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Abstract. In this paper, we investigate various comparison inequalities for a certain class of linear differen-
tial operators acting on complex polynomials. We introduce a generalized operator, called theN-operator,
which encompasses extensions of several polynomial inequalities and specializes to the classical B-operator
under suitable parameter selections. Assuming natural constraints on the zeros of the involved polyno-
mials, we establish new Bernstein-type inequalities in the uniform norm that compare the action of N on
two polynomials, potentially of different degrees. Our results generalize and sharpen classical inequalities
such as those of Erdős–Lax and Ankeny–Rivlin, while also relaxing the assumptions made in earlier works,
including those by Rather, Gulzar, Mir and others. Several known results are recovered as special cases,
and our framework highlights the analytic behavior of polynomials under zero-preserving differential
operators.

1. Introduction and Preliminaries

The investigation of comparison inequalities involving the norms of polynomials on a disc is a well-
established area in analysis, largely due to its wide-ranging applications in geometric function theory.
Among these, Bernstein-type inequalities providing norm estimates that extend classical results for poly-
nomials are particularly prominent (see, e.g., [1, 2, 6, 7, 10, 13, 15, 16, 18, 21]). An effective strategy is to
examine linear operators that maintain or strengthen these inequalities. In particular, the Bn-operators
introduced by Rahman [19] have served to unify various Bernstein-type inequalities. In this paper, we
extend this framework by establishing new inequalities for a broader class of Bn-operators, relating their
action on polynomials to the maximum norm on the unit disk.
To proceed with our results, we begin by recalling some basic notations and definitions. We consider the
space Pn consisting of all complex polynomials with degree at most n. For a polynomial P ∈ Pn, let P′

denote its derivative and Pv its v-th derivative, with the convention P0 = P.
A fundamental result due to Bernstein [4] asserts that if two polynomials f , h ∈ Pn with deg f ≤ deg h,
satisfy | f (z)| ≤ |h(z)| on the unit circle |z| = 1 and h(z) does not vanish for |z| > 1, then the same inequality
holds for their derivatives as well. That is

| f ′(z)| ≤ |h′(z)|, |z| = 1.
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From this, the classical Bernstein inequality [3] follows: if P ∈ Pn, then

max
|z|=1
|P′(z)| ≤ n max

|z|=1
|P(z)|. (1)

Equality holds in (1) for P(z) = αzn, where α is a complex number.
Beyond the unit circle, the Bernstein-Walsh lemma [20] provides an important estimate. It says that if
f , h ∈ Pn be such that deg f ≤ deg h and h(z) does not vanish for |z| > 1 with | f (z)| ≤ |h(z)| for |z| = 1, then
| f (z)| < |h(z)| for |z| > 1 unless f (z) = eiθ1(z), θ ∈ R. From this it can be easily deduced that for P ∈ Pn and
R ≥ 1,

max
|z|=R
|P(z)| ≤ Rn max

|z|=1
|P(z)|. (2)

Govil, Qazi, and Rahman [9] established the equivalence of inequalities (1) and (2). Moreover, for polyno-
mials that are zero-free within the unit disk, stronger bounds are available. Indeed, for such polynomials,
Erdős conjectured and later Lax [11] confirmed that

max
|z|=1
|P′(z)| ≤

n
2

max
|z|=1
|P(z)|, (3)

whereas Ankeny and Rivlin [1] established

max
|z|=R
|P(z)| ≤

Rn + 1
2

max
|z|=1
|P(z)|, R ≥ 1. (4)

Over the past several decades, a wide range of generalizations of these inequalities have been developed
by mathematicians, extending their applicability to various norms and classes of functions. This kind
of research has given rise to a rich theoretical framework with significant applications in approximation
theory, complex analysis, and operator theory. Prominent contributions in this area can be found in the
comprehensive books of of Marden [12], Milovanović et al. [14], and Rahman and Schmeisser [20], among
others. The classical inequalities (3) and (4) along with their extensions form the basis for the more general
class of operator inequalities studied in this paper.
Rahman [19] introduced the class Bn of linear operators B : Pn → Pn, which preserve specific polynomial
inequalities, especially those concerning the distribution of zeros. More recently, Rather et al. [21] studied
a generalized linear operatorN , defined by

N[P](z) :=
s∑

v=0

λv

(nz
2

)v Pv(z)
v!

