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On bi-controlled fuzzy gp-normed linear spaces

Yaoqiang Wu?

“School of Sciences and Mathemtics, Suqian university, Suqian, 223800, P.R.China

Abstract. In this paper, from modifying the notion of the Bag-Samanta’s type fuzzy norm, we introduce the
concepts of bi-controlled ¢-norms and bi-controlled fuzzy ¢-normed linear spaces, by utilizing a special
function ¢ which initiated by Golet, and two non-comparable functions w and u which initiated by N.
Saleem et al., respectively. Furthermore, we establish some basic results of bi-controlled fuzzy ¢-normed
linear spaces. Finally, we introduce the concept of lfaw]—fuzzy convergent sequence, and investigate the
completeness in finite dimensional bi-controlled fuzzy ¢-normed linear spaces.

1. Introduction and preliminaries

Since Zadeh [25] initiated the notion of fuzzy sets in 1965, many researchers have investigated numerous
results for the theory of fuzzy sets. Such as Kaleva and Seikkala [13], Kramosil and Michalek [17], George
and Veeramani [11] have obtained some results in fuzzy metric spaces in various directions. Furthermore,
Katsaras [15], Felbin [10], Cheng and Mordeson [5], Bag and Samanta [2] have proposed several notions
of fuzzy normed linear spaces by different approaches. Additionally, since Bakhtin [4] and Czerwik [6]
introduced the generalization of metric space by replacing d(x, z) < d(x, y) + d(y, z) with d(x, z) < b[d(x, y) +
d(y, z)] for some number b > 1, respectively, and Naddban [19] proposed the idea of fuzzy b-metric spaces,
which extended fuzzy metric spaces in 2016, by replacing M(x, z, t +s) < M(x, y, t)*M(y, z, s) with M(x, z, b(t +
5)) < M(x,y,t) * M(y, z,5) for some number b > 1. Many authors presented various types of generalizations
of fuzzy b-metric spaces. Kamran et al.[14] gave a generalization of b-metric spaces, and Mehmood et
al.[18] established the definition of extended fuzzy b-metric. In 2018, Abdeljawad [1] initiated the concept
of double controlled metric, which is a new type of generalization of b-metric, by using two non-comparable
functions. Following the work of Abdeljawad [1], Saleem [23] and Sezen [24] introduced the concepts of
fuzzy double controlled metric spaces and controlled fuzzy metric spaces in 2021, respectively.

Furthermore, in 2003, Bag and Samanta [2] established another definition of fuzzy norm, which was
different from Felbin’s type fuzzy norm [10] and Katsaras’s type fuzzy norm [15]. Later, Golet [12] intro-
duced the nation of generalized fuzzy norms by a special function ¢. In 2023, Das, Bag and Chatterjee
[9] proposed a notion of fuzzy strong ¢-b-normed spaces in general -morm settings, and obtained some
basic results on finite dimensional fuzzy strong ¢-b-normed space. Recently, Das and Bag [7, 8] established
the completeness related to /-fuzzy convergent sequence on fuzzy strong ¢-b-normed linear spaces, and
developed some results for fuzzy bounded linear operators.
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Motivated by the works of Saleem [23] and Das, Bag et al. [9] on fuzzy normed linear spaces, we are
able to proceed further. In this paper, the concept of bi-controlled fuzzy ¢-b-norm is introduced, which
generalizes the condition (bN4) of Definition 3.2 (see [21]), by replacing M(x, z, t + bs) < M(x, y, t) * M(y, z,5)
with ME’;,M(x, z,t+5s) < Mfw’#](x, Y, m) * ME,,#](]// zZ, m) for two non-comparable functions. In Section
2, we illustrate several examples by using a non-negative real valued function ¢, which satisfies some
properties (@1)-(P5). Moreover, we establish some basic results of finite dimensional bi-controlled fuzzy
@-b-normed linear spaces including some decomposition theorems for bi-controlled fuzzy ¢-b-norms into a
family of pseudo-¢-norms. InSection 3, we introduce the concept of l([Pw,#] -fuzzy convergence and investigate
the completeness in finite dimensional bi-controlled fuzzy ¢@-normed linear spaces.

Throughout this paper, X is always a nonempty set, the letters R, R* and IN* always denote the set of
real numbers, of positive real numbers and of positive integers, respectively. Firstly, we briefly recall some
definitions and facts which are used in the following sections (see more details in [3, 9, 11, 12, 22-24]).

Definition 1.1. ([17]) A binary operation * : [0,1] x [0,1] — [0,1] is called a continuous triangular norm
(briefly t-norm) if the following conditions are satisfied for all a,b,c,d € [0, 1]:

(T1) = is associative and commutative;

(T2) * is continuous;

(T3)ax1=a;

(T4)a+b < c+dwhenevera <cand b <d.

