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Baues-Wirsching cohomology and Svarc genus in small categories
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Abstract. We prove that for a bifibration P between small categories, the length of the cup product in the
kernel of the induced morphism P* in the Baues-Wirsching cohomology with coefficients in any natural
system, is a lower bound for the Svarc genus of P. Our results extend classical Svarc-type inequalities to

the categorical setting and introduce a computationally efficient method via a reduced cochain complex for
Baues-Wirsching cohomology.

Introduction

The Svarc genus of a continuous map f: X — Y is a well-known homotopy invariant which, in an
informal sense, measures how far Y is from being dominated by X through f. Formally, the Svarc genus of
f is the least integer n > 0 such that there is a cover {Uy, ..., U,} of Y by open subspaces that admit local
homotopic sections. Specifically, for every i € {0, ...,n} there is a continuous map s;: U; — X that satisfies
fos; = 1; where (;: U; — Y is the inclusion (see [16]). If we impose that the maps s;: U; — X are true
sections (not only up to homotopy), then we define the sectional number of the map f. Both notions are
equivalent for fibrations. The Svarc genus of a map is not only significant in itself but also generalizes two
other important notions: namely the LS-category ([8]) and the topological complexity ([9]).

The study of topological invariants of small and acyclic categories has recently gained importance
in different areas of research such as Computational Topology, Geometry, Combinatorics and simplicial
methods. This importance stems, among other factors, from the suitability of such structures for developing
algebraic combinatorial models that reflect interactions between different objects offering complexity and
flexibility that are not achievable by simplicial complexes or preorders (see, for example, [6, 10]).

The LS-category and the topological complexity were studied in the context of small categories in [19]
and [13]. In this work, we undertake the task of defining and studying the notions of sectional number and
Svarc genus in the context of small categories.
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In the context of topological spaces, the length of the cup product of the kernel of the induced morphism
p*: H(B) — H(E) in cohomology serves as a lower bound for the Svarc genus of a fibration p: E — B (see
[16]). This inequality provides excellent lower bounds for computing the LS-category and the topological
complexity of spaces.

In the context of small categories, Baues and Wirsching introduced a cohomology theory with coefficients
in a natural system D endowed with an endopairing ([3, 5]). Our main result in this work is the following
Svarc type inequality in the context of small categories for Baues-Wirsching cohomology: the length of the
cup product in ker H(P; D) is a lower bound for the Svarc genus of P. Moreover, we develop a computational
improvement for such cohomology by means of a reduced cochain complex which greatly simplifies and
facilitates the computations.

The paper is organized in two sections. In Section 1 we further develop the notion of relative Baues-
Wirsching cohomology [4] and introduce the novel notion of relative cup product in order to define cup
length in this context. Furthermore, we introduce an improvement in the computation of Baues-Wirsching
cohomology by introducing a reduced cochain complex. To improve readability and ensure the exposition
is self-contained, we have included some preliminaries on Baues-Wirsching cohomology from scratch and
a fully detailed example (Subsection 1.7).

Section 2 deals with the following topic. First, we prove some properties of bifibrations and we
highlight a remarkable family of bifibrations: coverings of small categories. Second, we introduce the
original notions of sectional number and Svarc genus of a functor and prove that both notions coincide for
bifibrations (mirroring what happens in the topological context). Finally, we prove the main result of this
work: Theorem 2.20. This result is a Svarc inequality for bifibrations which claims that the length of the
cup product of the bifibration (a purely algebraic invariant) is a lower bound for its Svarc genus.

In this paper we will assume that all categories are small unless stated otherwise. Moreover, if C is a
category, we will denote by Obj(C) its set of objects, by Mor(C) the morphisms of C and by C(c;, ¢2) the set
of arrows between the objects ¢, c; in C.

1. Cohomology of small categories

We introduce the notions of relative cohomology with coefficients in a natural system and relative cup
product for small categories (see [4]). To this end, we first review the fundamentals of cohomology of small
categories with coefficients in a natural system (see [3, 5]) and establish the notation.

We encourage parallel reading of the fully worked out example (Subsection 1.7) along with this section.

1.1. The factorization category of a category

Let C be a small category. The category of factorizations of C, denoted by FC, is the category whose
objects are the morphisms of C and whose morphisms from A: A — B to y: C — D are the factorizations

(a,B): A —
B —— D
T

A (T C
which make the diagram commutative, that is, u = @ o A o . The composition of morphisms is defined as:
@,p)o(,p)=(a"oa,pop).

Remark 1.1. Every morphism (a, B) in FC can be factorized as (o, p) = (idp, ) o («,ida), as in the following
diagram:
B—“y DD

T A

A4L—A+—C
ldA ﬁ
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Remark 1.2. Forany category Camorphisma: A — Binduces two morphisms (a,ida): ida — aand (idp, @): idg —
ain FC, as in the following diagram:

A—2% B By p
idAT aT idBT a
Ad— 4 B+— A

Remark 1.3. For every category C, we have the functor w: ¥ C — C defined as (1) = Codom(A) and n(e, f) = a.

Any functor F: C — D between two categories induces a functor F: FC — F D between their factorization
categories, defined as follows. For every morphism A we have F(1) = F(A) and for every factorization («, )
of by A we have F(a, B) = (F(a), F(B)), which is a factorization because

F(a) o F(A) o F(B) = F(a o A o 5) = F(u).

It is easy to check that GoF =GoF for two composable functors F: C —» Dand G: D — &.
Moreover, this construction is natural in the sense that we have the following commutative diagram

¥fC —— C

i)

FD — D
where the horizontal arrows are the functors defined in Remark 1.3.

1.2. Natural systems and cohomology

Natural systems will be the coefficients of Baues-Wirsching cohomology of small categories (see [3]). A
natural system in the category C is a functor D: #C — Ab, from the category of factorizations of C to the
category of abelian groups. We will denote D(«a) by D,. Moreover, if a = ids we will denote its image by
Dg.

