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Abstract. The idea of statistical convergence was independently presented by Fast and Steinhaus in
1951 and has now become an area of active research in the field of mathematics. Recently, it has been
successfully used in the realm of fuzzy metrics, in the sense of George and Veeramani, by several authors.
The appearance of a parameter t in the definition of fuzzy metric space allows for the introduction of new
particular definitions in fuzzy metric context. In view of this, we introduce the concept of p-statistical
convergence in fuzzy metric spaces and explore some useful results. Also, we give several equivalent
characterizations those are relative to the concept of principal fuzzy metric space that Gregori et al. proposed
in [16]. Moreover, we provide some illustrative examples.

1. Introduction

Several versions of fuzzy metric spaces have been studied in different ways [9, 15, 28, 30]. Specifically,
Kramosil and Michalek [30] introduced the concept of KM-fuzzy metric space, which could be considered
an extension of Menger space [35] in fuzzy setting. To make the topology induced by a fuzzy metric to be
Hausdorff, George and Veeramani in [15] gave a slight modification of KM-fuzzy metric and obtained the
concept of GV-fuzzy metric. In [25], Gregori and Romaguera proved that the topological spaces generated
by GV-fuzzy metrics are metrizable. Afterwards, It was found that some well-known results in classical
metric spaces are applicable to the realm of GV-fuzzy metric spaces.

In this paper we deal with the concept of GV-fuzzy metric. From this time on, for simplicity, fuzzy
metric we refer to is GV-fuzzy metric.

It is widely known that the completeness of fuzzy metric spaces is very different from that of classical
metric spaces. In fact, as it can be see in [26, 27] that there exist non-completable fuzzy metric spaces.
In view of this, many authors became interesting to the completeness of fuzzy metric spaces and gave
some contributions to this study in the literature (see [14, 20, 22–24, 33, 42]). Another significant distinction
between a fuzzy metric and a classical metric is that the former one includes the parameter t in its definition.
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So some novel fuzzy metric concepts can be defined in fuzzy metric spaces, however those concepts are
invalid in classical case. This fact has been successfully used in convergence in fuzzy metric spaces, as
p-convergence [37], s-convergence [19], st-convergence [18], std-convergence [38] and sts-convergence [31].
In addition, we can find other more references devoted to this topic (see [5, 16, 17, 21, 32]).

In 1951, the concept of statistical convergence in real number space was initially introduced by Fast [10]
and Steinhaus [41], respectively. Later, the concept attracted a great deal of attention, and some authors
provided various applications in different fields of mathematics [1–4, 6, 7, 11–13, 29, 31, 34, 36, 39]. In
particular, Li et al. in [31] first introduced the concept of the statistical convergence in fuzzy metric spaces
and explored several aspects relative to the concept. Since the theory of fuzzy metric spaces is richer
than that of classical case, it is a natural problem to modify the definition of statistical convergence in
fuzzy metric spaces and get a more general concept with the help of the parameter t. Here we do it.
After introduce the concept of p-statistically convergent sequence in fuzzy metric spaces, we will study p-
statistical convergence, p-statistical Cauchyness, p-statistical completeness and s-p-statistical completeness.
We show that statistical convergence (statistical Cauchyness, resp.) implies p-statistical convergence (p-
statistical Cauchyness, resp.) in fuzzy metric spaces, but the converse is not true. At the same time we
give an equivalent characterization that a fuzzy metric space is principle (s-p-statistically complete, resp.).
Also, we provide a necessary and sufficient condition that a sequence is p-statistically convergent in a fuzzy
metric space. In addition, we give several examples.

The paper is organized as follows. In Section 2 preliminaries are given. In Section 3 the concept of
p-statistical convergence in fuzzy metric spaces is introduced, and also some aspects relative to this concept
are investigated. In Section 4 p-statistical Cauchyness and p-statistical completeness in fuzzy metric spaces
are studied. At the end, conclusions are provided in Section 5.

2. Preliminaries

From now on,N andR shall denote the set of all positive integer numbers and the set of all real numbers,
respectively. Our basic reference for general topology is [8].

Definition 2.1. ([40]) A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(i) ∗ is associative and commutative;
(ii) ∗ is continuous;

(iii) a ∗ 1 = a for all a ∈ [0, 1];
(iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].

