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Abstract. Our focus is on examining a group of Riordan arrays in which each member is represented by a
triple of power series that is called an almost-Riordan array. If we take a triple of power series that is chosen
as a g-function, we identify the g-analogue of the almost-Riordan arrays called g-almost Riordan arrays. In
addition, we obtain the fundamental theorem for g-almost Riordan arrays (FTJARA). For suitably chosen
pairs of g-almost Riordan arrays, new formulas for the multiplication of any g-almost Riordan arrays are

obtained. Finally, with the help of the FTJARA, the generating functions for some row sums of g-almost
Riordan matrices are derived.

1. Introduction and Preliminaries

In combinatorics, Riordan arrays are crucial for deriving combinatorial identities. Furthermore, Riordan
arrays are useful in a wide range of mathematical domains. A Riordan array is an infinite lower triangular
matrix defined by formal power series. Let us consider the following formal power series

g(t) = Z git*
k=0

and
fy= Z fitt
k=1

with gg fi # 0. The generating function of the jth column of the Riordan matrix is defined as follows

gBfi), j=0,1,2....
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D = (g(t), f(t))is another way to express a Riordan matrix as a pair of formal power series. The multiplication
of two Riordan matrices is defined by

(9(8), f(D) (), v(t)) = (9(8) (u o f) (), (v o £) (1)) 1)

where o denotes the composition of the functions. The set of Riordan matrices is a group under matrix
multiplication with (1) and denoted by R in [17].

The Fundamental Theorem of Riordan Arrays (FTRA) is an essential theorem in the study of Riordan
arrays. Let A(t) = Y i2oat* and B(t) = Y2, bit" be any formal series and (g(t), f(t)) be a Riordan array.
Then, FTRA is

(9(t), f() AH) = B(t) & g () A(f () = B(?)

in [18]. Many topics have been studied associated with Riordan arrays. One of them is the characterization
of Riordan arrays. The Riordan arrays are characterized by the A and Z—sequences in [15, 16]. More
information related to Riordan arrays can be found in [4, 13, 19, 21].

The g-calculus has a crucial role in many fields, including mathematics and physics. Especially, g-calculus
has wide applications in number theory, quantum group theory, and combinatorics [8]. The Riordan group
notation is closely associated with the Lagrange inversion formula. Numerous generalizations of the
Lagrange inversion formula with the g-analogue have been studied in [12].

Let F(t) = Y500 Fet* and f (1) = Y ;2 fit* be any formal series. Garsia defined

n—1
Fof (=Y Fu [ f(d) e)
n>0 k=0

and

n-1

Fof )= ) Fu | F(t/7") @)

n>0 k=0

which is named by g-analogue of composition of functions [9]. Detailed information on the g-calculus can
be found in [10, 11].

Many studies have been associated with the g analog of Riordan arrays. The g-analogue of Riordan
arrays has been obtained by defining two binary operations *; and #1; in [22]. Consider the following
generating functions:

96 = ) gl
k=0
and
f =Y il
k=1

with go(q) f1(9) # 0. Two binary operations *; and #;, are provided with the following expressions

g(8) = f(£) = g(B) f(qD) (4)

and

(&) +1/q f(£) = g(D) f(t/9). (5)

Furthermore, the g-analogue of the Riordan arrays is indicated by (g(t), f(t)); and (g(t), f(t))1/4- The gener-
ating functions of their jth columns are, respectively, as follows:

g(t) +, O, for j=0,1,2,... ©
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and
g(t) #1y5 f2®), for j=0,1,2,... )
where the jth power of f(t) is defined by
9 = &)+ 1) ®)
and
£ = £ 517 F 0 ©)

forj > 1land f [6](t) = fl9(#) = 1. Using (2) and (3), the g-analogue of the fundamental theorem of Riordan
arrays has been obtained

(9®), f(1), A(t) = B(t) & g (1) % (Aof) (t) = B(t) (10)
and
(9(®), f(1))1), A() = B(t) © g () »1/9 (Aof) (£) = B(£) (11)

[22]. In addition, the g-Riordan array has been defined by using the Eulerian generating functions in [6].
Furthermore, some applications of g-Riordan arrays have been provided in [7]. The multiplications of any
g-Riordan arrays and g-double Riordan arrays have been found in [2, 24].

