Filomat 40:8 (2026), 2755-2778
https://doi.org/10.2298/FIL2608755Z

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2 S
) @
b, &
Ty xS’

5
TIprpor®

Certain properties and characteristics of extended multivariate
Hermite-Frobenius Euler polynomials of 1-parameter

Mohra Zayed?, Waseem Ahmad Khan?, Shahid Ahmad Wani®*, Subuhi Khan*

?Department of Mathematics, College of Science, King Khalid University, Abha 61413, Saudi Arabia
YDepartment of Electrical Engineering, Prince Mohammad Bin Fahd University, P. O Box 1664, Al Khobar 31952, Saudi Arabia
¢Symbiosis Institute of Technology PUNE, Symbiosis International (Deemed University), Pune, India
Department of Mathematics, Aligarh Muslim University, Aligarh, India

Abstract. This paper investigates a new class of the extended multivariate Hermite-Frobenius Euler poly-
nomials of one-parameter (EMHFEP of 1-parameter), focusing on their structural and analytical features.
Using series representations and generating functions, we establish key properties and an associated op-
erational framework and determinant form. Further, various differential, integrodifferential, and partial
differential equations satisfied by these polynomials are presented. Several summation formulas are intro-
duced, enhancing their computational applicability. Additionally, Euler’s integral is utilized to derive its
generalized form.

1. Introduction

Multivariate polynomials play a vital role in mathematical analysis, serving as a foundation for cre-
ating new polynomial families and deriving essential identities. Leveraging the properties of an iterated
isomorphism associated with Laguerre-type exponentials, Bretti et al. [1] proposed “extended families of
two-variable Appell polynomials. Subsequent studies have explored extensions of Hermite, Laguerre, and
truncated exponential polynomials in two variables”, as well as their broader generalizations [2-6].

Recent advancements in special functions have significantly expanded their role in mathematical
physics, providing an effective analytical approach to various challenges. Previous studies [7, 8] have
emphasized the relevance of generalized Hermite polynomials, particularly in “quantum mechanics, opti-
cal beam dynamics, partial differential equations, and abstract algebraic structures”.

The generating technique has been employed by researchers as a systematic approach to their inves-
tigations. Building upon the aforementioned studies, the recent development of multi-variate Hermite

polynomials W,Em](gbl, U2, Y3, -+, i) has made significant contributions to the field of polynomials. These
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polynomials were constructed using a generating relation, a powerful tool for systematically examining
and analyzing mathematical functions.

The ongoing research and recent advancements in multivariate Hermite polynomials, facilitated by
the generating technique, have significant implications for the polynomial domain. These polynomials
establish a solid foundation for tackling intricate multivariate systems, and their systematic analysis paves
the way for fresh insights, deeper comprehension, and diverse applications across various scientific and
mathematical disciplines. They are characterized by the following generating relation:
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with the series representation:
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For m = 3 and m = 2, the multivariate Hermite polynomials reduce to 3-variable and 2-variable Hermite
polynomials [9] given by generating relating relations:
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and the series representation:
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The “Hermite polynomials with two variables and three variables and a single parameter” (2V1PHP),
represented as H,, (Y1, 12, C), are characterised by the following generating function [10, 11]:

1T z’l'2 — . T_n
cherist = Y Holt a Oy €>1 7
and
C¢1T+w272++¢373 = Z 7’{71(17[}1/ 17[}2/ +¢3/ C)F C> 1’ (8)
n=0

respectively. Using C¥1™¥>* instead of e¥1™¥27" offers flexibility via the base C. This parameter enables
greater adaptability, allowing the function’s behaviour to multiline with specific requirements. One can
control the growth rate or better approximate empirical data by selecting an appropriate value for C.

In practical applications, the natural exponential function may lead to excessively rapid growth, which
is sometimes undesirable. Choosing a base C < e enables a slower rate of increase, making it more
suitable for modelling scenarios where exponential expansion is too steep. Conversely, setting C > e
allows for a steeper curve, accommodating cases that require accelerated growth or decay. Moreover,
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depending on C and computational considerations, evaluating C¥'"**>” can offer improved numerical
stability and computational efficiency compared to e¥1™*¥27", particularly in large-scale computations or
high-performance computing applications.

In their multivariate formulation, these polynomials have become indispensable across various disci-
plines within pure and applied mathematics and physics. Their versatility allows them to be applied to
complex problems in diverse fields as a foundational tool in various mathematical models and physical
theories.

For instance, in mathematical physics, these polynomials play a crucial role in solving Laplace’s equa-
tion when expressed in parabolic coordinates. This equation, fundamental in studying potential theory,
electrostatics, and fluid dynamics, often requires special polynomials to simplify and solve problems in-
volving boundary conditions or specific geometries. Moreover, in quantum mechanics, these polynomials
are instrumental in addressing scenarios where wave functions or quantum states need to be described in
parabolic coordinates, particularly in systems with cylindrical or parabolic symmetry. Their application
extends to solving the Schrodinger equation in such contexts, providing exact solutions that describe the
behaviour of quantum particles under specific potential fields.

In probability theory, these polynomials are equally important. They are used to model distributions
and stochastic processes, particularly when underlying processes have symmetries or constraints that can
be described using parabolic coordinates. This includes applications in financial mathematics, where they
help analyse random walks or diffusion processes.

One of the most notable features of these polynomials is their ability to provide specific solutions to the
heat equation or generalized heat problems for any integral value of n. The heat equation, which describes
the distribution of heat (or temperature variation) in a given region over time, is a critical partial differential
equation in theoretical and applied contexts. The corresponding Gauss-Weierstrass transforms, integral
transforms used to smooth or regularize functions, facilitate these solutions by linking the polynomials to
the broader context of heat diffusion and propagation.

The Frobenius-Euler polynomials play a crucial role in modern mathematics, especially in combina-
torics, number theory, and differential equations. These polynomials are vital tools for counting combina-
torial structures and provide a strong foundation for exploring numerical sequences and solving complex
differential problems. Their versatility enables the derivation of profound insights across a spectrum of
mathematical domains, with far-reaching implications extending to various applications in the physical
sciences and engineering.

The foundational contributions were by Frobenius [6, 10, 12] were instrumental in establishing the
algebraic structure and interrelations of these polynomials. This early work significantly broadened the
polynomials’ utility and set the stage for their widespread adoption in both pure and applied mathematics.
As aresult, the study of Frobenius—Euler polynomials has evolved into a vibrant and continually expanding
field, inspiring innovative methodologies for tackling complex mathematical and engineering challenges.

Formally, the Frobenius—-Euler polynomials are defined via the generating function [13-17]:

1-u
eT—U

(] Tn
T = Zﬁ(wu)m, V ueC |l <|log(n), U=#1. ©)
n=0

These polynomials, particularly when expressed as ¥,(0|{), known as Frobenius-Euler numbers, are
vital in combinatorics for enumerating complex structures and in number theory for analyzing numerical
sequences. They also play a key role in solving differential equations, providing insights and methods for
tackling mathematical challenges.

The Frobenius-Euler numbers are also governed by the generating relation:

- ™ 1-U
nzzaﬂ(om)m == ¥ MeC Uzl (10)

Additionally, the Frobenius-Euler polynomials, ¥ (x|l), have a well-established series representation,
which reveals their algebraic and analytical properties. This series is crucial for understanding their
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behaviour in various contexts and can be written as:

n

Y (Z)ﬁ(u)lpq-k = Fa(ull), 120, (11)

k=0

where F(2) represents the Frobenius-Euler numbers, and (};) is the binomial coefficient. This repre-
sentation is central to combinatorics, recurrence relations, and connections to other special functions. It
also serves as a powerful tool for generating new identities and exploring the deeper structure of these
polynomials in both discrete and continuous settings. This series formulation connects Frobenius-Euler
polynomials to fields such as approximation theory, functional analysis, and differential operator theory,
enhancing their relevance in solving complex mathematical problems.

The Frobenius-Euler numbers, (), satisfy a recurrence relation, which is crucial for understanding
their structural properties:

Foh) =1, (12)

(FQU) +1)" = F () = {1 “ton=0, (13)

0, n>1.

