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Abstract. The binding number b(G) of a graph G is the minimum value of [Ng(X)|/|X| taken over all
non-empty subsets X of V(G) such that N¢(X) # V(G). A graph G is called 1-binding if b(G) > 1. Let k > 2
be an integer and let T be a spanning tree of a connected graph. The total k-excess te(T, k) is the summation
of the k-excesses of all vertices in T, namely, te(T, k) = Zvevm max{0, dr(v) — k}. One can see that T is a
spanning k-tree if and only if te(T, k) = 0. In this paper, we present a tight sufficient condition in terms of
the spectral radius for a connected 1-binding graph to contain a spanning tree with bounded total k-excess,
which generalizes the result of Fan, Liu and Ao [Linear Algebra Appl. 705 (2025) 1-16] on the existence of
a spanning k-tree in 1-binding graphs.

The toughness 7(G) = min{% : Sis a cut set of vertices in G} for G # K. A graph G is called t-tough
if 7(G) > t. We in this paper also provide a tight sufficient condition based on the spectral radius for a
connected k%q—tough graph to contain a spanning tree with bounded total k-excess, where k > 3 is an integer

and n = {0,1}. It extends the result of Liu, Fan and Shu [Discrete Math. 348 (2025) 114593] on the existence
of a spanning k-tree in connected k%q—tough graphs.

1. Introduction

Let G be a finite, undirected and simple graph with vertex set V(G) and edge set E(G). The order and size
of G are denoted by |V(G)| = n and |E(G)| = e(G). Let ¢(G) be the number of components of G. Let G; and
G, be two vertex-disjoint graphs. We denote by G; U G, the disjoint union of G; and G,. The join G V G, is
the graph obtained from G; U G, by adding all possible edges between V(G;) and V(G,). For any v € V(G),

let Ng(v) (N(v) for short) denote the neighborhood of v in G, and for X € V(G), let Ng(X) = U,ex N(x). The
binding number b(G) of a graph G is

b(G) = min{lNlcT(f()l 10 # X C V(G),Ng(X) # V(G)}-
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A graph G is called 1-binding if b(G) > 1. The toughness of a graph G

S|
(G=5)

7(G) = min{ : Sis a cut set of vertices in G}
for G # K,. For undefined notions and symbols, one can refer to [5].

For any integer k > 2, a spanning k-tree of a connected graph G is a spanning tree in which every vertex
has degree at most k. For a spanning tree T of a connected graph, the k-excess of a vertex v is defined to be
max{0, dr(v) — k}. The total k-excess te(T, k) is the summation of the k-excesses of all vertices in T, namely,

te(T, k) = Z max{0, dr(v) — k}.
veV(T)

Note that a spanning tree T satisfies te(T, k) = 0 if and only if T is a spanning k-tree. Hence spanning tree
with bounded total excess of a connected graph is a natural generalization of spanning k-tree.

Ozeki and Yamashita [17] proved that it is an NP-complete problem to decide whether a given connected
graph admits a spanning k-tree. Win [19] provided a toughness-type condition for the existence of a
spanning k-tree in a connected graph. Ellingham and Zha [7] presented a short proof to Win’s theorem.
Using the toughness-type condition, Fan et al. [9] posed a spectral condition for the existence of a spanning
k-tree in a connected graph. Recently, Ao et al. [3] extended the above spectral condition by using
connectivity and closure theorem for a graph to contain a spanning k-tree [12]. Subsequently, Ao et al. [2]
discussed the sufficient conditions for spanning k-trees using the independent number condition [15].

For more results on spanning tree with bounded total k-excess, one can refer to [14, 16, 18]. Very recently,
Ao et al. [2] and Fan et al. [9] proved the following spectral condition to ensure that a connected graph
contains a spanning tree with bounded total k-excess.

Theorem 1.1 (Ao et al. [1], Fan et al. [9]). Let G be a connected graph of order n > max{5b + 3k + 12, b* + 6b +
4k + 3}, where b > 0 and k > 3. If

p(G) = p(K1 V (Ky—p—k-1 U (b + k)K7)),
then G has a spanning tree T with te(T,k) < b unless G = K; V (Ky—p—k—1 U (b + k)K1).

Note that b(K; V (Kj,_p_r—1 U(b+k)K7) = blﬁ < 1. Hence K; V (Kj—p—x-1 U (b + k)K1) is not 1-binding. Hence,
we present the following problem.