The generalizations of Riordan arrays have been the subject of recent research. One of them is the
almost-Riordan arrays. Barry has considered the following formal power series

k(t) = i kt, g(t) = i g, f(H) = i £if
s=0 s=0 s=1

with kogofi # 0. (k(t)lg(t), f()) is an almost-Riordan array of order 1. The generating function for the jth
column of the almost-Riordan array of order 1 is

k() forj = 0
tg(t)fj_l(t) for k 12,...

Furthermore, the multiplication of two almost-Riordan arrays is given
(k(Olg (&), f (B) EDIu (), v (1) = (kB)lg (1), f (0) £ B 1g(t) (w0 £) (), (v o f) (1) (12)
where (k(t)lg (1), f (1) £ (1) is

(Lo ) -t
fe

The set of almost-Riordan arrays is a group with multiplication (12) and is denoted by aR in [3]. The
sequence characterizations of almost-Riordan arrays have been provided in [1, 3]. The involution and total
positivity of the almost-Riordan group have been obtained in [5, 14, 20, 23].

Based on the preceding studies, the main aim of this paper is to examine the g-analogue of the almost-
Riordan arrays. The definitions of the g-analogue of the almost-Riordan arrays are provided. In addition,
the fundamental theorem for g-almost Riordan arrays is obtained. Using the g-analogue of the fundamental
theorem, the row, the alternating row, the weighted row and the alternating weighted row sums are given.
Furthermore, the multiplication of any g-almost Riordan arrays is found.

(k®lg (D), f () £ () = Lok (1) + tg (D)
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2. Main Results

The section provides a definition of the g-almost Riordan arrays as well as their fundamental theorem.
In addition, we obtain the generating functions for some row sums of the g-almost Riordan arrays.

Definition 2.1. Consider the following generating functions

k) =) k@)t (13)
s=0

g(t) = Z gs(@)t° (14)
5=0

=) f@F (15)
s=1

with ko(q)g90(9)f1(q) # 0. The g-almost Riordan arrays are represented as (k(t)lg(t), f(t)),. The generating function
for the jth column of the g-almost Riordan arrays is

k(t), for j=0, (16)

tg(t) , FU7(),  for j=1,2,3,... (17)

Theorem 2.2 (FTgARA). Let h(t) = Y.ooohs (q) 8 be a generating function and be (k(t)|g(t), f®), a g-almost
Riordan array. Then,

(k®lg(t), £(1), 1 (t) = ho(q)k (£) + tg (£) % () (t) (18)
where

h(®) — ho(q)

h(t) = t

Proof. Taking into account the product of (k(t)|g(t), f(t)) g and h(t), we have

(OO, £0), 1 () = @k ) + (@) (t9 0, £O0) + 1a(9) (19 0 T 1) -
From (4) and (8), we get

(kB 9(8), (1), 11 (1) = ho(@)k () + tg (&) (n(g) + ha(@) £ (qt) + (@) f (qt) f (qPE) + -+ ).

Considering (2), (4) and E(t) = M, the result is obtained. [

If we take h(t) = ﬁ and h(t) = ﬁ in (18), we obtain the generating functions for the row sums and the

alternating row sums of the g-almost Riordan arrays in the following corollary.

Corollary 2.3. The row and the alternating row sums of (k(t)lg (t), f (t))q have the following generating functions

Ry (1) =k(t)+tg(t)(1+f(qt)+f(qt)f(q2t)+...)

and

Ry () =k()—tg(t) (1= f(at)+ f @D f(Pt) - ).



Y. Alp et al. / Filomat 40:8 (2026), 3043-3059 3047

1
1-t—#2

Example 2.4. Consider ( 11, ﬁ)q This matrix is

1 0 0 0 0
1 1 0 0 0
21 q 0 0
3 1 gq(g+1) g° 0
5 1 q(q2+q+1) q3<q2+q+1) q°

The generating functions for the row and the alternating row sums of (1—1&1—# I, ﬁ)q are
1 t gt gt g gt ¢t ¢t
RI(H) = + 1+ + + 4o
1 1-t-1#2 1—t( l—gt 1-gtl-g?t 1-qgt1-g*1-4%
and
_ 1 t gt gt ¢t gt g’ gt
Ry () = 2~ 1- + 2 2 3 T
1-t—-t2 1-t 1-gt 1-qgtl—-g* 1-qgtl—g*t1-gt

Hence, the sequences of row and the alternating row sums are as follows:
,2,g+3,+¢@ +q+4,¢° +° +q* +20° +g* +q +6,...}
and

1,0,g+1, - +q*+q+2,4° - —q* +* +q +4,...}.

