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Abstract. In this paper, the concept of (L, M)-G-fuzzy remote neighborhood operators is introduced.
Subsequently, approximation pairs grounded in (L, M)-G-fuzzy remote neighborhood operators are de-
fined and explored. In particular, approximation pairs (operators) based on convex (L, M)-fuzzy remote
neighborhood operators are investigated and characterized. Furthermore, a measure for approximation
operators based on convex (L, M)-fuzzy remote neighborhood operators is defined. In a certain sense, this
measure quantifies the quality of the derived approximation operators.

1. Introduction

Rough set theory was introduced by Pawlak [11, 12] to deal with the incompleteness and uncertain
information. Many scholars applied this theory to various fields (see, for example, [8-10, 30, 39]). At
present, rough set theory has been extended to binary relation-based rough sets (see, for example, [24, 41]),
covering-based rough sets (see, for example, [3, 26, 29, 32, 40]) and generalized neighborhood system-based
rough sets (see, for example, [17, 22, 28, 33]). It is emphasized here that the generalized neighborhood
system-based rough sets (see [33, 34]) are more general than the neighborhood-based (binary relation-
based) rough sets and covering-based rough sets. In a more general framework, for L and M to be different
integral commutative complete lattice monoids, Sostak et al. [20] introduced the notion of M-valued L-
fuzzy relations and used it to define a theory of L-fuzzy rough sets, called the many-level version of rough
approximation for L-fuzzy sets. Subsequently, El-Saady et al. [4] developed a model of rough sets based on
M-level L-fuzzy G-neighborhood systems. They proved that L-generalized neighborhood systems-based
approximation operators (see [34]) and M-level L-fuzzy relation-based approximation operators (see [20])
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can be regarded as special cases of (L, M)-fuzzy generalized neighborhood systems-based approximation
operators.

The notion of remote neighborhood systems is fundamental in the theory of Wang’s topological molec-
ular lattice (see [23]), and it is abstracted from the geometric notion of “remote”. The notion of remote
neighborhood systems can be considered as the dual notion of neighborhood systems in general topology.
Therefore, Sun et al.[21] developed a theory of rough sets based on generalized remote neighborhood op-
erators. It is worth mentioning that neighborhood systems also have certain advantages in dissymmetric
lattices; they play an important role in topological molecular lattice and L-topology. Using the idea of
remote neighborhood systems, Yue and Fang [31] proposed the concept of fuzzy remote neighborhood sys-
tems in fuzzy topological molecular lattice, and studied the connections between fuzzy co-topologies and
topological fuzzy remote neighborhood systems. More generally, Yang and Li [27] introduced the concept of
topological (L, M)-fuzzy remote neighborhood systems of fuzzy points, and gave the relationship between
(L, M)-fuzzy co-topologies and topological (L, M)-fuzzy remote neighborhood systems. Recently, Zhao et
al.[37] studied two kinds of convex (L, M)-fuzzy remote neighborhood operators in (L, M)-fuzzy setting,
and proved that these two kinds of convex (L, M)-fuzzy remote neighborhood operators and (L, M)-fuzzy
convex structures are categorically isomorphic; Gégény and Radeleczki [6] defined quasiorders by means of
lower and upper fuzzy approximations, and they established conditions under which fuzzy rough sets form
lattices. Inspired by the concepts of generalized remote neighborhood operators and M-level L-fuzzy G-
neighborhood systems, we will consider how to construct rough set models based on (L, M)-G-fuzzy remote
neighborhood operators, and will consider some issues regarding the lattice structure of the approximation
pairs (operators) of these rough set models.

The contents of this paper are organized as follows. In Section 2, we recall some necessary concepts and
results. In Section 3, we present the concept of (L, M)-G-fuzzy remote neighborhood operators as a gen-
eralization of generalized remote neighborhood operators and an extension of convex (L, M)-fuzzy remote
neighborhood operators. Subsequently, we discuss in detail the approximation pairs (operators) based on
(L, M)-G-fuzzy remote neighborhood operators. In Section 4, we not only discuss the approximation pairs
(operators) inspired by convex (L, M)-fuzzy remote neighborhood operators, but also define the measure of
approximation operators based on convex (L, M)-fuzzy remote neighborhood operators. In Section 5, we
draw a conclusion.

2. Preliminaries

In this paper, let M be a complete lattice with the smallest element Ly and the largest element T .
M,,, =M—{Ly}. Anelementain M is said to be coprime ifa < bV cimplies thata < bora < c. The set of all
coprime elements in M, is denoted by J(M). Yu,v € M, we say that u is wedge below v in M (in symbols,
u < v) if for all subsets D C M, v < \/ D implies that u < d for some d € D. We denote f(x) = {y e M | y < x}.
A complete lattice M is said to be completely distributive iff for each x € M, x = \/ f(x) = \/ f*(x), where
B*(x) = B(x) N J(M) is called the standard greatest minimal family of x (see [23]).