Problem 1.2. What is the sufficient spectral condition for the existence of a spanning tree with bounded total k-excess
in 1-binding graphs?

Concerning Problem 1.2, we prove the following result.
Theorem 1.3. Let G be a connected 1-binding graph of order n > 16k* — 34k + 1, where 0 < b < k — 10. If
p(G) = p(Ky V (Ky—2p—2x U (b + k — 1)Kz U Ky)),
then G has a spanning tree T with te(T,k) < b unless G = K V (K—op—p U (b + k — 1)K, U Kj).

In fact, one can check that b(K; V (K,—2p—2 U (b + k — 1)K, U K;)) = 1. By setting b = 0 in Theorem 1.3, we
can obtain Theorem 1.5 in [8].

Win [19] proved that if 7(G) > &5 with k > 3, then G contains a spanning k-tree. Obviously, if a graph
contains a spanning k-tree, then it must contain a spanning tree with bounded total k-excess. Hence, if
7(G) > &5 with k > 3, then G contains a spanning tree with bounded total k-excess. The extremal graph
Ky V(K _p_x-1U(b+k)K7) in Theorem 1.1 is not k%q—tough since T(K1 V (K,,_p_x-1 U(b+k)K7)) = ﬁ < ﬁ < ﬁ
with 1 = {0, 1}. Naturally, we propose the following interesting problem.
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Problem 1.4. What is the sufficient spectral condition to guarantee the existence of a spanning tree with bounded
total k-excess among k%”—tough graphs, where n = {0,1}?

Basing on Problem 1.4, we prove the following result.
Theorem 1.5. Let G be a connected ﬁ—tough graph of order n, where k > 3, n = {0,1}, b > O and n >

(2b+9)k2+(2b2 +13b+15)k—2b2—21b—48 I
2k—4 If

b+3
p(G) > P(K(%?]] \4 (Kn_(k_l)[g]_b_z U [(k— Z)rm] +b +2]Ky)),

then G has a spanning tree T with te(T,k) < b unless G = K[%?ﬂ Y% (Kn—(k—1)r’2’j—§l1—b—2 U [k - 2)|'§J_r—f]'| + b+ 2]Ky).

Theorem 1.5 naturally generalizes the following theorem.

Theorem 1.6 (Liu et al. [13]). Let G be a connected ﬁ-tough graph of order n > 8k +12 withk > 3 and n = {0, 1}.

If
p(G) = p(Kys2 V (Ki—e-1)(n+2)-2 Y [(k = 2)(1 + 2) + 2]Ky)),

then G contains a spanning k-tree unless G = Kyy2 V (Ky——1)(p+2)-2 U [(k = 2)(n + 2) + 2]K1).

2. Proof of Theorem 1.3

Enomoto et al. [6] presented a sufficient condition for the existence of a spanning tree with bounded
total k-excess in a connected graph.

Lemma 2.1 (Enomoto et al. [6]). Let k and b be integers with k > 2 and b > 0, and let G be a connected graph. If
c(G=5) < (k=2)IS| + b +2 forevery S € V(G), then G has a spanning tree T with te(T, k) < b.

Let A = (a;}) and B = (b;j) be two n X n matrices. For all i and j, we define A < B if a;; < b;j, and define
A<Bif A<Band A # B.

Lemma 2.2 (Berman and Plemmons [4], Horn and Johnson [10]). Let A = (a;;) and B = (b;j) be two n X n
matrices with the spectral radii A(A) and A(B), respectively. If 0 < A < B, then A(A) < A(B). Furthermore, if B is
irreducible and 0 < A < B, then A(A) < A(B).

Lemma 2.3. Letn = ngz)ﬁbﬁ ni+swiths > landm > ny > -+ > ng_gpsapes. If i > 2for1 <i < (k—=3)s+b+3
andnj>1for (k=3)s+b+4<j<(k—2)s+b+3, then

p(Ks V (Ky, UKy, U--- UK ) < p(Ks V (Ky—@2k-ays-2p-4 U ((k = 3)s + b + 2)K5 U sK7)),

N(k-2)s+b+3

where equality holds if and only if (n1,n2, ..., Ng—2)ssb43) = M — 2k —4)s -2b—-4,2,...,2,1,...,1).
— —
(k—3)s+b+2 s

Proof. LetG = Ks V (K, UKy, U--- UKy, .,.,), and let x be the Perron vector of A(G) corresponding to p(G).