The recurrence relation under consideration is a fundamental mechanism for constructing higher-order
Frobenius-Euler numbers. It is important in combinatorial analysis and algebraic computations, providing
a systematic framework for deriving new results and identities.

Differential equations constitute a cornerstone of numerous scientific domains, including physics, engi-
neering, and pure and applied mathematics. A wide array of phenomena encountered in these disciplines
can be effectively modelled through differential equations, which are often tackled using specialized classes
of functions. Over the past thirty years, there has been a notable resurgence of interest in the theory of
differential equations, largely spurred by rapid developments in nonlinear analysis, the theory of dynamical
systems, and their expanding range of real-world applications, see for example [18-25, 28, 29].

In recent literature, extensive research has investigated hybrid families of special polynomials, partic-
ularly those involving multiple variables. These studies employ various techniques, including generating
function methods, operational calculus, and analytic approaches [25-27]. The most salient features of
such polynomial families are their recurrence relations, explicit representations, functional and differential
equations, summation identities, symmetry properties, convolution formulas, and connections to determi-
nant theory. These attributes collectively enhance the utility of hybrid special polynomials, making them
indispensable tools in several mathematical and applied fields, including number theory, combinatorics,
classical and numerical analysis, theoretical physics, and approximation theory. These polynomials” inher-
ent richness and versatility enable researchers to address emerging challenges across a broad spectrum of
scientific inquiries. The article is structured as follows:

Section 2 provides an overview of the EMHFEP of 1-parameter, using series representations and gener-
ating functions. It also delves into the operational formalism that arises from these polynomials. In Section
3, the recurrence relation, shift operators and families of differential equations are derived for theEMHFEP
of 1-parameter. Section 4 introduces various summation formulas for EMHFEP of 1-parameter. The final
section offers concluding remarks.

2. EMHFEP of 1-parameter

This section presents a novel hybrid family referred to as the EMHFEP of 1-parameter. Furthermore,
several essential properties of these polynomials are established. A significant result is demonstrated to
derive the generating function for the EMHFEP of 1-parameter, as outlined below:
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Theorem 2.1. For the EMHFEP of 1-parameter ¢;F, (1, V2,3, -+, Yu; CIN) the succeeding generating relation
is demonstrated.:

1-u
eT—U

CrTH Tt 2 N L s, P OO, [l < [log(DL M#1, C> 1, (14)
n=0 ’
ot, equivalently
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R N O THY T+ Tt ) Z(Hﬁ(tpl,lpz, W3, ,lpm;cm)%, 7| < [log(Q)|, W # 1, C>1. (15)
n=0 ’

Proof. By replacing the exponents of 7, specifically 9,11, ¢3,..., 9}, in the series expansion of e¥'* with

the p01yn0mials '}{7:0(1][)1/ IPZI ll}3, Tty Ebm/CRI)/ ‘7"(7:2(1#1/ IPZ/ l;b?)/ ttty l;ljmlclu)/ cecy ‘7"(7:11(1;[)1/ I)DZI I]D?)/ ttty l#Wl/ Clu)
on the left-hand side, and substituting ¢ with ¢ F1(¢1, P2, ¥3, -+ , P CIU) on the right-hand side of
equation (1), we can then sum the terms from the left-hand side of the resulting expression to obtain:

0o

1-U © " "
T 2 P s OO0 = B it i s CROC, (16)

n=0

which denotes the resulting EMHFEP of 1-parameter on the right-hand side, specifically as
7‘{7:"(11)1/ ¢2/ IPS/ Tty l,bmzclu) = '7’{7:11{'@1 (¢1/ IPZI ¢3/ iy wml Clu)}/ leadlng tO (14) The generating funCtion

in equation (15) is derived by simplifying the left-hand side of equation (14). [

Remark 2.2. For iy = 5 = --- = i, = 0 or m = 3 the EMHFEP of 1-parameter ¢ F (Y1, Y2, Y3, -+ , Pm; CIN)
reduces to the 3-variable HFEP of 1-parameter ¢/F, (1, Y2, 3; C|0) possessing generating relation [28]:

o)

1-U 243 T

¢1T+¢'2T +IJ)3T — . _

1 C = Z{; HF a1, 2,5 CRO—, el < [log(D)], A#1, C>1, (17)
ot, equivalently

1-U In C(P1T+1a 12 1#'[3)_OO . "
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Remark 2.3. For {3 = g = -+ =y, = 0 or m = 2, the EMHFEP of 1-parameter ¢ F (Y1, Y2, Y3, , Pm; CIN)
reduces to the 2-variable HFEP of 1-parameter ¢;F, (1, ¥2; C|0) possessing generating relation [29]:

1-U 2 - ™

ottt . -

o T = by i RO, el < log(D), W41, €>1, 19)
or, equivalently

1-U InC(Y1T+yn7%) _ . . T

el = X n Tl i RO, 1o < logQ0), U1, €>1. 20)
Remark 2.4. For iy = 13 = --- = ,, = 0 or m = 1, the EMHFEP of 1-parameter ¢ F (Y1, Y2, Y3, -+ , Pm; CIN)
reduces to the FEP of 1-parameter F,(i1; C[X) possessing generating relation:

1-U - T

1T _ . —_
e O = LA C, el < llog@l, %1, C>1, 1)

ot, equivalently

1-Uu

oW _ \ ohn™e
el = Zaﬂ(lphcm)n!, It < [log(W), U#1, C>1. (22)
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Theorem 2.5. For the EMHFEP of 1-parameter ¢/ Fn (Y1, Y2, Y3, - - -, Pm; CIN), the following determinant represen-

tation holds:
1
'7‘{7:0(1101/ IPZI 17[}3/ Tty Ebm/cul) = )E/
HFa 1 Y2 Y- i O = A
(xo)™+!
1 Ql(llﬂl, Po, -+, ybm;C) gz(lPh o, -+, IPm)C) gn—l(yl/l/ Uy, -+, l/)m}c) Qn(IPl, Uy, I,Z/m;C)
Xo X1 X2 An-1 An
Xo Ox ("X (Dxn-1
X1 o 0 Xo ("3 X3 (xn-2
0 0 0 Xo (" )x
where, for brevity,
) n b k
N e e MU Sl U eV
Zgn(l;ljlrl]b2/ I’]l)mlc)n! _C ° ’ eT_u_ZXkld
n=0 k=0
Equivalently, after a transpose (and elementary row operations),
1
HFn(P1, P2, P CIN) = Gyt
Xo X1 Xn-1 Xn
0 Xo (HII)XW—Z (T)Xn—]
0 0 ("3 -3 (xn-2
X . . 7
0 0 Xo (,121))(1
go(%ﬂ#zw“ ,IIDm;C) gl(llz)lrliz)Z/"' /wm;c) Qn—l(l,bl/ 4}2/"' rll)m;C) gﬂ(wll lPZ/"' Iwm;c)
with go(lplr ler Tty IPWIIC) =1
Proof. Starting from the generating relation (14)—(15),
1-U QYT+ T T i F -qu)i
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expand each factor into its exponential generating series:
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By the Cauchy product rule,
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(27)
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Equating coefficients of 7" /n! yields, for n € Ny,

HFan, Yo, P O = Y (Z)xkgn_k(wl, P, PwiC).

k=0

Thus we obtain the lower-triangular system

Go(W1, Y2, 3, -+, Um; C) = xo wFo(WP1, P2, ¥3, -+, P CIN),
G1(Y1, Y2, Y3, , P C) = XouF1(Y1, P2, 3, -, Y CR) + xapFo(@1, Y2, 3, -+, P CIA),

gz(‘/)l/ IPZ/ IPS/ Tty 1)bﬂ’l/ C) = XO(]’{?Z(I)Dll IPZI 17b3l Tty ¢mfc|u) + (i)Xl(Hﬂ(lplz ¢2/ ¢3/ Tty l,bmrclu)
+ XZ?-{%(EZJL IPZ/ 1]D3/ Tty 11bl11/ Clu)/

G101, Yo, Y3, -, Un; C) = Yo Fn-1(P1, Yo, Y3, - -+, Py, CIU) + (n I 1))(1747‘71—2(1,01,1!)2, U3, -, P CRU) + -+
+ Xn_l(}'l%(ljbll 1#2/ 1P3/ Tty l;bmrcpl)/
gn(ﬂbl/ 17[)2/ 1;b?)/ Tty I)DWI/ C) = qu‘{ﬂ(ljbll I;ZJZ/ l7b3/ Tty IPI’HI Clu) + (?)Xl(]‘{ﬁ‘l—l(lpll IPZ/ ¢3, Tty lel C|u) +e
+ XnrFo(W1, Y2, Y3, -+, Pu; CIU).

