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Wilf classes for descent sequences avoiding a pattern or a pair of
patterns of length three
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Abstract. A descent sequence is a word @ = 77y - - - M, over the set of nonnegative integers such that
iy =0and 7t; <1+ des(mymy -+ mi—q) fori = 2,3,...,n, where des(m; 7, - - - 7t,,,) is the number of descents in
the word mym; - - - 7y, that is, the number of two entry factors ;7,1 such that 7r; > rt;,;. In this paper, we
obtain some enumerative results for descent sequences avoiding patterns of length 3 and 4. In particular,
we determine the number of Wilf equivalence classes among single patterns of length 3 and among pairs
of patterns of length 3, and state the corresponding result for a set of k patterns of length 3 when 3 < k < 13.
We also consider single patterns of length 4. The main tool is the use of generating trees.

1. Introduction

Ascent sequences have received a lot of attention in recent years due to their connections with (2 + 2)-
free posets, various other combinatorial structures, and pattern avoidance (see, for example, [3, 5-9] and
references therein). A natural generalization, weak ascent sequences (see, for example, [1, 4]), further
broadens these connections while preserving links to permutation patterns and related structures.

Given the central role of ascents and weak ascents in these constructions, it is natural to ask for the
descent analogue. Descent sequences were introduced by Callan [2]. A descent in a sequence of integers
wiw; -+ - Wy, is a pair of adjacent entries w;w;j;1 such that w; > wj.1. A descent sequence iy -1, of
length 1 is a sequence of n non-negative integers satisfying 7; = 0, and for all i with 1 < i < #, it holds
that m; < des(mimy -+ mi—1) + 1, where des(mi7; - - - 7t) denotes the number of descents in the sequence
T Ty - - - T For example, the sequence 010213 is a descent sequence, while 01003 is not.

Let w = wyw, - --w, be any sequence, and let T = 71 --- 7, be any pattern, that is, a word in {0, ..., {}"
which contains each letter 0,1,...,¢ for some m > 1 and £ > 0. We say the sequence w contains t if w
has a subsequence that is order isomorphic to 7. That is, there is a subsequence wy,,wy,,...,wy,, where
1< fi<fr<-< fu<mn, such that wgXwy, if and only if 7;X7;, forall X € {<,>,=}and 1 <i,j < m.
Otherwise, we say that w avoids t. For instance, the descent sequence 01021042 contains three occurrences
of the pattern 101, namely, the subsequences 101, 212, and 202, but it avoids the pattern 201. We denote
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the set of all descent sequences that avoid a list of patterns 7V,...,7® by DS,({zV,...,7®}) or simply

DS,(tV,...,79). Two sets of patterns P and Q are said to be D-Wilf-equivalent, denoted by P 40, if
|DS,(P)| = |DS,(Q)| for every n > 0.

There are 13 patterns of length 3: 000, 001, 010, 100, 011, 101, 110, 012, 021, 102, 120, 201, and 210. In [2],
it is shown that the number of descent sequences of length n > 1 that avoid the pattern 021 is given by

1-8x—x2-3
1ox
2x ’
see Section 8 in [2]. In this paper, we recover this result and prove the following theorem.

Theorem 1.1. We have
(1) The number of D-Wilf-equivalence classes among single patterns of length three is 9.
(2) The number of D-Wilf-equivalence classes among pairs of patterns of length three is 23.

In Section 2, we present the strategy for proving Theorem 1.1, which is based on generating trees,
and provide two detailed examples. Sections 3 and 4 are devoted to the proofs of Theorem 1.1(1) and
Theorem 1.1(2), respectively. We conclude the paper by presenting, without proofs, the number of D-Wilf-
equivalence classes among sets of k patterns of length three, for all kK > 3. In the course of the proofs, we
derive several generating functions enumerating descent sequences of length n > 1 that avoid a pattern or a
pair of patterns of length three. Moreover, in the last section, we show that the number of D-Wilf-equivalence
classes among patterns of length four is 69.

2. Generating trees and the strategy for the proofs

By making simple modifications to the generating trees for ascent sequences as presented in [3], we
obtain the generating tree 7 (P) for the class of pattern-avoiding descent sequences DS(P). The tree 7 (P)
begins with the root labeled 0, which is placed atlevel 1, and the children of a sequence 111 - - - 71,1 € DS,,_1(P)
are constructed from the set

{mymy -1y, | 1, =0,1,.. ., des(mty - - - 1-1) + 1}

by applying the pattern-avoidance restrictions corresponding to the patterns in P.

Let DS(P) be the set of all nodes of 7(P). For any m € DS(P), we denote by 7 (P;a) the subtree of
7 (P) rooted at 7 and consisting of all its descendants. For any two nodes 7, i’ € DS(P), we say that the
subtrees 7 (P; 1) and 7 (P; =) are isomorphic, and write 7 (P; ) = 7 (P; '), if they are isomorphic as plane
(i.e., ordered) trees. Let 7[P] be the tree obtained from 7 (P) by replacing each node 7t with the first node
" € DS(P) (according to a top-to-bottom and left-to-right traversal of 7 (P)) such that 7 (P; ) = 7 (P; 7).
From now on, we identify 7 (P) with 7[P].