Examples of such t-norm functions are 4 #; b = min{a, b} anda=p b =a-b,Va,b € [0,1].

Additionally, following the non-negative real valued function ¢ which discovered by Golet [12], we
assume that ¢ is a function defined on the field K (where K is R or C) to IR, with the following properties:

(®1) p(=A) = p(A) forall A € K;

(@2) (0) = 0;

(CDB) (p(/\1 . Az) = (p()\l) . (p()\z) for all A, A €K

(D4) g is strictly increasing on [0, +00) and ¢(A) < A on [0, 1];

(®5) ¢ is continuous on [0, +o0) and lim ;400 @(A) = +0o0.

From the above properties (P3) and (P4), taking A1 = A, = 1, we get that (1) = 1.

Remark 1.2. (1) Examples of such functions are: (1) = |A| and @(A) = |A[, VA € K, p € (0, +00).
(2) By (®4), it is clear that (1) = 1;
(3) From (®3) and (P4), it follows that ¢(A) = 0 if and only if A = 0.

2. Bi-controlled fuzzy ¢-normed linear spaces

In this section, we introduce the notions of the extended ¢-norm and bi-controlled fuzzy ¢-norm, and
give several examples of bi-controlled fuzzy @-normed linear spaces in general -norm setting.

Definition 2.1. Let X be a linear space over a field K (where K is R or C). A function || - 1?2 X — [0, +0c0) is
called an extended @-norm, if for each x, y € X, A € K, where a € (0, 1), the following conditions hold:
(EON1) [Ix][¢ > 0;
(E®N2) ||Ix]|? = 0 if and only if x = 6, where 0 is the null element of X;
(EDN3) [|Ax]|Y = (p(/\)llxllﬁ, where ¢ is a function satisfying (©1)-(P5);
(EONA) [lx + ylI? < IIxI? + [IyllS.
A pair (X, || - I?) is called an extended @-normed space if and only if || - | is an extended @-norm on X.

Definition 2.2. Let X be a linear space over K, w,u : X — [1,+00) be given non-comparable bounded
functions, and * be a continuous f-norm. A fuzzy set NE‘;  on X xRis called a bi-controlled fuzzy ¢-norm on
X.

(BCFDN1) NEfU (@t =0forallt € R witht <0;

(BCFON2) NE’; H](x, t) = 1forall t € R* if x = 0, where 6 is the zero element of X;
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(BCFONS3) N‘[” (Ax,t) = W](x W)) forallt € Rand A #0;

(BCFON4) NEP (x+y t+s) > N[w H](x, wx)) Nmy (y, u(y)) forallx,y € X,s,t € ]R,'
(BCFONDb) Nqo (x -) is a non-decreasing function of f and lim;_, 4« (Py y](x t) =
(BCFDNG6) I there exists a € (0,1) such that Nq) ](x f) > aforall t € R* 1mphes x=0;
( )N

BCFON7
The triple (X, N[w a +) is called a bi-controlled fuzzy @-normed linear space.

(x -) is left continuous on R for all xeX.

Remark 2.3. (1) If we have w(x) = pu(y) = b for all x, y € X, then (X, Nﬁ)u,y]’ +) is a fuzzy strong ¢-b-normed
space in the sense of Bag-Samanta type [7];

(2) If we have w(x) = u(y) =1 and @(A) = [A] for all x, y € X, then (X, Nﬁu,y]’*) is a fuzzy normed linear
space in the sense of Naddban-Dzitac type [21].

Example 2.4. Let X be a linear space over K and || - I¥ be an extended @-norm. Let w,p : X — [1, +00) be
given non-comparable bounded functions. Define a fuzzy set NE‘; a XxR —[0,1] by

t .
N?  (x,t) = { IRl £>0;
[wu] 0, t<0.

for all x € X. Then (X, NE‘; al +)1) is a bi-controlled fuzzy gp-normed space.

It is trivial to verify (BCF®N1), (BCFPN2), (BCFON5) and (BCFDPN?7).
We need to verify the conditions (BCF®N3), (BCFOPN4) and (BCFONG), respectively.
(BCFPN3): We will distinguish the following cases:

Case 1: Suppose that t < 0. It implies that NE‘; ](Ax, t) = (%, 0if A #0.