Remark 1.4. Every morphism D(a, B) can be factorized using Remark 1.1. Indeed
D(a, B) = D((idp, B) o (a,id)) = D(idp, ) o D(a, ida).
We will denote by av. and p* the morphisms D(a,id4) and D(id 4, B) respectively.

Remark 1.5. For any functor F: C — D and any natural system D: FD — Ab in D we have a natural system
F'D in C given by F'D = D o F (see [3]).

Let n > 1 be a natural number. The chains of length n or n-chains of C are the sequences of n composable
morphisms Ay,..., A, inC:

A An
Ap —— - & A,

We denote by N,(C) the set of n-chains. Moreover Ny(C) will be the set of identity morphisms of C, or
equivalently, the objects of C.

Let F*(C; D) (sometimes denoted simply by F") be the Abelian group of n-cochains of C with coefficients
in D, i.e., the Abelian group of all maps

fiN© - ) Da
aeMor(C)
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such that for every n-chain (A4, ..., A,) we have that f(A4,...,4,) € D(A;0---0A,). Forn =0, Fo(C; D) is
the set of maps f: Obj(C) — Uacopjcc) Da such that f(A) € Da.

Consider the coboundary operator
&' F"1(C; D) — F'(C; D)

given by the following formula:

(A, e, M) =Af(Aa, ., An)
n—1
+ Y (U o A0 Aoy M)
i=1

+ (=1)"A5 f(A1, ..., Aucr),

where the morphisms A1. and A}, are generated by the following diagrams in the sense of Remark 1.4:

/\1 idAO
A —— Ap Ay —— Ao
AZO"'OAnT T/\]O"‘OA;« Alo"'OszflT TAlo'"O/\n
An T An An—l (A_ An
n n

Moreover, for n = 0 we have
8°(A) = A(A) - A°(B),

where A = Dom(A), B = Codom(A) and A, and A* are defined as in Remark 1.4.

Definition 1.6 ([3, 5]). The cohomology of the category C with coefficients in the natural system D, denoted by
H"(C; D), is the cohomology of the cochain complex (F*(C; D), 6), that is,

ker 6"

H”(C,' D) = W

The cohomology with coefficients in a natural system is functorial as expected. Let F: C — Dbe a functor
between two categories, and let D be a natural system in D. There is a morphism F*: H*(D; D) — H"(C; F'D)
for all integers n > O (see [3, 5]). Moreover:

Proposition 1.7. Let F: C — D and G: D — & be two functors between small categories and let D be a natural
system in &. For each integer n > 0 we have three morphisms:

1. F*: H"(D; G'D) —» H"(C; F*(G*D)).
2. G*': HY(&; D) -» HY(D; G'D).
3. (Go F)*: HY(&; D) —» HY(C; (G o F)*D).

Observe that the natural systems F*(G*D), (F* o G*)D and (G o F)*D are the same as a consequence of functoriality.
Then (Go F)* = F* o G".

Proof. First, we have
(GoFyYD=Do(GoF)=DoGoF =G'Do (F) = F(G'(D)).
Take any chain (44, ..., A,) in N,(C) and any cochain f € F*(&; D). Then

F(G (N, -, A) = G (H(E(A) 0 -+ 0 F(A,))
= f(G o B)(A),...,(G o F)(Ay)).

So the morphisms in cohomology are also the same. [
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1.3. Relative Cohomology

Let C be a small category, D a natural system on C and let 1: U < C be a subcategory of C. Recall that
we have a natural system *D in U by the composition D o {. For each integer n > 0 the inclusion induces a
morphism ™ : F'(C; D) — F(U, *D).

Definition 1.8. For each non-negative integer n > 0 we define the group of cochains of (C; D) relative to U, denoted
by F(C,U; D), as the kernel of the morphism (™.

Proposition 1.9. The groups F"(C, U; D) form a cochain subcomplex of F*(C; D).

Proof. We must only prove that if f isin F"~1(C, U;D) then 6(f) is in F*(C, U;D). Take any n-chain (A4, ..., A,)
in U, then the n — 1 chains (A,,...,A,), (A1,...,A; 0 Aiyq,...,Ay) and (Aq, ..., A,—1) are in U because U is a
subcategory, hence, f vanishes in them. So

S(F)(A1, - Aw) =M1 f(Aa, ey An)
n-1
Y (DA, Ao A, )
i=1
+ (—1)n/\;f(/\1, ey /\n—l)
=11.(0) + (=1)":(0) = 0.
0

Definition 1.10. We define the cohomology of C relative to U with coefficients in D, denoted by H*(C, U; D), as
the cohomology of the cochain complex (F*(C, U; D), 0).

By definition of relative cohomology, there is a long exact sequence
-+ = H'(C,U; D) - H'(C; D) - H(U; D) — -+ M
where i* is the morphism in cohomology induced by the inclusion i: U — C.

1.4. Cup product

Let D, D’, D" be three natural systems in the category C. A pairing p: (D;D’) — D” is a natural way to
associate each 2-chain (A1, A;) with a homomorphism

HA,n0) ¢ DI(Al) ® DN(AZ) - D(/\l o AZ)

We will denote by x - y the element p(x ® y). Moreover, the association is natural in the sense that it satisfies
the following three identities ([3, Def. 5.19]):

L (gx)-y=x-(g.y)
2. flx-y) =(f0)-y,
3. h'(x-y)=x-(h"y).

Remark 1.11. If the three natural systems are the same system D the pairing i (D; D) — D is called an endopair-
ing.

Consider a pairing u: (D; D’) — D”. The absolute cup product
—: H'(C;D)® H"(C;D’) —» H"""(C;D")
is defined by first defining the homomorphism on cochains that takes f ® g into f — g given by
(f = DO, Ay Aty ooy Aem) = f(A1 o A) = gt - Anm)

and then defining a morphism in cohomology: {f} — {g} = {f — g} where {f} denotes the cohomology
class of the cocycle f. This is well defined since we have the following lemma.
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Proposition 1.12 ([3, Lemma 5.201). The cup product satisfies:
o(f —g9)=(6f) — g+ (-1)"f — (69) 2)
where f is an n-cochain.
By an inductive argument, we can extend Identity (2).