Notice that a ∗ b = a · b and a ∗ b = min{a, b} are two common examples of continuous t-norms. Clearly,
for any ε ∈ (0, 1), there exist ε1, ε2 ∈ (ε, 1) such that ε1 ∗ ε2 > ε.

Definition 2.2. ([15]) A 3-tuple (X,M, ∗) is said to be a fuzzy metric space if X is an arbitrary set, ∗ is a
continuous t-norm and M is a fuzzy set on X×X× (0,∞) satisfying the following conditions for all x, y, z ∈ X
and s, t ∈ (0,∞):

(i) M(x, y, t) > 0;
(ii) M(x, y, t) = 1 if and only if x = y;

(iii) M(x, y, t) =M(y, x, t);
(iv) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t + s);
(v) the function M(x, y, ·) : (0,∞)→ [0, 1] is continuous.

If (X,M, ∗) is a fuzzy metric space, then we will call (M, ∗), or simply M, a fuzzy metric on X.

Definition 2.3. ([15]) Let (X,M, ∗) be a fuzzy metric space and let ε ∈ (0, 1), t > 0 and x ∈ X. The set

BM(x, ε, t) = {y ∈ X|M(x, y, t) > 1 − ε}

is called the open ball with center x and radius ε with respect to t.
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George and Veeramani [15] proved that {BM(x, ε, t)|x ∈ X, t > 0, ε ∈ (0, 1)} forms a base of a topology τM
in X, and for every x ∈ X the family {BM(x, 1

n ,
1
n ) : n ∈N} is a local base at x.

Definition 2.4. ([15]) Let (X, d) be a metric space. Define a ∗ b = a · b for all a, b ∈ [0, 1], and let Md be the real
value mapping on X × X × (0,+∞) defined by

Md(x, y, t) =
t

t + d(x, y)
.

Then (X,Md, ·) is a fuzzy metric space and (Md, ·) is called the standard fuzzy metric induced by d.

Proposition 2.5. ([15]) Let (X,M, ∗) be a fuzzy metric space. A sequence {xn} in X converges to x0 ∈ X if and only
if lim

n→∞
M(xn, x0, t) = 1 for all t > 0.

Definition 2.6. ([37]) Let (X,M, ∗) be a fuzzy metric space. A sequence {xn} in X is called p-convergent to
x0 ∈ X for t0 (or, simply, {xn} is p-convergent) if lim

n
M(xn, x0, t0) = 1.

Definition 2.7. ([16]) We say that the fuzzy metric space (X,M, ∗) is principal (or simply, M is principal) if
{BM(x, r, t) : r ∈ (0, 1)} is a local base at x ∈ X, for each x ∈ X and each t > 0.

Proposition 2.8. ([16]) The fuzzy metric space (X,M, ∗) is principal if and only if all p-convergent sequences in X
are convergent.

In the following, for any B ⊆N, |B|will denote the cardinality of B.

Definition 2.9. ([10, 41]) Let A ⊆N. For any n ∈N, put A(n) = {k ≤ n|k ∈ A}. Define δ(A) by

δ(A) = lim
n→∞

|A(n)|
n

and call it an asymptotic (or natural) density of A. Obviously, if δ(A) exists, then δ(A) ∈ [0, 1] and δ(N − A) =
1 − δ(A). A is said to be statistically dense provided that δ(A) = 1.

Definition 2.10. [31] Let (X,M, ∗) be a fuzzy metric space. A sequence {xn} in X is said to be statistically
convergent to x0 ∈ X if δ({n ∈N|M(xn, x0, t) > 1 − ε}) = 1 for all ε ∈ (0, 1) and t > 0.

Definition 2.11. ([31]) Let (X,M, ∗) be a fuzzy metric space. A sequence {xn} in X is called a statistically Cauchy
sequence, if for every ε ∈ (0, 1) and t > 0, there exists N0 ∈N such that δ({n ∈N|M(xn, xN0 , t) > 1 − ε}) = 1.

Definition 2.12. ([31]) The fuzzy metric space (X,M, ∗) is called statistically complete if every statistically
Cauchy sequence in X is statistically convergent.

3. p-statistical convergence

In this section we introduce the concept of p-statistical convergence in fuzzy metric spaces and explore
some aspects relative to this concept.