Applying Cramer’s rule to this triangular linear system in the unknowns {z %o (1, Y2, Y3, , Yp; C0), - -+,
HFn(P1, Y2, Y3, -+, Pum; CIU)} gives

XO 0 0 g0(¢1/¢2/"' /ll)mlc)
X1 Xo 0 Gi(W1, P2, , Pu; C)
X2 O 0 G (Y1, ¢, Pm; C)
Xn-1 (nil))(n—z Xo Gn1(W1, P2, , ¥y;C)
’ Nwq - (" (1, W, , U C
AT, 2, 0Ol = Nt bodtt, Gulbn vz 9ni@) 1 o)

Yo 0 0 0

X1 Xo 0 0

X2 @))ﬁ 0 0

Xn-1 (nIl)Xn—z . X0 0

Xn (q)Xn—l T (nﬁl))(l Xo

Taking the transpose in numerator and denominator (which preserves determinants), and simplifying by
factoring out (xo)"*! from the denominator, yields the compact determinant form stated in the theorem.
Finally, elementary row operations transform the transposed numerator to the displayed upper-Hessenberg
form with the first row (1, G1(Y1, Y2, Y3, -+, ¥; C), ..., Gu(W1, Y2, P3, - -+, P; C)), producing the alternative
representation with the prefactor % This completes the proof. [

Theorem 2.6. For the EMHFEP of 1-parameter /5, (1, V2,13, -+, Yu; CIN), the succeeding series representation
is demonstrated

["/m]( 7:11—‘01 s ’ 7 s Wm— /Cu Ir(n
R e R o0
k=0 o
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Proof. By substituting the expressions in (15) and expanding e ¢¥»™) on the left-hand side while rearrang-
ing the components, we arrive at the conclusion that

ke n had n X InC ™)k
Zoﬂﬁ(wl,wz, Yo YO = N Fal@r, Yo Ya, -, Yo CRO— kzom% (31)

n=0

Consequently, applying the series rearrangement rule results in the following expression:

) [n/m] . . k
nl Z Wﬂ—mk(lpl/ lPZ/ l#3/ ’ 1P*ﬂ—ll C|u)¢m (11’1 C)k (32)
k=0

DTl o i OO = ) p—

n=0

Assertion (30) is derived by equating the coefficients of corresponding powers of 7 on both sides of the
expression above. []

Remark 2.7. For iy = Y5 = --- = ¢, = 0 or m = 3 the EMHFEP of 1-parameter o F (Y1, Y2, ¥3, -+, Pm; CIN)
reduces to the 3-variable HFEP of 1-parameter ¢/F, ({1, Y2, P3; C|0), satisfying the series representation:

BT o Frmar (@1, 2; YK

=0tk a0 cy.

HFu(P1, P2, P3;CIU) = n!

k=0

Remark 2.8. For {3 = Y4 = 5 = - -+ = ¢, = 0 or m = 3 the EMHFEP of 1-parameter
HFn(1, Y2, Y3, -+, Y; CIN) reduces to the 2-variable HFEP of 1-parameter ¢;F, (11, 2; CI0), satisfying the series
representation:

(/2] For ;Clu k
HFun, Yo, O = nt Y X (;"_(w;k)! - W2 incy.

k=0

Operational techniques for special polynomials involve diverse algebraic and analytical approaches that
improve their handling and application across mathematical fields. A key toolis generating functions, which
compactly represent polynomial sequences, simplifying identity derivation and interrelations. Differential
operators are equally crucial, aiding in formulating recurrence relations and transforming polynomials
for solving differential equations efficiently. Additionally, integral transforms like the Laplace and Fourier
transforms broaden their applicability to domains such as quantum mechanics and signal processing. These
methods streamline complex computations, making special polynomials essential in pure and applied
mathematics.

Differentiating (14) or (15) with respect to Y, successively, we find

1

-U
e'L'_

d (1—11

a_l]bl T CL/11T+Lp2’rz+tp3’[3+~~+¢,,,f’”) — (h’l C)T(

Clj;lT+Lp2’[2+1p3f3+~~+wmq"”)
7

which can be reformulated to

2
Py

00 n el n+1
(LoFtintatar it ) = a0 X withn o gmiOm =)
n=0 '

n!
n=0

by substituting n — n — 1 in the right-hand side of the previous expression and subsequently equating the
coefficients of like exponents on both sides of the resulting expression, we obtain

aill)lﬂﬂ(wlr IPZ/ l)b31 Tty ll)n’ll Clu) =nln C‘Hﬂ—l(ll/h ¢2/ z7D3r Tty ¢mrclu) (33)
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Continuing in a similar fashion, we have

2
j—ybzwﬂ(ll’lrll’z/ U3, s C) = n(n = 1)(InCYpFua(P1, Y2, 3, -+, P; CIV), (34)
1

84}3 (HT (U1, U2, W3, -+, Uy C) = n(n — 1)(n — 2)(In C)> gy Frues (1, Y2, P13, -+, U CIN), (35)

91!’ (/-{7: 1,92, 93, Pu; C) = n(n = 1) -+ (n = m + 1Y(In C) "5 F o (P1, Y2, 93, -, P ). (36)
1

Further, differentiating (14) or (15) with respect to 1, successively, we find

P
dha

which further can be expressed as

(7—'(1—) C%Hdlzf HP Tt Py, T ) = (nC)r (7:(7) C‘Plfﬂpﬂ HP3T Py ,,,)

a . n > n+2
ﬂ(;«ﬂﬂ(%,%, Vs, ,xpm;CIH)%) = (lnC)(;ﬂﬂ(lpl,lpz, Vs, - lpm,qu) )

by substituting # — #n — 2 into the right-hand side of the previous expression and then equating the
coefficients of corresponding exponents on both sides of the resulting expression, we obtain:

ST i CI = = 1)1 CoFoaln i i IO, @)
similarly, we have
ai%wﬂ(%/l#z/ Y3, P CR) = n(n = 1)(n = 2) InCrFus(1, Y2, 93, -+, Pu; CI). (38)
Thus, the expressions (33)-(38) satisfy the relations:
d J?
E(Hﬁ(%r Y2, 93, P CRY = 15 X S HT (Y1, Y2, 3,0+, Y CR)
d 1 &#
%Wﬂ(%,%, Y3, Py CIU) = Ma—ﬁwﬁ(%/w% Y3000, P CIA),
which, in consideration of the initial condition:
HFu(1,0,0; CN) = Z— 0 F (1, CIN) (40)

(InC)"
provides the operational representation for ¢,F, (1, 2, 3, , Y; CIU) via the result:

Theorem 2.9. For the EMHFEP of 1-parameter ¢(F, (1,102, 3,+ - , Ym; CIN), the succeeding operational repre-
sentation is demonstrated:

2 3 m
Uy o N 3 9_ P Vm Jd
InC 81,02 (InC)? 81#? (InC)ym-1 9y

H a1, 02,3, , Py C) = exp (5 —— N Fu(wr;CIO}. (41)
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Remark 2.10. For ¢4 = ¢5 = -+ = i, = 0 or m = 3 the EMHFEP of 1-parameter ¢ F (Y1, Y2, Y3, -+, P CIN)
reduces to the 3-variable HFEP of 1-parameter %, (11, {2, ¥3; CIW), the succeeding operational representation is
established:

Yo P Y3 P
InCay? * (InCP oy

HFn(U1, Y2, Y3, CIU) = exp( ){wﬂ(¢1;c|u)}~

Remark 2.11. For 3 = ¢4 = {5 = --- = P, = 0 or m = 2 the EMHFEP of 1-parameter
HTFn(W1, Y2, Y3, -+, Yu; CIN) reduces to the 2-variable HEFEP of 1-parameter 4(F (11, 2; CIN), satisfying the oper-
ational representation:

2

KT, Y25 O = exp (-2

InC a¢2){Hﬂ(¢1;Clu)},

3. Families of differential equations

Recurrence relations are crucial in formulating differential equations by systematically linking solutions
of varying orders and simplifying complex problems into more tractable forms. They express higher-
order terms in terms of lower-order ones, aiding in derivation and simplification. Additionally, they
provide insights into solution properties like orthogonality and asymptotics while enhancing computational
efficiency for practical applications. Their unified framework strengthens the analytical and numerical
approaches to solving differential equations across scientific and engineering disciplines.