Taking h(f) = | 1_1t)2 and (t) = ; 1+1t)2 in (18), the generating functions for the weighted row and the

alternating weighted row sums of the g-almost Riordan arrays are obtained as the following corollary.

Corollary 2.5. The weighted row and the alternating weighted row sums of (k(t)|lg (t), f (t)) g have the following

generating functions
Wi (t) = k() +tg (t) (2+3f (at) + 4f (q) £ (Pt) + )
and

Wi (t) = k(t) = tg (t) (2= 3 (qt) + 4f (qt) f (4%t) - --).

Example 2.6. Let us take (1 _Z:tz |, ﬁ)q This matrix is

2 0 0 0 0
1 1 0 0 0
3 -1 q 0 0
4 1 —q@+1) 7 0
7 -1 q(q2+q+1) —q3(q2+q+1) q°
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The generating functions for the weighted row and the alternating weighted row sums are

- t t 2t t 2t 3t
Wi(t) = 2=t + ! 2431 441 70 .51 q 77 ..
1 1-t—12 1+t 1+qgt  1+qgtl+g% 1+qt1+¢%1+ g%
and
- t t 2t t 2t 3t
Wy ——t L (o M, W gt g @ gt gt
1 1—-t—12 1+t 1+qgt  1+qgtl+g% 1+qt1+¢%1+4°

The sequences of W,; (t) and W, (t) are given as
{2,3,37+1,4¢° —3¢4* =39 + 6,5¢° = 4¢° — 4q* — * + 3¢* + 39 +5,...}
and
{2,-1,3g+5,-4¢° = 3¢> =39 +2,5¢° + 4¢° + 4¢* + 7q° + 3¢ + 39 +9,...}.

Definition 2.7. For the generating functions (13)-(15), the g-almost Riordan array’s other notation is (k(t)lg(t), f(t)), /o
The generating function for the jth column of the g-almost Riordan arrays is

k(t), for j=0, (19)
b))+ A, for j=1,2,3,... (20)
Theorem 2.8 (FTgARA). Let (k(t)lg(t), f (t))w be a g-almost Riordan array and h(t) = Y, hs (q) £. Then

(kOIg(E), f(0))1)5 1 (&) = ho(@k () + tg (£) 14 (hof) (t) (21)
where

h(t) = ho(q)
——

Proof. Considering the product (k(f)lg(t), f(1)),, g and i (t), we get

h(t) =

(O (E), £B): 1y 1 (8) = ho(@)k () + B (g) (£g (8) 179 FOB) + o) (g (1) g F2L(8)) +
From (5) and (9), we have
(KOO, F(0))y 1 () = ho@)k () + tg () (I (@) + ha(@)f (¢/q) + ha()f (t14) f (t/q?) +---).

Using (3), (5) and Z(t) = M, the result is clear. [

Now, we give the generating functions for the row sum, the alternating row sum, the weighted row sum
and the alternating weighted row sum of (k(t)lg (t), f ()),, .

Corollary 2.9. The generating functions of the row, the alternating row, the weighted and the alternating weighted
row sums for (k(t)lg (), f (1)), g are

Ry () =k(®) +tg () (1+ £ (t/q) + £ (t1q) £ (t/07) +-+*)
Ry, (0 =k = tg () (1= £ (t/q) + £ (t/q) £ (t/7) =)
W) = k(t) + tg (6) (2 + 3f (t/q) +4F (¢/q) f (t/77) + )
Wy, () = k(D) = tg (£) (2 = 3f (t/q) + 4F (t/q) £ (t/47) = ---)

respectively.
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Example 2.10. Consider (1_}_t2 11, ﬁ)l/q. This matrix is

10 0 0 0
11 0 0 0
2 1 }l 0 0
s e) F o
S 1 A(Eeden) REebe)