Example 2.1. Let P = {021,110}. Clearly, the children of 0 € 7 (P) are 00 and 01. Note that any descent sequence of

the form 007t belongs to DS, (P) if and only if Ort € DS,,_1(P). Hence, we have 00 2.0, which leads to the succession
rule 0 ~» 0,01.
Clearly, the children of 01 € 7 (P) are dq = 010 and 011, so we have 01 ~> 010,011. The only child of 011 is

0111 £ 011, so we obtain 011 ~~ 011.
Now, define the following sequences:
d, = 01020 - - m0, ¢y = 0102---0m,
by, =0102---0(m—1)0(m—1)m, ay = 0102 - - - 0mOm.
For m > 1, the children of d,, € T (P) are: d,,0 4 A, am = dpm, and ¢y = dyy(m+1), which gives the rule
dm ~ dm/ s Cm+1-
Moreover, for m > 2, the children of c,, € T (P) are: ¢,,0 = dy,, and d,,m 4 b, so we obtain the rule c,,, ~> d,,, by,.
Similarly, for m > 2, we have by, ~> by, and for m > 1, a, ~> ay, by
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For a given set P, we aim to obtain an explicit formula for the generating function

Fp(x) = Z(number of nodes in the nth level of 7 (P)) x".
nx1
To do so, we refine this definition by introducing
Fp..(x) = Z(number of nodes in the nth level of 7(P; 7)) x",

n>1

where 7 € D(p). Clearly, we have Fp(x) = Fpy(x). Moreover, any succession rule of the form
v o, 09 witho, oD, ..., 0" e D(P)

is equivalent to the equation
S
Fpy(x) =x+x Z Fp0(x).
i=1

Example 2.2. Let P = {021,110}. By Example 2.1, we have

Fpyo(x) = x + xFpyo(x) + xFp01(x),
Fpo1(x) = x + xFp,, (x) + xFpo11(x),
Fpo11(x) = x + xFpo11(x),
Fpa, (x) = x + xFpy, (x) + xFpy,, (X) + xFp,,., (x), m>=1,
Fp., () = x + xFpy, (x) + xFpy, (x), m =2,
Fpy, (x) = x + xFpy, (x), m =2,
Fpa,(x) = x + xFpy,, (x) + xFpy, ., (x), m>1.

Thus, Fpy,,(x) = 15 for all m > 2, which implies Fpy,,(X) = =5z for allm > 1. So,
x

Fpa,(x) = - XFpy, (x) + X*Fpy,,., (%),

which leads to
Pidm - (1 _ x)3 1—x Pidy+1 ’
forall m > 1. By iterating this equation infinitely many times under the assumption that |x| < 1, we obtain
x2i+1 X
P, (X) Z A-0"  A-x(-x-2)

720
Hence,
x((1 - x)* + %)
(1-x)3(1 —x—x2)’

Fp(x) = Fpo(x) =

which implies that the number of descent sequences of length n > 1 that avoid P is given by Fy.4 — @

F,, is the mth Fibonacci number (see Sequence A000128 in [12]).

— 3, where

Now, let us focus on the generating tree for all descent sequences without any restriction. It is not hard
to see that the generating tree 7~ for the set of all nonempty descent sequences can be given by a root agg
and the following succession rule:

Am,j ™M Am+1,00 Am+1,17 -+« 7 Am1,j~17 Am,jr O, j+1s + + + o Bmm+1,
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forall0 < j<m+1and m >0, where a,,; = 01020 - - - m0j.
Define A, j(x) to be the generating function for the number of nodes at the nth level in the subtree of 7
rooted at a,, j, where this root stays at level 1. Thus,

j-1 m+1
Am,j(x) =X+Xx Z Am+1,i(x) +x Z Am,i(x)/
i=0 i=j
forall0<j<m+1landm>0.
Define A(u,v) = A(X;u,0) = Y0 Z;’:{)l Am,]-(x)v'”“‘jum. Thus, by multiplying the above recurrence
m+1—jum

relation by v and summing over 0 < j < m + 1 and m > 0, we obtain the following result.

Proposition 2.3. The generating function A(u, v) satisfies

x(1+v—ou) X
(1 -u)A —ou) - vu(l -0)

+ ﬁ(A(u, v) - *A(ou, 1)).

A(u,v) = (vA(u,1) — A(u,v) + (1 —v)A(u,0))

We cannot solve this functional equation to obtain an explicit expression for the generating function A(0, 0),
which counts the number of descent sequences of length n > 1. However, the functional equation can be
used to compute the first n terms of the generating function A(0, 0) for any positive integer n. The first 20
terms are 1, 2, 4, 9, 23, 67, 222, 832, 3501, 16412, 85062, 484013, 3004342, 20226212, 146930527, 1146389206,
9566847302, 85073695846, 803417121866, and 8032911742979.

