(a+1)”1(r(a+1) F(a+2))Q T resd T T@ )61
l( 71Q° [ |P2| |p1| )Qﬁﬂ 72QF )
A F(ﬁ+1) rg+1) Iﬂ(ﬁ+2) r'(B)
1 AQ” —~ |7 |71 ot 72Q% y3Qe!
+[|A| fl(r( +1)+V1(r(a+1) F(a+2))Q s F(a))
1 7Qf p2] il ) g 7AQ
*EL’Q(WHV (T(ﬁﬂ) r6+2)2 T TE )t
x||(@, 9) = (@" 9. -
and similarly, by (29) and (34) we get
[ ) ¢ )
< w2 (g, 9) (1) = W2 (", ") O + W2 (", w) () — " (1)
1 [~ 7] |74 - Q" }3Q*!
<|K(K (F(a+1)+F(a+2))Q 1+F(a+l)+ T (@) )61
Lo | mo i I | PO oL
IAI\T (B +1) r(ﬁ+1) r(ﬁ+1) r(ﬁ+2) rp)
1 |7 |74 e i Q” Q!
[|A|Lﬁ( (r( +1) F(a+2))Q 1+1"(a+1) T (@) )+Lﬂ2
G (A | me o el el ), OV
e\ TEeD T TR T(+1)  T(+2) T (B)

X(lle =o'l + lly = L)

2505

(33)

(34)

(35)

(36)



M. Messous et al. / Filomat 40:7 (2026), 2483-2508 2506

From (35) and (36), we conclude that

(e,

cXc

11 ra Nl et , (+Q G+ AQY
((yl 1)(r( +1)+r(a+z))Q e T @ +F<a+1>)el

Lm((ﬁ_ﬂa)[ |P| |P1| )Qﬁﬂ_’_(ﬂ*‘ﬁ)Qﬁ (ﬁ"'ﬁ)Qﬁl IA| QP ]

+
TE+1) T(+2) r+1) T@  T(E+D
Consequently, the coupled system (1) with conditions (2) is Ulam-Hyers stable. [J
Example 3.10. Let

Po
P1
E=I'R)={p=| | | peRieN, ) |p|<of,

(2 i=0

be the Banach space of absolutely convergent real sequences, endowed with the norm

el = Yo

Consider the following coupled system of nonlinear Caputo fractional differential equations

{ D (@O =g (Le®,9®) = fALe®,B), t]0,Q], (37)
D) - g2t t), Y1) = L(Le ),y #), te[0,Q],

with the following integral boundary conditions
¢ (0)=0,90)+¢' (Q =0, 9@ = 13[0 (Y (6)ds +1.209 (08),
P =0¢0)+y Q=092 =12["p@)ds+11Qp (0.8),
where Q=2,a=28,=209,

@ €L

(38)

B 6 t+1
fl(t/@fw)_{lo()( (%)4_1) |(P”) t+50 |IP”) }nEN’

in (2¢) + 1 COS(L)
gl(t,qa,zp):{SH‘T|¢n|+o.o5|z,bn|+ — N

5 5V
e )= {0'05 ‘(P”| T ¥y100 |¢n| i W}neﬂ\f

Forall (,¢), ((p, ) € E X E, we have

1A o 0) - fi (10, 0) < Wll(p oll+ s o -l
),

< 0.03(1|go - ¢l
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2
[, 0) - £ (0 0)] < 22 flp -l + o o~ 9]

)
o2 G0, 0) - 91 (6.0, 9)]| < 252 - ]| + 005 [ - 9]

)

<0.03([l¢ - @] +|jw -

< 0.05 (|l ~ Il + [y - ¢
and

o200 = 2 (1. 2,9 < 0.05 - 9] + =5 [l - 9]

<005 o - ]+ o - 9,

then Ly, = Ly, = 0.03 and Ly, = Ly, = 0.05.
By computing the associated inequality

1 11 12
- ——0.03|ws. 192.0341) [ ——— 4+ —=_| 938
P 132.3499003(( 8.00853 + 192.03 )(F(3.8)+F(4.8))

(11.0272 + 44.1088) 1,5 (140.6798 +44.1088) . 5
I'(3.8) I'(2.8)

1 (48.00853 + 192.0341) _, 12 13\
0.03 229 4 (11.0272 + 44.1088) [ - + ——— | 2%
" 1323499 ( T (3.9) + " NG9 T ra9
(37.93357 +172.6498) 15\ 0.03 5 003 _,,
o 22 229 40.05 +0.
M T (29 TG’ T’ 005+
~ 0749 <1,

we conclude that all the assumptions required by Theorems 3.5, 3.7 and 3.9 are fulfilled. Therefore, the coupled system
(37) with conditions (38) possesses a unique mild solution (¢, ) € C(I,E) X C (I, E) that continuously depends on
the given functions fi, fo, g1 and g, and satisfies the Ulam-Hyers stability.

4. Conclusion

In this study, we investigated a nonlinear coupled system of Caputo fractional differential equations
with integral boundary conditions in the setting of Banach spaces. By employing the Kuratowski mea-
sure of noncompactness in conjunction with the Generalized Darbo’s theorem involving a nondecreasing
control function, we established the existence of mild solutions. The uniqueness of these solutions was
obtained through the Banach contraction principle. Moreover, we demonstrated that the solutions depend
continuously on the given data, ensuring the model’s stability under small perturbations. The Ulam-Hyers
stability of the system was also proven, confirming the robustness of the solutions. To illustrate the theo-
retical results, a concrete example was provided. Overall, this study contributes to the growing body of
research on fractional differential systems and offers a foundation for future investigations involving more
generalized boundary conditions or applications in the applied sciences.
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