, (5)

where the coefficients λv, for v = 0, 1, . . . , s, are chosen such that the polynomial

ϕ(z) :=
s∑

v=0

(
n
v

)
λvzv, s ≤ n (6)

has all its zeros in the half-plane

|z| ≤
∣∣∣∣z − n

2

∣∣∣∣ . (7)

It is important to observe that when λv = 0 for all v ≥ 3, theN-operator simplifies to the classical B-operator
introduced by Rahman. They further established the following result:

Theorem 1.1. If f (z) is a polynomial of degree n with all zeros in |z| ≤ 1, and P ∈ Pn such that |P(z)| ≤ | f (z)|
on |z| = 1, then

|N[P](z)| ≤ |N[ f ](z)| for |z| ≥ 1.

Equality holds for P(z) = eiγ f (z), γ ∈ R.
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Recently, Mir [15] obtained the following generalization of Theorem 1.1:

Theorem 1.2. If f (z) is a polynomial of degree n with all zeros in |z| ≤ 1, and P ∈ Pn such that |P(z)| ≤ | f (z)|
on |z| = 1, then for any complex number α with |α| ≤ 1, and R ≥ r ≥ 1, we have

|N[P(Rz)] − αN[P(rz)]| ≤ |N[ f (Rz)] − αN[ f (rz)]| for |z| ≥ 1.

Equality holds for P(z) = eiγ f (z), γ ∈ R.

In this paper, we further explore a range of comparison inequalities for the linear differential N-operator
acting on complex polynomials, extending and unifying several classical Bernstein-type inequalities. By
imposing appropriate conditions on the zero distribution of the underlying polynomials, we establish new
inequalities involving the supremum norms associated with this operator. These results not only include
classical inequalities as special cases but also provide new insights into the behavior of polynomials under
the action of such operators.

2. Main Results

We begin by introducing the operator T : Pn → Pn that depends on several parameters and extends
N-operator introduced in previous section.

Definition 2.1. Let P ∈ Pn, R ≥ r ≥ 1 and the complex numbers α, β are such that |α| ≤ 1 and |β| ≤ 1 and the
operatorN is defined by (5). We introduce the operator T ≡ T (α, β,R, r) : Pn → Pn by

T [P](z) = N[P(Rz)] + ψ(α, β,R, r)N[P(rz)] (8)

where

ψ(α, β,R, r) = β
{(1 + R

1 + r

)n

− |α|

}
− α. (9)

The first result generalizes Theorems 1.1 and 1.2 and includes (2) as a special case.

Theorem 2.2. If f (z) is a polynomial of degree n having all its zeros in |z| ≤ 1 and P ∈ Pm,m ≤ n such that
|P(z)| ≤ | f (z)| for |z| = 1, then for every |α| ≤ 1, |β| ≤ 1, and R ≥ r ≥ 1, we have∣∣∣∣∣∣T [P](z) +

s∑
v=1

λv
Pv(Rz) + ψ(α, β,R, r)Pv(rz)

v!
(nv
−mv)
2v zv

∣∣∣∣∣∣ ≤ ∣∣∣T [ f ](z)
∣∣∣ for |z| ≥ 1, (10)

Equality in (10) holds for P(z) = eiγ f (z), γ ∈ R.

Setting r = 1 in (10) and using (8) and (9), the following result follows immediately from Theorem 2.2.

