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Abstract. For a sequence of asymptotic negatively associated and identically distributed random variables,
we show a maximal weak law of large numbers and two general strong laws of large numbers in which the
coefficient of sum and the weight are both general functions. As a consequence, we obtain the Marcinkiewicz
strong law of large numbers. Finally, we get a Chung type strong law of large numbers for asymptotic
negatively associated random variables.

1. Introduction

As we all know, the limiting behavior of dependent random variables plays a very important role in
probability limit theory and mathematical statistics. As a type of dependent random variables, asymptotic
negatively associated (ANA, for short) random variables provide insights and tools for studying limit
theorems, moment inequalities, and stochastic processes. Consequently, studying the limiting behaviors
for sequences of ANA random variables remains a hot topic in probability theory.

Now let us recall some concepts of dependence structures. The first one is well known as the concept of
negatively associated (NA, for short) random variables, which was introduced by Joag-Dev and Proschan
(1983) as follows.

Definition 1.1. A finite family {X;,1 < i < n} of random variables is said to be NA if for every pair of
disjoint subsets A and B of {1,2, ..., n} and any real coordinatewise nondecreasing functions f; on R* and f,

on RE,

Cou(fi(Xi,i € A), fo(X;,j € B) <0,

whenever the covariance above exists. An infinite family of random variables is NA if every finite subfamily
is NA.
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Another important concept of dependent random variables is p*-mixing, which was introduced by
Bradley (1992) as follows.
Definition 1.2. A sequence {Xj, k > 1} of random variables is called p*-mixing, if

p*(s) =sup{p(S,T);S, T c IN,dist(S,T) = s} = 0
as s — oo, where

p(5,T) =sup {M : X € Ly(o(Xy, ke€S)),Y € Ly(o(Xi, k € T))}.

JVarX)Var(Y)

Based on the concepts of NA and p*-mixing, Zhang and Wang (1999) introduced the following concept
of ANA random variables.

Definition 1.3. A sequence {Xj, k > 1} of random variables is called ANA (or p~ — mixing), if
p(s) =sup{p™(5,T): 5T cN,dist(S,T) =2s} = 0

as s — oo, where

6T =0 { ColfiXsi€9) piXpjeT) o fzec}

\/Var(fl(Xi,i € S))\Var(fo(X;,j€T))

and C is the set of nondecreasing functions.

An array {X,;,1 <i < n,n > 1} of random variables is said to be rowwise ANA if for every n > 1,
{X,i,1 <i<n}are ANA.

It is easy to see that p~(s) < p*(s) and ANA implies NA if and only if p~(1) = 0. Therefore, ANA random
variables include p*-mixing random variables and NA random variables as special cases. Consequently,
the study of the limit properties for ANA random variables is of great interest. Since the concept of ANA
random variables was introduced by Zhang and Wang (1999), many interesting results have been estab-
lished. For instance, Ko (2014) studied the Hajek-Renyi inequality and the strong law of large numbers
(SLLN, for short) for ANA random variables; Huang et al. (2016a) established some complete conver-
gence, complete moment convergence, and mean convergence results for arrays of rowwise ANA random
variables; Huang et al. (2016b) investigated complete convergence and complete moment convergence
for weighted sums of arrays of rowwise ANA random variables; Huang (2018) investigated the complete
convergence for weighted sums of ANA random variables with different distributions and obtained some
equivalent conditions of complete convergence theorem for weighted sums and partial sums of ANA ran-
dom variables; Chen et al. (2019) studied the complete convergence and complete moment convergence
for weighted sums of ANA random variables and presented several sufficient conditions of the complete
convergence and complete moment convergence for weighted sums of ANA random variables; Wang and
Wang (2020) presented the Khintchine-Kolmogorov type convergence theorem, three series theorem and
the Kolmogorov SLLN for partial sums of ANA random vectors in Hilbert spaces; Deng et al. (2021)
presented the SLLN for weighted sums of m-ANA random variables; Wu et al. (2021) established a general
result on complete moment convergence and the Marcinkiewicz-Zygmund-type SLLN for weighted sums
of m-ANA random variables, which improve and extend some existing ones; Meng and Wu (2024) studied
the SLLN of linear processes with random coefficients generated by ANA sequences; Ko (2023) extended
the corresponding ones for random variables to H-valued random vectors and presented weighted version
of SLLN and complete integral convergence result, and so on.

