Filomat 40:9 (2026), 3133-3152

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL26091331

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
e g
) @
i &
ity oSS

&
T1prpor®

Singular fractional double-phase problems involving logarithmic
non-linearity with variable exponent

Mohcine Idiri?, Mohamed El Ouaarabi®, Abderrahmane Raji?

? Applied Mathematics and Scientific Computing Laboratory, Faculty of Sciences and Techniques,
Sultan Moulay Slimane University, Beni Mellal, Morocco
b Mathematical Analysis, Algebra and Applications Laboratory, Faculty of Sciences Ain Chock,
Hassan 11 University of Casablanca, BP 5366, 20100 Casablanca, Morocco

Abstract. In this work, we study a fractional nonlocal problem involving a logarithmic-type nonlinearity,
a singular term, and a vanishing potential. Our methodology is based on the computation of the critical

groups of an approximate problem. By combining Morse theory with variational methods, we prove that
the considered problem admits infinitely many solutions.

1. Introduction

Let G ¢ RN an open bounded set, our goal is to establish the existence of infinitely numerous solutions
for fractional double-phase singular problems characterized by a logarithmic non-linearity and a variable
exponent, of the form :

A;ﬁ’gﬁ)lq(xp) (x) = % + al9(x)"™®29(x) log | 9(x)| in G,

(P1) +P(x) [9(x)"P 7 (9(x))
3>0 in G,
9=0 in RM\G,

where, a denotes a positive parameter, p,q : G X G — (1,0), v € C(G,(1,0)) , 0 : G — (1,), and
0: G — (0,1] are continuous functions satisfying the following assumptions :

pa—c,b—c)=pa,b), forall (a,b,c) e GXGXG,

1
p(a,b) = p(b,a), forall (a,b) e G X G, 2)
1< <o <q <qg'<p <p' <+, ©)
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with ¢~ = ming(a), 0" = maxe(@),q” = min q(,b),g" = max q(ab),p” = min p,b),p" =
¢ = ming(0), ¢’ = maxe@,q” = min q,b),q" = max q@b),p" = min_p(,b)p
max p(a,b),
(a,b)eGxG

P vanishing potential satisfies the following conditions:
(V)P : RN — Ris a continuous function for which there exist 0; > 0, and 0 < 1 < 1 such that:

P(x) > 61 > 0 and f P)9(x)[*™ dx < n1|9lw,
]RN

for all x € RN, and 8 € W»M®PEY) with WMHPEY) jg the fractional Sobolev space.
The function & : G X R — RR denotes a Carathéodory function that fulfills the following condition:

(C) Let& e L®(G),and t : G — (1, +o0) be a continuous function such that

Np(x, x)
1<tx) <pi(x)= —————,
0 < P30 = N 9pts,
and
h(xy) <EE)(1+I™7), aexeGyeR,
Ag)(’f,_)’ ax) is a (p(x,.),q(x,.)) — fractional double phase operator with ¢, ¢ € (0, 1), defined as:

. 109 = SWPEN2 | [9(x) — S(y)[9)-2

N d(x) =2 lim [ 9(x) — 9(y))dy, 4

p(x,.),9(x,.) ( ) =0 Jo\s.0 Ix — y|N+¢;p(x,y) Ix — y|N+qu(x,y) ( ( ( )) ( )
where B, (x) is the ball of G of center x and radius ¢ .

The double-phase operator began with Zhikov [19] in the mid-1980s. He used it to model composite
materials that behave differently in various directions. Zhikov’s key idea was a mathematical expression
that combined two material responses: a softer one (with p-growth) and a stiffer one (with q-growth). This
was written as:

H(x,VI) = [VOP + u(x)|VS[°.

Here, 1 < p < g, and p(x) > 0 tells us which phase we are in. It helps explain how materials change
from being like a p-Laplacian to a gq-Laplacian. This early work was important for understanding material
elasticity.

In the 2010s, Baroni, Colombo, and Mingione in [6} 7] greatly improved our mathematical understanding
of these operators. They developed strong analytical methods that showed how the two phases interact.
They proved that solutions to double-phase problems naturally belong to the Musielak-Orlicz-Sobolev
space W'C(Q). This space includes functions with a finite energy, defined by:

f (IVIP + u(x)IV9?) dx .
Q

Their research gave crucial tools for studying if solutions exist and how smooth they are. It also opened up
new areas in the calculus of variations for functions that don’t grow in a standard way.