Definition 3.1. Let (X,M, ∗) be a fuzzy metric space. A sequence {xn} in X is said to be p-statistically convergent
to x0 ∈ X, if for some t0 > 0, δ({n ∈N|M(xn, x0, t0) > 1 − ε}) = 1 whenever ε ∈ (0, 1).

In such a case we say that the sequence {xn} is p-statistically convergent to x0 for t0 (or, simply, {xn} is
p-statistically convergent). It is evident that

δ({n ∈N|M(xn, x0, t0) > 1 − ε}) = 1⇔ lim
n→∞

|{k ≤ n|M(xk, x0, t0) > 1 − ε}|
n

= 1.
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Remark 3.2. It is easy see that a sequence {xn} is statistically convergent to x0 if and only if it is p-statistically
convergent to x0 for all t > 0.

It is worth to mention that if a sequence {xn} in the fuzzy metric space (X,M, ∗) is p-statistically convergent
to x0 for t0 > 0, then any subsequence {xni } of {xn} need not be p-statistically convergent to x0 for t0. This fact
is illustrated in the next example.

Example 3.3. Let X = [1, 3]. Denote a ∗ b = a · b for all a, b ∈ [0, 1]. Define M by M(x, y, t) = t
t+|x−y| for all

x, y ∈ X and t > 0. Then (X,M, ∗) is a fuzzy metric space (see [15]). Now, choose the sequence {xn} in X,
where

xn =

{
2, n = m(m+3)

2 ,m ∈N,
1, otherwise.

Then by Example 3.3 of [31], we get that {xn} is statistically convergent to 1, which implies from Remark
3.2 that {xn} is p-statistically convergent to 1 for all t > 0. Now, take the subsequence {xni } of {xn} with
ni =

i(i+3)
2 (i ∈N). Then xni = 2 for all i ∈N. Obviously, {xni } is p-statistically convergent to 2 for all t > 0.

Theorem 3.4. Let {xn} be a sequence in a fuzzy metric space (X,M, ∗), a, b ∈ X and t1, t2 ∈ (0,+∞). If {xn} is
p-statistically convergent to a for t1 and it is also p-statistically convergent to b for t2, then a = b.

Proof. Suppose that a , b. Then M(a, b, t1 + t2) ∈ (0, 1). Choose ε0 ∈ (0, 1 −M(a, b, t1 + t2)). Then there exists
ε1 ∈ (0, ε0) such that (1 − ε1) ∗ (1 − ε1) ≥ 1 − ε0. Since

δ({n ∈N|M(xn, a, t1) > 1 − ε1}) = 1

and
δ({n ∈N|M(xn, b, t2) > 1 − ε1}) = 1.

It follows that
{n ∈N|M(xn, a, t1) > 1 − ε1} ∩ {n ∈N|M(xn, b, t2) > 1 − ε1} , Ø.

Take
m0 ∈ {n ∈N|M(xn, a, t1) > 1 − ε1} ∩ {n ∈N|M(xn, b, t2) > 1 − ε1}.

Then
M(a, b, t1 + t2) ≥M(a, xm0 , t1)) ∗M(xm0 , b, t2)) ≥ (1 − ε1) ∗ (1 − ε1) ≥ 1 − ε0 >M(a, b, t1 + t2),

which is a contradiction. This completes the proof.

By virtue of Remark 3.2 and Theorem 3.4, we get the next corollary immediately.

Corollary 3.5. Let {xn} be a sequence in a fuzzy metric space (X,M, ∗), x0 ∈ X and t0 > 0. If {xn} is p-statistically
convergent to x0 for t0 and it is statistically convergent, then {xn} statistically converges to x0.

As shown in the following example, a p-statistically convergent sequence need not be statistically
convergent in general.