Let L be a completely distributive lattice with order-reversing involution ’. For a nonempty set X, LX
denotes the set of all L-subsets on X. The operators on L can be translated onto L in a pointwise way. The
smallest element and the largest element in L* are denoted by 1 and T}, respectively. For eacha € L, leta
denote the constant L-fuzzy subset of X with the value a. We say {A; : i € [} is a directed (resp. co-directed)

subset of L%, in symbols {A; : i € J} dér LX (resp. {A;i:i €]} Cg LX) if for each A1, A, € {A; : i € ]}, there exists
Az € {A; 1i € J} such that A;, A, < A3 (resp. A1, Ay > A3z). We usually use the symbol \/?E, Aj; to represent the
supremum of a directed subset {A;};e; € LX. Let X, Y be two nonempty sets and let f : X — Y be a mapping.
Define f~ : LX — LY and f< : LY — L¥ as follows: (1) YA € LX, Yy € Y, f7(A)Y) = V j=y A®); (2)
YA € LY,V¥x € X, f~(A)(x) = A(f(x)). It can be verified that the pair (f~, ) is a Galois connection on (L%, <)
and (LY, <) (see [13]). An L-fuzzy inclusion (see [18, 19]) on X is a mapping C : LX x LX — L defined by the
equality C(E, F) = Aex(E'(x) V F(x)). The degree of intersection (see [2]) on X is a mapping N:LXx[X — L
defined by the equality N(E,F) = Vex(E(x) A F(x)) (VE, F € L%).
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Throughout this paper, if not stated otherwise, we always assume that L denotes a completely distribu-
tive De Morgan algebra and M denotes a completely distributive lattice. In a completely distributive lattice
L, there exists a binary operation —, and this implication operation is definedbya — b = \/{x € L |aAx < b}.
The following properties of the implication operator — are readily verified.

1) (@—=b>c & anc<b
2)a—->b=T < a<b

B)a<bhb = a—-c>2b—>candc—a<c—o b

4) (anb) >c=a—- (b—>c);

(5) a = At bi = Aier(a — b;) for any nonempty index set I;
(6) (\/id a,') — b = \jq(a;i = b) for any nonempty index set I.

Some concepts related to category theory can be found in [1].

Definition 2.1. ([21]) A function G : X —s 22" is called a generalized remote neighborhood operator on X
if for any x € X, G(x) is nonempty. Usually, G(x) is called the generalized remote neighborhood system of x
and each A € G(x) is called a remote neighborhood of x.

The set of all generalized remote neighborhood operators on X is denoted by GRN(X). Define a relation
< on GRN(X) as follows: Vx € X, G < G, & G1(x) € Gy(x). Then (GRN(X), <) is a poset.

Definition 2.2. ([21]) Let G : X — 22 be a generalized remote neighborhood operator. Then for each
subset A of X, the upper and lower rough approximation operators G(A) and G(A) are defined as follows:

G(A) ={xe X|3IB e G(x),A’ C B}, G(A) = {xe X | VB € G(x),A ¢ B}
A is called a definable set if G(A) = G(A), and a rough set otherwise.

Definition 2.3. ([37]) A mapping % : LX X M,, X X — L is called a convex (L, M)-fuzzy remote neighbor-
hood operator if it satisfies the following seven axioms: for each x € X, A, B € [Xanda,beM,,,

(CFR1) Z(Lf,a,x)=Tp.

(CFR2) Z(A,a,x) < A’(x).

(CFR3) If A < B, then Z(B, a,x) < Z(A, a, x).

(CFR4) Tfa < b, then Z(A, b, %) < Z(A, a, x).

(CFR5) Z(A,a,x) =\ {%’(B, a,x) | B'(y) < %#(A,a,y),Yy € X}

(CFR6) Z(V Aja,x) = \jg Z(A),a,%).

(CFR?7) For any nonempty subset {a;};e; of M, ,, the implication holds:

A'(X) = B(A,0;,x) Vje] VxeX = A'(x)=%(4, \/je] a;, ).

If Z is a convex (L, M)-fuzzy remote neighborhood operator on X, then the pair (X, %) is called a convex
(L, M)-fuzzy remote neighborhood space.

Let (X, Zx) and (Y, Zy) be two convex (L, M)-fuzzy remote neighborhood spaces, then a function g :
X — Y is called a convex (L, M)-fuzzy remote neighborhood preserving mapping if #y(A,a, g(x)) <
Fx(g~(A),a,x) for each x € X, A € LYanda e M 1y- The category of all convex (L, M)-fuzzy remote
neighborhood spaces as objects and all their (L, M)-RNP mappings as morphisms is denoted by (L, M)-FR.
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Definition 2.4. (Fang and Yue [5]) A mapping € : LX — M is called an (L, M)-fuzzy closure system on X
if it satisfies:

(LMC1) (LX) =€(TF) = Tm;
(LMC2) A (Ui) < C(Nieg i) (Y{Uibier € L).

Definition 2.5. (Pang [14], Pang [15], Shi and Xiu [16]) A closure system % is called an (L, M)-fuzzy convex
structure if one of the following conditions holds (the second then follows as a consequence):

(LMC3) If {Upex € LX is totally ordered, then A cx € (Ux) < € (Viex Ur)-
(LMC3)* If {U;}ic € LX is directed, then A, Z(U;) < €(VL, Uy).

If ¢ is an (L, M)-fuzzy convex structure on X, then the pair (X, %) is called an (L, M)-fuzzy convex space.

Let (X, €x) and (Y, ¢y) be (L, M)-fuzzy convex spaces and g : X — Y be a mapping. g is called (L, M)-
convexity preserving ((L, M)-CP, in short) (see [14, 16]) if 6¥(S) < €x(g(S)) for all S € LY. It is easy to check
that all (L, M)-fuzzy convex spaces as objects and all corresponding (L, M)-CP mappings as morphisms form
a category, denoted by (L, M)-FC.

Theorem 2.6. ([37]) R and CR are isomorphic functors, where two functors are given as follows:

(L, M)-FC — (L, M)-FR, (L, M)-FR — (L, M)-FC,
RC: ! (X, €) — (X, Z¢), CR: ! X, %) — (X, €n),
gr—9, gr—9,

and
Zs(Aa,x)=\/{D'(x)eL:D2 A, €(D)2a)(Vxe X, AcL¥,aeM,,),

Can(A) = \/ {ae My, : A'(y) = #(A,a,y), ¥y € X} (VA € L¥).