By symmetry, we can suppose that x,, = x; for all v € V(K,,,), where 1 <i < (k—2)s+ b+ 3, and x,, = y for all
u € V(K;). By A(G)x = p(G)x, we have

[p(G) = (m = D]xy = sy >0,

which implies that p(G) > n; — 1.
Claim 1. x; > xjfor2 < j < (k- 2)s + b + 3.
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Proof. Note that n; > nj and p(G) > n; — 1. Then

[p(G) — (nj — D](x1 — xj) [p(G) = (nj = D]x1 — sy
sy + (n1 — 1)x; — (nj — 1)x1 — sy

(4 —n]-)x1 > 0.
Hencex; > xjfor2<j<(k-2)s+b+3. O

Let G* = K, V (Ky—2k—4)s—20-4 U (k = 3)s + b + 2)K, U sK;). By Claim 1, n; > 2for 1 <i < (k—3)s+ b+ 3 and
nj>1for(k—3)s+b+4<j<(k—2)s+b+3 wehave

p(G") = p(G) = X" (A(G") -~ A(G))x
(k—3)s+b+3 (k—2)s+b+3 (k—3)s+b+3

= 20 ) mu-2uxn+ Y. m@-Duxi-2 ) (m-2)xP
i=2 i=(k—3)s+b+4 i=2
(k—2)s+b+3 (k—3)s+b+2 (k—3)s+b+3
- Z (1’11' - 1)}(,‘2 + Z (}’li - 2)(1’1] - 2)xl-x]-
i=(k—3)s+b+4 i=2 j=i+1
(k=3)s+b+3 (k—2)s+b+3 (k=2)s+b+2 (k—2)s+b+3
+ Z Z (n; — 2)(11]' - 1)xix]- + Z Z (n; — 1)(11]' - 1)xix]-]
i=2 j=(k=3)s+b+4 i=(k=3)s+b+4  j=i+1
(k—3)s+b+3 (k—2)s+b+3
= 2[ Z (ni = 2)(mx1 — 2x;)x; + Z (n; — 1)(mx1 — xi)x;
i=2 i=(k-3)s+b+4
(k—=3)s+b+2 (k—3)s+b+3 (k=3)s+b+3  (k—2)s+b+3
+ Z Z (Tli - 2)(1’1]' - Z)Xix]' + Z Z (1”11' - 2)(11]' - 1)xiX]'
i=2 j=it+l i=2 j=(k=3)s+b+4

(k=2)s+b+2  (k—=2)s+b+3
+ Z Z (Tl,‘ - 1)(71]' - 1)x1‘x]']
i=(k-3)s+b+4  j=i+1
> 0,
where all equalities holds if and only if (11, 12, ..., Ng-2)sb43) = (n — 2k —4)s —-2b—4,2,...,2,1,...,1). O

S—— ———
(k—3)s+b+2 s

Figure 1: Graph Kj V (Kj,—2p—2x U (b + k — 1)K> U Kj).

Lemma 2.4. Let k and b be integers with k > 3 and b > 0. Then Ky V (Ky—p-2x U (b + k — 1)Ky U Kj) contains no
spanning tree T with te(T, k) < b.
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Proof. Let G = Ky V (Kyp—zp-2r U (b + k — 1)K, U Kj) (see Fig. 1). Let u denote the unique vertex of degree
n —1in G. Assume that T is a spanning tree of G. One can observe that dr(u) > b + k + 1. This implies that
te(T, k) > b + 1. Hence G contains no spanning tree T with te(T,k) < b. [

Now, we are ready to provide the proof of Theorem 1.3.

Proof of Theorem 1.3. Assume that G contains no spanning tree with te(T, k) < b, where G is a connected
1-binding graph. By Lemma 2.1, there exists some subset S C V(G) such that ¢(G—S) > (k—2)|S|+ b+ 3. Let
S| = s.

Claim 2. s > 1.
Proof. 1f s =0, then S = 0 and hence 1 = ¢(G) = ¢(G — S) 2 b + 3, a contradiction. [

Let ¢(G - S) =g, and let C;, C, ..., C,; be the components of G — S, where |Cj| = ¢; for 1 < i < q. Without
loss of generality, we can suppose thatc; > c; > --- > ¢;, where g > (k—2)s + b + 3.