Example 3.6. Let X = {x1, x2, · · · }∪{1}, where {xn} is a strictly increasing sequence in (0,1) with {xn} converges
to 1 in the usual topology of R. Denote a ∗ b = min{a, b} for all a, b ∈ [0, 1]. Consider the function
M : X × X × (0,+∞)→ (0, 1] given by

M(x, x, t) = 1 for each x ∈ X, t > 0,

M(xn, xm, t) = min{xn, xm} for all n,m ∈Nwith n , m, t > 0,

M(xn, 1, t) =M(1, xn, t) = min{xn, t} for all n ∈N, t > 0.
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Then, by Example 2.2 of [37], we obtain that (X,M, ∗) is a fuzzy metric space. Let ε ∈ (0, 1). Since {xn} is
strictly increasing in (0,1) with {xn} converges to 1 in the usual topology of R, we can find N0 ∈N such that
xn > 1 − ε for all n > N0. Hence M(xn, 1, 1) = xn > 1 − ε for all n > N0. Therefore

|{k ≤ n|M(xk, 1, 1) > 1 − ε}| ≥ n −N0

for all n > N0, which follows that

lim
n→∞

|{k ≤ n|M(xk, 1, 1) > 1 − ε}|
n

≥ lim
n→∞

n −N0

n
= 1.

So {xn} is p-statistically convergent to 1 for t = 1, i.e., {xn} is p-statistically convergent.
On the other hand, since M(xn, 1, 1

2 ) ≤ 1
2 for all n ∈N, we deduce that

|{k ≤ n|M(xk, 1,
1
2

) >
1
2
}| = 0

for all n ∈N. Hence

lim
n→∞

|{k ≤ n|M(xk, 1, 1
2 ) > 1

2 }|

n
= 0.

Consequently, {xn} is not p-statistically convergent to 1 for t = 1
2 . According to Remark 3.2, we get that

{xn} is not statistically convergent to 1. With Theorem 3.4 and Corollary 3.5, we conclude that {xn} is not
statistically convergent to any point in X, that is, {xn} is not statistically convergent.

Theorem 3.7. Let (X,M, ∗) be a fuzzy metric space. Then M is principal if and only if all p-statistically convergent
sequences in X are statistically convergent.

Proof. Suppose that all p-statistically convergent sequences in X are statistically convergent. We assert that
M is principal. If not, then there exist x0 ∈ X and t0 > 0 such that {BM(x0, 1

n , t0)|n ∈ N} is not a local base at
x0. Then we can choose ε1 ∈ (0, 1) and t1 > 0 such that BM(x0, 1

n , t0) ⊈ BM(x0, ε1, t1) for all n ∈ N. Now, for
each n ∈ N, we choose xn ∈ BM(x0, 1

n , t0)\BM(x0, ε1, t1). Consider the obtained sequence {xn} by induction.
Let ε ∈ (0, 1). Then there exists n0 ∈N such that 1

n0
< ε. Therefore

M(xn, x0, t0) > 1 −
1
n
> 1 −

1
n0
> 1 − ε

for all n ≥ n0. Thus
|{k ≤ n|M(xk, x0, t0) > 1 − ε}| ≥ n − n0.

It follows that

lim
n→∞

|{k ≤ n|M(xk, x0, t0) > 1 − ε}|
n

≥ lim
n→∞

n − n0

n
= 1.

As a consequence, {xn} is p-statistically convergent to x0 for t0. Notice that xn < BM(x0, ε1, t1), we have that

{n ∈N|M(xn, x0, t1) > 1 − ε1} = Ø.

Hence

lim
n→∞

|{k ≤ n|M(xk, x0, t1) > 1 − ε1}|

n
= 0.

So {xn} is not p-statistically convergent to x0 for t1, which means that {xn} is not statistically convergent to
x0. By Theorem 3.4 and Corollary 3.5, we obtain that {xn} is not statistically convergent to any point in X. A
contradiction occurs.

Conversely, suppose that M is principal and {xn} is a sequence in X which is p-statistically convergent
to x0 ∈ X for some t0 > 0. Let r ∈ (0, 1) and t > 0. Since M is principal, we get that {BM(x0, ε, t0)|ε ∈ (0, 1)} is a
local base at x0. Hence there exists ε1 ∈ (0, 1) such that BM(x0, ε1, t0) ⊆ BM(x0, r, t). It follows that

{n ∈N|xn ∈ BM(x0, ε1, t0)} ⊆ {n ∈N|xn ∈ BM(x0, r, t)}.
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Since {xn} is p-statistically convergent to x0 for t0, we obtain that

lim
n→∞

|{k ≤ n|xk ∈ BM(x0, r, t)}|
n

≥ lim
n→∞

|{k ≤ n|xk ∈ BM(x0, ε1, t0)}|
n

= 1.

So {xn} is statistically convergent to x0. We are done.