Definition 2.7. ([35]) A mapping €0 : LX x M,,, — LX is called a convex (L, M)-fuzzy hull operator on X
if it satisfies the following conditions: for any A, B € LXandrse M L

(CO1 CO(LE,r) =L~

(CO2) B<EO(B,1).

(CO3) Ifr<s,then €0(B,r) < €0(B,s).

(CO4) IfA<B,then€¢0(A, 1) <EOB,7).

(CO5) ¢0(€0(B,r),1)=C0B,7).

(CO6) If {B; : i € J} € L* is nonempty and totally ordered by inclusion, then

o viq Bi,r) = \/iel € OB, 7).

(CO7) Ifr=\{se€M,, :A=CO(A,s), then CO(A, 1) = A.

If €0 is a convex (L, M)-fuzzy hull operator on X, then the pair (X, ¢ 0) is called a convex (L, M)-fuzzy
hull space.

Let (X, € 0x) and (Y, € Oy) be two convex (L, M)-fuzzy hull spaces and let g : X — Y be a mapping. g is
called a convex (L, M)-fuzzy hull preserving function if g7 (¢ 0x(A,r)) < €0y(g~(A),r) for all A € LX and
r € M,,,. Itis easy to check that all convex (L, M)-fuzzy hull spaces as objects and all corresponding convex
(L, M)-fuzzy hull preserving functions as morphisms form a category, denoted by (L, M)-FCH.
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Theorem 2.8. ([35]) CO€ and CC© are isomorphic functors, where two functors are given as follows:

(L, M)-FC —> (L, M)-ECH, (L, M)-FCH —> (L, M)-EC,
COC : (X/ (g) L— (X/ %ﬁ%”)/ CCO : (X/ %ﬁ) — (Xr <g‘(apﬁ)/
gr—19 gr—9,

and
COw(A,a) = /\ (BeLl¥:A<B, €(B) 24},

Cro(A) = v {aeM,, :A=%0(A,a)

Definition 2.9. ([36]) A mapping .# : LXxM,,, — L¥is called a concave (L, M)-fuzzy interior operator on
X if it satisfies the following conditions: for any A, B € LX and r,s € M,

I (¥, =TK

(12) (A1) <A.

(I3) If A < B, then .#(A, ) < #(B, ).
(14) Ifr < s, then Z(A,s) < Z(A, 7).
a5 J(F(A,r),1) = F(A,7.

@6) IF{A; i€ J} T L¥, then 7(A\ s A1) = Ay S (Ai1).
(I7) #(B,\/{re M., : B= .#(B,1)}) = B.

If .7 is a concave (L, M)-fuzzy interior operator on X, then the pair (X, .#) is called a concave (L, M)-fuzzy
interior space.

Let (X, #x) and (Y, .#y) be two concave (L, M)-fuzzy interior spaces, then a function g : X — Yis called a
concave (L, M)-fuzzy interior preserving function if g~ (% (A, 7)) < Ix(9=(A),r) forall A€ LY and r € M,,.
It is easy to check that all concave (L, M)-fuzzy interior spaces as objects and all corresponding concave
(L, M)-fuzzy interior preserving functions as morphisms form a category, denoted by (L, M)-CFI.

If LMFA is represented as the category of all (L, M)-fuzzy concave spaces as objects and all (L, M)-FCAPs
as morphisms (see [25] ), then the following conclusion holds.

Theorem 2.10. ([36]) (L, M)-CFI is isomorphic to LMFA.

For the clarity of notation employed in all subsequent definitions, theorems and illustrative examples, we
compile a comprehensive “Symbols and Definitions” reference table in Table 1.

3. (L, M)-G-fuzzy remote neighborhood operators-based rough sets
In this section, we will give the definition of (L, M)-G-fuzzy remote neighborhood operators. Then, we
will develop a theory of (L, M)-G-fuzzy remote neighborhood operator-based rough sets from a constructive

approach.

Definition 3.1. Let X be the universe of discourse. A mapping & : LX x M, ,, x X — L is called an (L, M)-
G-fuzzy remote neighborhood operator on X if it satisfies the following condition: for any r € M, ,, x € X,

vBGLx 4(B,1,x) = T1.
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Table 1: Symbols and Definitions Used in the Text

Notation Meaning/Definition

L Completely distributive De Morgan algebra (with order-reversing involution *)
M Completely distributive lattice

15, TL Smallest and largest elements of L

Iy, Tm Smallest and largest elements of M

M,,, M — {Lpy} (non-1y elements of M)

J(L), J(M) Set of coprime elementsin L,, (resp. M,,,)

< Wedge below relation: u <v &= YDCMuv<\/D=3deD,u<d
B(x) {ly € M| y < x} (wedge below set of x)

B (x) B(x) N J(M) (standard greatest minimal family of x)

LX Set of all L-subsets on nonempty set X

15T Smallest and largest elements of LX

a Constant L-fuzzy subset of X with valuea € L

\/?61 A; Supremum of a directed subset {A;}ic; C LX

dglr / Cg Directed/co-directed subset inclusion in LX

fiLX > LY Forward image mapping of f : X - Y

foiLY > 11X Inverse image mapping of f : X — Y

- Implication operatoronL: a - b= \{xeL|aAx < b}

C:LXxLX > L
N:LXXLX > L
GRN(X)

R LXXM,,, xX—>L
¢:LX->M

€O LXxM,, — LX
I LXx My, - LX
X, %)

(X, )

(X, 20)

X, )

