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Abstract. In this study, we derived several new integral inequalities for functions whose second derivatives
in absolute value, raised to the power g > 1, are concave. Furthermore, new identities involving fractional
operators for twice differentiable functions are obtained.

1. Introduction and preliminaries

The aim of this paper is to establish new inequalities related to concave functions. To achieve this, we
will make use of the Hermite-Hadamard inequality for a continuous concave function f : [4,b] — R:

f(”zb) ff( i > LOSO M

A function f : [a,b] — Risdefined as concaveif, forallx, y € [a,b] and f € [0, 1], the inequality f(tx+(1-t)y) >
tf(x)+(1—1)f(y) holds. Geometrically, this means that the graph of f on the interval [g, D] lies entirely above
or on the chord that connects the endpoints (g, f(a)) and (b, f(b)).

We proceed by listing the necessary results.

Proposition 1.1 ([10, 15]). If f : I — R is a concave function and g : R — R is a non-decreasing concave function,
then its composition g o f is concave.

Theorem 1.2 (The Favard inequality, [6]). Let f be a non-negative concave function on [a,b] C R. If g > 1, then

1 b
q+1( ff(x)dx) > mja‘ f(x)dx.

If0 < g < 1, then the inequality reverses.
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Theorem 1.3 (The Young inequality, [9, 10D. Ifx,y > 0 and p,q € (1,00) such that ; + ¢ =1, then

q
xy < —+ y—.
p 49
The equality holds if and only if x = 1.

Theorem 1.4 (The Rogers-Hélder inequality, [9]). Let ; + ; = 1withp > 1. Let f,g : [a,b] — R be such that
|fIP and |g7| are integrable functions on [a, b]. Then

b b 5 b H
f 90| dx < ( f If(x)l”dx) ( f |g<x>|qu) .

The equality holds if and only if A ) f (x)}p =B |g(x)|q almost everywhere, where A and B are constants.

Favard'’s inequality complements a well known consequence of the Rogers-Holders inequality:

b b ;
blTafu‘ flxydx < (ﬁjg f(x)”dx) .

We follow with a simple result of the Rogers-Holder inequality.

Theorem 1.5 (Power mean integral inequality, [9]). Let f, g : [a,b] — Rbesuchthat|f|and |f||g|? are integrable
functions on [a,b], with g > 1. Then

b b =1/ b ;
f g ds < ( f |f<x>|dx) ( f If(X)IIg(x)qux) .

Theorem 1.6 (The Chebyshev inequality, [8]). Let f, g : [a,b] — R be two integrable functions, monotonic in
the same sense. Then

ﬁ f b f()g(x)dx < ( f f(x) dx)( f g(x)dx)

If f and g are monotonic in the opposite sense, then the inequality reverses.

Theorem 1.7 (The Jensen inequality, [9]). Let f : [a,b] — R be an integrable function and let p : [a,b] — R be
a non-negative function. If ® is a concave function given on an interval I such that f([a,b]) C I, then

1 b 1 b
Q7 Wfdx| 2 ——— (O)D(f (x)) dx.
[pr(x)dxl p(x) f(x x] pr(x)dxl p(x)D(f(x)) dx

Lemma 1.8 ([2]). Let f : I € R — R be a twice differentiable mapping on I°, a,b € [ witha < b. If f” is integrable
on [a, b], then

fla)+ f(b) f F(x)dx a)z j(; t1 =) f"(ta + (1 — t)b)dt.

Recall, the beta function is the function of two complex variables defined by Euler’s integral of the first
kind

1
B(z, w) = f 71 (1 - H©ldt, R(z), R(w) > 0.
0
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It is related to the gamma function with

Il (w)

et = T vy

zzwg Z, ={0,-1,-2,...}.

Furthermore, by L”[a,b], 1 < p < oo, we denote the space of all Lebesgue measurable functions f for which

fgb |[f(t)IPdt < oo, where
; ;
Il = ( [ f(t)l”dt) |

The paper is structured as follows: after these preliminary results and definitions, in Section 2 we

estimate the quantity
f(a) +f(b) f Fa,

which represents the deviation between the arithmetic mean of the function values at the endpoints and
the mean value of the function over the interval. This expression characterizes the error involved in
approximating the integral of a function using the trapezoidal rule. To achieve this, we employ a range
of classical inequalities and establish several new bounds of Hermite-Hadamard type for functions whose
second derivatives, in absolute value raised to a power g > 1, are concave on the interval of integration.

Section 3 is dedicated to deriving equalities involving fractional operators. In recent years, fractional
calculus, dealing with derivatives and integrals of non-integer order, has gained attention due to its ability
to model memory and hereditary effects in materials and processes more accurately than classical calculus.