Corollary 2.3. If f (z) is a polynomial of degree n having all its zeros in |z| ≤ 1 and P ∈ Pm,m ≤ n such that
|P(z)| ≤ | f (z)| for |z| = 1, then for every |α| ≤ 1, |β| ≤ 1, and R ≥ 1, we have∣∣∣∣∣∣T [P](z) +

s∑
v=1

λv
Pv(Rz) + ψ(α, β,R, 1)Pv(z)

v!
(nv
−mv)
2v zv

∣∣∣∣∣∣ ≤ ∣∣∣T [ f ](z)
∣∣∣ for |z| ≥ 1. (11)

where

T [P](z) = N[P(Rz)] + ψ(α, β,R, 1)N[P(z)] = N[P(Rz)] +
[
β

{(1 + R
2

)n

− |α|

}
− α

]
N[P(z)].

Equality in (11) holds for P(z) = eiγ f (z), γ ∈ R.
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By setting m = n in Theorem 2.2, we obtain the following result (see also [17], Theorem 3).

Corollary 2.4. If f (z) is a polynomial of degree n with all zeros in |z| ≤ 1, and P ∈ Pn such that |P(z)| ≤ | f (z)|
on |z| = 1, then for every |α| ≤ 1, |β| ≤ 1, and R ≥ r ≥ 1, we have

|T [P](z)| ≤ |T [ f ](z)| for |z| ≥ 1. (12)

Equality holds in (12) for P(z) = eiγ f (z), γ ∈ R.

Remark 2.5. For β = 0, Corollary 2.4 reduces to Theorem 1.2. Further if we take α = β = 0 in (12), we get
Theorem 1.1.

If in Theorem 2.2, we take f (z) =Mzn, where M = max|z|=1 |P(z)|, then we get the following result.

Corollary 2.6. If P ∈ Pn, then for every |α| ≤ 1, |β| ≤ 1, and R ≥ r ≥ 1, we have∣∣∣∣∣∣T [P](z) +
s∑

v=1

λv
Pv(Rz) + ψ(α, β,R, r)Pv(rz)

v!
(nv
−mv)
2v zv

∣∣∣∣∣∣
≤

∣∣∣Rn + rnψ(α, β,R, r)
∣∣∣ ∣∣∣N[φn(z)]

∣∣∣ max
|z|=1
|P(z)| for |z| ≥ 1, (13)

where φn(z) = zn. Equality in (13) holds for P(z) = γzn, γ , 0.

Substituting the value ofN[φn(z)] in (13), we get for every |α| ≤ 1, |β| ≤ 1, and R ≥ r ≥ 1,∣∣∣∣∣∣T [P](z) +
s∑

v=1

λv
Pv(Rz) + ψ(α, β,R, r)Pv(rz)

v!
(nv
−mv)
2v zv

∣∣∣∣∣∣
≤

∣∣∣Rn + rnψ(α, β,R, r)
∣∣∣ |z|n ∣∣∣∣∣∣∣

s∑
v=0

λv

(
n
v

) (n
2

)v
∣∣∣∣∣∣∣ max
|z|=1
|P(z)|, (14)

for |z| ≥ 1, where λv; 0 ≤ v ≤ s, are such that all zeros of ϕ(z) defined in (6) lie in the half plane (7). Taking
λv = 0, v = 1, 2, 3, . . . , s in (14) and noting that N[P](z) = λ0P(z), we get the following result (see also [17],
Corollary 7).

Corollary 2.7. If P ∈ Pn, then for every |α| ≤ 1, |β| ≤ 1, and R ≥ r ≥ 1, we have

|P(Rz) + ψ(α, β,R, r)P(rz)| ≤
∣∣∣Rn + rnψ(α, β,R, r)

∣∣∣ |z|n max
|z|=1
|P(z)| for |z| ≥ 1. (15)

Equality in (15) holds for P(z) = γzn, γ , 0.

If in (15), we take α = r = 1, β = 0 and divide both sides of it by R − 1 and make R→ 1, we get

|P′(z)| ≤ n|z|n−1 max
|z|=1
|P(z)| for |z| ≥ 1,

which in particular yields (1),whereas (2) is a special case of (15), if we take α = β = 0.
Next, we establish the following estimate for the lower bound of |T [P](z)| on |z| ≥ 1.