(L, M)-FR

(L, M)-FC

(L, M)-FCH

(L, M)-CFI

LMFA

RC, CR

COC¢, o

L-fuzzy inclusion on X
Degree of intersection on X
Set of all generalized remote neighborhood operators on X
Convex (L, M)-fuzzy remote neighborhood operator
(L, M)-fuzzy convex structure (closure system)
Convex (L, M)-fuzzy hull operator
Concave (L, M)-fuzzy interior operator
Convex (L, M)-fuzzy remote neighborhood space
(L, M)-fuzzy convex space
Convex (L, M)-fuzzy hull space
Concave (L, M)-fuzzy interior space
Category of convex (L, M)-fuzzy remote neighborhood spaces
Category of (L, M)-fuzzy convex spaces
Category of convex (L, M)-fuzzy hull spaces
Category of concave (L, M)-fuzzy interior spaces
Category of (L, M)-fuzzy concave spaces
Isomorphic functors between (L, M)-FC and (L, M)-FR
Isomorphic functors between (L, M)-FC and (L, M)-FCH




Hu Zhao et al. / Filomat 40:8 (2026), 2979-2996 2985

Let
GFR(X,L,M) = (% : LX x M, x X — L|Vre My, xe X, \/ 4(B,r,x) = T1)
BelX

denote the collection of all (L, M)-G-fuzzy remote neighborhood operators on X.

Define a relation < on GFR(X, L, M) as follows: ¢ < % if and only if % (C,7,x) < %(C,1,x) for each
(Cr,x) € LXx M,,, x X. Then (GFR(X, L, M), <) is a poset. Moreover, let @ # {%}ica € (GFR(X, L, M), <),
define the mapping \/;cp % : LX x M,,, X X — L as follows: for each (C,7,x) € LX X M, x X,

(V. g9)cro=\/_ %Cnx.
Then, we can verify that ., % € GFR(X,L,M). And, V ¥ is the supremum of {¥},en. Therefore,
ieA
(GFR(X, L, M), <) is a join-complete lattice, but not a complete lattice (see Example 3.2).

TL

Lo
Fig. 1 The structure of L

Example 3.2. (1) Obviously, a convex (L, M)-fuzzy remote neighborhood operator must be an (L, M)-G-
fuzzy remote neighborhood operator.

(2) Let X = {x} be a singleton set, M = {1y, Tm}, and L = {1;,a,b, T1} be a diamond-type lattice (see
Fig. 1), where ' = b, T] = 1;. Then L* = {1X,4,b, T)"}. Define two mappings % : LX x M,,, x X — L and
4 : [X X M,,, X X — L as follows:

a, ifA=a, b, ifA=a
GA,Tw,x)=4 b, ifA=b DA Tmx)={a  ifA=b

11, otherwise, 11, otherwise.

Then ¥ (i € {1,2}),% V% € GFR(X, L, M). However, there is no ¢4 € GFR(X,L, M) such that 4 < ¢4 and
4 < %. If not, for each A € LX, we have

1 YA, Tm, x) < G(A, Tm, x) ND(A, Tm, X) = L.
This implies that \/ g x 4(B, Tm, x) = L1, which contradicts ¢4 € GFR(X, L, M).

Theorem 3.3. Ordered sets (GRN(X), <) and (GFR(X, 2,2), <) are order-isomorphic, where L = M =2 = {L, T}
is the two-element complete lattice (completely distributive De Morgan algebra).

Proof. Firstly, define a mapping f : (GRN(X), <) — (GFR(X, 2, 2), <) as follows:
VG € GRN(X),x € X, and x4 € {L, T}, f(G)(xa, T,%) = %(xa, T,X) = Xcw(A).
Then f(G) € GFR(X, 2, 2). Define a mapping g : (GFR(X, 2, 2), <) — (GRN(X), <) as follows:
V¥ € GFR(X,2,2),and x € X, g(¥9)(x) = Gy(x) = {A € 2X 19 (xa, T,x) = T}

Then g(¥¢) € GRN(X).
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Secondly, V¥ € GFR(X, 2,2),

(f o)) (Xa, T, %)

f(Gg)(xa, T,x)
g@g (XA/ T, x)
T,  ifAeGy),

1, if A ¢ Gy(x)
T, if9(xa T,0)=T,

1, if 9(xa, T,x)=1
= g(XA/ T/x)/

ie., f og =idgrrx22) (here idgrrex2,2) denotes the identity map on GFR(X, 2,2)).

VG € GRN(X), (g0 (G)(x) = 9(%c)(x) = {A € 2X | GG(xa, T,%) = T} = {A € 2¥ | xw(A) = T} = G(x), ie,
go f =idgrnx) (here idgrn(x) denotes the identity map on GRN(X)). Hence, f is a bijection. In addition,
it is easily verified that f and g are order-preserving mappings. Therefore, f is an order-isomorphism. It
follows that (GRN(X), <) = (GFR(X,2,2),<). O

Remark 3.4. By Theorem 3.3, we immediately know that every generalized remote neighborhood operator
can be regarded as a special (L, M)-G-fuzzy remote neighborhood operator.

Note that A ¢ B if and only if B N A # 0. And, A’ C B if and only if B” € A. So, G(A) and G(A) in
Definition 2.2 can be rewritten as follows:

G(A) = {x € X | 3B € G(x), B’ C A},

G(A) = {xe X |YBeG(x),B' NA +0).

Naturally, the approximation pair based on an (L, M)-G-fuzzy remote neighborhood operator can be
defined as follows:

Definition 3.5. Let % : LX x M, X X — L be an (L, M)-G-fuzzy remote neighborhood operator on X. The

upper rough approximation operator & : X x M,,, — LX and the lower rough approximation operator
¢ : LX x M,,, — LX are defined as follows: for any A € LX,r € M,,, and x € X,

gAN®=\/ . (9B,1x)ArEB,4)

BeLX

G(A,1)(x) = ABeLX (%(8,1,x) > A(B, A)).