_t ):
o)
Case 2: For all A € K with A # 0, by (E®N3), we have N/ [(Ax, ) = L = f _

[y t+IAxE Il so HE

[(u ul

NE’; H](x, qﬁ) forall x € X.
(BCFDN4): We will distinguish the following cases:
Case 1: Suppose that t < 0 or s < 0. It follows that NE‘; H](x, G)Lx)) =0or NE’; #](y, ﬁ) =0forallx,yeX,

P t P _ ¢ P t P
then Np, (% 565) *m Nig, (¥, 5) = 0- Hence, Np, ((x +y, £ +8) 2 Ny, (v 565) *m Ny, (v, ﬁ)

[w,u
: P _ S+t ' R
Case 2: For any x, y € X, ,5 > 0, since N[m,y](x +yt+s)= o and N, il (x, w(x)) *) N[w H](y, m y)) =
¢
min{N[, (% 565) Np, o 25}
A‘
#(v)
Without loss of generality, suppose that N[w# (y, u(y)) > Nﬁ : y](x, w(y)) Namely, — T > u,(l)+||x\|q) which

Hy)

implies that sw(x)||x|[% > tu(y)llyll§. Then we claim that t+s+t”;i i t+m(;)||x|\jj'
In fact, by (EON4), we have

t+s t
? ®
t+s+llx+ylla  f+ @)l
t+s t

Tts+IE IS+ o)l

_(E+ )+ QXIS = 1t + s + [[xlIS + lylI?
T (s IR+ I+ o) N
(@) = DI + sw@)lIlS — HIyIiE)

T (s IS+ IVIDE + o@ollxE

Since sw(x)||x||% > ty(y)llyll(p and u(y) > 1, it is clear that sw(x)|lxll{ > Hlylls. Then NE’; y](x +y t+s) >
[ y](x, w(x)) Thus, N [w ](x +y,t+s) > N[w “](x, w(x)) *M N[w “](y, y(y))
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Similarly, if NE’; #](x, ﬁ) > NE’;/H](y, ﬁ),
(BCFON4) holds.

(BCF®N6): We suppose that there exists Ay € (0,1), such that NEPM H](x, f) > Ag for all t > 0. Then
= (0. By (E®N2), we have x = 0.

then we have N¥ (x + y,t +s) > Hence,
[w,u]

N )

— = > Ag.

f+IIXII

Example 2.5. Let X be a linear space over K and || - I¥ be an extended @-norm. Let w, p : X — [1, +00) be
given non-comparable bounded functions. Define a fuzzy set N E{; a XxR —[0,1] by

_f )
N?()u ](X, t) = ey >0
H 0, t<O0.

for all x € X. Then (X, NE’; a +p) is a bi-controlled fuzzy ¢-normed space.

It is trivial to verify (BCF®N1), (BCFOPN2), (BCFONS) and (BCFON?7).
We need to verify the conditions (BCF®N3), (BCFPN4) and (BCFPN6), respectively.
(BCFDN3): We will distinguish the following cases:

Case 1: Suppose that t < 0. It implies that NE’;/H]()\x, ) = 0if A # 0.

Ng, e 70) =

0 0 Il
A Pl -

Case 2: For all A € K with A # 0, by (E®PN3), we have NE‘;H](Ax, f)=e 1 =e ¢t =e¢ 0 =
o y](x w(A)) for all x € X.

X+ Z
(BCFON4): Lett > 0,5 > 0, then NE(;,M(x +yt+s) = Y S N(’; ](x,ﬁ) .

' s
P wa](y’ )

p (2
NS 17

I - _ oIy syl I+l Il +y1?
e 9@ .e MY =g 1 s . By (E®PN4), we have - L > — *. Since w(x), u(y) = 1 forallx,y € X,

t+s = t+s

o+ C@E aIe _bg
it implies that — ”x:ys”a 2 _w(x)IIXIli;irs(y)llyll z - w(x)”x” y(y)\ljll . Thus e t;VsH" 2 e~ et _ S e R
Namely, N w](x +y,t+s) > Nﬁuy (X, o) *M Nﬁ’uy v, H(y))
(BCFONG6): We suppose that there exists Ay € (0,1), such that Nﬁu H](x, £) > Ap for all t > 0. Then

uxu“’

> Ag. It implies that t > —IMU lIx|? for all t > 0. Thus ||x||% = 0. By (E®N2), we have x = 0.

Following [20], we have the following proposition:

Proposition 2.6. (X, N(” *) is a bi-controlled fuzzy @-normed space. Define a mapping || - II? . X — [0, +00) as
follows: Ix? = A{t > 0 NE‘(’) M](x, t) > a} for all x € X, where o € (0, 1). Then the following statements hold: for all
xeXanda €(0,1)

(D {Ixll% = & € (0,1)} is non-decreasing with respect to a;

(2) {IIx|I%} satisfies (E®N1)-(EDN3);

(3) N, @, InllY) < o

(4) For each s > 0, we have that ||x|| <s if and only szE’:‘),y](x, s) > a.