Now, let us present another way to find the generating function for the number of descent sequences of
length n. Define g4, () to be the number of descent sequences of length n that begin with r Os followed by
some nonzero element, have d descents, and last letter £. Also, set

Gi(t,u,v) = Z Gaen(MFuo’.

n>r+1,d>0,(>0

Clearly, the generating function for the number of descent sequences according to the length marked by ¢,
number of descents marked by u, and last letter marked by v is given by

1
Glt,u,0) = 7= + Y Gt u0),
r>1
where ﬁ counts the descent sequences where all elements are 0 (including the empty sequence).
Note that G,(t,u,v) = t"'Gy(t, u, v). So,
G(t,u,v) = 1 + LG (t,u,v)
O =TT
Lemma 2.4. We have
) -1 111, pity)
=1 PilY pity [T, (1 +tpi(y) - 1))
=P+ Y+ D+ @y + D+ B2+ 10y + D+ -+,

where pj(y) =hoho---oh(y) (the j-fold composition of h) with
————
j

—1+t+ /(1 -1)%+4yt

2t

h(y) =
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Proof. Let m = mym, -+ m,—1 be a descent sequence beginning with 01, with d descents and m,—; = ¢. Then
' = T My - - - Tu-1T1, is a descent sequence if and only if 0 < 7, < d + 1. Thus,

-1 d+1
Gi(u,v) = vf* + Z Gaen(DFH 100 + Z utlyl 4 Z ulyt
d>0,6>0,n>2 i=1 i=0
t t
= ot + utGy(u, 1) + 1”1 ~(©Gi(u, 1) = Gi(w,0)) + 7= (Gi(,0) - v*Gy(uv, 1)).

By taking v = 1 + t(u — 1), we obtain

_ 1+ t(u - 1))? (u—=1)(1 +tHu - 1)
— .

Gl (M, 1)
u

Gl +tu—-1)),1)+

—1+t+ A/ (1-£)2+4yt

2t

Let y = u(1 + t(u — 1)) so that by taking u = uy = , we obtain

U (Ll() - 1)f2

20D o o - D)

SO = T - 1)

Iterating the last equation (assume |y| < 1), we obtain

Gy =Y — POl Hhew)
= PiWA+Hpi(y) = DI TTZ (A + Hpily) - 1))
as required. [
Hence, we can state the following result.
Theorem 2.5. The generating function for the number of descent sequences of length n is given by (1 + Gi(1, 1)).

Note that we cannot just take ¥ = 1 in the expression of Gi(y, 1). First, we expand

_p Zn“ piy) —1 T piv)
i+ Hpi() = D) T2 + Hpiy) — 1))?

j=1

as a power series up to coefficient of " (for fixed n). Second, we remove all the terms y/ in the coefficient of
t", for all j > n. Then, we can set y = 1.

3. Descent sequences avoiding a pattern of length three

By computing the number of descent sequences of lengthn = 1,2, ...,11 that avoid a pattern 7 of length
three, we are led to conjecture the nontrivial Wilf-equivalences (Wilf-equivalences with more than one

pattern) are 001 2010 and 012 £ 100 £ 101 £ 102. The goal of this section is to prove these two claims,
which are equivalent to proving Theorem 1.1(1). Moreover, we determine the generating function Fy(x)
for several cases where 7 is a pattern of length three.

3.1. Pattern 000
Let P = {000}. Note that the generating tree 7 ({000}) is given by

0 ~» 00,01, 00 ~» 001,

001 ~» 0011, 01 ~» e1,011,

011 ~» by, by > dyy, m>1,
Cm ™ €y, fn, ™M 22, dy »wa,, m>?2,

em ~ bmrcm+1/ m Z 1/ fm e bWI/ m 2 2/
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where a,, = e,-1(m — V)mm, b, = e,m, ¢, = eyp_1m, dy, = ey_1(m — Dm, e,, = 01021 ---m(m — 1), and
fm = em—1mm. By translating these succession rules to equations, we obtain

Fpo(x) = x + xFpo(x) + xFp,01(x), Fpjo0(x) = x + xFp,o01 (%),

Fp,o01(x) = x + xFp,0011 (%), Fp1(x) = x + xFp,, (x) + xFpo11(x),
Fpmi(x) = x + xFpy, (x), Fpy, (x) =x+xFpy (x), m=>1,
Fpy, (x) = x + xFp,,, (x) + xFpz,(x), m=2, Fpa, (x) =x+xFpy,, (x), m>2,
Fp.,, (x) = x + xFpy, (x) + xFpy, ., (x), m=>1, Fpyp,(x) = x + xFpy, (x), m2=2,

Fpg, (x)=x, m2>=2.

Thus, Fpy, (x) = x + 2x*(1 + x + x> + x®) + x%cp,4q for all m > 2. Hence, by iterating this equation under the

X422 (1+x+x2+x

3
assumption |x| < 1, we obtain Fp,. (x) = r— ) for all m > 2. So,

x4+ 2031 + x + x% + x%)

Fpye, (x) = x + XFpp, (x) + XFp, (x) = x(1 + x + 2% + x°) + T

Therefore,
Fp(x) = Fpo(x) = x(1 + x + 22 + 2% + x*) + xFp,, (%),

which implies
x(1 +2x +2x2 +2x3 + x* + x°)

Fp(x) = T

So, the number of descent sequences of length n that avoid P is 9+(; Y foralln > 5.