The research presented herein is continuation and refinement of the results given in [1]-[5], [11]-[14],
[16].

2. The results

Theorem 2.1. Let f : I C R — R* be a twice differentiable function on I°, and let a,b € I with 0 < a < b, such that
f" € LY[a,b). If |f”| is concave on [a, b], then
,(a+Db
[+ >

fa>+f<b) fﬂ )d‘ . (b;;z

Proof. Applying Lemma 1.8, the triangle inequality for integrals, and Jensen’s inequality from Theorem 1.7,
we obtain

f0+10) f foix

(b—ay?
2

f K1 = B[ (ta + (1 — Db)\dt

b — ) ( f t(l—t)dt) fO H1 — H)(ta + (1 — Db)dt '
2 ot~ tyat

The result now follows from the evaluation of the above integrals. [

a)+f(b b
f );’f( ) blTufu f(x)dx,

Remark 2.2. Theorems 6 and 7 in [1] provide two estimates for the error

)

namely:

(b —a)
4
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,, [3a+5b Pz 3a+b
8 4 '

A direct comparison shows that inequality (2) provides a better approximation.

and )
(b—a)
12 2

Theorem 2.3. Let p,q > 1 with % + % =1,andlet f :1 C R — R* be a twice differentiable function on I°. Suppose
a,belwith0 <a <b,suchthat f” € La,b]. Then

-1 i b
gt o] < ST
P p a

£l dx)q . )

Proof. Since q > 1, we have Li[a,b] C L'[a,b]; hence, f” € L[a,b] implies f” € L'[a,b]. Consequently,
using Lemma 1.8 together with the triangle inequality for integrals and the Rogers-Holder inequality from
Theorem 1.4, we establish the resulting inequality. [

Corollary 2.4. Under the assumptions of Theorem 2.3, suppose
a) + f(b)
01O L[ e

Proof. We consider two functions, g(x) = |f”(x)|7 which is assumed to be concave, and h(x) = x%, which
is concave and increasing on R* for ¢ > 1. Then, by Proposition 1.1, the composition /1 o g = |f”| is also
concave. Further, by applying Favard’s inequality from Theorem 1.2 on a concave function

1 U )5 2 ( 1 b
— d
(b—ﬂfulf ol )< A+ar <b—a>fu

The result follows from (3) and (5). O

b—a Tip+1)
(1+q)7 T7(2p+2)

<

()| dx. ©)

f”(x)| dx) . (5)

Theorem 2.5. Let p,q > 1 with ’1—7 + % =1,andlet f : I CR — R* be a twice differentiable function on I°. Suppose
a,b € [with 0 < a < b, such that f” € Li[a, b]. If |f"['

fO+10) f foix

(b — a)? r2(p 1), 201 fb
2pT(2p +2) g(g + )b —a)=2\J,
Proof. Given thatt(1—t) > 0and
to their product, that is

is concave on [a, b], then

q
£ ()| dx) : ©6)

f(ta+ (1 - t)b)| > 0, Young’s inequality from Theorem 1.3 can be applied

K1 - 1)

f(ta+(1-Db)| < %t’”(t—l)’” + %)f”(ta+(1 - )|’

Integration over [0, 1] and application of Favard’s inequality completes the proof. [

Theorem 2.6. Let f : I C R — IR* be a twice differentiable function on I° and let ¢ > 1. Suppose a,b € I with
0 <a < b, such that f” € Li[a,b]. If ||

b _ b
fa)+f() ff( Vx| < 6(b j)lf f
q+ q a

is increasing on [a, b], then

" (x)| dx. ?)
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Proof. First we apply Theorem 1.5 on Lemma 1.8 to obtain

f0+16) j‘ﬂ>ﬂ

(b—a)? 1
< 6PJ m%fw x—a)

A function |f”'|7 is assumed to be increasing, and, if we observe a function g(x) = (b — x)(x — a), a straightfor-
ward computation shows that g”’(x) = —=2 < 0 implying that g is concave downward on [a, b], hence g is a
decreasing function. Therefore, the conditions are met to apply Chebyshev’s integral inequality (Theorem

1.6):
. b ) ol <(17—11)2 1 b
727 ), e nlrele < S (L |

Now from (8) and (9) follows

f@+f® 1 (" b-a?( 1 [
‘ 2 _b—afaf(x)dx‘s 12 (mfa

If we apply Favard’s inequality (5) to the inequality above, we obtain (7). O

f%mrn). 8)

f%mvw) 9)

)| dx) "

Remark 2.7. Asq — 1%, the value of - approaches <5, leading to the inequality

6( q+1)’7

ULV J"f)ﬂ

Theorem 2.8. Let f : I € R — R* be a twice differentiable function on I° and let ¢ > 1. Suppose a,b € I with
0 <a <b,such that f € L[a,b]. If {9 is concave on [a, b], then

o g b i 921
q q
[j; f (x)dx) + (fn;bf (x)dx] < . a) r(q N 1),, f f(x)dx. (10)

Proof. Note that

"(x)| dx.