Proof. (1) Case 1: Suppose that x = 0, it is evident.
Case 2: Letx # O, for all , € (0,1), « < B, we have {t >0: N’ @t >phc{t>0: N;‘;H](x,t) > al).

[w,
Thus A{t>0: N[a y](x H>pl= At>0: N?  (x,t) > a). Namely, ||x||;’; > |Ix|I%. Hence, {||x||¥ : @ € (0,1)} is
non-decreasing.

(2) It is trivial to verify (E@N1) and (E®N2), then we only check (E®N?3) as follows.

[w, L](
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(E®N3): For any A € Kand A # 0, by (BCFON3), we have

IAXI® = /\{t >0:N! (Ax, t) > a)

At>0 Nﬁ”l]x (/\) al
_A P> 0:NE (x, 1) > a)
= @(A)|lxllf-

(3) Since || = Alt > 0 : NE’:) ](x, t) > a}, we get that Nf’; H](x, t) > a implies Ix||? < t. Otherwise,

if [l > t, then N[ (x,f) < a. Takingt — Ilxlly, where t < [lxlly, then limy 0o Ni, 10 ) < @

By (BCFDN7), we have hmt—w\xllf,kllxll(" ] (x h = w y](x Ix[|¥). Thus Nﬁ)y (x, Ixl%) < a. which is a
contradiction.
(4)Now we prove its sufficiency and necessity as follows.

(<) For each s > 0, we suppose that x|l > s. From (BCF®N5), we have N (x lIx||9) > N(’; y](x,s).
Since N[w H](x,s) > a, we get Nﬁ; H](x, Ix|¥) > a. From above Proposition 2.6 (3), Wthh is a contradiction.

[w,u

(=) Suppose ||x||£ < s. By assumption , we have Af{t > 0: NE’; M(x, t) > a} < s. It follows that there exists

theft>0: NEZ) ](x t) > a}, such that ty < s. From (BCFON5), we have that NE’; y](x, tp) < NE(; y](x,s). Thus

”H](x s)>a. O

Following [23], we introduce a concept of fuzzy bi-controlled metric spaces. Furthermore, we present a
characterized theorem of fuzzy double controlled metrics in terms of bi-controlled fuzzy @-norms.

Definition 2.7. Let X be a nonempty set, ¢,v : X X X — [1, +00) be given non-comparable functions, and =
be a continuous t-norm. A fuzzy set Myy,,; on X X X X [0, +o0) is called a fuzzy bi-controlled metric on X, if for
all x,y,z € X, the following conditions hold:

(FBCMl) M[lp,v] (X, Y, 0) =0;

(FBCM2) My (x, x,t) = 1 for all t > 0;

(FBCM3) My (x, y,t) = M(y, x, t);

(FBCM4) M[W](x, z,t+5s) > M[W](x, Y, m) * M[lp”](y, z, m),

(FBCM5) The function My, ,(x, y, *) : [0, +o00) — [0, 1] is left-continuous;

(FBCM6) limy_, oo My, (%, y,£) = 1

A triple (X, My, #) is called a fuzzy bi-controlled metric space.

Example 2.8. Let X = {1,2,3}and ¢, v : XXX — [1,+00) be givenby ¥(x, y) = x+y+1and v(y,z) = y*+z*—1
for all x, y,z € X. Define a fuzzy set My, : X X X xR — [0,1] by

XAY+t

t>0;
M a(x, ,i’ — xVy+t’ 4
(% Y, 1) {0, t<0.

for all x, y € X. Then (X, My}, *p) is a fuzzy bi-controlled metric space.
It is trivial to verify (FBCM1)-(FBCM®6).

Remark 2.9. (1) If we have (x,y) = v(y,z) = 1 for all x,y,z € X, then (X, My}, *) becomes a fuzzy metric
space in the sense of Kramosil-Michdlek type [17];

(2) Furthermore, we claim that a fuzzy bi-controlled metric space is not Hausdorff. In fact, we define
open ball B(x,y,t) with center x € X and radius r as B(x,r,t) = {y € X : My(x,y,t) > 1 —r} for all
t > 0 in fuzzy bi-controlled metric spaces, where 0 < r < 1. From the above Example 2.8, we note that
B(1,0.4,5) = {2,3} and B(2,0.6,10) = {1,3}. So B(1,0.4,5) N B(2,0.6,10) # @.
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Theorem 2.10. Let (X, NE’; +) be a bi- controlled fuzzy q-normed linear space. Define a mapping Mg, 0 X X
X x[0,+00) — [0,1] by M[aw (x,y,t) = ](x y,t) forall x,y € Xand t > 0. Then (X, Mi,,),*) is a fuzzy
bi-controlled metric space.