Proposition 1.13. Let fi,. .., f, be cochains of degrees my, ..., m, respectively, then:

n

S(fi— = fi)= Y (DN fi— e — Of) = = fo 3)

p
where Ny = 0and Niyq = Z§=1 mj,1<i<n.

. Now we will prove that the cup product behaves well when we have a functor F: C — D between two
categories.

Proposition 1.14. Let F: C — D be a functor between two small categories and let D1, Dy, D3 be three natural
systems in D with a pairing u : (D1, Dy) — D3. We have a pairing F*u : (F*Dq, F*'Dy) — F*Ds. Let

F:H(O;D;) - H(C,F'D;), i=1,2,3,
be the morphisms induced by F in cohomology. We claim that

F(f} — {gh) = Fi({f) — Fy(igh)
for the absolute cup product determined by F*p.

Proof. The existence of the pairing F*u follows from the fact that if (11, A;) € N»(C) is a 2-chain then we have
a morphism

F'ug,, 1) : F'D1(A1) ® F'D2(A2) — F'D3(A1 0 A3)
given by
F 1) = e Fon))-
Take any elements f € F*(D, D;) and g € F"(D, D;), we have:

F(f — )My ooy Apem)

=(f — pER), ..., F(Ansm))

= f(F(M), ..., F(An)) - g(F(As), -« o, F(Aiem))
=F1f(A, e An) - By g, - - o) Anem)-

O

1.5. Relative cup product and cup-length

A family of subcategories {U, ..., U,} of the category C is a geometric cover if for every chain in C there
issome i € {0,...,n} such that the chain belongs to U;.

Recall the definition of the union of two subcategories. For U and V two subcategories of a category
C we define the subcategory U U V as the smallest subcategory of C that contains all the objects and
morphisms of both U and V, as well as all their compositions.
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Definition 1.15. Let C be a category, U be a subcategory and {U, . .., U,} a geometric cover of U = Uy V.. .UU,.
Let D be a natural system in C with an endopairing u: (D, D) — D. We define

—:F(C,U;D)®---F"(C,U,; D) - F'(C,U;D) 4)
(wherep = po + -+ + pu) by
(fo—" = fu)Ar, ..., Ap) = fo(Ar, . Apy) -+ fu(Ap,, ooy Ap)
where P; is the sum py + - - - + pi—1. This induces a relative cup product
—: H"(C,Uy;D)®---H"(C,U,; D) —» H’(C,U; D). (5)
Proposition 1.16. The products defined in Equations (4) and (5) in Definition 1.15 are well-defined.

Proof. The morphism (4) is well defined since we have a geometric cover. Indeed, the cochain fo — -+ — f;
vanishes in every chain in U. By definition, for any p-chain (44,...,A,) we have that

(fO ~ fn)(Al/'- '//\p) = fO(/\lw‘ '//\po)"‘fl’l(/\P,,+1/"'/Ap)'

But since the chain (A4, ..., A;) is in U and we have a geometric cover, the chain belongs to some U;. Hence
the subchain (Ap,41,...,Ap,,) isin U, so fi(Ap+1,-..,Ap,,) = 0 and the cup-product also vanishes.

Now we will see that morphism (5) is well-defined. Formula (3) ensures after a tedious computation
that if we have two sequences fo, ..., f and f;, ..., f; such that {f;} = {f/} then

o= fub=Hfg = — fik

In the case of two elements the proof goes as follows.

If we have four cochains f, f* € F'(C, Up; D) and g, g’ € F"(C, U;; D) such that {f} = {f'} and {g} = {7},
we will prove that {f — g} = {f" — g’}

Aswe know f = f' + 6hy and g = ¢’ + 6hy with hy € F*"Y(C, Uy; D) and hy € F""(C, U, ; D), by using the
fact that 0 is a derivation (Formula (2)) we have

(f — A1, - A, Anst, - Asm)
= fA, oo An) - g, oo M)
= (F 4 Oty A) < (g + 1)t i)
= f/()\ll v An) !]I(/\n+1/ ooy Aptm)
+ (A1, oo, A) - Oha(Aps, - ooy Apemn)
+0h1 (A1, .., Aw) - g (Aust, - Anam)
+0h1 (A1, ..., Ay) - Oha(Ast, + ooy Apa)
=(f'— g +f — Ohy+0h1 — g +0h1 — ha)(A1, ... Apam).

But we also have that
1. 0(f — hy) = 0f — hy + (=1)"f — Ohy = (=1)"f — 0Ohy, since O6f = 0;
2. 8(h — g) =0h1 — g+ (-1)"hy — 6g = 6hy — g, since 6g = 0;
3. 8(hy — Ohy) = 6hy — Ohy + (—1)""thy — 80hy = 6hy — Ohy, since 66 = 0.
Therefore
feg=f — g +6(=1)"f — hy+hy — g+hy — Ohy).
O

Proposition 1.16 will be needed in the main result of this paper (Theorem 2.20) where geometric coverings
with 7+ 1 subcategories are considered. A two-factor cup product would need {Uy, . .., U;} to be a geometric
covering of Uy U --- U U; for each i < n.
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Lemma 1.17. Suppose that we have a geometric cover {Up, ..., Uy} of U = Uy U ... U U,. Let us consider the
morphisms

yi: H'(C,U; D) - H'(C;D), i=0,...,n,

and
y: H(C,U; D) - H'(C; D),

as in the exact sequence (1). We claim that

y(fo == ful) = vollfoh) — - — yul{fu)).