3.2. Patterns 001 and 010

Note that any descent sequence of length # that avoids 001 can be written in the form either 00 - - - 0100 - - - 0
or00---0. Thus |DS,({001})| = n for all n > 1.

Also, any descent sequence of length 7 that avoids 010 can be written in the form either 00---0111---1
or 00---0. Thus |DS,({010})| = n for all n > 1.

Hence, |DS,,({001})] = |DS,({010})] = n, for all n > 1. Thus, 001 £ 010.

3.3. Pattern 011

Let P = {011}. The generating tree 7 (P) satisfies the following succession rules: 0 ~» 0,a1; a,, ~> by;
by ~> by, Ay, for all m > 1, where a,, = 0102 --0m and b,, = a,,0. By translating these rules to equations,
we obtain

Fp.o(x) = x + xFpo(x) + xFpyg, (%),
Fpy, (x) = x + xFpy, (x), m=1,
Fpy, (x) = x + xFpy, (X) + xFpy,, . (x),m > 1.

m

Thus, Fpy,(x) = 1= + %F Pan, (X), for all m > 1. Hence, by iterating this equation under the assumption
x| <1, we obtain Fpy, (x) = ==, which implies

x(1+x)

Foo) = 15—

So, the number of descent sequences of length n that avoid P is F,41, for all n > 1, where F,, is the mth
Fibonacci number.
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3.4. Patterns 012, 100, 101, and 102

Note that any descent sequence @ = 7117, - - - 71, of length n that avoid 012 satisfies 7711 = 0 and 7t; € {0, 1}
forall j =2,3,...,n. Thus |DS,({012})| = 2"~! for all n > 1.

Let 7 € {100,101,102}. It is not hard to see that the generating tree 7 ({7}) has the following succession
rule: 0 w 0,0, that s, this generating tree is presented by a rooted binary tree in which every node is labeled
by 0. So, |DS,({t})| = 2" for all n > 1.

Hence, 012 £ 100 £ 101 £ 102.

3.5. Pattern 021

Let P = {021} and let a,,; = (01)"0j0 and b,,; = (01)"0j, where 1 < j < m + 1. The generating
tree 7 (P) satisfies the following succession rules: 0 ~» 0,bg1; by, ~ @ j, bu,j, b jr1, - - bumets Qmj ~
@, jr e, jr st jrts - - o bmsrmez, forallm > 0 and 1 < j < m + 1. By translating these rules to equations, we
obtain

Fpo(x) = x + xFp,o(x) + xFpy,, (x),
m+1

Fp;bm,j (x) =X+ XFP;ﬂm,j (x) +x Z Fp;bm,i (x)’
=
m+2

Fp;am/j (x) =X+ pr;am,j (x) +x Z Fp;bmﬂ,i (x)/
=

Define
m+1 m+1
A(u,v) = Z Z Fpy,, (x)o"u" '~/ and B(u,v) = Z Z Fpyp,,; (x)o™ "™,
m=0 j=1 m=0 j=1

By multiplying the above recurrence by v"u"*1~/ and summing over m > 0 and 1 < j < m + 1, we obtain

A(u,v) = + xA(u,v) + %(ﬁ(B(u, v) — uB(1,uv)) — B(0,v)),

_x*x
1-9)(1 - uv)

X X
(1-0)1 - uv) +xA(u,v) + m(B(M, v) — uB(1, uv)).

By eliminating A(u, v) from the second equation and substituting its expression into the first equation, we
obtain

B(u,v) =

u?vx + uox? — u?v — 2uvx + uv — x2
B(u, v)
uox(l — u)
UUX — UV — X X 1
=—B(1 - —B(0, _ 1
(1 —u) (1, u0) uv (0,0)+ (1-92)1 - uv) M
In order to solve (1), we assume that
1-2x—x2— /(1 -x)(1-3x—x2—x3)
B(0,v) := . 2
(©.2) 2x2(1 — vx) @
Now, let us solve the system (1) and (2). So, (1) with replacing v with v/u gives
uvx + vx* — uv — 20x + v — x?
B
ox(d =) (u,v/u)
u(vx — v — x)
=———B(1
o0 =) (1,0)
1-2x—2%— /(1 -x)(1 - 3x— 22— x3) 1

2xv(1 — vx/u) * 1-v/u)1-20) ®)
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Thus, by taking u = ”’(2_02’1’—:;‘2”’, we obtain an explicit formula for B(1,v). So, by using the expression of

B(1,v) and solving (3) for B(u, v), we obtain

(1 = uvx) /(1 = x)(1 = 3x — x2 — x9)
2(1 — vx)(x(x — 1)u20? + (1 — x)2uv — x2)
uv(1 - v)(1 — uv) — uo(W?v?® — u?v? + 2uv? — 4o + 4)x
+Bulv* — u?v® — u?0® + 7uv? — 4uv® + duv + v — 1)x?
+(=3uv* — 130® + 1?03 — 7uPv? — uv? + 3uv — 20 + 2)x3
+(1P0* + 1P + 2u%0® + uv® — 3uv — v + Dx* — uo(1 — v)(1 — uv)x®
* 2(1 —ox)(1 — 0)((x — Du2v? + (1 — x)%uv — x2)(x(x — Du20? + (1 — x)2uv — x2)’

B(u,v) =

Note that the formula for B(u, v) that we found satisfies (1) and (2), thus it is the solution for (1). Hence,
from Fp,(x) = x + xFp,o(x) + xFpy,, (x), we obtain

X
+

Fp(x)=1_x 1

X
B
"—B(0,0),

which gives the following result (see [2]).