If4 : LX x M,, x X — L is an (L, M)-G-fuzzy remote neighborhood operator on X, then the pair (¢, %) is
called an approximation pair on X. And, for each (A,r) € LXxM Lo

& 9)A ) = E(AN,DAD)
is called an r-rough set on X.

Theorem 3.6. Let G be a generalized remote neighborhood operator defined as in Definition 2.1, and 9g be an
(L, M)-G-fuzzy remote neighborhood operator defined as in Theorem 3.3. Then, for each A € 2%,

(Fe, %) (xa, T) = (X Xg)-
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Proof. Vx € X.
(1) Let s(xa, T)(x) = T, then

\/XBE{L,TIX (gG(XB' T,%) A E()(B’/ XA)) =T

There exists x5, € {L, T}X such that % (xs,, T, x) /\E(XB(]/XA) = T.S0, %(xB,, T,X) = E()(B(f),)(A) = T. Further,
By € Gy, (x) = G(x), and B € A. Hence, x € G(A). It follows that xgu)(x) = T
On the other hand, if xg4)(x) = T, then x € G(A). Thus, there exists By € G(x) such that B, C A. So,

Yo D@ =\ (s T,x) A0, xa))

> Y6 (Xp,, T, %) A C(xBy, XA)
=T.

It follows that %(){A, T)(x) = T & xgu)(x) = T. Therefore, xgu) = %()(A, ).
(2) Let %G(xa, T)(x) = T, then

/\XBE{J_,T}X (gG(XB' T, x) - Fi()(B’r)(A)) =

So, for each x5 € {L, T}¥, we have %(xp, T,x) = N(x#, xa) = T. Thus, xcw(B) < N(xz, xa) (Vxp € {L, TH).
In particular, VB € G(x), we have N(xp, xa) = T. This implies that xp (x0) = xa(xo) = T for some xy € X.
Hence, VB € G(x), xo € B N A # 0. It follows that x € G(A), i.e., )(E(A)(x) =T

On the other hand, let Xe( A)(x) = T, then x € G(A). So, VB € G(x), B’ N A # 0. There exists xy € B'NA such

that N(xs, X4) = X#(X0) A Xa(xo) = T. Thus, N(xs, xa) = T.If C € G(x), then s(xc, T,%) = x6w(C) = T.
Hence, %c(xc, T,x) = N(xc, xa) =T — T = T; If C ¢ G(x), then % (xc, T, %) = Xcw(C) = L. Hence,

Go(xc, T,%) = N(xc, xa) = L = N(xc, xa) =T
So,
Geea D@ =\ (%l T2 v Ale, 1)) =

It follows that %5 (xa, T)(¥) = T & Xgw(®) = T. Therefore, G(xa, T) =
By (1) and (2), we have (%c, %G)(xa, T) = (Xciay Xgu): O

XGay-

The set of all approximation pairs on X based on (L, M)-G-fuzzy remote neighborhood operators is
denoted by AP(X, L, M), that is,
AP(X,L,M) = {(£,%) |4 € GFR(X, L, M)}

Define an order relation < on the set AP(X, L, M) as follows: for each (C,7) € LX x M wxeX, @ 1,§1) s
(&,,92) iff 9,(C,7)(x) < Z,(C,7)(x),and 9(C,7)(x) < 41(C,7)(x). Then (AP(X, L, M), <) is a poset.

Theorem 3.7. Let @ # {4}ic1 € (GFR(X, L, M), <), define the approximation pair \7:;(%, ?i) as follows:

zEI %,g - \/ \/161 i)

Then \7:-;(%, ?1) is the supremum of {(%, ?i)}iel. Further, (AP(X, L, M), <) is a join-complete lattice.
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Proof. Firstly, since \/;cp % € GFR(X, L, M), we have

\Vo67)=(\ %\, %) € APCL M.

And, for any (A,7) € LX X M,,, and x € X,

(Voo Vo ganm =V, ganm, )\ Fnem)

Indeed, for any (A,r) € LX x M,,, and x € X,

(V _ “)Aane

e (( \/ %)(B,7,x) A (B, A))
e ( v,e %(B,1,x) A (B, A))
- vB y (%(B,1,%) (B, 4))
” %(A, 7)(x).

(V_ “)Ane

o}

m

—~
>

([( \/ieA %)(B’ " x)] - H(B,’A»
BeLX ([ \/iEA Y81, x)] - H(B/’A))

N\ (B, - A, A))
G(A, ).

I
=>=>>> <<

b
=

ieA

Therefore,
(Vo 4 %\ _ #)anm=(\/ _ 4anm, )\ _ FAnw)

Secondly, (\/i€ A%, Viea %) is an upper bound of {(¢ i,?,v)}ie/\. Indeed, let 4 < %, then % (A,r,x) <
% (A, r,x) for each (A,r,x) € LX x M., xX. Thus (4 V %)A,1,x) = G(A,1x)V %A r1x) = %Arx). It
implies that 4 V % = %. So, for each (A, r,x) € LX x M, X X, we have

DA, NR) = GV G(A, 1)) = G(A, D) V %A, D),

DA, 1)(X) = GV DA, 1(X) = G(A,1)(X) A DA, T)().
So, 1(A, M(x) < %(A, r)(x), and D (A, )(x) < Fi(A, r)(x). It follows that (¥,,%1) < (¥,,9>). Therefore,

(gi’ ?1) s (\/ieA gi’ \/ieA %)

for each i € A, that is, (\/ieA Y, Vien %) is an upper bound of {(¢,, gi)}ieA-

Now, let 4 : LX x M,,, X X — L be another (L, M)-G-fuzzy remote neighborhood operator on X
such that (gi,?,«) < (g,?) for each i € A. Then, for any C € LX, r € My, and x € X, G.(Cnx) <
4(C,r)(x),and 4(C, r)(x) < 4i(C, 1)(x). So,

(V. g)Cn@=\/_ 2Cnw <gCnw,
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and

7Cn@ < N\ ZCnw=(\/ _ 4)Cnw.