Proof. We know by the definition of y that y({fo — --- — f,}) is the cohomology class of the cochain
fo — -+ — fu, taken in H*(C; D). From the definition of the relative cup product and the fact that it is well
defined in cohomology, we have that

(o= fub =1fo} = — {fu)-

Finally, for every i € {0,...,n} we have that y;{f;} = {fi} where the right part of the equality is the class
defined in the total cohomology. Then the proof is complete because

yfo—-—fuah)={fo— = fuk ={fol — - = {ful
= VO({fO}) ~ o Yn({fn})

O

Definition 1.18. Let C be a category with a natural system D and an endopairing p: (D; D) — D. We define the
cup-length of the cohomology H(C; D) as the largest integer n > 1 such that there are n elements &1,...,&, in
H(C; D) of degree greater than or equal to 1 such that & — -+ — &, # 0.

In a similar way, we can define the cup-length of any subset of H(C; D).

1.6. A computational improvement

We develop a computationally cheaper way to compute the Baues-Wirsching cohomology of a small
category (Definition 1.6). More precisely, we show how to obtain the cohomology from two different
projective resolutions of the constant functor Z: ¥C — Ab (see Definition 1.19 and Corollary 1.32). On the
one hand, by applying a derived functor to the first resolution, we recover the cochain complex (F*(C; D), 0)
defined by Baues and Wirsching. On the other hand, by applying the derived functor to the second
resolution, we obtain a reduced cochain complex F*(C; D), §) satisfying H*(F*(C; D), 6) = H*(F*(C; D), 6). The
reduced cochain complex is the subcomplex of the cochain complex F*(C; D) given by the cochains f such
that f(Ay,...,A,) = 0if A; = id (A; is an identity) for any i € {1,...,n}. An element f € F*(C; D) will be
referred to as a non-degenerate cochain.

Recall that for a small category C, the category of functors [F C, Ab] is an abelian category with enough
projectives and injectives [7, Section 1.1]. It is known that for every natural system D: ¥ C — Ab we have
that lln D = Nat(Z, D) ~ H%(C, D) [7, Section 1.2]. Hence, we can define the right derived functor with an
injective resolution:

0->D—-—> > —...

and compute the cohomology of the chain complex obtained by applying Nat(Z, ).
Dually, we can begin with a projective resolution of Z:
0—Z Py P, ..

7

then we can apply Nat(—, D) to obtain a cochain complex, and finally, we can compute its cohomology.
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Definition 1.19. For each non-negative integer n, we define P,: ¥ C — Abas:
P, = EB ZHom(A, -),
A=210200(A1 e 1 )EN, (C)

where we denote by Z.S the free abelian group generated by a set S.

Remark 1.20. For each p € FC, ZHom(A, p) is the free abelian group generated by all factorizations («, B) of p by
A ie., all aand B such that y =aoAo}p.

Remark 1.21. For each morphism p there is an isomorphism between P,(u) and ZN,.,(C)(u) where
N,(CO)(w) = {(A1, ..., An) ENL(O)lu = Ay 0---0 Ay}

Indeed for each element u we have that

Py(u) = & ZHom(, p)
A=Aj0--0A,,A1,...,A €N, (C)
= D z
pU=aoA10-:01,08,(a,A1,..;An,B)EN112(C)

= ZI\In+2 (C)([J)

Definition 1.22. We define a natural transformation 6,,: P, — P,_1 term by term. For each morphism p we define
o P, (u) = Pu_1(u) given by:

65 (Ao, vy Aps1) = Z(—l)i(/\or---,)\i o Aist, oo, Ans1).
i=0

Proposition 1.23. It holds that

O—Z Py P, ...

as previously defined (Definitions 1.19 and 1.22) is a projective resolution of the constant functor Z.

Proof. Thereis a contracting chain homotopy sﬁ : Py(1) = Ppi1(u) givenineach i as follows: sﬁ (Ao, .., Auy1) =
(1d/ /\0/ crcy An+1) [5] |

Now we will see how to recover the original definition of Baues-Wirsching cohomology from this
construction.

Proposition 1.24. Let D: #C — Ab be a natural system. For each A: ¢ — d there is a natural isomorphism
Nat(ZHom(A, =), D) = D(A).

Proof. Let a: ZHom(A,—) = D be a natural transformation. We can define an element in D(A) by the
image under a of the neutral element (id,, ids) € ZHom(A, A), i.e., ap(idg, id.).

Reciprocally, suppose that we take an element v € D(A). We can define a natural transformation a given
by a,(id4,id;) = v. Indeed, we can naturally extend this to a natural transformation. For each u there is a
morphism a,: ZHom(A, u) — D(u) given by taking any (y,): A — u to the element a,,(y, ) = D(y, B)(v).
This is obviously a natural transformation by the functoriality of D. [

Proposition 1.25. Let D: ¥C — Ab be a natural system. We have that: Nat(P,, D) = F*(C; D).
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Proof. This follows from a chain of equivalences:
Nat(P,, D) = Nat((P) ZHom(4, -), D)
= [ [ Nat(Hom(1, -), D) = [ [ D(1) = F'(C; D)

where we always assume that the coproduct and product is indexed by all n chains (14,...,4,) and
A=A1o---0A,. O

Moreover we can obtain a reduced cochain complex.

Definition 1.26. Let n be a strictly positive integer. We define the natural system P}, as:

P, = & ZHom(), -),
A=Ajo0-0A,,A4,...,Au €N (C)

where N (C) is the degenerate nerve, i.e., N;,(C) is the set of chains (A1, ..., A,) such that there is somei € {1,...,n}
with A; = id, i.e., being an identity. We also define P, as the constant functor 0.

Remark 1.27. There is also a nice expression of the previous chain complex if we evaluate in a morphism p.

P = D ZHom(A, ) =
/\=A10"'O/\”,(A1 ..... An)EN;,(C)

Z.
H:LYOAl O.NOAVIOﬁI(Al .An)EN;(C)

Hence, P;,(u) is the free abelian group of all n + 2-chain (A, ..., Ays1) such that there is at least one interior arrow in
the chain such that is an identity, ie., A; =id for0 <i<n+ 1.