More recently, Abergi, Bahrouni, Radulescu, Ragusa and Tachikawa have extended this operator to
more complex situations see [1H5][9] 12} 13, [16]. This includes spaces that account for fractional derivatives
(nonlocal effects) and where the exponents p and q can change from point to point (variable-exponent
spaces). The modern form of the operator looks like (4).

These new versions combine both double-phase and variable-exponent features. They are very useful
for modeling difficult problems in nonlocal elasticity and image processing, where material behavior or
image details vary at small scales. The history of this operator shows how it grew from a specific tool for
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materials science into a powerful concept in nonlinear analysis.

The foundational work by Bahrouni and Radulescu in [4] explored key properties of fractional Sobolev
spaces with variable exponents, denoted as W#9®Px¥(L]). Here, z € (0,1) and U is a Lipschitz domain.
They investigated nonlocal problems given by:

AS(x) + [9(x)[99719(x) = A|9(x)["@-19(x) in U,
9=0 on JdlL

The non-local operator A9(x) in this problem was defined as:

AS(x) = 2 lim fu » fu 19() = SEIP2() = 90D o

e—0+ |X _ y|n+sp(x,y)

Here, the condition 1 < v(x) < p~ = min p(x,y) applies.
(x,y)eUxU

Further work in [5] expanded this framework to include double-phase problems with logarithmic

nonlinearities. These problems involve an operator N 9(x) of the form:
P(x),q(x,)

ALy 00 = AISGII906) + (9SG In 32

This represented a significant step forward in understanding problems that combine multiple growth
phases. These developments laid the theoretical groundwork for handling more intricate nonlinearities
and complex operator structures in nonlocal problems.

Building on the previous results, we establish the existence of infinitely many solutions for a class of
double-phase problems. These problems are driven by a double-phase operator that includes singular
and logarithmic nonlinearities and a vanishing potential in the context of fractional Sobolev spaces with
variable exponents. Our approach is to use variational methods and Morse theory to compute the critical
groups of the energy functional for the approximated problem.

The paper proceeds as follows: In Section[2} we gather the main definitions and analytical properties of
the generalized Lebesgue and Sobolev spaces. We also provide essential background on Morse theory. In
Section[B} we propose an approximated problem|[(P,)| For this problem, we then calculate the critical groups
at infinity and at the critical point 0 for its associated energy functional. Then we uses Morse relations to
prove that the approximated problem has infinitely many non-trivial solutions. Finally, in the last
section, we will prove our main Theorem

2. Definitions and preliminary results

This section lays the groundwork for the subsequent discussions by presenting essential concepts
and results. We will cover fundamental properties of Sobolev spaces and generalized Lebesgue spaces,
which are crucial for the analytical framework employed in this document. Additionally, we will introduce
the basic notions and key properties of Morse theory, providing the necessary topological and geometrical
background.

2.1. Generalized fractional Sobolev space

We consider the set given by:
CHG) ={feCGR"):1<f <f(x)<f"<+c},

h T =mi t = .
where f~ = min f(x), f* = max f(x
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Definition 1. ([10]) Let q € C*(G). The generalized Lebesgue space LAX)(G) is defined as :

qax)
LI®(@G) = {S : G — R is measurable and : da > 0 such that f '? dx < oo}.
G

We equip this space with the Luxemburg norm, given by:

9 q(x)
|\9|Lq(x>(g) = inf {6 >0: f ‘% dx < 1},
G

Lemma 1. (Holder’s inequality [10]) For each q € C*(RN), the following inequality holds:

'jﬂ;N d(x)P(x) dx

for every (8, ) € LR(RY) x L2O(RY), where q11(X) +

1 1
= (f + %) 190100 vy [ Lot vy

1.

1 _
Ga(x)

We first fix the fractional exponent z € (0, 1).
Let G an open bounded set of RY, m; € C*(G), and p : G X G — (1, ) is a continuous function that satisfies
the conditions (I)-(3). The generalized fractional Sobolev space W*M®PEY)(G) is defined as :

3(x) - ()

Ex -y e

Wem@PEY)(3) = {s e L™®(@): € LP®Y(G x @) for some & > 0}.

_ P(x,y)
Let [S]Z,p(x,)’) =inf {5 >0: f IS(X) S(Y)l
GxG EPEY)|x — y|NTPEY)

seminorm. We equip the space W?M®PEY)(G) with the norm

dxdy < 1}be the associated variable exponent Gagliardo

||\9||rwz,m1(x),p(x,v)(g) = [S]Z’p(X’Y) + |‘9|m1(x)/
where(Lml(x)(g), |.|m1(x)) is the generalized Lebesgue space.