11 ¢
o 1—t)1/q are

The generating functions for the row and the alternating row sums of (

| t t/q tlg g tlg ti¢  tg¢

RO =g "\ Ty T Tt Tttt
and

R () = 1t 1 t/q tlg  t/q* _tlg t/g?  t/g® Y

Va7 ™ -2 1t 1—t/qg 1-t/ql—t/g? 1-t/qgl—t/g?1—t/g ‘

These sums are

1 .1 1 1 1
L,2,=+3, -+ +=+4—(64°+0° +q* +2° +° + +1,-..}
{qﬂlqztftf(qqqqqq)

and
1 1 1 1 1
,0,-+1,-+=—-—=+2,—(4°+q¢° +q* - ¢* —q+1 ,}
{q 9 ¢ P qé(qqqqq)
Similarly, the generating functions for the weighted row and the alternating weighted row sums of

t

1 1 _t
(1—t—t2|1—t’ i)y, €

t/q t/q t/q2 t/g if/q2 15/(13 )

1 t
+ - - -
Wiy (®) = 1—t—t2+1—t(2+31—t/q+ 1—t/q1—t/q2+ 1-t/g1-t/g?2 11—t/

and

- 1—t/q+ 1-t/qg1—t/q? 1—t/q1—t/q21—t/q3+.
The first few elements of these sums are

_ 1 t t/q tg  tie tg  He HeP
Wuq“):m‘l—_t( ! ° c)

3 3
—2+

{1'3'2+4'5+q :—3+5,ql—6(7q6+3q5+3q4+7q3+4q2+4q+5>,...}

and
33 3 4 1
1,-1,5,"4+=—-=+1,—(3¢°+3° +3¢* — > — 44> — 49 + 5 }
{qqqztfqﬁ(qqqqqq)

In this part of the paper, we consider the multiplications of any g-almost Riordan arrays. The following
four theorems give a new method for the multiplication of any g-almost Riordan matrices.
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Theorem 2.11. Let D = (k(t)|g (), f (t))q and R = (€ (H) u(t),v (t))q be g-almost Riordan arrays. Then, as shown
below, the generating function is given for the jth column of DR .

(kg ®), f (1), 1), for j=0 (22)

’}9(_(:)) ((tu . U[ﬁ])sf) ), forj=12,.... (23)

The following equation represents the multiplication of two g-almost Riordan arrays:
(Ol 0, £ O), €O 1®,00), = (KOl ), £ ©),COlg ), hit/),
where
((tu N 0[7])3 f) ®)
f(®) '

Proof. Taking into account the matrix product, the generating function for the Oth column of DR is

Hlil () =

rook () + 110 (b (B) % 11 () + 120 (tg () % £ (t)) + 730 (tg (1) % FRL (D) + -+
From (4) and (8), we have
roo k(t) +tg (1) (1o + r20f (qt) + ra0f (qt) F () + ).
Using (2) and (18), the generating function for the Oth column of DR is obtained as
(k(®)1g (1), f (1), € ).
For the first column of DR, the generating function is
(1@ 5 SO 0) + raa (190 5 T 0) #731 (r9.0) 1, O ) 4
Considering (4) and (8), we have

tg (t) (rm +ro1f(qt) +131f(qt) f (qzt) +.. ) .

Using (2), the generating function for the 1st column of DR is given as

)

Similarly, the generating function for the jth column of DR is

i (tg () #, U] (t)) iy (tg () %, f (t)) iy (tg () %, A1) (t)) I
From (4), we get
t9(0) (1 17 1)+ 111,70 (@0 + i A7 N 1) + ..

Using (2), (4) and (8), the generating function for the jth column of DR is

%ﬁ? ((tu *g v[jj])Sf) ().