[a),y

Proof. 1t is trivial to prove that (X, M|, *) satisfies (FBCM1), (FBCM2), (FBCM5), (FBCM6). We verify
conditions (FBCM3) and (FBCM4) in the following.
(FBCM3): By (BCFPN3) and (®1), we have My, ,(x, y, t) = Wl](x y,t) = E{;W](y—x, ﬁ) = wﬁl](y
X, t) = Mo, (¥, X, 1).
(FBCM4): By (BCFDN4), we have M, (x,z,t +5) = NE’;W](x —z,t+5) = N;‘;M(x —y+y—zt+s) >
m y](x v, w(x y)) +N? )y](y Z e Z)) Taking ¢(x, y) = w(x—y) and v(y, z) = pu(y —z). Then My, (x, 2, t+5) >
Niaoaa® = ¥ ) *Niwa¥ = 2 55) = Mioga(% ¥, i) * Miwoga ¥, 2, 5575)- O

Corollary 2.11. Let (X, NE’; l +) be a bi-controlled fuzzy @-normed linear space. Define a family of subsets of X by

T, N ={V c X:x €V if and only if there exist t > 0,7 € (0,1) such that B(x,r,t) C V}. Then the following
w,u

statements hold:

(1) Ty, 154 topology on X.
w,
(2) (X, TNEV ]) is Hausdorff if + satisfies (T5): g0y a*a =1.
Wi

Proof. (1) From Theorem 2.10, we can deduce that every fuzzy bi-controlled metric induces a topology (see
[12]).

(2) Let x,y € X,x # y. Then there exists ¢y > 0, such that NE{; y](x —y,tp) < 1. Otherwise, suppose
that Nﬁ)yl(x —y,t) = 1forall t > 0. By (BCFON6), we have x — y = 0, namely x = y, which is a
contradiction. Set r = NE’; H](x -y, tp). By (T5), there is ry € (0,1), such that rg * o > r. Then we claim that
B(x,1 —ro, %’) N BSy, 1 -1y, %’) = 0. O’Eherwise, suppose that B(x,1 — 1, %O) N B(y,tl - 7o, %‘) 0. It foltlows
that B(x, 1 —rg, ng_z)) N lf(y, 1-rg, ZPTO—V)) £ 0. Thentthere exists z € B(x,1 —ry, W“_Z)) NB(y,1—ro, ZPTD—V))’
that is, z € B(x 1 =10, 550) and z € B(y, 1 = 1o, 5¢;), which implies that N(P (x -

w y](y z, 2y(z y)) > 19. By (BCFON4), we have N
rp * ¥g > ¥, which is a contradiction. O

to
2, Satem Z)) > ro and

©
[w,] (x_]/, to) = N[(u, ](x z, —wa ) ) [wy (y z, 2;1(2 y))

3. Some results in finite dimensional bi-controlled fuzzy ¢-normed linear spaces

In this section, the concept of [-fuzzy convergent sequence in fuzzy normed linear spaces, which was
introduced by Das, Bag and Chatterjee [9], is extended to bi-controlled fuzzy ¢-normed linear spaces, and
some results in finite dimensional bi-controlled fuzzy p-normed linear space are established.

First, we recall some concepts and results which will be used in the following.

Definition 3.1. ([2] ) Let (X, N) be a fuzzy normed linear space and {x,} a sequence in X.

(1) A sequence {x,} is said to be convergent if there exists some point x € X, such thatlim,_, 4+ N(x,—x, ) =
1. In this case, x is called the limit of the sequence {x,} and we denote lim, 1 X, = x.

(2) A sequence {x,} is called a Cauchy sequence if lim; ;oo N(X41p — X, ) = 1 forallp € N and ¢ > 0.

(3) (X, N) is said to be complete if every Cauchy sequence {x,} in X is convergent.

Definition 3.2. Let (X, N[ ol +) be a bi-controlled fuzzy gp-normed linear space and {x,} a sequence in X.
@

(1) A sequence {x,} is said to be A

lim, 10 At >0 N{’:) G = x,8) > 1= a} = 0, where a € (0,1).

-fuzzy convergent for all a € (0, 1), then {x,} is called l(‘; al -fuzzy convergent.

-fuzzy convergent if there exists some point x € X, such that

If {x,} is an oz([’;)/m
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[w,

that limy, 100 Aft > 0: Nﬁ; y](xn — X, 1) >1—a} =0, where a € (0,1).