It implies that (\/ieA Y, Vien %) (¥, Q), ie., \7:;1(%, ?,) = (\/ieA Y,V ien %) is the supremum of {(%, ?,-)}iel.
From the above proof, we can see that (AP(X, L, M), <) is a join-complete lattice. [J

Remark 3.8. By Theorem 3.7, we have the following proposition: if 4% < ¢, then (gz,%) S (gl,gl).
However, the converse proposition does not hold. For example, let % and % be the mappings defined as

in Example 3.2. Then, for any A € LX and x € X, &, (A, Tm)(*) = T1, %(A, Tm)(x) = L1,

1, ifA=1%
. a, ifA=a,
YA, Tm)(x) = %A, Tm)(x) =
b, ifA=b,
T, otherwise.

It implies that %5(A, Tm)(x) < %(A, Ti)(x), and (A, Tm)(x) < %A, TWX), ie., (4, 92) < (&,,%1), but
there is no % < %;. Naturally, we have the following problem:

Problem 3.9. Is (AP(X, L, M), <) a complete lattice?

4. Approximation operators (pairs) based on convex (L, M)-fuzzy remote neighborhood operators
In this section, L denotes a regular? completely distributive De Morgan algebra, we will focus on

discussing approximation operators (pairs) based on convex (L, M)-fuzzy remote neighborhood operators
and their properties.

The following lemma proves that 4 and & are dual.
Lemma4.1. Let % : LX X M,,, X X —> L be an (L, M)-G-fuzzy remote neighborhood operator on X. Then
@,9) A, =EANGAD)=(GA, 1), EA,N))
foreach A € LX andr € My,,.

Proof. Vx € X,

[G(A, 1)(x)]
\/BeLX [(#®B,r,x) - AE,A))
VW (#B,,0 A (AB, A7)

\/BGLX (% (B,r,x) A C(B/, A))
G(A,1)(x).

(G(A 1) (x)

Hence, (9(A’, 1)) = 9(A,r). Analogously, (4(A’,r)) = 9(A,r). O

DA completely distributive De Morgan algebra L is called regular if a’ = a — 1 for eacha € L. If L is regular, thena — b = a’ V b for
eacha,b € L. Indeed, ¥x € {x | aAx < b}, wehavex = xAl = xA(aVva’) = (xAa)V(xAa’) < bva’.Hence,a - b= \/{x € L|arx < b} <bva'.
Conversely, sincea A (bVa')=aAb<b wehavebVa <a— b. Therefore,a —» b=a"Vb.
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Theorem 4.2. Let % : LX X M;,, — L* be a convex (L, M)-fuzzy remote neighborhood operator. Then the upper
rough approximation operator % satisfies the following properties: for A,B € LX, and s,r € M,,,,

O Z(L5,r)= LK

() A<Z(A,7).

() IfA < B, then Z(A,r) < Z(B, ).
@) Ifr <s, then Z(A,1) < Z(A,s).

(5) If % is transitive, that is,

/\3ng {%I(B’ T, x) | Bl(.‘/) < %(A/ r, y)/ V]/ € X} < %(A, T)(X).

Then, (i) Z(%(A,1),1) = Z(A,1).
(ii) If {B; : j € J} C LX be nonempty and totally ordered by inclusion, then

i( \/jE] B]', 1’) = \/jE] @(B]', 1’).

(iii) Ifr = \/{s € ML, : A = Z(A,s)), then Z(A, 1) = A.

Proof. Vx € X.
(1) By (CFR1), we have

REnN@ =\, (#2610 6@, 1) =[\/,_, %6, na)| < [#2f 0| = L.

Hence, (L%, 7) = LX.
(2) By (CFR2), we have

B(A,1)(x)

I
> Uc>>
m
o
—~ i\/—\
N
&
S
RaJ
l
e
El
<
>
IS
<
=

yeX
>\, (2B %) - (B(0) A ARX)
> N\, (B@ = B AARX)
> A@x)

Hence, A < Z(A, 7).
(3) If A < B, we have

R(A,1)(x) = /\Ddx (2(D,1,x) > N(D', 4)) < ADeLX (2(D,r,x) > N(D',B)) = Z(B,7)(x).

Hence, Z(A, ) < Z(B, 7).
(4) If r <5, by (CFR4), we have

AN = [\, (28,10 - 2B, 4) < )\ (2B,s,x) > OB,A) = Z(A,5)E),

Hence, .@(A, r) < @(A, s).
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(5) (i) Noticing that Z« (%’%(A, b),a) = Z#(A,b) (see [Theorem 3.3, [37]]) and %, = % (see [Proposition
3.5, [37]]), we have Z(% (A, r),1,x) = Z(A, 1,x). By (CFR5), we have

A (A, 1,x) = /\ R'(C,1,x) < B(A,1)(x) = /\ (%’(B, r,x) — H(B’,A)) < @A ).
C<R(A) BeLX
Hence,
R(RZ(A,1),7)(x)
- /\BGLX (%(B’ r,x) = N(B', Z(A, r)))
R(F (A, 1),1,x) = (R(A,71), Z (A1)
= %A, 1,x)—> 1|
= A(A,1)(x).