Y. Alp et al. / Filomat 40:8 (2026), 3043-3059

Example 2.12. Let D and R be the g-almost Riordan arrays as follows

1
D=
1-t—#

Namely, the g-almost Riordan matrices D and R are

1 t

11
R=(—|—) .
1—t’1—t),7 and (1+t1+t't)q

1 0 0 0 0
1 1 0 0 0
D= 2 1 q 0 0
3 1 g(@g+1) q° 0
5 1 q(q2+q+1) q3(q2+q+1) q°
and
1 0 O 0 0
-1 1 0 0 0
R = 1 -1 g 0 0
-1 1 —g ¢ 0
1 -1 q ¢ ¢

Considering (22), the generating function for the Oth column of DR is

1 t gt gt ¢t gt gt gt
1-t-t2 1-t

Hence, the first few elements of the Oth column are
{1,O,q+1,—q3+q2+q+2,q6—qs—q4+q2+q+4,...}.
From (23), the generating function for the 1st column of DR is

Eo(p_at , at 7t gt ¢t gt N
1-t 1-gt 1-qtl-g* 1-qt1—g?t1-g3

and the first terms of the 1st column are
(0,1,1-9,G-2q+1),-@- 1@ +2P+29+1),...}.
Using (23), the generating function for the 2nd column of DR is

gt gt . g%t . g*t gt gt gt gt
1-t1—gqgt 1-¢?t 1-¢2t1-¢% 1-g?t1-g3t1—-g*

and the elements of the 2nd column are

{0, 0,0, P-*+q+1),7*@ —¢* - +q+1),.. }

1— -
1—qt+1—qt1—q2t 1—qifl—q2t1—q3tJr

3051
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Using (23), the generating functions for the other columns can be obtained in a similar way. Finally, the matrix
DR is obtained as follows

1 0 0 0 0
0 1 0 0 0

g+1 1-¢q 7> 0 0

—P P g+2 (@-1*@+1) P (- +q+1) q° 0
F-P-g+P+q+s —@-D@+2P+209+1) F(P-q'-F+q+1) (P +P+q+1) g2

Theorem 2.13. Let D = (k(t)|g (t), f (t))q and R = (C(#)u(t), v (t))1), be g-almost Riordan arrays. Then, the
following equation is the generating function for the jth column of DR

(k®)lg @), f (1), ), for j=0 o
tfg(—(:)) ((tu *1/q U[f‘_l])Ef) (), forj=1,2,.... -

The multiplication of two g-almost Riordan arrays is

(k(®)lg (), f ©), €Ol @), 0Wjy = (kB9 @), f O), £©) g 0), hian),
where
((tu . v[ﬂ)a f) *)

o

Proof. Taking into account the matrix product, the generating function for the Oth column of DR is

Hlil (¢ =

1ok )+ 110 (19 1) 50 ST 0) + ra0(t9.0) 5 £ 0) + ra0 (b9 1) 5y LT () 4 -+
From (4) and (8), we have

T'O,()k (i’) + t_l] (i’) (7’1,0 + 1’2,0f (qi’) + 1’3,0f (L]i’) f (q2t> +.. ) .

Using (2) and (18), we obtain the generating function for the Oth column of DR as follows
(k®g®), fB), ).

The generating function for the 1st column of DR is
ra (b (8 % fO1(0) + 721 (tg (1) #, A1 (t)) 131t 0 2 FE B) 4

Considering (2), (4) and (8), the generating function for the 1st column of DR is obtained

9 () ((tu (;))(;f (t)) ‘

Similarly, the generating function for the jth column of DR is

137 (19 @ 50 A ©) 4 7501 (19 02 T 0) 4 7 19 02 AT ) 4
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From (4), we get

tg(t) (Vj,jf[jj] (qt) + 7’j+1,jfm (qt) + r]-+2/]-f[f*71] (gt) +--- )

Using (2), (4), and (8), the generating function for the jth column of DR is

tng(:)) ((t” *1/q z’[ﬂ)sf ) (®).

O

Example 2.14. Let D and R be the q-almost Riordan arrays as follows

1 1 t 1 1
D= d R=|—o/|—,t] .
(1—t—t2 l—t'l—t)q a (1+t1+t' )w
Hence, we get
1 0 0 0 0
1 1 0 0 0
21
D= q 0 0
3 1 g(g+1) q° 0
5 1 q(q2+q+1) q3(q2+q+1) q°
and
1 0 O 0 0
-1 1 0 0 0
1 -1 L 0 o
R= !
1 1
-1 1 —7 7 0
1 -1 1 -1 1
q P g