Theorem 3.1. The generating function Fp1)(x) is given by

(1-x)2 = /(1 —x)(1=3x —x2 - x3)
2x(1 —x) '

3.6. Pattern 110

Let P = {110}, a;, = 0102---0mOm with m > 1, b, ; = 0102---0(m — 1)jm with 0 < j < m02, ¢, = ay-1m
with m > 2, and d,,; = 0102---0mj with 0 < j < m and m > 1. The generating tree 7 (P) satisfies the
following succession rules

0~ 0,01,
01 N> dl,O/ d1,1,
dm,m ~ dm,mr m>1,
dm,]' N> dm/]', dm,j+1/ .. -1dm,m—1/arm bm+1,]', 0< ] <m-— 1,
Cm ™ A1, Ay, M =2,
B~ o jy o o1 e, 0 < j <=2,

Ay ™ Ay, Cy1, M2 1
By translating these rules to equations, we obtain

Fpo(x) = x + xFp,o(x) + xFp01(x),
Fpo1(x) = x + xFp, ,(x) + xFp,, (%),
Fpa,,(x) =x+xFpg,,(x), m=1,
m=1
Fpg,;(x) =x+x Z Fp, (x) + xFpg, (x) + XFpy,.,, (x), 0<j<m-1,
i=]
Fp,(x) = x + xFpg, ., (x) + xFpy, (x), m>2,

m

Fpp, () = x+x ) Fpg, (), 0<j<m-2,
=

PP;am (x) =x+ xFP;um (x) + xPP;Cm-%-l (x)/ m Z 1'
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Define
A@©) = ) Pra, (x)0" 7, C@) = ) Fpe, (x)0" 2,
m>1 m>1
m—2 m
B(u,v) = Z Z Fpy,, ()02, D(u,v) = Z Z Fpy,, (x)0"%ul.
m>2 j=0 m>1 j=0

Thus, the above recurrence relations can be written as

Fpo(x) = % +7 foP;Ol(x)/
Froi(x) = 7= +D(0,0),
D(w,0) = v)zcl — 1 “—(D(1t,0) ~ uD(1,uv)) + T—(A(©) ~ uA(uv)) + xB(u,0),
X X
Clv) = m - E(D(O/ v) — D(0,0)),
BW,) = T _xv) T 1"_ 5 (D(w,2) = uD(1, 1)) - %D(O, v).

By guessing, we found that the solution to this system is given by

X

Fro() = g + 7 Fro(®),
x
Froi(x) = 37— +xD(0,0),
Av) = 1-x— V1-2x—23x2
S 2x(1-x)(1-v)
B(u,0) = ((r = Du?v? + (¥* = 3x + uov + 2% — (x = 1)?) V1 — 2x — 3x2

2x2(1 — x)(1 — 0)(1 — uo)(W?0? + (x — 1)uv + x2)
. (x=1D2x% +x = Du?0?* + (2x* =33 +5x = Quo +2x° —x* +x2 = 3x + 1
2x2(1 — x)(1 = v)(1 — uv) (U202 + (x — Duw + x2) ’
1-x-2x2—V1-2x-3x2
- 2x2(1 - 0) '
(uv +x — 1) V1 — 2x — 3x2 (x—Duox —x>—2x+1

2x(1 — x)(1 — 0)(u20? + (x — 1)uv + x2) - 2x(1 — x)(1 — 0)(u20? + (x — Duv + x2)’

C(v)

D(u,v) =

Hence, we can state the following result.

Theorem 3.2. The generating function Fig)(x) is

1-x—V1-2x—-3x2
2x(1 - x) '

Aswehave seen, the use of generating trees and the subsequent resolution of the corresponding system of
equations yields an explicit formula for the generating function F;)(x) foreach t € {000,001, 010,011, 012, 021, 100, 101,102, 1
However, for the remaining cases 7 € {120,201,210}, we were unable to determine the succession rules for
the generating tree 7 ({7}) or to solve the associated system of equations.

4. Pairs of patterns of length three

The number of pairs of patterns of length three is (};) = 78. By computing the sequences 1DS,(P)ILL,
for each pair P, we identify 23 candidate classes. In this section, we prove Theorem 1.1(2), namely, that
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there are exactly 23 D-Wilf-equivalence classes. Our method consists of deriving an explicit formula for
the generating function Fp(x) in all but two cases, namely {120,201} and {120, 210}; see Table 1. Note that
we omit the derivation of the generating function Fp(x) whenever the enumerations are simple or similar
to other classes.