R(A,7)(x)

IN

Therefore, Z(%Z(A,1),1) = Z(A, ).
(i) Let {B; : j € J} € L* be nonempty and totally ordered by inclusion. We easily obtain the following

inequality:
@( \/jej By r)(x) - AeLX (%(A’ nx) = H(Al' \/jel Bj))
AeLX (‘%)(A’ rx) = \/je] ﬁ(A,’ Bf))

o A 04,20 )

I\

v
= << >>

Conversely, by (i) and (CFR6), we have

@( \/jE] B;, r)(x)

AeLX (‘%)(A’ rx) = H<Al' \/J'EI Bj))
%( jel Bj,r,x) - Fi( /\je] B}’ \/je[ Bj)
P 5=V w00

\/]E] Z(B;, 1,%).

Therefore, Z(\/ jes Birt) = Vies @(Bj, r).
(iii) Letr = V{se My, : A= R(A,s)). By (CFR7), we have

‘@(A’ ) = ‘@(A’ \/@(A,s):A s)(x) - [‘@(A’ \/VxeX,A/(x)=%(A,s,x) 5 x)]/ =A).
Therefore, Z(A, 1) = A. [

Theorem 4.3. Let % : LX X M,,, X X —> L be a convex (L, M)-fuzzy remote neighborhood operator. Then the lower
rough approximation operator % satisfies the following properties: for A,B € LX, and s,r € M,,,,

M Z(T¥,rn=TK

2) Z(A, 1) <A.

(3) If A < B, then Z(A,r) < #(B, ).
@) Ifr <s, then Z(A,r) 2 Z(A,s).
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(5) If % is transitive, Then,
() RERA,D, 1) = BAD.

(i) IF (A i € J) € LX, then B Nigy Airt) = Nie Z(Ai 1.

(iii) Z(B, \/{r € M., : B= Z%(B,r)}) = B.
Proof. The proof of this theorem can be derived from Lemma 4.1 and Theorem 4.2, so we omit it. [J
Remark 4.4. Let (L, M)-CFR denote the category of all transitive convex (L, M)-fuzzy remote neighborhood
spaces and all their (L, M)-RNP mappings as morphisms. Define a functor R as follows:

(L, M)-CFR — (L, M)-FCH,
R:{ (X, 2)— (X, %),
gr—9.
Then, by Theorem 4.2, if # is a transitive convex (L, M)-fuzzy remote neighborhood operator, then the

upper rough approximation operator Z is a convex (L, M)-fuzzy hull operator. In addition, let (X, Zx) and
(Y, Zy) be transitive convex (L, M)-fuzzy remote neighborhood spaces, and g : X — Y be an (L, M)-RNP
mapping. Then, foreachx € X, B € LY and r € M,,,, we have Zy(B,, g(x)) < Zx(g=(B),1,x). So,

g A,NG@) = N, (@B rgx) - AB,g7(A))

perr (BB 1,900 = [ (B) A g™ AW))
v(B,1,9) = \/__ (B'@() A g~ (A)g()))

vB,r,9() = \/_ (97 (B)@) A AR))

Zx(g=B),n,x) = \/__ (97(B)=) A AR))

o (@x(Crx) =\ (C@) A AR))

e (Zx(C 1) = A(C,A))

= Zx(AN).

Hence, g7 (#x(A, 1)) < g7 (9 (%#x(g97 (A), 1) < Zy(g~(A), 7).

From the above proof, we can see the category (L, M)-CFR can be embedded into the category (L, M)-
FCH. The relationship between concave (L, M)-fuzzy interior operators and the lower rough approximation
operators can be similarly studied, and will not be repeated here.

=== > >

[\

BeLY

(
perr
(
(

BeLY

\%

The set of all convex (L, M)-fuzzy remote neighborhood operators on X is denoted by CFR(X, L, M).
Define a relation < on CFR(X, L, M) as follows: ¥Yx € X,A € LX and r € M,,,, % < % < Z1(A,1,x) <
(A, 1, x). Then (CFR(X, L, M), <) is a complete lattice ([37]). Moreover, let 0 # {Zi}ier € (CFR(X, L, M), <) .
Then Z- is the infimum of {%;};c;, where €* : LX — M is an (L, M)-fuzzy convex structure on X, and is
defined by ¢*(C) = A\ €%,(C)([38]). In this case, we denote it as A, Z;, i.e.,

i€l

e (A )=\ _ #)Ar0=\/{B@eLIA<B \_ €un®B) 27}
Proposition 4.5. If %1 < %, then (%1, %1) < (%2, %)

Proof. Firstly, let {Z;}ic; be a family of convex (L, M)-fuzzy remote neighborhood operators. Then, for any
(A,r)e LXxM,, and x € X,

A ZAnm < \ &A@, \_2ANE =\ FA .
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Secondly, if %1 < %», then €#,(C) A €%,(C) = €%, (C). So,
(21 A %2)(B,7,x) = \/ C'(x) = Ze,, (B, 1,%) = Z1(B,1,%),
BSC, €, (ONCar, (C)2r

ie., %1 N %, = %#;. Thus,

(A, 1)) = (% A 2)(A, 1) (%) < Z(A, D) A Dol A, D) < Bo(A, D),
and _

F(A, D) = (% A Ta)(A, D) 2 Zr(A, D)V Za(A,1)(x) 2 ZaA, 1)),
It follows that (%1, %1) < (%, %,). O
Proposition 4.6. Let 0 # {Z;}ie; € (CFR(X, L, M), <). If every %, is transitive, then %- is transitive.
Proof. Define the mapping %« : LX x M, — LX as follows: forany A € LX,r € M,,,,and x € X,

He (A, 1)(X) = Bp (A, 1, X).