From (24), the generating function for the Oth column of DR is

2 2 3
1 N t 14 gt qt gt N gt gt gt
1-t—12 1-t 1—gqt 1-qgtl-g* 1-qt1-g*1-g3

and the first few elements of the Oth column are
{1,O,q+1,—q3+q2+q+2,q6—q5—q4+q2+q+4,...}.
From (25), the generating function for the 1st column of DR is obtained as

t(; gt . gt gt gt ¢t gt .
1-t 1-gt 1-qgtl-g?t 1-qgt1-g?t1-g%

3053



Y. Alp et al. / Filomat 40:8 (2026), 3043-3059 3054
and the first terms of the 1st column are
{o, L1-g,(q-1%q+1),—(q -1 +242+2q+1),.. } .
Using (25), the generating function and the first elements for the 2nd column of DR are

2 . 7t . Pt Pt Pt Pt gt .
(1-1(1—gqt) 1-g?t 1-g?t1-g° 1-g°t1-g3t1-q*

and
{0,0,1,—q2+q+1,q5—q4—q3+q+1,...}.

Namely, the matrix DR is

1 0 0 0 0
0 1 0 0 0

g+1 1-¢q 1 0 0
PP +q+2 (-1 (@g+1) - +q+1 1 0
- - +P+q+4 —@-D@P+2P+29+1) - -P+g+1 P+ g+l 1

Theorem 2.15. Let D = (k(t)|g (t), f (1)), /a and R = (£(t) |u(t),v(t))q be g-almost Riordan arrays. Then, the
generating function for the jth column of DR is

(kg (1), f (#)y, £),  for j=0 ,
tng(tt)) ((tu % v[ﬁ]) gf) ®), forj=12,.... .

The multiplication of D and R is

(k®)lg (), f )y €O @), 00), = (kB9 1), f Oy £ Ol (0), 1)),
where
((tu ” 0[7])3]() 0)

o

Proof. Considering the matrix product, the generating function for the Oth column of DR is

Wil () =

roa (t) + 110 (b (B) %19 FLOL(8)) + 7o (b (&) #1790 + 130 (9. () 2170 FEV (1) + - .
From (5) and (9), we have

rooa (8) + tg (t) (ro + raof (£/9) + rsof (t/9) f (t/q%) +-+-).
Using (3) and (21), we obtain the generating function for the DR’s Oth column

@®1g @), f(£)y, €().
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The generating function for the first column of DR is
r1 (tg ) %10 FLD(0) + 721 (b9 (1) 17 S ) + 131 (b9 (O 510 fEL (1) + -
Using (3), (5) and (9), we get

(0 ((tu (;))(Sf (t)) '

Similarly, the generating function for the jth column of DR is
v (tg () %1/ f7 (t)) + i (tg () %1, £ (t)) + i (tg () %1y 121 (t)) .
From (5), we have
t9®) (1 ) 1) + i 0 1) + s ) ) + ).

Considering (3), (5), and (9), we find the generating function for the jth column of DR as

40 s

O

Example 2.16. Let D and R be the q-almost Riordan arrays as follows

1 1 1 1 t
D=(—|— d R:( , )
(1+t1+t )w o 1—t-2|1-t'1-1),
Hence, we get
1 0 0 0 0
-1 1 0 0 0
1 -1 1 0 0
D= I
_ 1 1
1 1 i 7 0
— 1 _1 1
1 1 q ECE
and
1 0 0 0 0
11 0 0 0
2 1 0 0
R= 1
31 q@+1) 7 0
51 q(q2+q+1) q3(q2+q+1) q°

3055
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Using (26), we get the generating function for the Oth column of DR as follows

2 3 4
L+L 1+2£+3t—+5t—+8t—+---
1+t 1+t qg g q¢ g1

and the first few elements of the Oth column are
2 1 1
1,0,=,-=24* -3), =7 - 3¢° +5),...}.
{ g e

From (27), the generating function for the first column of DR is

Ll+£+ﬁ+ﬁ+i+£+
1+¢ g @ & g0 g

and the first terms of the first column are
1 1 1
{Or 1, —6(‘1 - 1)/ q_(q?) - qZ + 1)/ _q_6(‘16 - q5 + q3 - 1)/ . } .

Similarly, the generating function and the first few elements for the second column of DR are obtained as

2 2 2 3., 2 3
t 1+(q+1)t+(q +qg+ 1)t +(q +q°+q+ 1)t .
1+t q? q° q°

and
{0,0,1,[;—2(—q2+q+1),ql(q5—q4—q3+q2+q+1),...}.