Claim 3. ¢;—5 > 2.

Proof. 1fc;s <2,thency s =cjs41 =+ =¢;=1. Take §’ = V(Cj-s UCy_s11 U---UCy). Then N(S") C S. Note
that|S’| = s + 1 and IN(S’)| £ |S| = s. Then we have
IN(S)] s
b < < 1
©=<gr <sm <V

which contradicts that G is 1-binding. [

By Claim 3, we have ¢; > 2for1 <i<g-sandc¢;>1forg—s+1<j<gq. Letn = Z?;l(k_z)s_b_z iy

Ny = Cqo(k-2)5-b-1 s --» N(k=2)s+b+3 = Cg- That is to say, n; > 2 for1 < i < (k—-3)s+ b+ 3 and nj = 1
for (k —=3)s+b+4 < j<(k—2)s+b+3 wheren; > ny > .-+ > ng_ps4p+3 are positive integers with
Y23y = n — 5. This implies that n > [2(k — 3)s +2b + 6] + 25 = (2k — 4)s + 2b + 6, and G is a spanning
subgraph of G’ = K, V (K, UKy, U---UK ). By Lemma 2.2, we have

N(k-2)s+b+3

p(G) < p(G'), 1)

where equality holds if and only if G = G’. Let G” = K, V (Kj—k—4)s—20-4 U ((k — 3)s + b + 2)K; U sK;). By
Lemma 2.3, we have

p(G') < p(G"), )

where equality holds if and only if (11,1, ..., H—p)ssp43) = (M — 2k —4)s —2b -4, 2,...,2,1,...,1).
—— ———
(k—3)s+b+2 s
By Claim 2, we divide the proof into the following two cases.

Casel.s=1.
Then G” = K; V (Ky—2p-2k U (b + k — 1)K; U K3). By (1) and (2), we have

p(G) £ p(Ky V (Ky—pp-2x U (b + k — 1)K, U Ky)),

where equality holds if and only if G = Kj V (K—2p—2¢ U (b + k — 1)K; U Kj). Combining the assumption of
Theorem 1.3, we have p(G) = p(K; V (Ky—2p-2cU(b+k—1)K;UK;7)), and hence G = KV (Ky—pp-2xU(b+k—1)K, UKy).
By Lemma 2.4, K; V (Ky—2p-2t U (b + k — 1)K; U K;) contains no spanning tree with te(T, k) < b. Hence
G =K1V (Ky—ap—2k U (b + k- 1)Ky U Ky).

Case 2.5 > 2.

LetG"” = K1 V(K;—pp—2x U (b +k—1)K; UKj). Recall that G” = KV (Kn—(Zk—4)s—2b—4 U((k—3)s+b+2)K, UsKy).
Then vertex set of G” can be divided into V(G"”) = V(Ks) U V(K,,_2k-4)s-2p-4) U V(((k = 3)s + b + 2)K) U V(sKy),
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where V(sKy) = {uy, uy, ..., us}, V(Ks) = {v1,02,...,0s}, V(((k = 3)s + b+ 2)K) = {w1/w2/ . rwz(k—3)5+2b+4} and

V(K- @k—4)s-20-4) = {21/22/ e /Zn—(2k—4)s—2b—4}- Let

Ey = {uzjR<i<s,1<j<n-(2k—-4)s—2b-4}U{w;zj2b+2k—-1<i<2(k-3)s
+2b+4,1<j<n—(2k-4)s-2b-4) UluuR <i<s—1,i+1<j<s}U
{wiwj|2b+2k—1<i<2(k—3)s+2b+3,i+1 <] <2(k—3)s+2b+4],

and let
Ey = {wo2<i<sfU{vwj2<i<s,1<j<2b+ 2k — 2} U {wopok—1Waps 2k, Waps2k+1

Woh+2k4+27 - + + » W (k=3)5+20+3W2(k=3)5+2b+4] -

We have G = G + E1 — E;. Let x be the Perron vector of A(G”), and let p”” = p(G”). By symmetry, x takes
the same value on the vertices of V(K;), V(sK1), V(K- @k-4)s—26-4) and V(((k —3)s + b + 2)K;), respectively. We
always use | to denote the all-one matrix, I to denote the identity square matrix, and O to denote the zero
matrix. It is easy to see that A(G”) is equal to