Recently, Thanh (2024) proved the following theorem.

Theorem 1.1. Let {u,, n > 1} and {v,, n > 1} be two sequences of integers such that u, < v, foralln > 1 and
,}Eﬂ‘o(v" —u,) =oco. Let1l <p <2and {X,;u, <i<v, n>1}bean array of random variables such that for
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each n > 1. Suppose that there exists M,, > 1 which may depend on n such that for all 2 > 0, the collection
{Xo,i, un <1< v,} satisfies

Z ( X(ﬂ) X(“)

i=u,

E <M, Z x<”> (1.1)

i=uy

where
X = —al(Xys < =a) + X d(1 Xl < @) + al(X,,; > a).

Let {b,, n > 1} be a sequence of positive constants. If

sup ij Z )X, < oo, 1.2)
n2l Yooy
and
lim M, Z P( X, > eb,) = 0 forall & > 0, (1.3)
then
1 Z(Xm —EY,;) =50, asn — oo, (1.4)
bn i=uy , ,
where

Yn,i = _an(Xn,i < _bn) + Xn,i1(|Xn,i| < bn) + an(Xn,i > bn)/ U, <i<v,,n>1

Meng and Lin (2010) showed two general SLLN in which the coefficient of sum and the weight are both
general functions for the sequence of p-mixing and identically distributed random variables.
Hypothesis A. Let b(x), g(x) be real positive functions defined on the same domain [/, 00), p(x) = b(x)g(x), (0 <
h <1, b(x) or g(x) may not be well defined at the point &, but if so, xl_iirlo b(x)g(x) exists, and let ¢ () be equal

to the limit at this point) and the following conditions are satisfied:
(1) b(x) is increasing on its domain, and lim b(x) = oo
X—00

(2) @(x) is strictly increasing on [k, ), lim @(x) = oo, and its range is [0, o0);
X—00
(3) there exist constants g, c € R such that for every t € R,

t f f( < ap” () +e.

()

Theorem 1.2. Let b(x), g(x), p(x) be functions satisfying the conditions of Hypothesis A, and let {X,,,n > 1}
be a sequence of f-mixing and identically distributed random variables. Set

L, = EXnI(|Xn| < (P(n))
If E[p1(1X4])] < oo, then

— 0a.s., asn — oo.



C. Yiet al. / Filomat 40:8 (2026), 3097-3111 3100

Theorem 1.3. Let b(x), g(x), p(x) be functions satisfying the conditions of Hypothesis A, and let ¢(x) satisfy
the following conditions:

() If froo dx/@(x) is finite, then frm dx/@(x) < Ir/@(r)(r 2 1,11is a constant);

(i) If fr “ dx/ @(x) doesn’t exist or is infinite, then x/@(x) is nondecreasing and flt dx/@(x) < mt/pt)(r 2
1,t > 1,mis a positive constant).

Suppose that {X,,,n > 1} is a sequence of p-mixing and identically distributed random variables. If
E[¢71(1Xa])] < o0, and EX; = 0 when (ii) holds, then

— 0a.s., asn — oo.

b(n) Z g(k)

Inspired by Theorems 1.1-1.3, we aim to generalize these results to the case of ANA random variables.
The main results of the paper include a maximal weak law of large numbers and two general SLLN for
ANA random variables. However, by far, general SLLN in which the coefficient of sum and the weight
are both general functions for ANA sequence has not been obtained yet. In this paper we study such case
and show three general results, and as a consequence we obtain the Marcinkiewicz SLLN. Finally, we get a
Chung type SLLN for ANA random variables.

The rest of the paper is organized as follows. In Section 2, we present some lemmas, which will be
applied to prove the main results of the paper. Section 3 establishes the main results and provides the
proofs.

Throughout the paper, I(A) defines the indicator function of the event A. The symbol C denotes a
positive universal constant which is not necessarily the same in each appearance.

2. Preliminary lemmas

In this section, we will provide some important lemmas, which will be applied to prove the main results
in this paper.