Lemma 2. ([4]) Let G C RN a bounded Lipschitz domain, p : GXG — (1,+00) is a continuous function that satisfies
conditions (I)-(B), and m; € C*(G). Then W™ ®PEYN(G) is a Banach space that is both separable and reflexive.

Theorem 1. ([14]) Let G C RN be a Lipschitz-bounded domain, p : G X G — (1,+0) be a continuous function
satisfying conditions (I)-@) my € C*(G), and

zp(x,y) <N, p((x, %)) <mi(x), ¥(x,y) € G,

and € : G — (1, +00) denotes a continuous variable exponent satisfying:

Np((x, %)) > {(x) = £ = min{(x) > 1.

P = N ap((, ) i

Thus, the space WZ™M®PEY)(G) is continuously embedded in L'0)(G). In other words, there exists a positive constant

C =C(N, z,p,my, G) such that
|\9|Lf(x)(g) < C||\9||rWz,m1(x>,p(x,y)(g)/ fOI” all S e (Wz,ml(x),p(x,y)(g).

Furthermore, this embedding is compact.
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2.2. Critical groups and Homology theory

In this paragraph, we provide a brief overview of the fundamental concepts and properties of Morse
theory.

Definition 2. ([17]) Let ‘W be a Banach space and ‘W* its topological dual. Suppose that © € C(W).

o We say that © satisfies the Palais-Smale condition at the level ¢ € R if the following is true: “every sequence
{Sulnz1 € W such that ©(S,) — c and ©'(S,) — 0 in W* admits a strongly convergent subsequence”.

o We say that © satisfies the Cerami condition at the level ¢ € R if the following is true: “every sequence
{Ouln=1 € W such that ©(,) — c and (1 + |[9,|)O'(S,) — 0 in W admits a strongly convergent
subsequence”.

Let ‘W be a real Banach space, and let © € C'(‘W, R) satisfy the Palais-Smale condition. For a given
c € R, we define the following sets:
O =eW:009) <,

and
Ko={8eW:0(®) =0
The critical groups of ® at 3 are given by
Cr(©,9) = H (O N U, 0 NU\DY),

where k € IN, and U is a neighborhood of 9, such that Ke N U = {3}, and Hj stands for the singular relative
homology with coefficient in an Abelian group G; see [17] for more details.

Definition 3. ([8]) Assume that © satisfies condition (C) and that all its critical values are bounded below by some
a < infO(K). Then the critical groups of © at infinity are defined as

Cr(©, 00) = Hi(W,0"), VkeN.

Theorem 2. ([18]) Let ‘W a real Banach space and ® € C'(‘W,R) satisfies the Palais—Smale condition and is
bounded below. If there exists at least one nontrivial critical group of ©, then © has at least three critical points.

Definition 4. ([18]) Given X is a Banach space, ©® € C(X,R), and 0 is an isolated critical point of © such that
©(0) = 0. We say that © has a local linking at O with respect to X = Y ® Z, k = dim Y < oo, if there exists C > 0
small, such that

0 <0, d€Y;, PG

0 >0, d¢Z, 0<|¥=cC

Theorem 3. ([18]) Let ‘W be a Banach space and let ® € C('W,R). If © has a local linking at 0 € ‘W with respect
to ‘W, then the critical group at 0 is nontrivial: Ci(®,0) # 0.

Definition 5. ([18]) Given ‘W is a Banach space, ® € C(W,R), and 0 is an isolated critical point of ©, where
©(0) = 0. Let a,b € IN. We say that © possesses a local (a, b)-linking near the origin if there exist a neighborhood U
of 0 and nonempty subsets Go, G C U, and D € ‘W such that 0 ¢ Go € G, GND =0, and

1. Bl <0 < Olunp\jo),
2. The point 0 is the only critical point of ® in the set @ N U, where ° = {3 € X : ©(S) = 0},
3. dim(Im(#*)) — dim(Im(j*)) > n, where

"t Ho1(Go) = Hot (WA D) and j* - Hy1(Go) — Hy-1(G)
are the homomorphisms induced by the inclusion mapsi: Go - W\ Dand j: Go — G.