(J = Dsxs Joxs Joxn—(2k—4)s—26-4] Joxi2(k-3)s+26+4]

Jsxs Osxs Osx{n—(2k-4)s—2b-4] Osx[2(k-3)s+2b+4]
Jin-@k-9)s-20-41xs  Opn-@k-2)5-26-a1xs (] = Din-(2k-4)5-20-a]xn-@k-)s-20-4]  Ofn-(2k—4)s-2b-4]x[2(k-3)s+2b+4] |”
Ji2(k-3)s+26+41xs Op(k-3)s+2b+4]xs Op2(k-3)s+2b+4]x[1—(2k—4)s-20-4] Blok-3)s+20+4]x[2(k-3)s+2b+4]
where B equals
(J = Daxa O2x2 O2x2
O2x2 J=Daxa -+ O2x2
Oz O2x2 o (J=Daxe

We denote the entry of x by x1, x», x3 and x4 corresponding to V(K;), V(sK1), V(Ky—k-4)s-2p-4) and V(((k -
3)s + b + 2)Kj) , respectively. According to A(G”)x = p”’x, we have

p"'xp = sx1,
p"'x3 = sx1 + [n — (2k — 4)s — 2b — 5]x3,
0"'x4 = 5x1 + Xa.

”

Then x; = p?xz, X3 = Shpenees 2 > X2 and x4 = #xz > x,. Note that G” contains Kj,_oxs+56_2p—4 as a

proper subgraph and G” is not a complete graph. So we haven —2ks +5s —2b -5 < p” <n—1.

24

Let y be the perron vector of A(G"’), and let p””” = p(G’”’). By symmetry, y takes the same value (say v,
Y2, y3 and y4) on the vertices of {u}, V(K1), V(Ky—2p-2¢) and V((b + k — 1)K;) (see Fig. 1). By A(G"")y = p""y,
we have

‘O///y2 — ylr
p"y3=y1+(n—-2b-2k-1)ys,
P""ys=y1 + ya

1

Then y; = myz > o and y3 = p,,,_(n_]’gb_Zk_l) > p’%l—l = y4. Notice that n > (2k — 4)s + 2b + 6. Then
~2b-6
2<s< '12](—_4

Claim 4. p”’ > p”.
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Proof. Known that
yT(p/// _ p//)x — yT(A(G/N) _ A(GN))X

s n—(2k—4)s-2b—4 2(k—=3)s+2b+4 n—(2k—4)s—2b—4
= Z Z (Yw Yz + Xz Yu,) + Z Z (X, Yz; + Xz, Yw,)
i=2 j=1 i=2b+2k—1 j=1
=1 s 2(k=3)s+2b+3 2(k—3)s+2b+4 s
+ Z Z (xu,yu, + xujyu,) + (xw,-yw,- + xw,-yzui) - Z(xv,yul + X, Yor)
i=2 j=itl i=2bi2k-1  j=itl i=2
s 2b+2k-2
- Z Z (xvi Yw; + Xw; Y Uz) - [xwzmqu Ywspaor T Xwgpanirr Yogpeorr T 070 F Xwa—s)s+26+3 YWak-3)s426+4
= =1
Xy Yspanir T Xwgpiopss Ywapames T 70 F Xwae-sysianra Y wz(k—s)s+zb+3]

= (s—1)[n— (2k —4)s — 2b — 4](x2y3 + x3y3) + [2(k — 3)s — 2k + 6][n — (2k — 4)s — 2b — 4]
(xay3 + x3y3) + (s — 1)(s — 2)x2y3 + [2(k — 3)s — 2k + 6][2(k — 3)s — 2k + 5]xsy3 — (s — 1)
(x1y2 + x2y3) — (s = 1)(2b + 2k — 2)(x1y4 + x4y3) — [2(k — 3)s — 2k + 6]x4y3

= (s=1D[(n—(2k—-"5)s—2b—7)x2y3 + (2k = 5)(n — (2k — 4)s — 2b — 4)xzy5 + [2(k — 3)(n
—(k—4)s —2b—4)+2(k—=3)(2(k - 3)(s = 1) = 1) = 2b + 2k — 2) — 2(k — 3)]xay3 — x12
—(2b + 2k — 2)x1y4].