We first claim that %ﬂg is the infimum of {%}iq in FH(X, L, M) (the set of all convex (L, M)-fuzzy hull
operators on X).
Indeed, by Remark 4.4 and [Theorem 3.7,[35]], the mapping ¢ : LX x M,,, — L* defined by

%@’(A,a)z/\{BeLX:ASB, Aid \/ r2af

%(B,r)=B

is the infimum of {%,}jc in FH(X,L, M).
Noticing that

COA,a)(x) = /\{B(x) eL:A<B, /\id \/ r2af

Z(B,r)=B

= \{BweL:a<B, A _ Vi r=af
Zi(Bry)=B'(y) YyeX

- [\/ [B(xyeL|A<B, /\iel % (B) > a}]

= %fg (A,a,x)

=X, (A, a)(x),

we confirm the above claim that (%’('g* is the infimum of {Z;};c; in FH(X, L, M).

As is known from [Theorem 3.7,[35]] and Proposition 4.5, QZT* : X x M,,, — LX is the maximum
element of FH(X, L, M), where Z : LXxM 1y X X — L defined by

Ry(A,1,x) = A'(x) (VxeX,AelX,reM,,,)

is the maximum element of (CFR(X, L, M), <) and is transitive.
For the upper approximation operators, we adopt the default partial order on FH(X, L, M):

G < B = B(A,1)(X) 2 Za(A,1)(),

forall A € L%, r € M,,, and x € X. With this partial order, the monotonicity of upper approximation
operators holds: %1 < % = % < %,. Combining this with the definition of infimum, we obtain the
inequality chain:

%(’g < R = /\%{ S%SE.
i€l
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By the uniqueness of the infimum in a poset, the above inequality directly implies Z«- is transitive, and
accordingly we have % = #,,.. 0

Corollary 4.7. Let TCFR(X, L, M) denote the set of all transitive convex (L, M)-fuzzy remote neighborhood operators
on X. Then ({,@ | # € TCFR(X, L, M)}, S) is a sub-complete lattice of (FH(X, L, M), <).

It is well known that, VE, F € L%, the M-valued inclusion measure (cf. [7]) ™ XX LX — M of the
L-subset E into the L-subset F is given by

MEF) = 6CEF) = N\ ¢E® - F@) = \ 9(E' (@) v F@),
xeX xeX

where ¢ : L — M is a mapping that preserves bottom and top elements of the lattices and satisfies the
following condition: (1)( Njes xj) = Njey @(x)) for any {x;}je; C L.

Let Z : LX x M,,, X X —> L be a convex (L, M)-fuzzy remote neighborhood operator. To measure the
quality of rough approximation of an L-fuzzy set A € LX, we can define the measure of its upper rough
approximation by %#(A, r) and the measure of its lower rough approximation by .Z%(A, r), respectively,

where Zz : LXXM,,, — Mand %5 : LXXM,,, — M are defined by %% (A, r) = @A, 1), A), La(A,r) =
™A, #(A, 7)) for any A € LX,and r € M,,,.

Proposition 4.8. Let A € LX, and r € M,,,, then
Ua(A' 1) = Lag(A, 1), LaA'r)=Uz(A,7).
Proof. We only prove %z(A’,r) = Z#(A,r) as an example. Indeed,
Un(A' 1) = TGN 0, A) = T(RANY A = §EA,BAD) = LaA, 7).
0

Theorem 4.9. Let % : LX x M,,, X X — L be a transitive convex (L, M)-fuzzy remote neighborhood operator on
X. Then, Va € M,,,, (X,[-Z%]") is an (L, M)-fuzzy concave space on X, and (X, [%%]") is an (L, M)-fuzzy convex
space on X, where [ L#]" : LX — M and [%#)" : LX — M are two mappings defined by [ L%](A) = L#(A, a)
and [U#)"(A) = %#(A, a), respectively.

Proof. (LMA1)
[Zal(1]) = Za(1f,0) = (1, 205, 0) = )\ _ o @) - 20F,00) = )\ _ ¢l — 1) = Tu,

(22l (T1) = Za(TE,0) = (T 2T ) = \__ $(TF0 = Z2(TF,0@) = /\__ o(Te— T =Ta
(LMA2) V{U;}ie; € L%, we have

[Za1(\/ W)

iel

EM( iel Ui,«Z( \/iel Ui, a))

AoV - 2(\/_ Usa)w)
/\xeX (]5( \/ Ui(x) — \/i ‘%(ui/ a)(x))
/\xeX /\zel (P u (x) - %(Ul’ a)(x))

= /\IEI /\xeX u (x) - %(Ul, a)(X))
JAWREALEA

\%
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(LMA3)If{4; : j€ J} ‘C L¥, we obtain
Zal( N\ 4) = (N a2\, 400)
A\t g9 SN 2010)
x9N\ 40 = N\ 245 0)
N\ o, 9(410) = 2(4;,0)(x)

/\J'GI /\xEX ¢(Af(x) - z(Aj,ﬂ)(X))
\ LT A).

v

From the above proof, we can see that [.Z7]" is an (L, M)-fuzzy concave structure on X. Similarly, by
Proposition 4.8, we can obtain [%#]” is an (L, M)-fuzzy convex structure on X. [J

5. Conclusions

In this paper, a pair of lower and upper rough approximation operators based on (L, M)-G-fuzzy
remote neighborhood operators was proposed. As a special kind of (L, M)-G-fuzzy remote neighborhood
operators, convex (L, M)-fuzzy remote neighborhood operators play an important role in (L, M)-fuzzy
convex structures. In fact, they are categorically isomorphic to (L, M)-fuzzy convex structures. Therefore,
approximation operators based on convex (L, M)-fuzzy remote neighborhood operators were also discussed,
and the measure of their rough approximation was given. A realization of the measures of lower and upper
rough approximations based on convex (L, M)-fuzzy remote neighborhood operators in terms of (L, M)-
fuzzy convex structures was presented, respectively.
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