The first lemma is about the Rosenthal-type maximum inequality and Marcinkiewicz-Zygmund type
maximum inequality for ANA random variables. The first inequality was established by Wang and Lu
(2006) and the second one can be obtained by the first one and the same method used in Theorem 2.1 of
Chen et al. (2014).

Lemma 2.1. Let {X,,n > 1} be a sequence of ANA random variables, EX,, = 0, E|X,|7 < oo for some
g > 1 and for every n > 1. Then there exists a positive constant C depending only on q and p~(.) such that

j q n n 1
E({nax Y x ) < c{ Y e+ (Y Ex?) } for g >2, @.1)
e = i=1 i=1
j q n
. .19
E({?% Zx, )SCZElel forl<g<2. 2.2)

Il
—_

i i=1

By Lemma 2.1 and the Markov’s inequality we can get the Kolmogorov inequality for ANA random
variables.
Lemma 2.2. Suppose that {X,,,n > 1} is a sequence of ANA random variables with EX,, = 0 and EX2 < .
Then for any ¢ > 0, there exists a positive constant C such that

ZX >g)<—ZEX2

(nlax
1<k<n
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By Lemma 2.2 and the subsequence method, we can get the following result which is similar to that for

the independent random variables.
Lemma 2.3. Let {X,,, n > 1} be a sequence of ANA random variables. If

i Var(X,) < oo,

n=1

then Y ,” (X, — EX,) converges a.s.

2.3)

Proof of Lemma 2.3: Without loss of generality, we set EX, = 0, 5 := Z?zl X;. For each m > n, by

Lemma 2.2 and (2.3) we have

C - m,n— o0
0<P(Sy~Sil 2 ) < Z EX2 2%, 0,

i=n+1
then for any ¢ > 0,

lim P(|S, — Sul > €) =0,

m,n— 00

and thus {S,} is a Cauchy convergence sequence under probabilistic convergence. By virtue of completeness,

. . P .
there exists a random variable S such that S, — S. Thus, there exists a subsequence {1} such that as k — oo,

S 25 8.

Also due to

ZP max |S, =Sy, | > e)
= Ng—1 <N<ny

(o] Ny

SIS 3 we
k=1

i=np_1+1
C (o]
2
= = Z EX2 < oo,
k=1

which together with Borel-Cantelli lemma yields that

—_

C
&2

IA

[g]

max |S5,—S |E>O, ask — oo.

Nj—
N1 <n<ny k=1

By (2.4), (2.5) and subsequence Lemma, we obtain
S, 258, asn — oo,
which implies that

(oY)
Z X, converges a.s.

n=1

That is to say,

Z(X” — EX,,) converges a.s.

n=1

The proof is completed.

(2.4)

(2.5)
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We can get the next lemma by Zhang and Wang (1999).
Lemma 2.4. Let {X,,, n > 1} be a sequence of ANA random variables. If f,(-),n > 1 are all nondecreasing (or
nonincreasing), then {f,(X,), n > 1} is still a sequence of ANA random variables.

By Lemmas 2.3 and 2.4, we can easily get the following three series lemma.
Lemma 2.5. Let {X,,n > 1} be a sequence of ANA random variables, and X{ = —pn)[(X, < —¢@(n)) +
XuI(1Xn] <€ o)) + (n)[(X, > @(n)), where @(n) is a real positive function, which is strictly increasing on the
domain. If the following conditions are satisfied:

Z P(IXul > (1)) < oo, (2.6)
n=1
Z EX;, converges, (2.7)
n=1
Z Var(XS) < o, 2.8)
n=1

then Y, X, converges a.s.
Proof of Lemma 2.5: By Lemma 2.4, we have {X{,n > 1} is a sequence of ANA random variables. By (2.8)
and Lemma 2.3, we have

Z(Xﬁ — EX}) converges a.s., (2.9)

n=1

which together with (2.7) derives that
Z X}, converges a.s. (2.10)
n=1

Moreover, by (2.6) we have

D P # Xi) = ) Pl > () < oo.

n=1 n=1
Then by Borel-Cantelli lemma, we have

P({Xy # X;,},i.0.) = 0. (2.11)
By (2.10) and (2.11), we have

(o9
Z X, converges 4.s.

n=1

The proof is completed. ]