Theorem 3.1. The EMHFEP of 1-parameter ¢;F, ({1, Y2, 3, -+, Pum; CIN) comply to the succeeding recurrence
relation:

HTu1 (1,92, 3, -, P; CI) = (npllnc— T3p) #TnW Y2, s, P O + 20 InC

HF 11, Y2, Y3, -+, Pu; CIU) + 3n(n — )Y InCyFruoa (1, P2, P13, -+, Pri; CIUA) + - -+
+my(InCn(n = 1) -+ (n —m + ) Fuome1 (1, Y2, ¥3, - -+, Pu; CIN)

n—-1
+ af—u) Y (’;)wﬂ(wl, Do P, P COS, (),
k=1

(42)
where the expression:
k
o) = Z %( )55k z( ), Ho=-1, H\1 = % (43)
i=0

expressed using the numerical coefficients $,(2), which are connected to the Frobenius-Euler polynomials ¢;F(11]2)
and

‘7’(7:—]((1#1/ 1#21 l;l}3/ Tty ¢mrc|u) = 0/ k= 1/ 2. (44)

Proof. By introducing 7 and differentiating both sides of the generating function (14), we arrive at the
following result:

d 1-U 2 3 m 0 b "
— Y Y 2 Ll ) T
aT{eT_u C } a,.[{;)ﬂﬁ(lpl/wz,w?’/ /I]Dm/clu)n.},
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which can be simplified as

?1

{t,bl In(C)+2¢, In(C)t+31)2 ln(C)72+m¢m In(C)n(n-1)--- (n—m+2)T’”} Z HFn(1, Y2, Y3, - l,z)m,clu —
n=0

(o9 (e8] k ) n71
(1 u) Z Zﬂﬁ(%’%'%' o Ym; 'k' = anﬂ(%,%,%,m ,¢m;C|u)T
n=0 k=0 n=0
(45)

Furthermore, the previous expression can be rewritten using the Cauchy product formula as:

[ lPl h’l(C) )7‘(7: (11[)1/ 112)2/ l703/ wm; Clu) + 27/“!)2 ln(c)'H.?__n—l(lPl/ 4}2/ llbfi/ Tty l/}m; C|u) + 3”(” - 1)¢3 h’l(C)

X 7‘{7——7!72(1#]/ 1PZ/ 11[}3/ Tty ¢W}/C|u) + mwm ln(C)n(n - 1) T (n —-m+ 2)7'{7'7171"(17[)1/ lPZ/ 1P3/ Tty ll}m; C|u)

1 n-1 n > n
(1 — u) ; (Z)‘Hﬂ(l!)l/ IPZI 1/’3r Tty I;bm; Clu)g)n—k(u):l% = ; ‘Hﬂ+1(lplr 1!’2/ 1!}31 Tty lll)m,Clll)% (46)

The expression (42) is derived by equating the coefficients of like powers of 7 found on both sides of the previous
equation. [

Remark 3.2. For g = 5 = --+ = i, = 0 or m = 3 the EMHFEP of 1-parameter 4T (Y1, Y2, Y3, , Yum; CIN)
reduces to the 3-variable HFEP of 1-parameter ¢;F (Y1, 2, P3; CIN), satisfying the recurrence relation:

1
HFn1 (Y1, Yo, P3; CIU) = (1/)1 InC - m) #HF (W1, ¥, P3; CIN) + 210 In Cy Frm1 (Y1, P2, YP3; CIA)
1 S
+3n(n — 1)P3 In Cyy Fr—a (1, P, P3; CA) + a-mn sz (k)wﬂ(%, o, P3; CIU) D,k (A),
Remark 3.3. For 3 = ¢4 = Y5 = -+ = ¢, = 0 or m = 3 the EMHFEP of 1-parameter

HTn(W1, Y2, Y3, -+, Yu; CIN) reduces to the 2-variable HFEP of 1-parameter /5, (1, ¥2; CIW), satisfying the recur-
rence relation:

H T (1,2 O = (1 I0C = =) o, 1y CI) + 2 In G o1, Y I
n-1

1
+ a-m ka (Z)wﬂ(lPl,le;CllI)Sf)n_k(u),

Theorem 3.4. The EMHFEP of 1-parameter ¢ F (11, Y2, Y3, -+, P CIN) comply with the following shift opera-
tors:

_ 1
1//1‘51’1 L n(lnC) Dl/’]’ (47)
L, = ! D,,D (48)
P25 T (InC) Yar
1
v Ly = ———DDy,, (49)

n(InQC)
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-__ 1 e
¢rn‘£l’l T n(ln C) Dlpl Dll’m’ (50)

L= (¢1 InC - ) + 245Dy, +3¢5(InC) D}, + -+ + miy,(In C)—m+2Df;'j‘1>,

-1

u
ka 55k( )/ (51)

k:

wLi = (i InC - u) +24nDy!' Dy, +3P5(InC) ' D2DY, + -+
n—-1
+m¢m¢m(1HC)_m+2D;m+lD$_l + kD (n k)Dn kg)n k(u), (52)
1 2 pani ( —k)'
1 - - - m — m—

4/3.52 = (1,[}1 InC - 1= u) + 2¢2D¢12D¢3 + 3¢3(II’IC) 1D¢‘11be3 C+ ml/)m(h‘lC) +2D Z(m 1)D 1

n—-1

kD ka"ﬁg)kk(lu)’ (53)

k=0

L= (1 InC - 1u)+2¢2D "Dy, +3Ps(InC)” 1D‘2<’“ DD 4t
2 (=17 (1 1w Hr()
m+2 y—(m=1)* jy(m—-1) —k k(m 1)~k k
+m1/)m(lnC) ! 1)'7[,1 Dl#’m + m;)‘(lnC D D’«/)m K (54)
respectively, where
U1
D = i D — i D — i ...D — i D—1 —— fg(,r)d,t (55)
1 al,l)l 4 [ awz’ Y3+ a¢3’ Y + 81,[17,,/ Yy ° :

0

Proof. By reorganizing the powers and differentiating both sides of equation (14) with respect to 11, we
analyze the coefficients of the corresponding powers of t© from both sides of the resulting equation, as
demonstrated below:

D1P1 {‘7’(7:1’1(11)1/ IPZ/ ¢3/ Tty lPrn/ Clu)} = n(ln C)‘Hﬂ—l(q}l/ IPZ/ IPS/ Tty l,brm Clu)/ (56)
consequently, the operator defined by equation (47) fulfills the requirements of the equation:
Lr_z{(]‘(ﬂ(l)bll 171)2/ l#3/ Tty llbrn/ Clu)} = (}‘{7:71—1(#)1/ l102/ 1#3/ Tty IPTHI C|u) (57)

Subsequently, we differentiate both sides of equation (14) with respect to i, rearrange the powers, and
then calculate the coefficients of the identical powers of T on both sides of the resulting equation gives:

Dl/)z {(]‘(7:)1(11[)1/ 171)2/ lp?)/ Tty IPMI Clu)} = (ln C)n(n - 1)Wﬂ—Z(¢1/ 1]DZ/ 1PB/ Tty 110111/ C|u)/ (58)
which further can be stated as
DlPZ {7‘(%(17[)1/ I;DZ/ 1!’3/ Tty l)bm; Clu)} = n(ln C)DIJM 7‘{?;1—1(17[)1/ I)ZJZI 1!’3/ gy l)bm; Clu)/ (59)

consequently, it can be concluded that

1
mezDﬁ{wﬂ(%,lpz, Y3, P CI)} = 5 Fraa (Y1, Yo, Y3, - -+, Pm; CIA). (60)
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Consequently, the operator defined in equation (48) fulfills the aforementioned equation.
Next, by taking the derivative of both sides of equation (14) with respect to y3, we derive:

Dy AnFu(1, 2,93, , Yu; C)} = (InC)n(n — 1)(n = 2)Fu—3(Y1, Y2, Y3, -, Pr; CRT) (61)
and further stated as
Dl[/:; {‘7’(7:1’1(1#1/ IPZ/ ¢3/ Tty 1)bﬂ’l/ Clu)} = n(ln C)D21W7_-11—1(¢1/ IPZI IPS/ Tty IPM/ Clu)/ (62)

consequently, it can be concluded that

Ye) Dy,Dy; HuFnW@1, Y2, 93, Pu; CROY = 1 Frca (Y1, ¥, Y3, -+, Y; CRA). (63)

The operator defined by equation (49) fulfills the requirements of the equation stated above.

Ultimately, by differentiating equation (14) concerning 1,, and setting the coefficients of matching
powers of T equal on both sides of the resultant equation, we obtain the following expression:

Dy[/m{(/'lﬂ(lyblr IPZ/ l1)3/ Tty ll/m; C|u)} = (lnc)n(n - 1)(” -—m+ 1)’/‘{%—"1(17[}1’ IPZI l1)31 Tty I;bm; C|u) (64)
and further presented as
Dy, \nFu(r, 2,3, -+, ihm; CRO} = n(InC)Dy - N Fu1(1, ¥, ¥, -+, Pr; CRA)} (65)

thus eventually gives

1

n(lnC) l,Um _(m 1) Hﬁl(lpll l;ZJZI ll}3/ : /ll}erRI)} = (f(ﬂfl(lpl/ lpZ/ l!)3/" : /lpmrc|u) (66)

Hence, the affirmation in (50) is confirmed.
The raising operator given by (51) can be determined using the following relation:

’Hﬁ—k(lplz llJZ/ l/}3/ Tty werpI) = (wl ;—k+1 lyl’l‘LZ;—k+2 U 11[11‘5;71 l,Ul'L;;) {(/'1‘7:71(1#11 17[}2/ 1;[)3/ Tty I/Jm; Clu)} (67)
By combining equation (47) with equation (64), we obtain:

1 1 1
i O = (m% Dm0 Y o) "

X {7‘[?;1(1!}1/ IPZ/ 1703/ Tty werpI)} (68)

and further cast as

(ﬂ k)

HF k1,2, 3, Y; C) = ———=(nC) ™D, {#Fu1, Y2, 3, , Y; CID)}. (69)

By replacing equation (69) into the recurrence relation (42), we find

HF w1 (Y1, 2,93, Yu; CI) = ((¢1 InC - ) + 2Dy, +3¢3(InC) "' D, + -+ + m,(InC) ™"

oD L ﬂ(u)
L1

k=1

(InC)™ DY, HuFu(@r, 2,3, Pu; ), (70)

We obtain the expression (51) for the raising operator y, L.
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Subsequently, we employ the relation provided in (48) to ascertain the raising operator:
HFnk(W1, P2, 93, , Py, CIU) = (lpz et 2L L v L ) HFu(1, Y2, 93, -+, P; CRD} (71)

By applying equation (60) to equation (71) and simplifying, we obtain:

(k)

HF k@1, Y2, Y3, Y; C) = ——=(InC) DDy, (5 Fu (@1, Y2, Y3, , Y; CRD). (72)

By substituting equation (72) in (42), we find:

1
2 Fusr (Y1, Y2, W3, -+, Py; ) = ((¢1 lnC— )+ 202D, Dy, +3¢3(InC) ' D2D}, + -

1
(I C) " 2DPIDYT + o il 7t incy*p; oDl T, ¥, 3, Y; CRDY, (73)

We can express the raising operator ,, L as 1nd1cated in equation (52).

Again, we employ the relation provided in (49) to ascertain the raising operator:

HFn W1, 02,93, Y OO = (g Loy 0L 9L 0L ) b a1, 2,3, o CRO} (74)
By applying equation (63) to equation (74) and simplifying, we obtain:

(n = k)!
n!

HFn k1, Y2, 3, P CI) = ———=(nC) DDl Fu(r, Y2, 3, -+, us CID}. (75)

By substituting equation (75) in (42), we find:

1 _ 1
HFn1 (1, Yo, Y3, -+, Py CIU) = ((1/11 InC - T lI) + 211D2D%2D¢3 +33(InC) 11311;11%3 T

1 O Fw)
1-U k!
k=1

1 (InC) 2D DR 4 (InC) DDy, [ Fa(r, Y, 3, -+, Ym; CID), (76)

We can express the raising operator 4, £, as indicated in equation (53).
Finally, we use the following relation to determine the raising operator given by (50):
HTuke @1, 02,93, 0 OO = (9, Ly ar 6 Linogn Ly L) T, 2,03, Pu; CRO} (77)

By substituting equation (66) into equation (77) and performing simplifications, we derive:

(n k)

HF k1, W2, W3, -+, P; CIU) = (InC)y D" Dk, (1T (1, 2,3, , P CIND). (78)

Substituting equation (78) in (42) yields:

)+21/12D "Dy, +3ys(InC) D" VDE 4

Wi, 2,95, i O = (110 C - 2

1 © Flw)
+2 (m 1)2 ~(m 1) k
+my,(InC)™ D D% 11 2 o

(nCy* D" DY, | uFu(@r, 2,3, , Y CID), (79)

This consequently yields expression (54) for the raising operator y,, L.
U
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To proceed, we derive the “differential, integrodifferential, and partial differential equations” associated
with the EMHFEP of 1-parameter, denoted by ¢/F,, (11, {2, 3, - , Yy; CIU). For this purpose, we will utilize
the following established results:

Theorem 3.5. The EMHFEP of 1-parameter ¢(F,(Y1, Y2, 3, -+ , Pm; CIN) satisfy the following differential equa-
tion:

((% ~n0) g _1 ) )Dy, +24(InC) D3, +3ys(InC) 2D, + -+ + m,(InC) "D

)

2(1 O 1D 2 |, g, i D = 0. (50)

(
T1ou k!
Proof. By applying expressions (47) and (51) for the shift operators y,.£; and y, £, within the factoriza-
tionrelation y, L v, LiluFn(Q1, V2, V3, -, Y, CRO} = 1 F (Y1, Y2, Y3, -+, Pm; CIU), we derive expression
(80). O

Remark 3.6. For ¢4 = Y5 = -+~ = ¢, = 0 or m = 3 the EMHFEP of 1-parameter ¢, (11, Y2, P53, -+, Py; CIN)
reduces to the 3-variable HFEP of 1-parameter ¢;F (Y1, 2, P3; CIN), satisfying differential equation:

n—1
a1 - - S
! 1p? 203 —k=1 7k 1
[(Ebl - (InQC) - H))D‘“ + 2y (InC) Dw1 +3Y3(InC) Dlp] + m ;(m D + s -
X 1 Fu(P1, P2, Y3, CA) = 0.
Remark 3.7. For {3 = (g = {5 = --- = P, = 0 or m = 2 the EMHFEP of 1-parameter

#F (W1, W2, Y3, - -+, Ym; CIN) reduces to the 2-variable HFEP of 1-parameter 47, (11, Yo; CIW), satisfying differential
equation:

)Dy, +2¢(InC)™' D3, + I
L k!