(2) A sequence {x,} is said to be an « H]-fuzzy Cauchy sequence if there exists some point x € X, such

If {x,) is a?

[w,y]—fuzzy Cauchy sequence for all o € (0, 1), then {x,} is called lfwlyl-fuzzy Cauchy sequence.

(3) F is said to be afw/m—fuzzy complete if every afwlyl-fuzzy Cauchy sequence converges to some point
in F, where F C X.
If Fisa? H]-fuzzy complete for all @ € (0, 1), then F is called l[@a,’y]—fuzzy complete.

[w,
Theorem 3.3. Let (X, NE’; a +) be a bi-controlled fuzzy @-normed linear space and {x,} a sequence in X. Then the
following statements hold:
(1) If {x,,} is a convergent sequence, then {x,} is lﬁ),yl—fuzzy convergent.
(2) Furthermore, for every lﬁwl—fuzzy convergent sequence {x,}, the limit of {x,} is independent on « if » satisfies
(T6): a+a >0, VYa € (0,1), and N;‘;  satisfies (BCFONG'): IfNE‘; (1) > 0forall t € RY implies x = ©.

Proof. (1) From Definition 3.1 and Definition 3.2, we have limy_,+« NE‘;/H](xn —x,t) =1 forall t > 0, where
converges to x € X. Taking ap € (0,1), we have limy,_ 10 Nﬁ)’m(xn —x,t) >1—ag for all t > 0. It follows
that there exists n(ty) € IN*, such that NE’ZW](xn —x,t)) > 1 —ap for each ty > 0 and all n > n(ty). Thus,
NAfs > 0: Nﬁu,u](x" -x,5) > 1—ap} <t for all n > n(ty). Taking the limit as n — +co on both sides,
we have lim,_,, A{t > 0 : Nﬁ),y](xn -x,t) > 1—ay} < tp. By the arbitrariness of t;, which implies that
lim,; 400 A{t >0 N?;,y](x” —x,t) >1—ag} = 0. Hence {x,} is aﬁ)/ﬂ]—fuzzy convergent. Since ay is arbitrary,
so {x,} is lﬁ)’y]-fuzzy convergent.

(2) Now we prove that the limit of {x,} is independent on « in the following.

Let {x,} be an lﬁ),m—fuzzy convergent sequence. From Definition 3.2, we have lim, .. Aft > 0 :
Nﬁ)’y](x,, —x,t)>1—a} =0 foreach a € (0,1). We suppose that there exist a1, @, € (0,1) with a; # a3, such
that lim,,, ;00 A{t >0 Nﬁ),y](xn —x,t)>1—-a} =0and lim;, 0 Aft >0 Nﬁwl(xn —x,t) > 1—ap} =0for
x1, %2 € X, respectively. Then for a given ¢ > 0, there exist n(a1), n(az) € IN*, such that

ANE>0: Nﬁ)m(xn —x,)>1-m}) < m,\{n > n(m),
and
At>0: Nﬁ)/y](xn —x,H)>1 -} < m,\v’n > n(ay).

P _ & _
[aw](x” X2, ZM(Xn—xz)) >1-a.

Since a; # ap, without loss of generality, suppose a; > a,. Then we have N

Then Nﬁ),y](xn - X1, m) >1-—a; and N

P _ & _
[aw](x” 1, 2w(xnfxl))>1 "

and NE’;) ”](x,7 — Xy, m) >1—-a; >1-am, forall n > ny, where ny = max{n(ay), n(az)}. By (BCFON4) and
(T6), we have

Nﬁ,/y](xl —X2,€)

& &
> N? Xp— X1, — + N Xp—Xp, —
o (717 2w<xn—x1>) Wl( Y 2l - )

>(1—a1)*(1—a1)>0

Taking t = ¢. By the arbitrariness of ¢, then we get NE{; H](xl —Xp,t) > 0 for all t > 0. From (BCFO®N6*), we
havex; —x, = 0. Sox; =x,. O
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Lemma 3.4. Let (X, NE’; Y +) be a bi-controlled fuzzy @-normed linearly space with the underlying t-norm =, which
is continuous at (1,1), and {x;}!, be a linear independent set of vectors in X. Then there exist ¢ > 0 and 6 € (0,1),

i1 lail .
such that Nﬁwl (Z?:l a;ix;, %) <1=9¢foralla; e R,i=1,2,...,n, where ). |ai # 0.