Byn > (2k—4)s+2b+6,0<b <k—-10and s > 2, we have f(k) = 2(k — 3)(n — 2k —4)s —2b — 4) + 2(k -
3)2(k —3)(s — 1) — 1) — 2b — 4k + 8 > 4(k — 3) + 2(k — 3)(2(k — 3) — 1) — 2b — 4k + 8 = 4k — 26k — 2b + 38 >
4k? — 26k — 2(k — 10) + 38 = 4k* — 28k + 58 > 0. Combining x3 > X2, x4 > X2, Y3 > Yo, Y3 > Vs, X1 = =3,

p” <n-1land2<s< 2¢ wehave

yT(p/// _ p”)X

X2Y3

N (2b + 2k - 1)p”
> (5= 1)|(4k — 10)n — 4k% — 4k + 12ks — 8k + 2k + 18h — 35+ 15 — —————

> (s—l)[(4k—10)n—4k25—4k2+12ks—8bk+2k+18b—3s+15— (2b+2k_1)(”_1)]x

2
19 ) ) 29
= (5= Dy [(3k—b— )i = (W = 12k + 3)s — I + 3k — 8bk + 19 + 7]

(s — 1)x2y3 |(3k—b— %)n— (4k? — 12k+3)-% — 4Kk? + 3k — 8bk + 19b + %]

\%

-1
o - Dnws T ixiy > [(2k2 — 2kb — 19k + 4b + 35)n — 8k° + 46k> — 8k*b + 46kb — 55k — 70b — 40]
-1
2 % [(2K? - 2k(k - 10) — 19k + 35)n — 8K + 46k* — 8K*(k — 10) — 55k — 70(k - 10) - 40
_ (s=Dxoys 3
= [(k +35)n — 16k + 126k2 — 125k + 660] .
By 1 > 16k> — 34k + 1 and k > 10, we have
yT(p/// _ ‘OH)X > 0.

This implies that p”” > p”. O
By Claim 4, (1) and (2), we have
p(G) < p(G') < p(G") < p(G”) = p(K1 V (Ky-2p-2¢ U (b + k = 1)K> UKy)),

a contradiction. ]
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3. Proof of Theorem 1.5
Lemma 3.1 (Fan et al. [9]). Let ny > ny > --- > ny > 1 be integers. If n = Zle n+sandny <n-s—t+1,then
P(Ks V (K, UKy, U ==+ UKy,)) < p(Ks V (Kys—t41 U (£ = 1)KY)).

Lemma 3.2 (Hong[11]). Let G be a graph with n vertices and e(G) edges. Then

p(G) £ 42e(G) —n +1.

Koo (b-2)15:31—b—2

1 2 k=25 2 4t

Figure 2: Graph Kr%z] v (1<n_(k_1)r12,%31_b_2 U [(k - 2)[5—31 +b+2]Ky).

Lemma 3.3. Letk > 3andb > Obe integers and let 1) = {0, 1). Then K21V (K,,_g_yy21-p-o V(=2 55 1+b+2]Ky)
=1 -1

contains no spanning tree T with te(T, k) < b.
Proof. Let G = K[gﬁ1 \% (an(kfl)rgﬁkbfz U [(k — 2)[%37] + b + 2]K;) (see Fig. 2). Suppose to the contrary
—1 -n

that G contains a spanning tree T with te(T,k) < b. By Lemma 2.1, for every subset S C V(G), we have
(G -38) < (k—2)|S| + b + 2. However, if we take S = V(Krgﬁ]) inG, thenc(G-85) = (k-2)[E31+b+3 >
=

2-
k=2)IS|+b+2= (k- 2)[12’%?]] + b + 2, a contradiction. [

Now, we are ready to provide the proof of Theorem 1.5.