Proposition 1.28. Restricting the natural transformations 6, from Definition 1.22 we have a projective resolution
of the constant functor 0.

Proof. First we prove that we can restrict the natural transformations. Indeed, take a morphism u and
chain (Ag,..., Ay41) such that g = Ag o ... A, and there is 0 < i < n + 1 such that A; = id. We have
that 65 (Ao, ..., Ans1) is the alternating sum of compositions. If we have that k # i — 1,i then the chain
(Ao, -+, Ak © Aks1, - .., Ay) is also degenerate since it contains the morphism A;. If k =i — 1 or i we have that
Aoy -, Aimroid, Ay, oo, Aus1) = (Ao, oo, Aic, Ay oo, Ay) = (Ao, - o, Az, id o Ay, ..., Ayy1) and the alternate sum
of them is 0.

Now we can see that is also a projective resolution since the homotopy defined by O e =
(id, Ao, ..., Au41) takes a degenerate chain to a degenerate chain and we also have the desired result. Fur-
thermore, since P = 0 we have a resolution of 0. [J

Definition 1.29. We define the functor P, as the quotient % More precisely, for each A we have P,(A) = II;”—EAA;

Remark 1.30. D,(A) is the abelian group generated by all chains (Ao, ..., A1) of length n + 2 such that A =
Ago---oApand A; #id forany 0 <i<n+1

Using the previous Proposition we obtain that this defines a new projective resolution of Z.
Corollary 1.31. There is a projective resolution of Z given by P,
With this we can define the wanted reduced cochain complex.

Corollary 1.32. We can define the cohomology of a small category with a natural system D: ¥C — Ab with
the previous projective resolution. This means that H*(C, D) is the cohomology of the cochain complex given by
Nat(P,, D) = F*(C; D) where F*(C; D) is the abelian group of non-degenerate cochains, i.e., it only takes nonzero
values in the non-degenerate cochains.
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Proof. 1t follows from the fact that P, can be expressed as

EB ZHom(A, )

A=A o~~0/\,,,(A1 ----- /\n)ENn(C)

where N(C) denotes the nontrivial chains and the group of natural transformations between P, and D is
precisely F*(C; D) using a similar argument as the one given in the proof of Proposition 1.25. [J

Furthermore, it can be shown how the relative cohomology constructions and the cup product also work
for this definition of cohomology.

The abelian group morphism **: F*(C; D) — F*(U; D) can be restricted to a morphism i"*: F"(C; D) —
F"(U; D). We will also have a cochain subcomplex F*(C, U; D) given by the kernel of the previous maps.
Moreover the cohomology groups of this cochain complex will be the same as the one defined in Definition
1.10.

Proposition 1.33. The cohomology groups of the cochain complexes F*(C, U; D) and F*(C, U; D) are the same.

Proof. We have a commutative diagram of cochain complex

F(C,U; D) ———— F(C;D) —~— F(U; D)

1 T T

F(C,U;D) ——— F(C;D) ——— F(U;D)

where the horizontal sequences are short exact sequences, the two rightmost vertical arrows are the
inclusions that take a non-degenerate cochain to a cochain that vanishes in degenerate chains and the left
vertical arrows is induced by the universal property of the kernel. Since the two leftmost vertical inclusions
induce cohomology isomorphisms, the last one also induces a cohomology isomorphism by the Five lemma
in the long exact sequence in cohomology given by the two short exact sequences. [

In turn, the cup product is also well-defined since if we take two non-degenerate cochains f € F(C; D)
and g € F*(C; D) and a degenerate chain (A4, ..., Ayim) where A; = id for some i then

f ~ g(Alr'--//\n+m) = f(Alz---r/\n) : g(/\n+1/-'-r/\n+m) =0

since f(A1,...,Ay) =0ifi <nand g(Ays1,..., Apsm) =0ifi 2 n + 1.

1.7. An example

We illustrate how to compute Baues-Wirsching cohomology and the cup-length for a specific category
and natural system. Let S be the small category depicted in the following diagram (identities are omitted):

a

c D
b

Its factorization category FS is generated by the following diagram:
a

c i
p

id dp
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An example of a natural system D in the category S is:

ZVZ’YZ
N

where p: Z — Z, is the projection.
We will show that the cohomology groups are

HY(S;D) =7, HYS;D) = Z, and H(S;D) = 0 for n > 2.

We will use the reduced cochain complex. We will denote a 0-cochain f € (S, D) by (c,d) where
f(idc) = c and f(idp) = d. In a similar way we will denote a 1-cochain g € F'(S, D) by (a, b) if g(a) = a and
g(B) = b. Since all chains of length n > 2 are degenerate we have that F"(S; D) = 0. Using these notations,
the coboundary map is given by

8%(c,d) = (c —d,[c +d])

and
"=0(m=1).

Hence we have

HYS;D)=kerd® ={(c,d) e Zx Z:c=d,[c]=[d]} = {(c,c) e Zx Z} = Z.

Also,
Ims° = {(c - d,[c +d]): (c,d) € Z X Z}
and
ker ! = FY(C; D),
so,
ker 6!
1 . — _
H(S;D) = me -~ 22

Moreover, we know that H"(S; D) = 0 for every integer n > 2. Therefore, the cup-length of H(S; D) is at
most 1 for every endopairing since H*(S; D) = 0. In particular we know that the cup length of H(S; D) is 1
for the endopairing in which we define the product as the multiplication by an integer with the structure
of a bimodule.

Now consider the subcategory generated by the object C, i.e., the subcategory with only one object and
the identity morphism. We can compute the relative cohomology by using the following facts:

¥ (c,d) = (c),
*(a,b) = (0).

So we conclude that:

F(S,C;D) = {(0,d)},
FY(S,C; D) = {(a, b)).

The coboundary maps are given by
8°(0,d) = (~d, [d)).