P lail)e
Proof. Firstly, it is clear that NY [ (Z?:l aix;, m)

. <1-9,
mul [Zﬁx i= 1ﬁzxz)H(Zz 1ﬁ,x)]

for some ¢ > 0 and 6 € (0,1), where ; € R,i = 1,2,...,n and p |pil = 1. Now we prove that
P n S
N[ﬂ)/}l] (Zi:l pixis (X Bix)p(Lit ﬁixi)) <

) . ) . n P n s
Step 1: We suppose that there exists {8;}i_, with )i, [Bil = 1, suchthat N ](Zi:1 Bixi, m) >

1-0oforallc>0and 6 € (0,1). Taking ¢, = % and o, = E' Then we have

1 - 6 is equivalent to

1 — 6 holds in the following steps.

n
1 1
N? 2 ) Xis >1-—,
ol [izl T, S e ﬁ[i,mlxi)] m

for some sequence {B[; ), with Y. |Bjim| = 1, where {By; .1}, is the subsequence of {;} | with Y., |B| ,m]l =
landm=1,2,....On the other hand, since Y.i_; Biiml = 1, 1t follows that 0 < |Briml <1 for alli=1,2,.
Namely, the sequence {Bim}}, is bounded for each fixed i. It 1mp11es that sequence {5[z,m]},: has a conver-
gent subsequence {y[;m}, w1th Z‘l 1 [Viiml = 1 for each fixed i, where m = 1,2, .... For each i, we denote
im0 Viim] = Bis wherez =1,2,...,n. By (BCFOPN3) and (BCFON4) , we have

W{me ﬁ%]
Nio, #l[ Vim ~ Br)x1 + Z(V[z}m] - Bi)xi, %t + (1 - %)t]
=2

1

o [¢ (- 1)
[w ul ((7/ m — Pr)x1, w ((V[l,m] - ﬁl)xl)) ¥ [w,u] ;(V[Lm] - Bi)xi, i (Z;r'l:z()/[i,m] — ﬁi)xi)

1

o oy
Nios "naw ((Yum = BX) @Om — 1)) M| S Hlim = P t (i (tim = Bi)xi)

Furthermore,

(1-3)

;‘(y[i'm] ~ B (X Otim — .Bi)xi)]

ST

1 i (tim — Bi)xi)

[w,u]

=N [(7’[2'"11 = p2)x2 + Z;(y[i'"” - Bi)xi,
i=

>N/ ( t
WrI\™ nw ((Ym — P1)x2) @(Vizm)

= B (X (Viim = ﬁi)xz'))
(1 - %)t

+ N im) — Bi)Xi, - -
;‘”' B T 0 im = B B (T —ﬁ»x,-)]

[w,u]
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Continuing this way, we have
0 ul [Z(V[i,m] - Bi)xi, t]
i=1

t
>N” x,
[“”"]( Y0 (i — BUXL) @0/t m) —ﬁl))

N(p (JCZ, ! ) *
A\ new (yrzm = B1)X2) (rizm — B2t Ty (Viim) — Bi)Xi)

¥ Nﬁ)ru] [x”’ n t n }
NPV inm — Bu) T 1 (T Vit = ,Bi)xi)
Taking limit as m — +co on both sides. By (BCF®N5) and lim,— .+ V[i,m] = fi for each i, it implies that
] (Z —1(Vtim — Bi)xi, t) = Lforall £ > 0.
Step 2: By (BCFON3) and (BCFON4), we have

[Z Bixi, Zt]
- N[w,y] (Z(‘B Viim))Xi + Z 14 1m]xl,2t]

limm—H-oo

i=1 i=1
n ; t
N({) ( i i,m )xi/ !
ot [;‘ i (Lo (Bi = Yiim)xi) ] o (Z T '”lx)]

Additionally, we note that there exist some m such that mt > 1 for all t > 0. By (T3), (BCFON2) and
(BCF®N3), we have

n
t
®
g ——— b
“] [Z‘ Yl i w(Xis, V[i,m]xi)]

t mt—1
[i,m] i, 7 7 * N(p ( ’ 7
[‘” “l (Z‘ Vi) ma(Lizy ViimXi) (L V[Lm]xi)] Lo\ mp(O) (T iy Viimxi)

Z " 1
[“’ # lim s maw (Xt ViimXi) (=1 ViimXi)

Thus, we have

n
P -
N[(U/[J] [Z ﬁle/ Zt)
i=1

- t - 1
N‘P = Vi X;, * N(P i m1Xi,
Lwu] [Z(ﬁl Vi) (L i - V[i,m])xi)] o] (;‘ Yl ma (g VimX) i(Liz ViimXi)

i=1

Taking limit as m — +oco on both sides. By Step 1, then we have
NP, g (T Bixi, 28) 2 limyios o (1 - —) +1=1.