By applying Favard’s inequality from Theorem 1.2 to the concave function f7, we derive

[fz f"(x)dx)q (b ) ( f £ x)dx]
2_7 n+b
d
(b—a)"i(g+ 1) f f

b % _ a lr
( . £ x)dx] = (bz_“) (b_lm f fq(x)dx]

2275
b -a) q(q+1)" 5

The result now follows by adding above inequalities. [

IA

IA

f (x)dx.
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3. Fractional identities for twice differentiable functions

Fractional calculus is a generalization of classical calculus that extends the concepts of differentiation
and integration to non-integer (fractional) orders.

A fundamental operator in this field is the Riemann-Liouville integral. The left-sided Riemann-Liouville
fractional integral of order a > 0, denoted by J;., and the right-sided counterpart J; , are defined as in [7]

for functions f € L![a, b] by

1 X _
LW = f (=0 fdt, x € (a,b],

1 b
I K (e )
The fractional version of Hermite-Hadamard’s inequality, involving Riemann-Liouville fractional inte-
grals, along with an associated identity related to its right-hand side, are given in [16].
Theorem 3.1 ([16]). Let f : [a,b] — R be a positive function with 0 < a < band f € L'[a,b]. If f is a convex
function on [a, b], then the following inequalities for fractional integrals hold

f a+b < F(a+1) fa) + f(b)
2 )7 20b- 2 '

Ui f® + i f@] <

Lemma 3.2 ([16]). Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f' € L[a, b], then the
following equality for fractional integral holds

fl@)+fb) T(a+ 1)
2 20-

_ 1
Sl @] = 25 [ @-nr-e e a- oo a

To derive new fractional identities for twice differentiable functions, we first examine several properties
of the Riemann-Liouville integral. We begin by observing that integration by parts implies

ar I
S HCONE r(a+1)f()+ v f), (12)
b a
I YR ) 13)
Next, with appropriate substitutions we have
a _ (b_a)a ! a-1 _
wf(b) = (@) j(;t flta+ (1 -t)b)dt
_ (b_a _pnae-l _
= T f(l H* f((1 = ta + th)dt, (14)
o = 52 f (1= 0 fta+ (1 - Dyt
_ (b_a) a— _
= T fo t V(1 = ba + th)dt. (15)

Remark 3.3. Using (14) and (15) we have

! T(a+1
fo (A==t f'ta+ (1 - t)b)dt = —(b((—x ;a-i-)l [ w7 (a) — JoH (b)] ,
from which we obtain an alternative form of equation (11)
fl@)+fb) T(a+ 1) [(a+1)

7 " apon O L@ = s @ - o). (16)
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Let us prove two similar result for twice differentiable functions.

Lemma 3.4. Let a > Oand let f : I € R — R be a twice differentiable mapping on 1°, a,b € 1 witha < b. If
f € L'[a, b], then

b

f(a);rf() ;((ba+1)[ B+ 2 ]
b- b _ ' 1 ta+1 ta+1 ae 1= Ab)dt 17
2(a+1)[f()f()] (a+1)f0((—) +141) £ (ta + (1 - D). (17)

Proof. Let
1
I= f ((1 — )"+ t“”) f(ta+ (1 — t)b)dt.
0

The proof is completed once integration by parts, with u = (1 — £)**! + t**1 and dv = f”(ta + (1 — t)b)dt, is

applied to obtain
= f’ (b; f (“) a+1 |f (A=) =% f'(ta+ (1 - t)b)dt].