3. Main results and their proofs

Our main results and proofs are presented as follows.
Theorem 3.1. Let1 < p <2 and {X,;,1 <i < n,n > 1} be an array of rowwise ANA random variables,
{b(n), n > 1} be a sequence of positive constants. If

1 n
J— P
sup s ; ElX, ! < oo, (3.1)

n>1
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and
lim » P(X, > eb(n)) =0foralle >0, (3.2)
i=1
then
/ P
M {rslja;; ;(Xn,i —EY,))| — 0, asn — oo, (3.3)
where

Yo = =b(mI(Xy; < =b(n)) + Xi,il(1X,i] < b(n)) + b(mI(X,,; > b(n)), 1 <i<nn=1

Proof of Theorem 3.1: Let £; > 0 be arbitrary but fixed. Then

j
P[ 1 max Z(X”'i —EY,))| > 81]
=1

b(n)1<]<n
]
> €1, Xl <b(n),V1<i< n}

Z( ni = EYn,i)
j

Z(Xn,i —-EY,))

1
P ( {b(n) o5

1
U1 oy max

> Elrlxn,il > b(?l),EI 1<i< n})

< [{njax 2% EY,)|> 81b(n)] +P(U<|Xm| > b(r)|
< ZP(IX,,ll > b(n)) +P[max Z(ym EY,)| > éﬂ?(ﬂ)] =L + L.

i=1

Lemma 2.1, we have
2

L < - EYW‘)

It follows from (3.2) that lim; = 0. It thus remains to prove limIl, = 0. By using Markov’s inequality and
n—oo n—-o0o
2b2(n) [1< ]<n
n

2b2<n Z

= 2b2( " Zl: (EXZ I(1 Xl < b(n)) + B2 ()P(1 X, > b(n)))

wn)
= = Z T f P (Xl > u'/?) du. (3.4)

111

IA

Let 0 < £ < 1/2 be arbitrary. By using Markov’s inequality, (3.1) and (3.4), we have

C n 1 £2b?(n)
L < ?Z T f P(IXyil > u!/?) du
; 0

C 1 (e "
+— P Xyl > u*)du
8% P b*(n) Lbz(n) ( i )
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C & EX il ffzbz@) 1
0

= 2 2 —n u
S b%(n) up
Cwv 1 b2(n)
Y2 Lipm) f P(|X;,,i| > eb(n))du
81 i=1 (n) gzbz(n)
Cyv EXull 5, Cv
< — ’ p L ‘
S 2L - 2 Z,P(IXWI > eb(n))
=1 193
C n
< CeT+ 2 2 P(1Xyl > eb(n)). (3.5)

1 =1
Since 0 < € < 1/2 is arbitrary and 1 < p < 2, it follows by (3.2) and (3.5) that lim I, = 0. The proof is
completed. O

Theorem 3.2. Let b(x), g(x), p(x) be functions satisfying the conditions of Hypothesis A, and let {X,,,n > 1}
be a sequence of ANA and identically distributed random variables. Set

Yy = —pmI(X, < —p(n)) + X, I(1X,| < @(n)) + m)[(X,, > p(n)).
If E[@~1(|X1])] < oo, then

1 v Xc—EYq
— ——— —> 0a.s.,, asn — oo.
Z; g(k)

Now we present two examples to illustrate Theorem 3.2.
Example 3.1. Consider the Cauchy random variable introduced by Adler (2007) as follows: A random
variable X is said to have an asymmetrical Cauchy distribution with a slight twist, if its probability density
function is

P
o= {257

()

ifx >0,
ifx <0,

where p, g > 0 with p+4q = 2. Itis the usual Cauchy distribution if p = g = 1. Itis easy to check that E|X]| = oo
but E|X|log™* |X| < co. Take g(x) = xlog®* x, b(x) = log? x and thus ¢(x) = xlog?x, where > 0. It follows
from Theorem 3.2 that for a sequence {X,,, n > 1} of random variables identically distributed as X,

n

! Z X _fyk — 0as., asn — oo.
logf n = klog Pk

n

Moreover, Adler (2007) proved that ¥ P(X| > ¢(n)) < e and - 1. E’j{’ff;E;Q’” — L. Therefore, if the
n=1 k=1