Hence, it can be verified that H’(S, C; D) = 0 and HY(S, C; D) = Z,.
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2. Bifibrations, Svarc genus and sectional number

In this section, we recall the notion of a bifibration, state and prove some of its properties, and provide
some relevant examples. After that, we introduce the notions of Svarc genus and sectional number of a
functor, and we prove some of their properties and the main result of the paper.

2.1. Homotopy in small categories

We begin by recalling the notion of homotopy in small categories as introduced by Lee ([11, 12]) and by
establishing some notation.
The interval category 1L, of length m > 0 consists of m + 1 objects with zigzag arrows,

0—1e—2—- - — («—)m.

Given two small categories C and D we denote their product by Cx D. Let F,G: C — D be two functors
between small categories. We say that F and G are homotopic, denoted by F =~ G, if, for some m > 0, there
exists a functor H: C x I, — D, called a homotopy (of length m), such that Hy = F and H,, = G.

2.2. The notion of a bifibration

In this subsection we follow the references [1], [20, Appendix A], [17], [21] and [15, Chapter 12], as well
as [19, Section 4].

Let P: & — B be a functor. A morphism ¢ € E(ey, e2) is Cartesian (with respect to P) if, for every arrow
B € E(e, e2) and every arrow a € B(Pe, Pe;) such that P(¢) o @ = Pp, there exists a unique arrow a € E(e, 1)
such that ¢ o @ = p and P(a) = a (see Diagram (6)).

el P(er)

S ‘

e—Fr e Pl —> Ple)

Definition 2.1. A functor P: & — B is a fibration if for any arrow ¢ € B(by, by) and any object e, € Obj(E) such
that P(ey) = by, there exists a Cartesian arrow ¢ € E(ey, ep) such that P(¢p) = 5 The arrow ¢ is called a Cartesian
lift of ¢ with codomain e;.

Definition 2.2. Let P: & — B be a fibration. We define & as the fiber of P over b € Obj(B), i.e., as the subcategory
of & with objects e € Obj(E) such that Pe = b, and with arrows v € &(ey, ep) such that Pv = idy. These arrows are
called vertical arrows.

The Cartesian lift of a given 5: b1 — by with a given codomain e, is unique, up to a unique vertical

arrow. This follows from the unicity in the definition of Cartesian arrow.
By using the axiom of choice, we can take a particular lift, which will be denoted by

Cart(, e): ¢'ey — ey

This particular choice defines a functor ¢*: &,, — &,, where the image of a vertical arrow v € &, is given
by the unique arrow ¢ v making the following diagram commute:

—+  Cart(p,e;)
b er — e

b

6 .

<l

|

vl
\‘,
— art(qﬁ e)

6
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It corresponds to the diagram

-
L0

. bl
///// \LCart % \l/¢)
by ? by < b

Qe —r e —7 e

The functoriality of 6 follows again from unicity. It is called the pullback functor.
Let P°P: EP — B°P be the opposite functor of P: & — B.

Definition 2.3. The arrow @: e; — e in & is op-Cartesian for the functor P if the opposite arrow @°P in EP is
Cartesian for P°P. Explicitly, this means that for any given p € E(e1,e) and any given a € B(Pey, Pe) such that
a o Pop = PB, there exists a unique a € E(ey, e) such that a o @ =  and Pa = @, as in the following diagram:

e1 ﬁ) e Pey E) Pe
ol el 7
e Pe,

Definition 2.4. A functor P: & — B is an op-fibration if for any map ¢: by — by in B, and for any object
e1 € Obj(E) with Pey = by, there exists an op-Cartesian arrow @: ey — e; such that P = .

Again, this op-Cartesian lifting is unique up to a unique vertical isomorphism. Then we can choose some
particular lifting
opCart(p,e1): e1 — @61
so defining a functor
¢, 8y = &y,
between the fibers.

Definition 2.5. We say that the functor P: & — 8 is a bifibration if it is both a fibration and an op-fibration.

Remark 2.6. Observe that the notion of bifibration is more general than the notion of fibration for the model structure
on the category of small categories in [18]. More precisely, our definition allows categories fibered and cofibered over
any small category ([14, Proposition 3.1]), while the one presented in [18] only allows categories fibered and cofibered
over groupoids.

Example 2.7. Let E be a groupoid of two elements and 8 the group Z, regarded as categories, i.e, we have
the categories:
h

i o)
A,AB .
Yy

where hoh =id,, f o g =ids and g o f = idg. We define the functor P: & — B as the one that takes every
object to @ and satisfies P(f) = P(g) = h. This functor is a bifibration.

2.3. Homotopy lifting property

Let m € IN. We define the functor ip: C — C X I, which sends each object c to (c,0) and each arrow
fic1 = cpto f X idg. The functor P: & — B satisfies the right homotopy lifting property if for any diagram:

c—5 5 ¢

L

CXI[mT>B
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there exists a functor H: C x I, — & such that the following diagram is commutative:

c—>¢
| 5
im /// P

CXI[m T>B

Using Proposition 4.2 and Corollary 4.3 in [19], it follows:

Proposition 2.8. Let P: & — B be a functor between small categories. If P is a bifibration then it satisfies the right
homotopy lifting property.

The next result, Proposition 2.9, will allow us to speak about the homotopy invariants of “the fiber” of
a bifibration.

Proposition 2.9 ([19, Proposition 4.4]). Let P: & — B be a bi-fibration. If by and by are two objects in B such that
there is a morphism u: by — by, then there is a categorical equivalence between the fibers &y, and &Ey,.

2.4. Pullbacks

We now prove that the pullback of a bifibration is a bifibration. Let P: & — 8 be a bifibration and
F: 8" — B a functor between small categories. Consider the diagram:

&

v )

858
The pullback of P by F: 8’ — 8 is the limit in Cat of Diagram (7):

g 5e
b
B 5 B
The category &’ is the subcategory of 8’ x & with objects (C, D) such that F(C) = P(D) and morphisms
(f, ) such that F(f) = P(g).