Lemma 3. (Morse’s relation) ([17]) If W is a Banach space, ® € CY(W,R), x,y € R\O(Ke) withx <y, ©7!((x,Y))

contains finitely many critical points {9;} |, and © satisfies the Palais—Smale condition, then
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n

1. For all k € Ny, we have Z rank Cy(©, 9;) > rank H(©Y, ®);
i=1
n

2. If the Morse-type numbers Z rank Ci(®, ;) are finite for all k € Ny and vanish for all large k € Ny, then so

i=1
do the Betti numbers rank H(©Y, ©) and we have

Z Z rank Cy(®, 9,)t = Z rank H(©Y, O + (1 + HQ() forall t € R,

k>0 i=1 k>0

where Q(t) is a polynomial in the real variable t € IR whose coefficients are non-negative integers.

3. Main results

We begin this section by stating a crucial lemma that will be instrumental in proving our main results.
Lemma 4. For every A > 0. We have

1. x}log (x)| < #p(l),for all x € (0,1];

2. log(x) < #:j(l),for allx > 1.
Proof. For (1). We define the function K : (0,1] — R by K(x) = x*|log(A)|. This function is continuous on
(0,1], and lim x| log (x)| = 0. A direct computation reveals that the function K attains its maximum value

atxg = exp( ) Finally, we have x'|log (x)| < —==, forall x € (0, 1].

Aexp(l) exp(l

For (2), we define the function as follows:

L(x) = log (x) — x*, for all x € [1, ).

1
Aexp(l)
Taking the derivative of L and solving L’(x) = 0 shows that the only critical point in [1, c0) is x* = el/h,
Moreover, L’(x) > 0 for x < x* and L’(x) < 0 for x > x*. Hence L increases on [1, x*] and decreases on [x*, o),
which proves that L attains its maximum value at x*.Therefore L(x) < L(x*). O

Due to the singular term, the energy functional for our problem isn’t differentiable, we consider a
sequence of approximate problems.

3.1. The Approximated Problem
We suggest an approximate problem sequence as

o _ Hu (% 9.(x)) o0 1 ,
Ap(Z,.),q(x.,)Sn(X) m +v(x) [9,(x)] (*)-2 (Sn(x) + E) in G
1 v(x)-2 1 1
(P2) vald 0+ (sn(x) + ;)log 9u(x) + E‘
9,>0 in G,
9 =0 in RY\G,

H,(x,5)

T )o x)d ,and H, : G X R — Ris a sequence of func-

where, H,(x,t) = min(n, h(x,t)), H,(x,t) = f Gt

tions that verifies the following conditions:
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(Cy) For some 1 > p* and v > 0, such that for x € Ga.e, and [x| > v,

thy(x,t)
< M
0 < nH,(x,t) < (t+ 1y
(C5) It is satisfied
. ha(x, 1)
lim

t—+co

= [; uniformly forx € Ga.e.
(C4) There exist ) > ¢~ and a3 > 0 such that
h(x, )t = nH,(x, 1) > —a3|t,
forallxe Gand t € R.
Notation: To simplify expressions, we write:
W = rwzfm(X),p(x,Y)(g), W, = W¢rm1(><),p(xy G), Wo=W?* M2 (x),4(x,y) )
Definition 6. We say that {9,},en is a weak solution of [(P,)]if:

f [9(%) = 8u()PFV2(8,,(x) — 8(¥)) (u(x) — u(y)) dx dy
6xG

|x — y|N+¢p(x,y)

e = SO 20) = D) 1)
GxG

|x — y|N+(PQ(XrY)

hu(x, 94(x)) 1 - 1
+PE)9u(x) + =2 8,(x) + = || u(x) dx
fls()+ o) n ( n)
1 (X) 2
+a (%) + — (Sn(x) + )log (%) + — u(x) dx,
G n

for all w e W3, where ‘W is the dual space of W1.

3.2. Computation of critical group

In this subsection, we consider the energy functional associated with O : W; — R defined as:

O(9,) = O1(8,) — O2(8,) — O3(8) — O4(In),

where
— p(x,y) _ qa(x,y)
0:(8,) = f [ 1 [9.(x) 2H(Y)I L1 19,(x) ﬁn(y)| ixdy,
oxg LPxY)  |x — yNToPEY) axy) |x - yNteaey)
' h(x,s . L hu(x,s
@2(\911) = ngn(X, Sn(X)) dX, and Hn(X, t) = ‘fo ﬁ ds is the prlrmtlve of (S +(%)63x) ,
o(x)
©s(3,) = f e 2 ax
1v® 1 1 117®
B4(8,) = f @ (S (x) +- log [9,(x) + E‘ g 9,(x) + - ) dx.
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Lemma 5. If i satisfies the condition (C1) and the potential P satisﬁes Then ®, + ©; € C! (W1, R) and

(@2 +©5) (92), ) = f i 5, 903 | u(x)dx,

6| (Sux) +1)5(x)

8,09+ 2| o 2 (8,00 +

for all 8, Y, € Wh.
Proof. (i) ®, is Gateaux differentiable in “W;.