distribution is asymmetrical, i.e., p # g, then we have

n

1 X p—q
- a.s., asn — oo,
logﬁ n ; klog27ﬁ k 7B

which has been obtained by Adler (2007); and if p = g, we still have

n

L Z X;( — 0a.s., asn — oo,
logf n = klog Fk

since EXI(|X| < @(k)) = 0 for any fixed 1 <k <n,n > 1.
The following example shows the generation of a Cauchy sequence that satisfies the ANA structure.
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Example 3.2. Let U = (Uy, -+, U,) obey the multivariate normal distribution N,,(0, ), where X = (0ij)uxx is
the covariance matrix such that ojx = 1 and 03; < 0 for k # j,1 <k, j < n. Let {Wy,---,W,} be a sequence
of independent x*(1) random variables which is also independent of U. Now let X; = U/ VW,. Ttis easy
to see that X follows the standard Cauchy distribution for each 1 < k < n but the sequence {Xy,--- , X,}
is dependent. It is not known whether it is ANA since the covariance is not defined. However, from the
proof of Theorem 3.2, one can see that it suffices to show that {Yy,---,Y,} is ANA. It is evident that

Cov(Yy, Y)) = E[Cov[(Yy, Y)W <0

Therefore, Theorem 3.2 also holds true under this situation.
Proof of Theorem 3.2: Note that

f P(|Xn| > <p<n>) = ip(qfluxn) > n) <E|p™ (X)) < eo.

n=1 n=1

We have
Y PG # Y = Y P(1l > ) < o
n=1 n=1

Set

Ap =1{X, # Yy}, A=limsupA,.

n—oo

By the Borel-Cantelli lemma, we obtain

P(A) =0, P(A) = 1.

Note that
2 = EX2I{|X, = E@?(n)I{|X,
Z EY; Z {l 2|<(P(H)}+Z p-(n) {|2 | > ()} .
n= 1 n=1 (I’l) n=1 ¢ (n)

For I, we have
b =Y P(X,| > p(m) < Elp™ (Xa))] < co.

Next, we deal with I;. Foreveryw € A, there exists an mg € N, such that o™ (|X4]) < mo, and ™ 1(|X1]) > mo—1.
So for every w € A, we get

o XEI{IXa] < () f XH{IXal < @(m)) . i XH{IXal < @(m))

n=1 (pz(l’l) n=1 (pz(n) n=moy+1 (pz(l’l)
00 XZ 00 dx
< 2+ L <24 X3 f
n:;o‘ﬂ P*(n) mo PH(X)
oo dx
< 2+X2f <2+ap (IXq]) +c.
Mo 9200 T L

Then we have

(o)

= EXAHIX0| < (n)) 2[{I1X1] < p(n))
= Z > Z

s =, @2(n) < 2+aE[p7 (X1l + ¢ < oo
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Consequently, we obtain

= Var(Y,)
)} o2m

n=1

Since {Y,/@(n),n > 1} is also a sequence of ANA random variables, it follows by Lemma 2.3 that

)

Z ﬂ converges a.s
p(n) ges s

n=1

By 0 < b(n) T oo and the Kronecker lemma, we have
n
—Z— — 0a.s., asn — oo.
k=1

o
Remark 3.1. Theorem 3.2 gives a class of SLLN for the sequence of ANA and identically distributed random
variables. If we take different b(x), g(x) and ¢(x) that satisfy the conditions of Theorem 3.2, we can get some

SLLN in specific forms. For example, if we take b(x) = x%(O <p <2),9x) =1,¢x) =b(x)g(x),x € [0, 00), then
. on
we can get the Marcinkiewicz type SLLN n™? ) (Xx — EYx) — 0a.s., as n — oo. If we take b(x) = logx, g(x) =
k=1

x*(a > 1/2), p(x) = b(x)g(x), x € [1, 00), then we can get logarithmic SLLN loén Y Xk;—fYk — 0a.ss.,asn — oo.
k=1

Theorem 3.3. Let b(x), g(x), p(x) be functions satisfying the conditions of Hypothesis A, and let ¢(x) satisfy
the following conditions:

() If frm dx/@(x) is finite, then fym dx/@(x) < Ir/@(r)(r = 1,1is a constant);

(i) If fr * dx/@(x) doesn’t exist or is infinite, then x/@(x) is nondecreasing and flt dx/@(x) < mt/p(t)(r 2
1,t > 1,mis a constant).