From Proposition 2.8 and Theorem 3.7 we immediately deduce the next corollary.

Corollary 3.8. In the fuzzy metric space (X,M, ∗), the following are equivalent.

(i) M is principal.
(ii) All p-convergent sequences in X are convergent.

(iii) All p-statistically convergent sequences in X are statistically convergent.

4. p–statistical Cauchyness and p-statistical completeness

We start this section with the following definition.

Definition 4.1. Let (X,M, ∗) be a fuzzy metric space. A sequence {xn} in X is said to be p-statistically Cauchy,
if one can find t0 > 0 such that for every ε ∈ (0, 1), there exists N0 ∈ N such that δ({n ∈ N|M(xn, xN0 , t0) >
1 − ε}) = 1.

In such a case we say that the sequence {xn} is p-statistically Cauchy for t0 (or, simply, {xn} is p-statistically
Cauchy).

Remark 4.2. It is obvious that a sequence {xn} is statistically Cauchy if and only if it is p-statistically Cauchy
for all t > 0.

In the next example, we shall show that a p-statistically Cauchy sequence in X need not be statistically
Cauchy.

Example 4.3. Let X = {x1, x2, · · · }∪ {1}, where xn = 1− 1
n+1 (n ∈N). Denote a ∗ b = min{a, b} for all a, b ∈ [0, 1].

Define on X × X × (0,+∞) the function M by

M(x, x, t) = 1 for each x ∈ X, t > 0,

M(xn, xm, t) = min{xn, xm,
t
2
} for all n,m ∈Nwith n , m, t > 0,

M(xn, 1, t) =M(1, xn, t) = min{xn, t} for all n ∈N, t > 0.

Then (X,M, ∗) is a fuzzy metric space (see Example 3.2 of [32]). Fix t0 = 2. Let ε ∈ (0, 1). Then there exists
N0 ∈N such that xN0 = 1 − 1

N0+1 > 1 − ε. Hence

M(xn, xN0 , t0) = xN0 = 1 −
1

N0 + 1
> 1 − ε

for all n > N0. Therefore
|{k ≤ n|M(xk, xN0 , t0) > 1 − ε}| ≥ n −N0.

It follows that

lim
n→∞

|{k ≤ n|M(xk, xN0 , t0) > 1 − ε}|
n

≥ lim
n→∞

n −N0

n
= 1.

So the sequence {xn} is p-statistically Cauchy for t0. On the other hand, put t1 = 1 and ε1 =
1
3 . Notice that

for any n,N1 ∈N,

M(xn, xN1 , t1) = min{1 −
1

n + 1
, 1 −

1
N1 + 1

,
t1

2
} =

t1

2
=

1
2
.
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We deduce that {n ∈N|M(xn, xN1 , t1) > 1 − ε1} = Ø for all N1 ∈N. Hence

δ({n ∈N|M(xn, xN1 , t1) > 1 − ε1}) = 0

for all N1 ∈ N. Thus {xn} is not p-statistically Cauchy for t1. It follows from Remark 4.2 that {xn} is not
statistically Cauchy.

Theorem 4.4. Let {xn} be a sequence in a fuzzy metric space (X,M, ∗). If {xn} is p-statistically convergent, then it is
p-statistically Cauchy.

Proof. Assume that {xn} is p-statistically convergent to x0 ∈ X for t0 > 0. Let ε ∈ (0, 1). Then there exists
ε1 ∈ (0, ε) such that (1 − ε1) ∗ (1 − ε1) > 1 − ε. Note that δ({n ∈ N|M(xn, x0, t0) > 1 − ε1}) = 1. We pick
N0 ∈ {n ∈ N|M(xn, x0, t0) > 1 − ε1}. Then M(xN0 , x0, t0) > 1 − ε1. Let m ∈ {n ∈ N|M(xn, x0, t0) > 1 − ε1}. Then
we have that

M(xm, xN0 , 2t0) ≥M(xm, x0, t0) ∗M(x0, xN0 , t0) ≥ (1 − ε1) ∗ (1 − ε1) > 1 − ε.