Proposition 2.10. The pullback of a bifibration is a bifibration, i.e., if we have the following diagram:

g B
Pl

858
with P a bifibration and &' the pullback of P, then P’ is also a bifibration.

Proof. First, we will prove that P’ is an op-fibration. Take any morphism f: C — D in B’ and fix a lift of C.
This means that we take a pair (C, X) in & We can lift f to the morphism (f, f) with f a Cartesian lift of F(f)
with X as the domain. This can be done since P(X) = F(C).

We claim that this morphism is a Cartesian lift of f. Indeed, take the following situation:

g

7

%) -2 4,y C A

(ff)l

(D, E) D

~
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We can lift i to (1, /1) where /1 is the lift of F(h) that has the lifting property. That means that we have the
following situation:

X —Lyy FC) =2y F(A)
=

’i R F(f)l F(i)

E F(D)

Proving that P is a fibration is totally analogous. [J

2.5. Coverings

In this subsection we prove that coverings of small categories are examples of bifibrations.
Let C be a small category and let C be an object of C. We define the sets:

Uc ={f € MorC : Codom(f) = C}

and
Fc =1{f € MorC : Dom(f) = C}.

In other words, Uc is the set of morphisms that have C as their target and #¢ is the set of morphisms that
have C as its source .

Any functor P: C — D between small categories induces maps Pq;.: Uc — Upc) and Pg.: Fc = Fp(o).
Both maps are defined by the property that if we have a morphism f with domain or codomain C then the
morphism P(f) has the object P(C) as its domain or codomain.

Definition 2.11 ([2]). A functor P: & — B is a covering if it is surjective on objects and for every object C the
morphisms Pq. and Pg_. are bijective.

Proposition 2.12. Every covering is a bifibration.

Proof. First let us see that P is a fibration. Let f: C — D be a morphism in 8. If we fix an element D such
that P(D) = D, we can lift f using the fact that Pq;; is a bijection between Uy and U, 5 = Up. We will
denote that lift of f by j?and the source of this map by C, so j? C - D. Now suppose that we have the
following situation :

C C
oo

E—SD E-—=D
g g

We must define /i: E — C such that when we put it in the left diagram we get a commutative diagram and

P(ﬁ) = h. The lift 1l exists because we have a bijection P(uEbetween Uz and U, 5 = Uc. Moreover we have

P(C)
that f o = g. On the one hand, we have that f o i = Py, (f) o P;;_(h). On the other hand, if we apply P to
D C

the previous term we get:
P(Py; (f) © Py (D) = P(Py (f)) o P(Py (1) = foh = g.

Now we can prove that f ol = g since the bijection between U5 and Up gives us the wanted equality,

because P(7) = g = P(f o h).
Proving that P is also an op-fibration is totally analogous and follows from the fact that we have the
bijection Pg.. [

Remark 2.13. Note that the definition of covering is equivalent to the one given in [18] for functors surjective on
objects since a discrete groupoid is the same as a discrete category.
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Example 2.14. Let S be the category:

C D

g
7

of Subsection 1.7 and let & be the category:

D, ;
LYV( KZ
1
ﬁl\‘ AZ
D,

C G -

The functor P: & — 8 defined by P(C;) = C, P(D;) = D, P(a;) = a and P(B;) = p is a covering and
therefore a bifibration.

2.6. Svarc genus and sectional number

The aim of this section is to introduce for the first time the notions of sectional number and Svarc genus
of a functor; to show that they coincide for bifibrations; to prove Theorem 2.20 and to show it in an example.

Definition 2.15. Let P: C — D be a functor. We define its sectional number, denoted by sc(P), as the least integer
n > 0 such that there is a geometric cover (U, ..., U} of D by subcategories that admit local sections, that is, such
that for everyi € {0, ..., n} there is a functor s;: U; — C which is a local right inverse of P, in the sense that Pos; = 1;,
where 1;: U; — D is the inclusion.

Example 2.16. In the case of the bifibration defined in Example 2.14 there is no global section. Otherwise
we would have P(C) = C; and P(D) = Dj; but if we have a lift of @ we can not have a lift for § and vice versa.
Nonetheless there are local sections for the subcategories:

cC—-5D and CL)D.

So we can conclude that sc(P) = 1.

Definition 2.17. Let F: C — D be a functor, we define its Svarc genus, denoted by Sg(P), as the least integer n > 0
such that there is a geometric cover (U, . .., Uy} of C by subcategories that admit local homotopic sections, i.e., such
that for every i € (0, ..., n} there is a functor s;: U; — D that is a local right homotopic inverse of F, in the sense that
Pos; ~ 1; where 1;: U; — C is the inclusion.

Proposition 2.18. For every bifibration P: & — B we have that
Sg(P) = sc(P).

Proof. We always have that Sg(P) < sc(P) since a local section is also a homotopic section. To prove the other
inequality take any geometric cover {Uy, ..., U} with local homotopic sections s;. For eachi € {0,...,n} we
have a homotopy H: U; x I, — B such that Hy = P o s;, H,, = 1; and the following diagram commutes:

U —— &
o] lp

W,'X][m T) B

Now by the right homotopy lifting property (Proposition 2.8) there is a homotopy H: U; x I, — & such
that Po H,, = H,, = 1;, so H,, is a local section of P. [
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Example 2.19. The bifibration defined in Example 2.7 has no global section since for every functor S: 8 — &
we have that S(h) = idp() because there are no other endomorphisms from P(e) into itself. Hence we can
not have a section because

P o S(h) = P(S(h)) = P(idp)) = ide # h.

In this case the only subcategories of 8 = Z, are the trivial one and the total one, so if we want a geometric
cover it must contain the total category. Therefore we can conclude that sc(P) = oo.

We now prove the main result of the paper.