O

Remark 3.5. Again we use (14) and (15), to obtain

1
L ((1 _ t)a+1 + ta+1)f//(ta + (1 _ t)b)dt (T(oz +)a2+)2 []Zz+2f// ﬂ) + a+2 //(b)] .
An alternative representation of equation (17) is
f@)+f®) T+ 1)
el ] US{ORI 0]
I 1
LAY 2((;‘ D e+ @) (18)

Furthermore, from (16) and (18) we can obtain

(b_a)m—l a+2 g1 a+2 g1 a+ a+
Tary O F@I=L2f O+ 2@ = I O+ T f @,

Lemma 3.6. Let a > Oand let f : I € R — R be a twice differentiable mapping on 1°, a,b € 1 witha < b. If
f” € L'[a, b], then

b
f(a)‘;f() ;((ba+1)[ FO)+ I £ ]

Ta+1) " .
2(a + 1)(b —a)*1 [fb_f @ -Jnf (b)]
! 1
2(?0;“ )12) Uo =D s (- hitye+ fo F = (1 = Bta + th)dt] . (19)

Proof. First we set

1
I= f (1 = )" (ta + (1 — Hb)dt
0
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and use integration by parts to obtain

I

1
(at*™" = (+ Dt*) f'(ta + (1 - )bt
0

e
LI 0 - e )
Now from (12) follows
— G LSO 0 - O 20

Similarly, for
1
J= f t*1 =0 f"((1 - t)a + tb)dt
0

with integration by parts we have

1
] = _blTa 0 (™™ = (+ D) f/((1 = t)a + th)dt
I(a+1) Ia+2) .,
et s 2 D,
and with (13) we get
J= gD @ 0 - 2 o) (21)

The result now follows by adding (20) and (21). O

Remark 3.7. Again we use (14) and (15), to obtain

1 1
f (1 = ) (ta + (1 — Dbt + f (1 = ) f7((1 - Bta + b)dt
0

F(oz +a1+)1 [] +1f//(u) +J a+1 //(b)] (1—‘(()(—4')[12*-2 []ZﬁZf//( )+ a+2 //(b)] )

An alternative representation of equation (19) is

f(a) + £(b) Na+D[
2 2(b

fb) + 15 f@)]

F(a+1) a1 o wtl onr . o "
2Aa+ )b —a)yT et £ @) + 157 f7 @) = oo f 0) + T f @)
Ia+1) 1440 o 042 o
—z(b_a)a[ 2 (a) + S B)] 22)

Furthermore, from (16) and (22) we can obtain
T2 @) + 12 f7 @) = TR (0) + T f @)
JE @) + I @ = Tef O + Ty f @)

a+1[

Future research could generalize these results to wider classes of functions, particularly those involving
fractional or higher-order derivatives, and lead to the development of new inequalities. As an illustration,
we present the following Hermite-Hadamard type inequality.
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Theorem 3.8. Let f : I € R — IR* be a twice differentiable function on I°, and let a,b €  with 0 < a < b, such that
f” € L'[a, b]. If |f”| is concave on [a, ], then

f@+fb) T@+1) 7, )
‘ 2 T2 —a)y [ o f(0) + ]b_f(a)]

T(a+1)
2a+1)b-a

a g a g1 (b_a)Z
Tl f @ -l f Ol e

)

Proof. By the triangle inequality for integrals and Jensen’s inequality from Theorem 1.7 on a concave
function [f”'|, we obtain

1
‘ f (1 = )" (ta + (1 — Htb)dt
0

(f e t)dt) i [fol I G t)b)dt]
0

< 1
Jy (@ = pydt
~ 1 (L +a)a+2b
= @rnaol ( a+3 )
Analogously,
! a 7 1 ", 2ﬂ+(1+0{)b
Uotu_t)f (1 -bta+th)dt| < (a+1)(a+2)f ( 743 )'

Hence, from Lemma 3.6 follows

‘f(ﬂ) +f(b) _ F((X + 1) [ a+f(b) +]§z f(a)]

2 2(b — a)*
Ta+1 , 0 o
e @ o)
—_ )2 1
+ 2(?“ f)1) RA £ (ta + (1 — £)tD)| dt
1
+ 2(1(7(:)12) - £ - tyta + th)| d
[a+1) o g a« g
2(0(4_16;(5_,1)04—1 |]b,f @) —Jo f (b)‘
(b—a)? ,((1+a)a+2b ,(2a+ (1 +a)b
2(a+1)2(a+2)(f ( x+3 )’J“ f ( 2+3 )D
The concavity of |f”| implies
1), [{Q+a)a+2b 1(,,({2a+Q+a)
Ef ( a+3 )‘+§f ( a+3 )‘

” 1(1+a)a+2b+12a+(1+a)b
f 2 a+3 2 a+3

)

from which inequality (23) follows. O

7
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4. Conclusion

This research enhances the theoretical framework for numerical integration and error analysis. By
employing classical inequalities and deriving new integral estimates of Hermite-Hadamard type, we have
established upper bounds for the deviation between the arithmetic mean of the function values at the
endpoints and the mean value of the function over the interval.

In addition, fractional identities for twice differentiable functions are established, providing a basis for
future research to explore applications in the context of probabilistic and operator inequalities.
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