L1
[(‘#1 -0 gy

nzll C) —k— 1Dk+15k( ) ]

X 1 Fu(1,P2; CIN) = 0.
Theorem 3.8. The EMHFEP of 1-parameter ¢ F, (1, Y2, Y3, -+, Pm; C) satisfy the following integrodifferential
equations:
- 1_ D <D~ m m m
((z,bl = (InC)™ 7=3)Dy, + 2¢n(InC) "Dy D, +3ys(InC) DYDY, + -+ + mipy(InC) "D Dy,

n-1

(InC) DD = (n+ 1)Dy, | #Fur, Y2, 3, , Yw;C) =0, (81)

((1,1;1 (InC)~ 1—)D¢,; +2¢n(InC)~ 1D 1Dy, Dy, +313(InC)” ZDwZDiZD% +-~-+m¢m(1nC)—’"+1D;T+1

o 1 Hr(U) g
D' Dy, + = uz (InC) ' *D*Dk, Dy, - (n+1)D?,

HFu(1, Y2, 93, -+, P; CIU) =0,  (82)

— 1 - - —. —m —m- 11—
((l,pl - (nQ) lm)DW +2¢5(InC) "' D\ Dy, Dy, +3¢3(InC) ?D2Dj, Dy, + -+ - + my,,C) "' D' DDy,

n-1

1
1-U
k=1

Sbk(u)

(InC)"™*DyiDy, Dy, — (n + 1)D$j‘”)m(¢1, 2,3, Pu; CR) = 0, (83)



M. Zayed et al. / Filomat 40:8 (2026), 2755-2778

2770

((lpl —(InC)~ 1 TP + 22(InCy” 'D;2Dy,Dy, +3¢5(InC) DDy, D}, +--- + mlp,,,(lnC)-'"“D;f('"‘“z);;fs—ll)%

n-1
1

1-u

S5k(u) (InC) 1-kpy= 2ka

((q;l —(InC)” 1 TP + 22(InCy” 'Dy2D}, +3¢s(InC)*DyiD}, + -+ + myp,(InC)™" ' D" Dy,

-1

(11)

k:

L e )
((lpl — (InCY ' {—)Dy, + 202(nC) DDy, Dy, +345(InC) 2DyiD3, Dy, +

+ m¢n1(lﬂc) m+1D—2("l 1)Dm lD

Ym

-1

(u)

2D}, Dy, — (n+1)D},

i H7:n(1/)1/ 1!’2/ 1!’3/ Tty l;bm;clu) =

1 —(m- —Z(m—
((¢1 — (nCY ' =)Dy, + 2020 C) D" Dy, Dy, +395(InC) 2D X" D2 Dy, +
+ mgbm(lnC) m+1D (m+1) Dm 1D

© 50

k=1

1 —(m— -, —z(m—
(W1 = O =)Dy, + 262 C) DDy, Dy, + 35 C) 2D D2, Dy +

o D0 T TN L TR

u
+ mzpm(lnC)"””Dﬁ”’_l)Dm Dy, ! Z il )(1 nC)- "D‘k(’” "Df Dy, - (n+1)D;, ]

X'Hﬁ(lplr ler 1!’3/ Tty IPWL/ C|II) =

o1 e 2
((1,111 —(InC) 11_—u)DW +2¢,(InC) 1D¢§”’ "D, +3¢s(InC)*D" D], + -

—m+1 = (m=1)% ym 1 551{(11)
+ mlpm(lnC) Dw] D " + m

k=1

(1 C) 1- kD*k(m 1)Dk+ll (7’[ + 1)Dm 1

X'I’{.Tﬂ(l'/}ll 17[}2/ lPSI Tty lPm; CRI) =

Proof. By factorization equation, we get

£;+1‘£1-:{7‘{ﬂ(¢1/ I11)2/ #’3/ : ll)m/ |u) 7‘(7:11(11[)1/ lyl)Z/ l)DB/ ttty I1bm/ Clu)

(InC) D" D) Dy, - (n + 1)D¢1]m<¢1, s, 3, Y CIN) = 0,

 Dys = (n1+ 1Dy, )ﬂﬁ(wl,wz,ws, P C =0, (84)

(ln C)_l_kD;?kDZj—l (1’1 + 1)Dw1 )'7-{7:;7 (ll)l/ 1!’2/ 1,[’3/ ttty l;bm;clu) = 0/ (85)

(86)

(87)

(88)

(89)

(90)

By applying the expressions (48), (49), (50) and (52) in factorization (90), we get the assertions (81), (82) and

(83).

Putting the expressions (48), (49), (50) and (53) in factorization (90), we acquire the expressions (84), (85) and
(86). Again substituting (48), (49), (50) and (54) in (90), we get assertion (87), (88) and (90). The complete

proof of the theorem. O
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Theorem 3.9. The EMHFEP of 1-parameter, represented as ¢(Fn (11, Y2, Y3, -+, Pm; CIN), satisfy the following
partial differential equations:

((I’b1 (InC)” 1 )D%Dn +2¢o(InC)” 1Dn 1D2 , +33(InC) ZD” 2D3 -+ + mipy(InC) !

1
Dz}:nﬁlDZ)zz (

2 ne) Dyl - <n+1)D:’;1]m<¢1,¢2,¢3,~-,wm;cm):o,
1)

((zpl (InC) ! —=)Dy.D} +21p2(1nC)‘1D”‘1D¢2D¢3 +3Ys5(InC) 2D 2D2 Dy, + -+ + mipy,

-1

(lnc) m+1Dn m+1D - Dl,/)3

12

9, Dy = (1 + 1)ng2]

X 7 Fn(1, 92, 3, -+, Pu; CN) = 0, (92)

(1 = (0.C) ' 200Dy, DY + 2050 C) ' D DDy, + 345 C) ?D2 VDR, Dy, + -+

1 55k(u)
1-Uu
=1

+m¢ﬂlc) m+1D2n m+1D D% (InC)~ 1- kD2n kpDk Dl{)m —(n+ 1)D$ln+m1)]

X 7 Fn(1, Y2, 93, -+, Pu; CN) = 0, (93)

((1,01 (InC)~ 1—)D D22 +21p2(1nC)‘1D2”D¢3D¢2 +3y5(InC) DDy, D%, + -+

1 Sf)k(u)

+ mgbm(lnC) m+1D2n 2m+4Dm 11)#,2 + T L

(1 C) -1- kDZH 2k+2Dk Dwz _ (n + 1)Df£+3

X pFn(r, 2,93, hm; CR) = 0, (94)

((1,01 (InC) ™! =)Dy D32 + 20(InC) ' DEIDE, + 3¢5(In C) D320}, +

n-1
u
left. + my,(In C)‘m“Dfp’f‘z’“*“D$3 + 5kk(' )

2n+4
-(n+ 1)Dl£+

X 7‘{7:71(1#1/ IPZ/ ¢3, Tty IPTHI C) = O/ (95)

4 1 2 12— Y
((1,01 —(InC) 11_—u)D¢mD 1+ 295(InC) ' DDy, Dy, + 3¢s(nC) 2D D3 Dy, + -+

1 Sf)k(u)

—-m+1
+mi,, (InC) + T, L

(1 C) -1- an —2k+1Dk D¢1m (n+1)DZJ21+m

Xy Fn(r, 2,93, hw; CRN) = 0, (96)
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((z,b1 (InC)~ 1 )D Djj, 11 24,(InC)” 1D” ’”+3D%,D¢2 +3yY3(InC)” 2D" "D Dy, +

1 59 (11)
—m+1 1= (m+1)2 =1 k
+mi,(InC)~ D D% Dy, + T L

(InC)™ D T IDE Dy, - (n + 1D

X Wﬂ(ll)ll l,bz, 4)3/ T rl;brmclu) =0, (97)

((1/)1 (InC)~ 1—)D DI 2 + 2yn(In C)‘lD"Z""”D%D% + 31,[}3(lnC)‘ZD’j]”‘Z’"bemD% +

1 S5k(u)
1-u
=1

+m1/1m(lnC)_m”Dfl_Z”’_”DiﬁlD% + (1 C) 1- kD 2 +2—k(m— 1)Dk Dll’s (Tl+ 1)Dn 214

X 7’{?11(1!)1/ 1/}2/ 17[}3/' o /wmrclu) =0. (98)

Proof. To establish the stated results, we proceed through successive partial differentiations of the relevant
integrodifferential expressions with respect to the variable ;.