Theorem 2.20 (Svarc inequality). Let P: & — B be a bifibration and let D be a natural system in B with an
endopairing. The cup-length in ker P*, denoted by c.p.l.(ker P*), is a lower bound for the Svarc genus of P:

c.p.l(ker P) < Sg(P).

Proof. We assume that the Svarc genus is finite since otherwise the result is trivial. By Proposition 2.18
we know that Sg(P) = sc(P) so we can assume that we have local sections and not only local homotopic
sections. Let {Uy,..., U,} be a geometric cover of B such that every Wj has a local section sj. Let
{fo},..., {fu} be cohomology classes in ker P* C H(8B; D). We have (; = P os; for each j € {0,...,n} and
therefore L; =(Posj) = s; o P*; thus, every class {f;} is in ker l; since it is in ker P*.

Using the exact sequence (1):

HY(8, U;; D) 2> H'(8; D) - H'(U;; D)

we have that every element {f;} is of the form {f;} = y;({g;}).
Now if we use the relative cup product defined in Proposition 1.16 and using the fact that we have a
geometric cover, it follows that there is a morphism:

—:H(®B,Uy;D)®---H(B,U,;D) > HB, U, U---UU,; D).
Moreover we have that
HB, U, v---UU,;D)=H(B,8;,D) =0.
This entails the wanted result using Lemma 1.17. Indeed, we know that
ot ==l ={fo =~ ful =0.
O

We will now examine two examples in which the inequality is applied. In the first, the inequality
becomes an equality, whereas in the second, it remains a strict inequality.

Example 2.21. We know that in the case of Example 2.14 the Svarc genus is 1 as we showed in Example
2.16. Let us see an example of a natural system in S such that c.p.l.(ker P*) = Sg(P).

Indeed, take the cohomology defined in the example of Subsection 1.7. In that case we have that the
coboundary map 8°: FO(E, P*D) — FY(, P*D) is defined by:

81, c2,d,dy) = (1 — dy, 2 = da, [y + da], [e2 + i),
where we take an element f € F}(&; P*D) to be of the form
(f(an), f(a2), f(B1), f(B2))-
The morphism P*: FY(S; D) — F}(&; P*D) is defined by
P(a,B) = (a,a,[B] [B])-
So if we take the generator {(1,[0])} of H(S; D) we have that
P*(1,[0]) = (1,1,[0],[0]) = &°(0,1,-1,0).

Hence we can conclude that {(1, [0])} € ker P* and c.p.l(P) = 1 for the endopairing defined in Example 2.16.
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Example 2.22. Let P2 be the category generated by the diagram:

a B
e Y a
X Y Z
A
ap ‘[;2

V2

where f1oa; =y1 =froarand 1 o ar = y» = 2 0 a;1. Let & be the poset:
X1 —
“2
lz xl%
l¢ " xi

where we denote the morphism between X; and Z;iby )/].. The functor P: & — P2 defined by P(A;) = A
for every object, P(ai,) = aj, P(,B;) = f;and P()/;) = yjis a covering and therefore a bifibration.

Let IF, be the constant functor that takes everything to the finite field with 2 elements and the pairing
given by multiplication. We have that the reduced cochain complex associated to (P2, IF;) is equivalent to:
F>F->F->0-...

where the morphisms are
61(x,y,z) =(x+yx+yy+z,y+z,x+z,x+2)
and
6% (a1, a2, B1, B2, Y1, 72) = (a1 + B1 + Y1, @2 + o + Y1, Q0 + f1 + Y2, a1 + P2 + 72).
It follows that HY(P2; F,) = IF, and H*(P2; IF,) = [F,. Moreover, the generator f of H(P2;F,) is given by
f=1(1,0,0,1,1,0) since 6*(@) = 0 and f ¢ Imo'. Furthermore,
f~f=@00110) - (1,0,0,1,1,0)
=(1-0,0-1,0-1,1-1)#0
and since (0,0,0,1) ¢ Im&* we have that {f} — {f} # 0.

Let us compute the cohomology of & with coefficients in IF,. We have that the reduced cochain complex

is equivalent to:
FSo>F?>F->0-...

where the morphisms are

1 _
6 (x1/x2/ ]/1, ]/2, Zl/ZZ) -

(1 +y1, %1+ Y2, X0+ Y1, X0+ Yo, Y1 + 21, Y1 + 22,
Yo+ 21, Y2 + 20, X1 + 21, X1 + 22, X2 + 21, X2 + 22)

and

20,1 1 2 2 0l ol p2 p2 01 1 2 2y
6 (all 0(2/a1/ 0(2151152/ﬁl/ﬁzr’)/lr’)/zr’yll‘yz) -
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T ,alyal 1yl il 1,201 1, p2. .1
(ap+ B +ypa+B+yya+pi+y,a+B+7,,

L B - R - R B R S N, S
ap+ Py e+ B+, + i+ Y0+ B+ )

One can check that HY(&; IF,) = 0 so the generator « of H!(P2;F,) is in ker P* and c.p.1(P) = 2 because in this
case {a} — {a} # 0.

Using the inequality of Theorem 2.20 we know that we need at least 3 subcategories in order to cover
P2 with a geometric cover with the property of having a local section. In this case, the inequality is strict
since one can check that we need 4. Indeed, suppose that we had only three subcategories. Since the cover
is geometric, by the pigeonhole principle there is at least one subcategory that has two 2-chains, i.e., it
contains one of the following subcategories:

B o
o -\ /JN b
X —Y Z X Y — Z
\ﬁ/‘x N
> 2

In both cases we can prove that it has no local section. We will see this for the case on the right since the left
one is analogous. Let S: U — & be a local section. The image of the object X would be S(X) = X;. In turn,
a1 and a; would have to be lifted to maps S(a1): X; — S(Y) and S(a;): X; — S(Y). Since P o S(a;) = a; then
S(a1) # S(a2) and they terminate in different objects but this is a contradiction since S(Y) is the same object.
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