Theorem 2.8. If P(z) is a polynomial of degree n with all zeros in |z| ≤ 1, then for every |α| ≤ 1, |β| ≤ 1, m ≤ n
and R ≥ r ≥ 1, we have for |z| ≥ 1,

|T [P](z)| ≥

∣∣∣∣∣∣∣(Rm + rmψ(α, β,R, r)
) N[φn(z)] +

s∑
v=1

λv

(
m
v

)
(nv
−mv)
2v zm


∣∣∣∣∣∣∣ min
|z|=1
|P(z)|, (16)

where φn(z) = zn.
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If we take m = n in (16), we get the following result.

Corollary 2.9. If P(z) is a polynomial of degree n with all zeros in |z| ≤ 1, then for every |α| ≤ 1, |β| ≤ 1 and
R ≥ r ≥ 1, we have for |z| ≥ 1,

|T [P](z)| ≥
∣∣∣Rn + rnψ(α, β,R, r)

∣∣∣ ∣∣∣N[φn(z)]
∣∣∣ min
|z|=1
|P(z)|, (17)

where φn(z) = zn.

If in (17), we take β = 0, we get for every |α| ≤ 1 and R ≥ r ≥ 1,

|N[P(Rz)] − αN[P(rz)]| ≥ |Rn
− rnα|

∣∣∣N[φn(z)]
∣∣∣ min
|z|=1
|P(z)| for |z| ≥ 1.

3. Auxiliary Results

To establish our main results, we need the following auxiliary results.

Lemma 3.1. If P ∈ Pn, and P(z) has all its zeros in |z| ≤ 1, then for every R ≥ r ≥ 1, and |z| = 1,

|P(Rz)| ≥
(1 + R

1 + r

)n

|P(rz)|.

The proof of this lemma is similar to the proof of Lemma 2.1 of Govil et al. [8], and hence we omit the
details.
If we take r = s = 1 and σ = n

2 in Theorem 1.1 of Rather et al. [21], we get the following:

Lemma 3.2. If all the zeros of polynomial P ∈ Pn lie in |z| ≤ 1, then all the zeros ofN[P(z)] also lie in |z| ≤ 1.

4. Proofs of the Main Results

Proof of Theorem 2.2: For R = r ≥ 1, the result follows from (4.3) in [5]. Thus, we assume R > r ≥ 1. If λ
is any complex number such that |λ| > 1, then by Rouché’s theorem, the polynomial T(z) = P(z)− λ f (z) has
all its zeros in |z| ≤ 1. On applying Lemma 3.1 to the polynomial T(z), we get for R > r ≥ 1 and for each
0 ≤ θ < 2π,

|T(Reiθ)| ≥
(1 + R

1 + r

)n

|T(reiθ)|. (18)

Since T(Reiθ) , 0 and 1+R
1+r > 1, for every R > r ≥ 1, it follows from (18) that

|T(Reiθ)| >
( 1 + r

1 + R

)n

|T(Reiθ)| ≥ |T(reiθ)|,

which is equivalent to

|T(Rz)| > |T(rz)| for |z| = 1 and R > r ≥ 1. (19)

If α is any complex number with |α| ≤ 1, we have

|T(Rz) − αT(rz)| ≥ |T(Rz)| − |α||T(rz)|

≥

{(1 + R
1 + r

)n

− |α|

}
|T(rz)| for |z| = 1. (20)
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Since T(Rz) has all its zeros in |z| ≤ 1
R < 1, it follows by a direct application of Rouché’s theorem and

inequality (19) that the polynomial T(Rz) − αT(rz) has all its zeros in |z| < 1. Again from inequality(20) , by
direct application of Rouché’s theorem, it follows that all the zeros of the polynomial

H(z) : = T(Rz) + ψ(α, β,R, r)T(rz) = T(Rz) − αT(rz) + β
{(1 + R

1 + r

)n

− |α|

}
T(rz)

= P(Rz) − αP(rz) + β
{(1 + R

1 + r

)n

− |α|

}
P(rz)

− λ

[
f (Rz) − α f (rz) + β

{(1 + R
1 + r

)n

− |α|

}
f (rz)

]
lie in |z| < 1, for any complex number βwith |β| ≤ 1, and R > r ≥ 1. Applying Lemma 3.2 and noting thatN
is a linear operator, we conclude that all the zeros of the polynomial

N[H(z)] =
s∑

v=0

λv
HV(z)

v!