Firstly, by applying the partial derivative with respect to y; a total of n times to the expressions given
in (81) and (82), we derive and validate the assertions presented in (91) and (92), respectively.

Similarly, performing 2n partial differentiations with respect to ¢; on the integrodifferential expression
(83) leads directly to confirming assertion (93).

Furthermore, by differentiating the integrodifferential expressions (84) and (85) exactly 21 + 2 times with
respect to {1, we derive the results stated in assertions (94) and (95).

Additionally, by executing partial differentiation 7% + 1 times with respect to 11 on expressions (85) and
(86), we obtain and confirm the results given in (96) and (97).

Finally, applying partial differentiation n?+2 times with respect to 1; to the integrodifferential expression
in (87) establishes the validity of assertion (98). O

4. Summation formulae

Theorem 4.1. For the EMHFEP of 1-parameter ¢/ F (1, Y2, Y3, -+, Pum; CIN), the following summation formula
hold true:

= (n
HF (W +w, Yo, Y3, -+, P C) = Z (k)wﬂ—k(llh,l,bz, Y3, P CIU) Hi(w; C). (99)
k=0
Proof. By substituting 1 — 1 + w in (14), we have
1-U > "
(Y1 +0) T+ T2 +3 T mT" — . -
67 _ C L/} * +Lp -HP - +1/) - nzzo Wﬂ(l;bl + wr l;b2/ 1#3/ 4 I‘l}nll Clu) n! . (100)

By (7) and (14) in the Lh.s., we have

o)

ks tl’l ks tk n
D rFaer s, P RO Y (@i O = ) wFaln + w0, g, Y CRO— (101)
n=0 k=0

n=0

Using Cauchy product in the Lh.s of above equation, we find

;(Hﬂ(www,wz,w- S C ZZ( )ﬂﬂ {1, s, s O o C) (102

n=0 k=0

Comparing the coefficients of 7, we get the assertion (99). O
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Remark 4.2. For iy = 5 = --- = i, = 0 or m = 3 the EMHFEP of 1-parameter ¢ Fn(Y1, Y2, Y3, -+, Pm; CIN)
reduces to the 3-variable HFEP of 1-parameter ¢/F, ({1, 2, 3; CIN), satisfying following summation formula:

n

HFn(n +w, o, P3;C) = Z (Z)wﬁk(%ﬂl}z, Y3; CIU) Hy(w; C).

k=0

Remark 4.3. For {3 = Y4 = 5 = --- = ¢, = 0 or m = 3 the EMHFEP of 1-parameter
w1 Fu(1, U2, V3, -+, Yu; CIN) reduces to the 2-variable HFEP of 1-parameter 4%, (11, ¥2; C|0), satisfying following
summation formula:

n

HFu(P1 +w, P, C) = Z (Z)ﬂﬂ—k(lPlll#z;CW) Hy(w; C).

k=0

Theorem 4.4. For the EMHFEP of 1-parameter ¢ F (Y1, Y2, Y3, , Ym; CI0), the following summation formula
hold true:

7‘{7:1’!(1)01 + S/ IPZ + w/ 1P:")/ Tty lijH/ C|u) = Z (Z)Wﬂk(¢1/ lbe/ 111)3/ Tty l)l}mlclu) 7.{k(s/ w/ C) (103)
k=0
Proof. By substituting Y1 — 11 + s and ¢, — 1 + w in (14), we have

—1 -u (Y1 +S)T+(lpz+w)T2+1p313+...+1/J’ e = o
eT_uC " =Zgw7‘“n(¢1 +s,lp2+w,¢3,...,¢m;c|u)a_
n=

(104)

By (7) and (14) in the Lh.s., we have

i fr— #k 0 n
Y H Tk Y2 95, Y O Y Hls, wiC) g = N sFalpr 5,92+, 95,7+, s CRO— (105)
n=0 k=0 n=0

Using Cauchy product in the Lh.s of above equation, we find

;7—(7:71(1/)1 +s, Yo +w, Y3, - ,l/)m;Cm);—:l = Z Z (Z)(Hﬂ—k(#}l,llfz, Y3, , P CIN) Wk(srw;c)g- (106)

n=0 k=0

Comparing the coefficients of 7, we get the assertion (103). O

Remark 4.5. For 4 = Y5 = --- = ¢, = 0 or m = 3 the EMHFEP of 1-parameter ¢/ F (Y1, Y2, P13, -+, Pm; CIN)
reduces to the 3-variable HFEP of 1-parameter ¢/F, ({1, Y2, P3; CI0), satisfying following summation formula:

HFu(P1 +5, P2 +w, YP3; CIU) = Z (Z)(Hﬂ—k(%,llle Y3; CIU) H(s, w; C).

k=0

Remark 4.6. For i3 = {4 = Y5 = -+ = ¢, = 0 or m = 3 the EMHFEP of 1-parameter
HFn(1, Y2, Y3, - -+, Pu; CIN) reduces to the 2-variable HFEP of 1-parameter ¢/, (11, 2; CIN), satisfying following
summation formula:

n

HFa1 +5, 2+ w,C) = Y (’;)ﬂﬁ_k(wl, 23 CIW) Hi(s, w; ).

k=0
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Theorem 4.7. For the EMHFEP of 1-parameter ¢ Fn(Y1, Y2, Y3, -+ , Pm; CIN), the following summation formula
hold true:

n

’Hﬂ(lpl +ws, Il)2+1021 11}3 +tws, -, lzbm +wm;C|u) = Z (Z)’Hﬂ—k(q)l/ IIJZ/ 1!)3, Tty ll)m/ Clu) 7_{k(ujlr W, W3, "+, wm;C)' (107)

k=0
Proof. On multiplying by C¥1T+@2w+wst++wnt" in (14), we have

1-u
et -U

Cw1T+wz72+uJ3 T e, T CwlT+1.,b2'[2+1,b3’[3+-~+1,/),,,”(’" _ Cwl”H-szz FW3 T o4 Wy, T

Y P s, DT (108)
n=0 ’

By (14) in the Lh.s., we have

o

ke i s i’k "
Z HF w1, P2, Y3, - /Ebm;C|u)ﬁ Z‘Hk(wllwzl e ,wm;C)E = Z HF (1w, Patwy, -, P +wm;C|u)m- (109)
* k=0 : :

n=0 n=0

Using the Cauchy product in the Lh.s of the above equation, we find

o0 n (o) n n
Zé (1 + w1, Py + W, P+ wm;cm)% = Za kZ: (k)ﬂﬂ_kwl, Y2, U3, U CIN)
Tﬂ

X Hi(w, wo, w3, - - /W C)—y. (110)

Comparing the coefficients of 7, we get the assertion (107). O

5. EMHFEP of 1 parameter via Fractional operators

Leveraging Euler’s integral identity a fundamental result in fractional calculus and integral transform
theory (refer to [30]), we arrive at the classical representation:

- 1 foo —at -1 :
a’ == e "', dt, minRe(v),Re(a) > 0, (111)
') Jo

which serves as a powerful tool for expressing inverse powers of parameters and operators in terms of
integrals.

This identity is particularly useful when applied to linear differential operators, allowing one to refor-
mulate them into integral operator forms. For instance, applying this formulation to a first-order differential
operator yields the operational expression established in [31, 32]:

(o= 7] =g [ e ) ae= i [ e o (12)

which elegantly demonstrates the role of the translation operator within this operational context.
Analogously, when the second-order derivative operator is considered, the corresponding integral
formulation becomes:

2\ 1 * -t v— szizz
(o) s [ e 5 e o

which highlights the emergence of exponential operators analogous to the heat kernel, commonly used in
diffusion and parabolic equation analysis.