Suppose that {X,,n > 1} is a sequence of ANA and identically distributed random variables. If
E[p~1(IX1])] < o0, and EX; = 0 when (ii) holds, then

Proof of Theorem 3.3: In the proof of Theorem 3.2, we have proved

Y PUXal > p(n)) < oo,
n=1

Y, = —pm)I(X, < —p(n)) + X, 1(X,] < p(n)) + p(m)I(X, > p(n)).
Noting that {Y,/@(n),n > 1} is a sequence of ANA random variables, by Lemma 2.5 in order to prove

n (e8]
1 X o
o] k§1 g(_llé) — 0as., asn — oo, it is only needed to prove ngl EY,/p(n) converges. Now we shall prove
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Z EY,/@(n) converges both in case (i) and case (ii).
Suppose (i) holds. We have

(9]

Z (i(l;n) < Z _(p(ln)E X1 I{1X1] < p(n)}
n=1 =1
’ (1")E’ ~ PIIXy < =@} + pI{Xy > @)} := L5 + L.
n=1

For I, we obtain
i :
— ¢(n)

Plo7' (%) > n) < Elp™0xul)] <

[

=Y PlIXul > p(m)}

n=1

Iy Elp(m{| Xl > ¢(n)}

IA
[1e 1

[y

n=

For I3, we have

00 n

L < % EIXI -1 < 97 (X)) < j)
w1 POV o
< YL PP = 1< 97 (% <
n=1 (P( )
—_— . — _1
- ;(pg)pg 1<¢ (IXll)—])Z P
< ~ 4 v dx
< ]Z:;(p(])P(] I<g (IX1I)<])[ o0) f] (p(x)]
00 ~ ) l]
< Loori-1<e700 =5+ 5]

-
Il
—_

(+1)) PG -1 <™ (1X1]) < j)

n=1
= a1+ i Pl (X1 > 1)
n=1

< I+ 1)1 +Elp~' (IXaD)]) < eo,

IA

Consequently, we have

E converges

1

Suppose (ii) holds. Noting that EX; = 0, we have

(];(Yn") _ Z (p% — PMI(X,y < —p(n)) + Xul(1Xul < P(n)) + Q(MI(X,, > <P<”>>)'
=1 n=1
< Z ﬁ IX11I(1X1| > @(n)) + Z @% PMI(Xnl > @(n)) := I5 + I.
n=1 n=1
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For I, we have

[ee]

Is = )" PO > p0) < Y (97 (%) > ) < Elp (X)) < o
n=1

n=1

For I5, we obtain
I; = EIXq)I{j < Xih<gi+1
5 an(p()Zmu@un)] )

o)

< ,,Zl‘(P(n)Z‘P(]Jrl P(j < 9~ (1XaD) < j+1)
- e(j+DP(j < o' (X)) < j+1)
]Z; ! Z(p(n)
j+1
< Z(p(]+1)P(]<<P_1(IX1I)<]+1)[ o) fl %]
. 4 ) 1 m(j + 1)
< ;@(]+1)P(]<q0 1) = j+ 0 + S|
< (m+1)Z(j+1)P(j<(p‘1(|X1I)SJ’+1)
j=1
< (m+1)ij(j—1<qo‘1(|X1I)SJ')

j=1

= 4 D1+ Y P@X) > m)
n=1

< (m+ 1)1 +E[p ' (1X1])]) < oo.

Consequently, we obtain that

Z converges
1

Thus, Z EY,/@(n) converges both in case (i) and case (ii). So Theorem 3.3 is proved. O
n=1
By Theorem 3.2 and Theorem 3.3, we can get the Marcinkiewicz SLLN for ANA random variables.

Corollary 3.1. Suppose that {X,,,n > 1} is a sequence of ANA and identically distributed random vari-
ables. If E|X;|P < oo for some 0 < p < 2, then for some finite constant a,

1 n
7 Z(Xk —a) — 0as., asn — oo.
A

If 0 < p < 1, then a can be taken arbitrary real number. If 1 <p < 2, thena = EX;.