No. | P | Fr(x)
1 ] {000,001}, {000,010}, {000,011} x+2:2+ 23 +
2 | {001,010}, {001,011}, {010,011} X+ 2
3 | {000,012}, {000, 102} X+ 2x2 + 335 + 3%
4 {000, 101} X+ 2x62 + 3x° + 3x* + 2x° + x°
5 | {000,110}, {001,100}, {001, 110} X237+ &
6 | {000,021} X+ 207+ 3% + 4xF + 320 + 220
7 | {011,100} X +2x62 + 32° + 25
8 | {000, 100}, {000,120}, {000, 201}, {000,210} K22 )
9 | {001, 7} with 7 € {012,021, 101, 102, 120, 201, 210}
{010, 7} with 7 € {012,021,100,101,102, 110, 120, 201, 210}
{011, 7} with 7 € {012,102} e
10 | {011,120} j?jg}
11 | {011, 7} with T € {021,101, 110,201, 210} 2,
12 | {012,100}, {012,101}, {012,110}, {100, 101}, {100, 102},
{101,102}, {102,110} “aj;§“
13 | {100,110}, {101, 110} T
14 | {021,100}, {101,120} fgﬁ%ggﬁﬁ
15 | {021,110} % see Example 2.2
16 | {012, 7} with 7 € {021,102, 120, 201, 210}
{021, 7} with 7 € {101,102}
{100, 7} with 7 € {120,201, 210}
{101, 7} with 7 € {201,210
{102, 7} with 7 € {120,201, 210}
{110, 120} o
17 | {021,201} 2 {021}, {021,210} £ {021} Theorem 3.1
18 {201,210} Theorem 4.1
19 {110,201} Theorem 4.2
20 {110,210} Theorem 4.3
21 {021, 120} Theorem 4.4
22 | {120,201} Open
23 | {120,210} Open

Table 1: Pairs of patterns of length three

Theorem 4.1. Let P = {201, 210}. Then the generating function Fp(x) is

xC(x)  1-V1-4x
1-x 2(1-x) °
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Proof. The generating tree 7 (P) satisfies the following succession rules

0~ 0,01,
01 ~» 010,01,
010 ~» 010, a0,1,1,40,1,2,
bm,]‘ N> bm,]‘, am,]-,]-, am,j,]q_l, . /am,j,m+2/

j+1—1
Am,i,j M (bn1+1,j)] 7 Wmijr Qi j+1s -« r Amyim+2,

3091

where a,,;; = 107 wit <i1<j<m+2andi:1<m+1,and v, ; = wit <j7<m+1.
h i (01)"0i0j with 1 <i < j 2 and i 1 db,] (01)"j0 with1 < j 1. By

translating these rules to equations, we obtain

Fpo(x) = x + xFpyo(x) + xFp1(x),
Fpo1(x) = x + xFp10(x) + xFpo1(x),
Z:‘P;OlO(x) =x+ xFP;OlO(x) + xpp;ﬂo,m (x) + XFP;ﬂo,l,z (X),

m+2
Fpiay, (¥) = X (j+ 1= DXy, , (1) + X ) Fra, , (3),
k=j
m+2

FP;bm,/ (X) =x+ xFP}bm,f (X) +Xx Z Fp;ﬂm,j,k (.X)
=

Define

m+1 m+2
_ m, m+1—j  j—i
A(u,v,w) = Z Z Z Fp;gm,,/](x)w v W™,
m>0 i=1 j=i
m+1

B(w,0) =Y Y Fpp, (0)o" w17,

m=0 j=1

Thus, the above recurrence relations can be written as

X x3 x3 a
== T U=t A A0+ 5,40.0,0),

x(1 + u — uow)

FP;O(x)

Alw,,w) = (1 - w)(1 — vw)(1 — uow)
_.2
N ii uB(v, w) — u*vB(1/u, uvw) — uB(0, w)
vw du 1—uv
X
+ 17—, (A0 v, w) - uA(u, v,w),
B(u,v) = al + x* B(u,v) + xA(1,u,0).

(1 -o)(1 - uo)

To solve this system of equations, we assume the following:
B(0,0) = xC3(x),

1- m)B(l, uv),

1-v

1-
A(u,v,w) = 1fZZJUA(u, 1, vw).

B(u,v) =

)
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Now, we solve the system (4)—(9) and then we check if our solution satisfies only the original system (4)—(6).
By (5)—(9), we obtain
vw(ux —u + 1)(x — 1)(1 — vw)*(1 — uovw)?A(u, 1, vw)
= x(1 — vw)?*(vw(l — uvw)*(x — 1) + ux — x)A(1, 1, vw)
+22(1 = x)(1 = u)(1 — vw)(1 — uvw)*C?
— x(uv*w?(1 — x)(uvw — u — 2) + vw(l — x)(1 + u) + x)(1 — ). (10)

By taking u = 1/(1 — x), we obtain an explicit formula for A(1,1,vw). Then by (10), we obtain an explicit
formula for A(u, 1, vw). Therefore, by (5) and (6), we have