These integral forms are not only instrumental in simplifying the action of fractional differential opera-
tors but also form a foundational framework for constructing and analyzing special functions and extended
families of orthogonal polynomials through operational methods.
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Theorem 5.1. For the EMHFEP of 1 parameter ¢(F ({1, Y2, Y3, -+ -, Pm; C; a|W), the following operational identity
holds:

g2 P gy P Y "\ i o .
(a - (Ra—% *mcrag T WW)] Fo(1; CI0) = 3 Fo (01,92, 13, -+, P C;al2D). (114)

: — V2 P s P Yo"
Proof. We substitutea = a — (ﬁ,w + ﬁa—w? A £ T

ey T ag7 ) in (111). Then, we obtain
2 3 m
[ a— ( Uy o N Y3 d . Um 0

mCay? " nCPay? ~ T Oy oy

)] Fo(; CI0)
1

— - —at, v-1 1102 9 ¢3 2 Hbm am .
= Wj(: e T eXp[t'(Ra_ﬁ-i_ (lnC)za_ﬁ—F—i_WW))ﬂ(wl’Clu)dT
1

ooe—ﬁ(ttl/—l( 7:11 ;T ,T s, T m;;cudT/
F(v)j(; HFn(P1, T2, T3 Yum; ; CIN)

which completes the proof. [

Theorem 5.2. The EMHFEP of 1 parameter ¢(F (Y1, Y2, Y3, -+, s C; a|) satisfies generating function:
(1 -U)exp(y17)

(o] Tn
— = LT W ds e i Ciallh e (115)
2 3 . m i - .
<E“u)(“—(mm+<1nc>2373+“‘+mm)) =0

Proof. From the definition of the generalized EMHFEP of 1 parameter ¢/, ({1, Y2, 3, -+ , Pm; C; a|U), we
have

e £ _ . 1 ~ —at,v—1 . T
n_o(f{ﬂ,v(ybl,l//z,l/&“',ll’m/C,am)a—;mj; et «Hﬂ(%ﬂ#z,%,'“,le,Clu)Ed’C. (116)

Switching the order of summation and integration gives:

_ 1 * —-at,v-1 . O T_n
- F(V) jov e T [nZ:O 7’(971’1,1/('7[)1/ IPZT/ 1P3T/ I’]l}m’rlclodu) n!]dT/

117)
we get:
Y H T, Yo s, P Ciall) —
n=0 ’
1 I P V2 92 Y3 P Ym o
= — e v'tY expl—s + +ot—————dt
I'(v) fo e —u P <1nC it (InC)? 9yt (InC)ym-1 071//’1"7:)
_ 1-U 1 * 7(a71;’% afuzzfr(lfé)z ajzer"'Jr (lné’/)n”l“1 33?1)7 v-1
= exp(i17) ) ](; e ' dr.

By Euler’s integral representation again, we obtain the result. [J

Remark 5.3. For o« =1, v = 1, the generalized EMHFEP of 1 parameter /%, (1,2, Y3, , Ym; C; alN), reduce
to the EMHFEP of 1 parameter ¢(F (1, Y2, Y3, -+, Um; CIN), (see equation (14)).
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Theorem 5.4. The generalized EMHFEP of 1 parameter ¢;F (W1, Y2, Y3, , Ym; C; a|0) can be expressed in the
following explicit form:
= (n
‘7’(7-71’1,1/(17[}1/ ¢2/ 11}3/ Tty ll)n’ll Cr alu) = Z (m)ﬁ(l)bll CllI)?‘{n_kﬂ/(”DZ, ¢31 Tty ll)n’ll Cr O[). (118)
k=0

Proof. The generating expression (115) can be represented in the following manner:
(1-Wexp(yiT)

Y2 2 Y3 B Y gm y
(e" =) (0‘ - (ﬁ@ *wmorag t Y mop aw))
(I -Wexp(y17) 1

. (119)
(er =) P Vs o m\Y
(“ - (R’aa? tmepag tt WO o ))
This can be further represented as
- T" T"
Z(]‘(ﬂ,l/(lpl/ lle/ 1#3/” : Il)l}mlcla|u)_ - [Z ﬂ(l)bllclu ](Z 7_(111/(11[)2/ ¢3/' o /I#M/Cla)ﬁ] (120)
n=0 '

By substituting n with n — k and applying Cauchy product rule to the right hand side of the preceding
expression, we can derive statement (118). [

Theorem 5.5. The generalized EMHFEP of 1 parameter ¢(Fn,(W1, Y2, Y3, -+, Um; C; a|0) can be expressed in the
following explicit form:

= (n

7‘{7:11,1/(4}1/ lPZI I]D?)/ tty 11bl’n/ Cl alu) = Z (m)ﬂ(clu)q—{n—k,v(l;blr I)DZI I]D?)/ Tty 11DWI/ CI a) (121)
k=0

Proof. The generating expression (115) can be represented in the following manner:

(1 -Wexp(ynr1)
e (St o et s i 2]

mCcay? T ooy ¥t oy agy
R, exp(i17) (122)
= -0 -
(e T P )
nC 27 * TCy 97 we)™ g7

This can be further represented as
n

nZ:O 7—(7':1,1/(1/}1/ l;ZJZI l;l]3r - l,l}mr C (X|u)_ = [Z ﬂ(CpI) ] [Z W}’l V(lplr ¢2/ ¢3/ : 1;Z}m/ C/ 0()%] . (123)

By substituting n with n — k and applying Cauchy product rule to the right hand side of the preceding
expression, we can derive statement (121). [J

Theorem 5.6. The following recurrence relations for the generalized EMHFEP of 1 parameter
#F (W1, P2, Y3, Pu; C; a|U) holds:

d
x'ﬂﬂ,v(l,bl/ lPZ/ 1103/ ttty I]DMI C/ alu) =vn ln C?‘{ﬂ—l,v(ll}ll I;ZJZ/ ¢)3/ tty lpbm/ Cl alu)/ (124)
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d

xﬂjﬂn,\/(wl/ 17[}2/ l;[}3/ Tty l,l’m} CI allI) =V n(n - 1) lnC'Hﬂ—z,v(',blr 1,[/2/ 1;ZJ3/ Tty l/}m/ C/ a|u)/ (125)
d

8_%7‘(7:1’1,1/(1#1/ lle/ 1PB/ Tty ¢m1 C'/ a|u) =V n(n - 1)(” - 2) 1n C?‘{?dn—?),v(lplz l;bZ/ 171)3/ Tty I,Z)m/' C/ (Xlu), (126)

d
W?—{ﬂﬂ/(lplr I)DZI ll)?)/ ttty l)blﬂl C/ alu) =V 1’1(1’1— 1)(7’1—2) e (n_m"l' 1) lnC(Hﬂ—m,v(lpll I1b2/ l7b3/ Tty ll)m/ C/ 0(|1I),
(127)
and
d
%‘7‘(7:71,1/(1701’ 17[}2/ 1;[)3/ Tty lpm; Cr alu) = _VWTVI,V+1(¢1/ ¢21 111}3/ Tty lljml' Cr alll) (128)

6. Conclusion

This study presents a novel approach for formulating the EMHFEP of 1-parameter. The foundational
aspects of these polynomials are investigated through the lens of generating functions, detailed series
expansions, and determinant-based formulations. A structured factorization methodology facilitates the
derivation of essential results, including recurrence formulas, shift operators, and various differential
equations—ordinary, partial, and integrodifferential.

Prospective research directions may involve generalizing the current framework to multivariable cases,
allowing for richer structural analysis and discovering new functional identities. Further exploration of
their analytical traits, such as orthogonality relations, asymptotic profiles, and the distribution of zeros—will
enhance theoretical understanding. On the computational side, developing efficient algorithms tailored
for applications in numerical simulation, theoretical physics, and engineering would significantly increase
the utility of these polynomials. Additionally, investigating their potential to solve complex, higher-order
differential equations arising in real-world systems could open new avenues. Finally, extending the appli-
cation scope to domains like quantitative finance, biological modelling, and data-driven sciences—coupled
with rigorous graphical and numerical assessments—could offer fresh theoretical insights and practical
breakthroughs.
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