Proof of Theorem 1.5. Suppose that G is a connected ﬁ—tough graph with n = {0,1} which contains no
spanning tree T with te(T, k) < b. By Lemma 2.1, there exists some subset S C V(G) such that ¢(G - S) >
(k —2)|S| + b + 3. By the definition of k%]-tough graphs, we have

S| 1
> —.
o(G=S) " k-q

Then (k- 2)IS| + b+ 3 < c(G - S) < (k —1)|S|, and hence |S| > 3%,37

Let ¢(G - S) =g, S| = s, and let C;,C, ..., C; be the components of G — S, where |Ci| = ¢; for 1 <i <gq.
Without loss of generality, we can suppose that ¢c; < c; < --- < ¢;, where g > (k—2)s +b + 3. Let
n = Z?:(k_2)s+b+3 Ci, My =C1, ..., N(k=2)s+b+3 = C(k-2)s+b+2- 1his implies that n > (k —1)s + b + 3. Note that Gis a
spanning subgraph of G’ = K; V (Kj;; UKy, U+~ UKy ,,..)- By Lemma 2.2, we have

N(k-2,

p(G) < p(G), )

where equality holds if and only if G = G’. Let G’ = K; V (Ky—(e-1)s—p-2 U [(k — 2)s + b + 2]K;). By Lemma 3.1,
we have

p(G) < p(G”), (4)
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where equality holds if and only if (11,72, ..., Hg—2ssp43) = (M= (k= 1)s =b-2,1,...,1).
Note that s > '“—3 and s is an integer. Then s> [2+3]

Casel. s = |'th3

Then G” = K; gV (K- D2 1-b-2 U [(k - 2)|'b+3'| + b + 2]K;). Combining (3) and (4), we obtain
+
p(G) < p(KF’Z’%ﬂ \ (Kn—(k—l)rg%?]]—b—z U [(k - 2)|'ﬂ'| +b +2]Ky)).

By the assumption of Theorem 1.5 and Lemma 3.3, we have G = Kf%ﬁ \Y (Kn—(k—l)l'lz’f—z]—b—Z Uk - Z)fg%f;'l +
b+ 2]Ky).
Case 2. s > fgf—z] +1.
Recall that G” = K, V (Ky—(k-1)s-b—2 U [(k — 2)s + b + 2]K}). Then
n—(k—-2)s—-b

5 2 +s[(k—=2)s+b+2].

e(GII) —

By Lemma 3.2, we have

p(G") < +2(G")-n+1

= \/[n—(k—2)s+b—2][n—(k—2)s+b—3]+25[(k—2)s+b+2]—n+1

= Vf0)
where f(s) = (k* —2k)s* — [(2k—4)n — (2k—2)b—5k + 6]s + n> — (2b+6)n+b*> +5b+7. Note thatn > (k—1)s+b+3.
Then |'b+3'| + <s < =3 For short, define d = [3*31 We claim that max,; i f(s) = f(d + 1). In fact,

fsh s bl

T k- 1)2 [0 = 4k + 4)n® — [(2d + 2)° + (2b - 8d — 3)k* — (6b — 10d + 7)k + 6b - 4d
+14]n + [(d + D + (b - 3d — DK = (2b - 2d + 3)k + 2b + 6][(d + 1)k + b — d +2]]

> 0
forn > (2b+9)k2+(2b2+13b+15)k 202 —21b—48

and k > 3. Thisimplies that the maximum value of f(s)ond+1 <'s < 223

is attained ats = d + 1 Hence

p(G”") < Nfld+1)= ygn),
where g(n) = n? — [(2k — 4)(d + 1) + 2b + 6]n + (kK* — 2k)(d + 1)® + [(2k — 2)b + 5k — 6](d + 1) + b*> + 5b +
7 = (n— (k-2)d—b-3)7— [k — 4)n — 2k — 4)d® — k> + 2b — 5k + 6)d — 2bk — k> + 3b — 3k + 8]. By

"> (2b+9)k2+(2b2+1§£+i5)k 221648 (2k-A)P (22D r>21§(+i)d+2bk+k2 “3b+3-8 o have
p(G”) < Jgn) <n—(k—2)d-b-3. (5)

Note that Kr%?ﬂ \% (Kn—(k—l)[g%?]]—b—z U (k- 2)|'s+?]'| + b + 2]K;) contains K;,_-2)4-p—2 as a proper subgraph. By
Lemma 2.2, we have

b+3
P17 ¥ Koo UL = DT 3 140+ 20K0) > p(Kyoa-s2) = = (k=2 = =3,
Combining this with (3), (4) and (5), we have
, ” b+3
p(G) < p(G) < p(G”) < P(K[%B]] N (K”‘(k‘l)r%Z]‘b‘z U [(k— 2)|—m-| +b +2]Ky)),

which contradicts the assumption of Theorem 1.5. o
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