A(u,v,w) = A, 0, w)C(x) + Ax(u, v, 0),

x(1 = x — uv)(x*(1 = x — uv)C3(x) — uv)
(1 = 9)(1 — uv)(u20? + 2uvx — uv + x2)(1 — x)2’

B(u,v,w) =

where
Ai(u,v,w) = —Qux* — x* = 2x + 1)(x — 1)x*
+ x20(Px — 1x% + ux® — 6ux® + 6ux — x> — 2u + 4x — 2)w
—0?(x — D)x®(u®x® — 2u®x + u® — dux + 4u + 1)w?
—2uvd(x — D)% (ux — u — D’ — (x — Dx?u?vtw?,
Ax(u,v,w) = —(x — Dx*(ux — 1)
+x0(u?x — u?x* + ux® — 4ux® + 3ux — x> —u + 3x — Dw
— 02 (x — Dx(ux® = 2ux + u? — 3ux + 3u + 1)w?
—2uv®(x — Dx(ux — u — Dw® — (x — 1)xvtuw?.

Note that the expressions of A(u, v, w) and B(u, v) that we obtained are satisfied (5)—(9). Hence, we obtained
an explicit solution for (5)-(6). Hence, by (4), we complete the proof. [

Note that Theorem 4.1 shows that the number of descent sequences of length n that avoid {201,210} is
given by 27:_01 ]%1(2]] ), for all n > 1. Thus, it will be interesting to find a direct combinatorial proof for this

fact.
Theorem 4.2. Let P = {110,201}. Then the generating function Fp(x) is

(®+x-1)
(=13 —x2-2x+1)

Proof. The generating tree 7 (P) satisfies the following succession rules

0~ 0,01, 01 ~» dq,cq,
em > Ay, O,y Ay > Ay by s,
Cin ™ Cmy bm i bm/ Cm+1,

Ay > dmr dmr Cim,s

where a,, = 0102---0m, by, = a,,0m, ¢,y = a,ym, dy, = a,0, and e, = a,,—10(m — 1)m. So, as in Example 2.2, we
find the generating function Fp(x) = Fpo(x). O

Theorem 4.3. Let P = {110,210}. Then the generating function Fp(x) is given by

1—x— V1—-2x—3x2
2x(1 — x) ’
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Proof. The generating tree 7 (P) satisfies the following succession rules

0~ 0,01,
01 ~w> ay9,a1,,
bm M am,m—ll am,mr
Am,j M Am,jy Om,j+1s + + + o Qmm=1,Cmy dm+1,j/ 0< ] <m-1,
Am,m ™~ Aygmy
Cim ™ Cy b1,

dm,j N Ay, iy A, j+1s - - -y Amms 0< ] <m-2,

where a,,j = 0102---0mj, b, = 0102 --0(m — 1)0(m — 1)m, c;, = 0102 - - - 0mOm, and d,, ; = 0102 - - - O(m — 1) jm.
By translating the succession rules to equations and then solving for Fpy(x), Fpo1(x), Fpy,,;(x), Fpp, (%),
Fpy, (x), and Fp,, (x), we obtain

m,j

Fpo(x) = f, Fpoi(x) = %,
Fpg, () = %—:ﬁn_m Fop (1) = & _xx)f +1,
P, (x) = 7o+ ¥ ”‘xlm—fml Fre, () = f,
=
where f = %, which completes the proof. O

Theorem 4.4. Let P = {021,120}. Then the generating function Fp(x) is
x(1-x)
1-3x+2x2—x3
Proof. The generating tree 7 (P) satisfies the following succession rules
0~ 0,01,
01 ~» by,01,
by~ by, A1, Qm2s -+ 7 Amm+1,

A1 v bm+1/ A1, Qm2s « -+ 7 Amym+1,

am,j ~ am,j/ am,j+1/ e Amm+1,

where a,,; = (01)"0j with 1 < j <m +1, by, = a,0. By translating the succession rules to equations and then
solving for Fp,(x), Fpo1(x), F Pt (x), and Fpy, (x), we obtain

x(1 - x) x(1—x+x?%)
Fp. = Fp. = -
Pol) 1-3x+2x2-x3' Por(®) 1—3x+2x2 - %3’
x(1—x+x?%) x
Fp. = , Fpy (x) = ,
Pians (%) (1 =3x+2x2 = x3)(1 — x)™ P (%) (1=3x+2x2 = x3)(1 —x)m!
x
FP?“W,/('X) = (1 _ x)m+2—f’

forallm >1and 2 < j < m + 1. This completes the proof. [
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5. Larger sets of patterns of length three

One direction to extend the results of the previous section is to study the D-Wilf-equivalences among
sets of k patterns of length three with k > 3. Here, we first compute the number of descent sequences
of length n = 1,2,...,11 that avoid a set P of k patterns of length three. Then, by similar methods, we
examine each class P individually by constructing the generating tree 7 (P), when necessary, and solving
the corresponding system of equations for Fp(x). This leads to the following result.