(nz
2

)v

=

s∑
v=0

λv
Pv(Rz) + ψ(α, β,R, r)Pv(rz)

v!

{(mz
2

)v
+

(nz
2

)v
−

(mz
2

)v}
− λ

s∑
v=0

λv
f v(Rz) + ψ(α, β,R, r) f v(rz)

v!

(nz
2

)v

= N[P(Rz)] + ψ(α, β,R, r)N[P(rz)] +
s∑

v=1

λv
Pv(Rz) + ψ(α, β,R, r)Pv(rz)

v!
(nv
−mv)
2v zv

− λ
{
N[ f (Rz)] + ψ(α, β,R, r)N[ f (rz)]

}
= T [P](z) +

s∑
v=1

λv
Pv(Rz) + ψ(α, β,R, r)Pv(rz)

v!
(nv
−mv)
2v zv

− λT [ f ](z)

lie in |z| < 1, for every |α| ≤ 1, |β| ≤ 1, and R > r ≥ 1.
This implies∣∣∣∣∣∣T [P](z) +

s∑
v=1

λv
Pv(Rz) + ψ(α, β,R, r)Pv(rz)

v!
(nv
−mv)
2v zv

∣∣∣∣∣∣ ≤ ∣∣∣T [ f ](z)
∣∣∣ for |z| ≥ 1.

For if this is not true, there exist a point z = z0 with |z0| ≥ 1 such that

|T [P](z0) + A| >
∣∣∣T [ f ](z0)

∣∣∣ ,
where

A =
s∑

v=1

λv
Pv(Rz0) + ψ(α, β,R, r)Pv(rz0)

v!
(nv
−mv)
2v zv

0

Taking

λ =
T [P](z0) + A
T [ f ](z0)

,

so that |λ| > 1 and N[H(z0)] = 0 for |z0| ≥ 1, which is a contradiction as all zeros of N[H(z)] lie in |z| < 1.
This completes the proof of Theorem 2.2.



A. Mir, W. A. Thoker / Filomat 40:8 (2026), 2779–2785 2785

Proof of Theorem 2.8: Let m1 = min|z|=1 |P(z). If m1 = 0 then there is nothing to prove. Assume that m1 > 0,
so that all the zeros of P(z) lie in |z| < 1 and we have m1|z|m ≤ |P(z)| for |z| = 1. Applying Theorem 2.2 to
m1zm and P(z), we get for every |α| ≤ 1, |β| ≤ 1, m ≤ n and R ≥ r ≥ 1,

|T [P](z)| ≥

∣∣∣∣∣∣∣(Rm + rmψ(α, β,R, r)
) N[φn(z)] +

s∑
v=1

λv

(
m
v

)
(nv
−mv)
2v zm


∣∣∣∣∣∣∣ min
|z|=1
|P(z)|,

for |z| ≥ 1, which is precisely inequality (16). This completes the proof of Theorem 2.8.

5. Conclusion

Polynomial inequalities form a foundational aspect of both approximation theory and geometric function
theory. In this work, we extend a class of such inequalities to a generalized linear operatorN , showcasing
how operator-theoretic techniques can unify and strengthen classical results. While not all known inequal-
ities naturally admit generalization, many exhibit inherent structural properties that make them suitable
for extension via N . The results presented here point towards a promising direction for further research.
For an extensive overview of related inequalities that may serve as a basis for future developments, refer
to [20].
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