It follows that m ∈ {n ∈N|M(xn, xN0 , 2t0) > 1 − ε}. Thus

{n ∈N|M(xn, x0, t0) > 1 − ε1} ⊆ {n ∈N|M(xn, xN0 , 2t0) > 1 − ε},

which implies that

lim
n→∞

|{k ≤ n|M(xk, xN0 , 2t0) > 1 − ε}|
n

≥ lim
n→∞

|{k ≤ n|M(xk, x0, t0) > 1 − ε1}|

n
= 1.

So {xn} is p-statistically Cauchy for 2t0, that is, {xn} is p-statistically Cauchy.

Remark 4.5. As it is shown in the above demonstration, one can see that a p-statistically convergent
sequence for t0 > 0 is p-statistically Cauchy for 2t0. However, in general, a p-statistically convergent sequence
for t0 > 0 need not be p-statistically Cauchy for t0. Indeed, consider Example 4.3, it is straightforward to
show that the sequence {xn} is p-statistically convergent to x = 1 for t = 1, but it is not p-statistically Cauchy
for t = 1.

It is worth to mention that the converse of Theorem 4.4 is not true. We illustrate this fact with the
following example.

Example 4.6. Let X = (0, 1). Denote a ∗ b = a · b for all a, b ∈ [0, 1]. Define the function M : X×X× (0,+∞)→
(0, 1] by the formula

M(x, y, t) =
min{x, y} + t
max{x, y} + t

, x, y ∈ X, t > 0.

Then (X,M, ∗) is a fuzzy metric space (see [43]). Now, take the sequence {xn} in X, where xn =
1
n (n ∈N). Fix

t0 = 1. Let ε ∈ (0, 1). Then there exists N0 = [ 1−ε
ε ] + 1 such that

M(xn, xN0 , t0) =
1
n + 1
1

N0
+ 1
>

1
1

N0
+ 1
> 1 − ε

for all n > N0. Hence
|{k ≤ n|M(xk, xN0 , t0) > 1 − ε}| ≥ n −N0

for all n > N0. It follows that

lim
n→∞

|{k ≤ n|M(xk, xN0 , t0) > 1 − ε}|
n

≥ lim
n→∞

n −N0

n
= 1.
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Thus {xn} is p-statistically Cauchy for t0. Let x ∈ X and t > 0. We put ε0 =
x

2(x+t) . Since lim
n→∞

xn = 0, then we

can find large enough N1 ∈N such that 1
n <

1
2 x for all n > N1. Hence

M(xn, x, t) =
min{xn, x} + t
max{xn, x} + t

=
1
n + t
x + t

<
1
2 x + t
x + t

= 1 −
x

2(x + t)
= 1 − ε0

for all n > N1. Therefore
|{k ≤ n|M(xk, x, t) > 1 − ε0}| ≤ N1

for all n > N1. It follows that

lim
n→∞

|{k ≤ n|M(xk, x, t) > 1 − ε0}|

n
≤ lim

n→∞

N1

n
= 0.

Thus {xn} is not p-statistically convergent to x for t, which implies that {xn} is not p-statistically convergent.

Theorem 4.7. Let {xn} be a sequence in a fuzzy metric space (X,M, ∗). Then {xn} is p-statistically convergent if and
only if it is p-statistically Cauchy, also there exist x0 ∈ X and t0 > 0 such that δ({n ∈ N|M(xn, x0, t0) > 1 − r}) > 0
whenever r ∈ (0, 1).

Proof. By Theorem 4.4 and the concept of p-statistically convergent sequence, it is straightforward to show
that the ”only if” part hold.

Next, we will demonstrate the ”if” part. Let ε ∈ (0, 1). Then there exists ε0 ∈ (0, ε) such that (1 − ε0) ∗
(1− ε0) ∗ (1− ε0) > 1− ε. Assume that the sequence {xn} is p-statistically Cauchy for some t1 > 0. Then there
exists N0 ∈ N such that δ({n ∈ N|M(xn, xN0 , t1) > 1 − ε0}) = 1. Since there exist x0 ∈ X and t0 > 0 such that
δ({n ∈ N|M(xn, x0, t0) > 1 − r}) > 0 whenever r ∈ (0, 1). Therefore δ({n ∈ N|M(xn, x0, t0) > 1 − ε0}) > 0. It
follows that

{n ∈N|M(xn, xN0 , t1) > 1 − ε0} ∩ {n ∈N|M(xn, x0, t0) > 1 − ε0} , Ø.