Theorem 5.1. Let di be the number of D-Wilf-equivalence classes among sets of k patterns of length three. Then
d3 = 28, d4 = 28, d5 = 26, d6 = 23, d7 = 20, dg = 17, d9 = 13, d10 = 11, d11 = 7, d12 = 3, and d13 =1

6. Patterns of length four

Another direction is to study the D-Wilf-equivalences among patterns of length four. Note that there
are 75 different patterns of length four. By computing the number of descent sequences of length n =
1,2,...,13 that avoid a given pattern of length four, we can conjecture the following D-Wilf-equivalences:

0100 £ 0101 £ 0102, 0122 £ 1022, 0123 £ 1023, 0132 2 1032, and 1002 £ 1012, which we next establish.

Lemma 6.1. Let 017 be any pattern of length m + 2 > 3 such that each letter in T is greater than 1. Then 01t 2 10r.

Proof. Let m be any descent sequence that contains the pattern 017. Then there exists a subsequence
TUTU T @ T, With 1 < j < ky < --+ <k, such that ; < 71; < minj<,<, 71x, and the subsequence my, - - - 7, is
order-isomorphic to 7. Since 7, > 7, there must be a descent in the segment 77,1 - - - Ty, _1, Sy T, 70741,
with 1tp, > 7, > m,41. It follows that the subsequence 7, 7,417, - - - Tk, is order-isomorphic to 107, which
implies that 7t contains the pattern 10t.

On the other hand, if a descent sequence @ = 717, - - - 71, contains the pattern 107, then n also contains
Olt,sincer; =0. [

By the above lemma, it follows immediately that 012 4102 (as we showed before), 0122 4 1022,

0123 £ 1023, and 0132 £ 1032. Thus, it remains to show that 0100 £ 0101 £ 0102 and 1002 £ 1012.
The generating trees 7 ({0100}), 7 ({0101}), and 7 ({0102}) have a root 0 and satisfies the succession rule

0~ 0,0. Thus, 0100 £ 0101 £ 0102 and Fioi00(x) = Fio101}(*) = Fio102 (%) = -

Theorem 6.2. The number of D-Wilf-equivalence classes among patterns of length four is 69.

Proof. By the above discussion, it remains to show that 1002 £ 1012. We establish this by finding the
generating functions Figoz)(x) and Fip12)(x).

Let us first determine the generating function Fyjg12(x). Any nonempty descent sequence that avoids
1012 can be written as either Ot or 017. Thus, Fii012)(x) = x + xFj1012)(x) + fo1. Any descent sequence of the
form 017 that avoids 1012 can be written as either 01, 0107’, or 0117”", which implies that fy; = X2+ for0+x for.
Now, consider the descent sequences of the form 0107 that avoid 1012. There are two cases:

(1) m contains a letter 1, say 7; = 1 with j minimal. In this case, 7t; € {0,1} for all i > j.
(2) m does not contain any occurrence of the letter 1.
In Case (1), we map 0107 to Ot - - - 77}71' where

,_{0 if 7; = 0,

m—1 ifm>2.
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In Case (2), we map 0107 to Omtj 7} - - - 715, where 7t is given by the above definition. This transformation

ensures that 07t} - - - 7'(}_1 or 07} 11, - - - 717, is a descent sequence that avoids 1012. Hence,

X
fow =g+ 1-27 where g = ¥*F1012) (x).

Solving this system of equations, we find
x(1 - 2x)
- (1-x)(1-3x+x2)
Similarly, we determine the generating function Fjopz(x). Any nonempty descent sequence that avoids
1002 can be written as either Ot or 017, leading to Fii002)(x) = x+xFj1002(X) + f;,- Again, any descent sequence

of the form 017 that avoids 1002 can be written as either 01, 0107, or 0117/, so fél =x2+ f(;lO + xf(;l. Now
consider descent sequences of the form 0107 that avoid 1002. There are two cases:

Fii012)(x)

(1) 7 contains a letter 0, say 7t; = 0 with j minimal. In this case, 7t; € {0, 1} for all i > j.

(2) m does not contain any occurrence of the letter 0.
In case (1), we map 0107 to O(rr; — 1) - - - (1rj-1 — 1), which is a descent sequence that avoids 1002. In Case (2),
we map 0107 to 0(ri; — 1) - - - (71, — 1), which is a descent sequence that avoids 1002. Therefore,

4 / X ’ /
foo=9 + =7 where ¢’ = x*Fj1002) (¥).

Solving this system of equations yields
_ x(1 —2x)
T (1-x)(1-3x+2x2)

Fi1002)(x)

Hence, 1002 £ 1012.

There are 75 patterns of length four. By computer data, we see that all the cases are trivial, but only 5
Wilf classes are not trivial, one class has 3 four-letter patterns, and 4 classes each have 2 four-letter patterns,
so the number of D-Wilf equivalence classesis 75 -3 -4 X2 + 5 = 69, as claimed. [J

7. Further Directions

The results of this paper suggest several directions for future work. One direction is to extend Theorem
1.1 to D-Wilf-equivalence classes of sets of k patterns of length 3. Another direction is to study natural
statistics on pattern-avoiding descent sequences. A further direction is to study vincular patterns in descent
sequences, following the work of Lin and Yan [10] (also, see [11]) on inversion sequences.
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