Proof of Corollary 3.1: If 0 < p < 1, then for arbitrary real number a,

n

n‘l/pZa — 0asn — oo.
k=1
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Thus in order to prove

n
n-lp Z(Xk —a) > 0a.s., asn — oo,
k=1

it is enough to show that

n
n_l/pZXk — 0a.s., asn — co.
k=1

If 1 < p < 2,a = EX;, without loss of generality, we put EX; = 0. So, for 0 < p < 2,p # 1, we only need to
show that

n
n’l/pZXk —0a.s., asn — oo,
k=1

which is true by taking

bx)=x,0<p<2,p#1, xe[0,0);
g(x) =1, x € [0, 00);
P(x) = b(x)g(x), x € [0, 00)
in Theorem 3.3. For p = 1, b(x), g(x) and ¢(x) satisfy the conditions of Theorem 3.2, so we obtain

n

nt Z(Xk —EYy) > 0as., asn — oo,
k=1
where Y = —p(K)[(Xk < —p(k)) + Xk I(IXil < @(k)) + (k) I(Xik > @(k)). And noting that EYy — EXj, we have
n
n 'Y X — EXjas.,asn — 0. So Corollary 3.1 is now proved. ]
k=1

Theorem 3.4. Suppose that {X,,,n > 1} is a sequence of ANA random variables with EX,, = 0 for all #,
and {c,, n > 1} is a sequence of positive real numbers with c, T co. Let ¢, : Ry — R, be Borel functions and

leta, 21,8, <2,C, >0,D, >0 (n > 1) be constants satisfying

i
v$y=>C _"IZ’;—% Dniﬁn. (3.6)
1f
E¢u(IXal) |)
ZA o) < (3.7)

] n
where A, = max{1/C,, Dy}, then ), X, /c, converges a.s., and in consequence, 'Y X; > 0as.,asn — oo.
n=1 i=1
If we take a, = 1,8, = 2,C, = D,, = 1, then we can get the Chung type SLLN.

Corollary 3.2. Suppose that {X,,,n > 1} is a sequence of ANA random variables with EX,, = 0 for all n,
and {c,,n > 1} is a sequence of positive real numbers with ¢, T co. Let ¢, : R — R be positive, even and

continuous functions such that 1,,(x)/x and x?/1,,(x) are nondecreasing for x > 0. If Y Ev,,(X,,)/Wn(cy) < 00,
n=1

n
thenc,! Y X; — 0a.s., asn — oo.
i=1
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Proof of Theorem 3.4: Put Z, = —c,I[(X,, < —c,) + X, I[(IX,,]| < ¢,) + ¢, I(X,, > ¢,),n > 1. It follows from
(3.6) that on the set {x : |x| < ¢,} we have

2 B
WP P, )
C% Cﬁ" an(Cn)

Thus, we obtain

)

72 =
ZE(E):Z f _dFX,ZX)+le(|X|>cn)_[7+18
{ } n

n=1 =<e,

For I;, we obtain

. Pn(lxl) E(1Xal) ‘o
Z e ) )_ZA e < (3.8)

{Ixl<cy}
Next, we deal with Ig. On the set {x : |x| > ¢,}, we have

)

Cn Ci;y" - n¢n(cn).

By Markov’s inequality, we get

EIXulI(1X0| > cn) E¢nu(1Xal) I)
Is < _— < 3.9
5 an Cn Z Ebn(cn) 3.9)
Consequently, by (3.8) and (3.9), we have
Z E (—2”) < 00,
n=1 Chn
Noting that EX,, = 0, we get
0 EZ” 0 1 )
| = P Y - f xdFx, (¥)| + Y PXol > ¢0) = Is + .
n=1 n=1 n=1
{Ix>cn}
For Iy, we have
S Pn(lx]) E(1Xal) |)
<) A dFx (x) < Y A, 00, (3.10)
; Pulcn) Z “ulen)
{lxl>cn}
Using the same method as (3.9), we obtain
I < oo. (311)

Consequently, by (3.10) and (3.11), we have

(o)

EZ

IEZ:l < oo,
Cn

n=1
Finally, we have
1A

n=1

Xu
Cn

> 1) i f dFx, (x) < nf:An z:((bj; dFx, (x)

=1 =
"=Hid>cn) {Ixl>ca}
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v, En(IXa)
< LA <

Theorem 3.4 now follows from Lemma 2.5. m]

n=1
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