Take
m0 ∈ {n ∈N|M(xn, xN0 , t1) > 1 − ε0} ∩ {n ∈N|M(xn, x0, t0) > 1 − ε0}.

Then, for any m ∈ {n ∈N|M(xn, xN0 , t1) > 1 − ε0}, we get that
M(xm, x0, 2t1 + t0) ≥M(xm, xN0 , t1) ∗M(xN0 , xm0 , t1) ∗M(xm0 , x0, t0)

> (1 − ε0) ∗ (1 − ε0) ∗ (1 − ε0) > 1 − ε.
Hence

{n ∈N|M(xn, xN0 , t1) > 1 − ε0} ⊆ {n ∈N|M(xn, x0, 2t1 + t0) > 1 − ε}.

which means that

lim
n→∞

|{k ≤ n|M(xk, x0, 2t1 + t0) > 1 − ε}|
n

≥ lim
n→∞

|{k ≤ n|M(xk, xN0 , t1) > 1 − ε0}|

n
= 1.

As a consequence, {xn} is p-statistically convergent to x0 for (2t1+t0), i.e., {xn} is p-statistically convergent.

Definition 4.8. Let (X,M, ∗) be a fuzzy metric space. We say that (X,M, ∗) (or simply, X) is p-statistically
complete if every p-statistically Cauchy sequence in X is p-statistically convergent.

Theorem 4.9. Let (X,M, ∗) be a principal fuzzy metric space. If X is p-statistically complete, then it is statistically
complete.

Proof. Suppose that {xn} is a statistically Cauchy sequence in X. Then, by Remark 4.2, {xn} is p-statistically
Cauchy. Since X is p-statistically complete, we deduce that {xn} is p-statistically convergent. Note that M is
principal. It follows from Theorem 3.7 that {xn} is statistically convergent. So X is statistically complete.

As it is shown in the next example, the assumption that M is principal cannot be omitted in the above
theorem in general.
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Example 4.10. Consider Example 3.6. Due to Theorem 3.7 and the demonstration of Example 3.6, it is
immediate to see that the fuzzy metric space (X,M, ∗) is not principal. Choose the sequence {yn} in X, where

yn =

{
x1, n = m2,m ∈N,
xn, otherwise.

Let r ∈ (0, 1) and t > 0. Then there exists n0 ∈N such that yn0 > 1 − r. Then

|{k ≤ n|M(yk, yn0 , t) > 1 − r}| ≥ n − n0 −
√

n − 1 > 0

for all sufficiently large n > n0. Hence

lim
n→∞

|{k ≤ n|M(yk, yn0 , t) > 1 − r}|
n

≥ lim
n→∞

n − n0 −
√

n − 1
n

= 1.

Therefore {yn} is statistically Cauchy. Take t0 =
1
4 x1 and ε0 = 1 − 1

2 x1. Observe that

M(yn, 1, t0) =M(yn, 1,
1
4

x1) = min{yn,
1
4

x1} =
1
4

x1 = t0 < 1 − ε0 =
1
2

x1

for all n ∈N. we get that
{n ∈N|M(yn, 1, t0) > 1 − ε0} = Ø,

which means that
δ({n ∈N|M(yn, 1, t0) > 1 − ε0}) = 0.

Thus {yn} is not p-statistically convergent to 1 for t0. Take t1 = 2. Let ε ∈ (0, 1). Then we can find n1 ∈ N
such that yn1 > 1 − ε. Since M(yn, 1, t1) = yn for all n ∈N, we obtain that

|{k ≤ n|M(yk, 1, t1) > 1 − ε}| ≥ n − n1 −
√

n − 1 > 0

for all sufficiently large n > N1. Thus

lim
n→∞

|{k ≤ n|M(yk, 1, t1) > 1 − ε}|
n

≥ lim
n→∞

n − n1 −
√

n − 1
n

= 1,

which implies that {yn} is p-statistically convergent to 1 for t1. It follows from Remark 3.2 and Theorem 3.4
that {yn} is not statistically convergent to any point in X. So X is not statistically complete.

On the other hand, let {zn} be a p-statistically Cauchy sequence in X. Then it is not difficult to see that
there exist x0 ∈ X and t0 ≥ 1 such that δ({n ∈ N|M(zn, x0, t0) > 1 − ε}) > 0 whenever ε ∈ (0, 1). According to
Theorem 4.7, we conclude that {zn} is p-statistically convergent. Consequently, X is p-statistically complete.