Hence, the matrix DR is

1 0 0 0 0
0 1 0 0 0
: - i 0 0
-5 (29 -3) (@ -7+1 F(-+q+1) 1 0
LQP-34+5) L@ -F+7-1) (@ -g-7+P+q+1) FF+f+q+1) 1

Theorem 2.17. Let D = (k(t)|g (t), f (1)), /a and R = (€(t) [u(t),v (1)1, be g-almost Riordan arrays. Then, the
generating function for the jth column of DR is

k19O, f Oy, €O, for j =0 »
l}g(—(tg)((tuﬂ/qv[d)g)(t), forj=1,2,.... .

The following equation represents the multiplication of two g-almost Riordan arrays:
(K®lg ), f By, €O, 0Oy = (KBGO, f Oy, € Olg 1), ),
where

((t12170 o10) o) 0

s =
0
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Proof. Considering the matrix product, the generating function for the Oth column of DR is

rooa () + 110 (tg () +1/4 i (B) + 20 (tg () #1/4 Ul () + 730 (tg () +1/4 fL2] ®)+--- .
From (5) and (9), we have

10,04 (£) + tg () (1’1,0 +ro0f (£/q) +1r30f (£/q) f (t/qZ) + - )
Using (3) and (21), we have the generating function for DR’s Oth column

@®)1g (), f B)y), L)
The generating function for the first column of DR is

r1a (19 () #1jg AL ®) + 121 (b9 (1) %19 FEL ) + 151 (9. () 1) FR ) + -
Considering (3), (5) and (9), we find the generating function for the first column of DR as follows

(tu (1) of () )
f@& )

Similarly, the generating function for the jth column of DR is

tg (t) (

rij (tg (t) *1/4 fb] (t)) + 7y, (tg (1) *1/4 f[d (t)) +7js2, (tg (1) *1/4 f[ﬂ (f)) +oe

From (5), we have
t9(6) (1 A 1)+ 7y i1 1) + i AU ) 4 ).

Considering (3), (5), and (9), the generating function for the jth column of DR is found as

tng(;) ((tu *1/q v[ﬂ])gf) ().

O

Example 2.18. Assume that D and R are the g-almost Riordan arrays defined by

1+¢t1+t 1/q ].—tl—tl—tl/q

Hence, we get

1 0 0 0 0
-1 1 0 0 0
. 1 -1 ; 0 0
-1 1 -4 5 0
R
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and
1 0 0 0 0
1 1 0 0 0
Ko 11 p 0 0
s I
L1 Gy FEeben) 5

Using (28), we get the generating function for the Oth column of DR

t T~ S H
S +§+q—3+q—6+qﬁ+qﬁ+"'

SR
1+t 1+t
The first few elements of the Oth column are
1 1 1
1L,0,-,-=(@-1), =@ - 3+1),...}.
{ T e

The generating function and the first few elements for the first column of DR are

Ll+£+ﬁ+ﬁ+i+£+
1+¢ g @ & q0 g4

and
1 1 1
0,1,-=-(9-1), =@ - +1),-—@° - 3° + 3—1),...}.
{ qq p g9 —q q6q 7 +q

Similarly, the generating function and the first few elements for the second column of DR are obtained as
L(l+i(1+1)+ﬁ(l+l+l)+ﬁ(l+l+1+1)+)
PA+H\ g2 \g P\ q AU

11 1
{Qaapaﬂ—f+q+1)$w7—f—q‘+f+q+npn}

and

Finally, the matrix DR is

1 0 0 0 0

0 1 0 0

1 1 1

1 —3(@-1) 7 0 0
-5 (@ -1) 5@ -7 +1) s +q+1) = 0
L@ -7+ F@ -+ =) F(-F-g @ +qrl) FCFrPrgr) &
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3. Conclusion

In this paper, we have considered g-almost Riordan arrays. We have provided the fundamental theorem
for g-almost Riordan arrays (FTqAR). Using FTqAR, we have obtained four different multiplications of
g-almost Riordan arrays. All results obtained in this paper are reduced to almost-Riordan arrays when
g — 1. Additionally, the results for Riordan arrays can be derived by taking ¢ — 17, k(t) = g(t) and
gt = 2510,
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