SoN? (YL, Bix;,2t) =1 forall t > 0. By (BCFON2), hence Y\, Bix; = 0, which is a contradiction. [
[w,u] i=1 Yy i=1



Y. Wu / Filomat 40:8 (2026), 2883-2893 2892

Theorem 3.5. If (X, NE’; a +) is a finite dimensional bi-controlled fuzzy @-normed linear space with the underlying

t-norm =, which is continuous at (1,1), then (X, Nﬁ Ll +) is complete.

Proof. By assumption, the dimension of (X, NE’; Y *) is finite. Set dimX = r and let {¢;}!_; be a basis for X. Let
{x,} be a Cauchy sequence in X. Then there exists suitable scalars {fj;,j}/_, such that x,, = Y.I_; Bjinje:. Firstly,
we note that {x,} is not necessarily a constant sequence, otherwise, Y.7_; |Bin] — Bjim| = 0 for all m,n € IN*.
Since {x,} be a Cauchy sequence in X, we have lim, ;—,+c0 N ](xm — Xy, t) = 1, where x,, = Y.i_; Bliméi-
Namely, limy, ;—+00 N E’;W
such that

¢
[w,u
](Zle(ﬁ[i,m] — Blin)ei, t) = 1. From Lemma 3.4, there exist some ¢ > 0 and 6 € (0, 1),

i

14 r R S Qi1 Brim —Briml)e _
N, g Ciz Briom = Biim)eir o5 e G rey) < 1~ 0

Furthermore, for the above 6, there exists 1y € IN* such that NE’; #](Zzzl(ﬁ[,',m] — Brinpei t) > 1 =06 for all

n,m > ng. Thus, we have

00y A e @(Xi=1 |Btim1 = Priml)e
N[a),p](;(ﬁ[bm] ﬁ[l,fl])ezr w(zr

N/ r im] = Blin))ei, t)-
i=1(ﬁ[i,m1—ﬁ[i,nl)ez')#(ZLl(ﬁ[i,ml—ﬁ[z‘,nl)ei))< o ](;‘(ﬁ[’] Pron)ert

Pz Brim—Priml)e
By (BCFON5), we have S BB G By < t for all t > 0. Hence,

: i1 Brim =Bl —

Hmmy 1400 (=1 Brim —Prim)e) (Lt (Brim—Brime) 0
Since w and pu are bounded, it follows that limy, y—+e0 @(X./—1 |Blim) — Bliml) = 0 . By (®2) and (P5), we have
|Blim1 — Priagl = 0. Thus, {B[im} is a Cauchy sequence for eachi =1,2,...,r. Set limy,; y—+c0 Bjim] = Pi for each
i=1,2,...r,and denote Y_; fie; = x € X. We claim that lim,—+e X = x. Indeed, for all t > 0 and each
i=1,2,...,r, we have

Nﬁ,,‘u](xm - X, t))

= Nf‘;’ al [Z(ﬁ[i,m] - Biei, t]

i=1

o t
> N[awl (el' rw ((B,m — Pr)er) @(Brm — ﬁl))

- N(P (62 t ) e
(o \™ v ((Bram — B2)e2) @Bram = P2)tt (LizaBrim) — Bidei)

p t
* N?ﬂ’:#] [Em, r r ]
ﬂp(ﬁ[r,m] - ,Br) Hj:z u (Zi:j(ﬁ[i,m] - ,Bi)ei)
Taking limit as m — +oco on both sides. For eachi=1,2,---,r, by (BCFON5), we have
limy—s 4o N[” (X —x, 1) =1,Vt> 0.

w, ]

By (BCF®N2), then limy,— 100 (X — x) = 0, that is lim,,—, 1« X, = x. Hence, X is complete. [

4. Conclusions

The main objective of this paper was to present some basic results on bi-controlled fuzzy ¢-normed
linear spaces. In Section 2, based on a dilation function ¢, by modifying the notion of Bag-Samanta’s type
fuzzy norms, we introduce the concept of bi-controlled fuzzy ¢-norm for two non-comparable functions,
and illustrate several examples. Additionally, we establish the relationship for bi-controlled fuzzy ¢-norms
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into a family of pseudo-p-norms. In Section 3, we introduce the concept of I -fuzzy convergence and
[w,u]

investigate the completeness of finite dimensional bi-controlled fuzzy ¢-normed linear spaces. In the
future, we think that it may be interesting to present some new theorems and results in three-variable
generalizations of fuzzy metric spaces from functional and topological points of view, as well as to make
a similar investigation in the sense of Koc¢inac and Rashid [16] in generalized fuzzy 2-normed spaces and
related structures.
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