Now, we give a example to illustrate that the converse of Theorem 4.9 is not true.

Example 4.11. Let X = (0, 1). Denote a ∗b = a ·b for all a, b ∈ [0, 1]. Define the function M : X×X× (0,+∞)→
(0, 1] as follows: for any x, y ∈ X and t > 0,

M(x, y, t) =


1, x = y,
xyt, x , y, t ≤ 1,
xy, x , y, t > 1.

Then, by Example 19 of [16], we have that (X,M, ∗) is a principal fuzzy metric space. Let {xn} be a statistically
Cauchy sequence. Then it is easy to see that there exists a constant a ∈ X such that δ({n ∈ N|xn = a}) = 1.
Therefore δ({n ∈ N|M(xn, a, t) > 1 − ε}) = 1 for all ε ∈ (0, 1) and t > 0, which means that {xn} is statistically
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convergent to a. So X is statistically complete. Take yn = 1 − 1
n+1 (n ∈ N). Fix t0 = 2. Let ε ∈ (0, 1). Then

there exists N0 ∈N such that (1 − 1
N0+1 )2 > 1 − ε. Hence

(1 −
1

n + 1
)(1 −

1
N0 + 1

) > (1 −
1

N0 + 1
)2 > 1 − ε

for all n > N0. Therefore
|{k ≤ n|M(yk, yN0 , t) > 1 − ε}| ≥ n −N0

for all n > N0. It follows that

lim
n→∞

|{k ≤ n|M(yk, yN0 , t) > 1 − ε}|
n

≥ lim
n→∞

n −N0

n
= 1.

Thus the sequence {yn} in X is p-statistically Cauchy for t0. Let b ∈ X. In case t > 1. Put ε0 = 1 − b. Then
M(yn, b, t) = yn · b < b = 1 − ε0 for all n ∈N. Hence δ({n ∈N|M(yn, b, t) > 1 − ε0) = 0. We deduce that {yn} is
not p-statistically convergent to b for t. In case t ∈ (0, 1], a similar argument as above shows that {yn} is not
p-statistically convergent to b for t. So {yn} is not p-statistically convergent to any point b in X for t > 0. As
a consequence, X is not p-statistically complete.

Definition 4.12. Let (X,M, ∗) be a fuzzy metric space. We say that (X,M, ∗) (or simply, X) is s-p-statistically
complete if every p-statistically Cauchy sequence in X is statistically convergent.

Theorem 4.13. Let (X,M, ∗) be a fuzzy metric space. Then X is s-p-statistically complete if and only if M is principal
and X is p-statistically complete.

Proof. Suppose that X is s-p-statistically complete. Then, according to Remark 3.2, we get that X is p-
statistically complete. Let {xn} be a p-statistically convergent sequence in X. Then, by Theorem 4.4, we have
that {xn} is p-statistically Cauchy. Since X is s-p-statistically complete, we obtain that {xn} is statistically
convergent. It follows from Theorem 3.7 that M is principal.

Conversely, suppose that M is principal and X is p-statistically complete. Let {yn} be a p-statistically
Cauchy sequence in X. Since X is p-statistically complete, we get that {yn} is p-statistically convergent.
Observe that M is principal, it follows from Theorem 3.7 that {yn} is statistically convergent. Consequently,
X is s-p-statistically complete.

5. Conclusions

We have modified the definition of statistical convergence that due to Li et al. [31] in fuzzy metric
spaces, and obtained a more general concept that we call p-statistical convergence. We have investigated
the relationship between p-statistical convergence and statistical convergence in fuzzy metric spaces. Fur-
thermore, we have provided several necessary and sufficient conditions those are relative to p-statistical
convergence in fuzzy metric spaces.

As we can see that statistical Cauchyness implies p-statistical Cauchyness in fuzzy metric spaces, but the
inverse is not. In a further work we will continue to explore when it is satisfied that p-statistical Cauchyness
agrees with statistical Cauchyness in fuzzy metric spaces.
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[17] V. Gregori, J. J. Miñana, std-convergence in fuzzy metric spaces, Fuzzy Set Syst. 267 (2015), 140–143.
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