Let 9, ¥, € Wi, and 0 < f <1, we have

1 1 (M hy(x,5) 1 (™ ha(x,s)
H(H, 8, + 19~ Hi(s, 00 = 1 [ el [ g

_1 fs"”% h(x,5)
tJs, (s+ %)MX)

Applying the mean value Theorem, there is a ¢, with 0 < C < 1, such that:

hu(x, 9, + Ctlpn)
(S + Tty + 1)o@

%(Hn(xr S + tn) — Hu(x, 95)) =

Combining (C) with Young’s inequality, we have
By (%, 84 + Chpu) < f (%, 95 + ChPy)
< (jon +fou + ot [
< &V (1 + |‘9n|v(x) + |¢n‘v(X))-
Since v(x) € (1, p’;) (x)), we have 9, ¥, € L"®(G). By the Lebesgue Dominated Convergence Theorem, it
follows that:
hy (%, 9, + Cty)
9+ s + 1) Tl

. hy (X/ Iy + Ch/}n)
B f fim o n
g (S + Cty, + l)

hm (H (x, 9, + ty,) — Hy (%, \9”))—11 f(

O3 (9, n) — O3 (9
(€5, (5,), ) = i 2o £ 10) Z O (8)

_ P(x)
lt%ftp( )(

Considering the function defined by M : [0,1] — R as M(z) = i((: )
Theorem, there exists a ¢, with 0 < € < 1, such that:

110® 1
— Sn + =
n

ox) ®)
Oy + Put + ) dx.

S+ ziht + %|g(x). By the Mean Value

M'(z)(e) = M(1) - M(0). (6)
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Combining (5) with (6), it follows that

o (S,,(x) + %) (%) dx.

(03, 1) = fg Px)

(ii) Continuity of the Gateaux derivatives:

Ou(x) + -

Let {O}ieny © Wi such that 9, — 9, strongly in ‘W, as k — +co. Combining Holder’s inequality and
condition (C1), we obtain:

J

v’ (x)

h 1971 v
T N ™
G

(Sn,k + %)5()()

§f|f(x,\9n,k)|v,(x) dx
G
5251*i||5||§:+}f|9n,k|”(x) dx
G
<C(&v") f [, dx
G

< C(Wlloo, ) |9l 2o MU o0
L™ (G)

LP 0™ ()

B (X’S”fk) T (X,S”)

(Sn k"’l o (Sn"’l)(‘)u)

A n n

v(x)
So, the sequence { } is uniformly bounded and equi-integrable in L'(G). The
kelN

Vitali convergence theorem implies that:

lim f
k—+00 G

where % + ﬁ = 1. Consequently, based on Theoremand Holder’s inequality, we find that

v' (%)

hn (X/ Sn,k) hn (X/ Sn) dx =0

Cue ™ (e )"

n

v

93 (900 - ©; @l = sup ((CICAEICACHAT] I

< [(©5 (9000 - @5 (30, )|
iy (%, O) hy (x,95)

(Sne+ 17 (304 2)

where W7 is the dual space of W. Similarly, we prove that ®} continuous in ‘W;. [

<

|)¢”||Lq1(x)(g) — Oask — +oo,

19 @ ©)

Lemma 6. Let G c RN bea Lipschitz-bounded domain, o € R* ,and a continuous function v : U — (1, 00) . Then,
we have ©4 € C' (W1, R),and

(4650 41) = |

forall 9,,¢y, € Wi.

(%) + % P (x) dx,

v(x)-2 1
(Sn(x) + E)log

Ju(x) + -



M. Idiri et al. / Filomat 40:9 (2026), 31333152 3142

Proof. Let,, 9, € WARPEY(G). Foreachx € G,and 0 <t < 1.
From the definition of Gateaux differentiability, we obtain:

, . ©4(Sy + tYy) — Ou(Sy)
(©4(5:), ) = lim =
1 (19 + 8@ 1og 8, + bl — 19,1 Tog 19| + 555 (18 + £ [*® = 8,°®))

=lima X.
=0 Jg v(x) t

We consider the function L : [0,1] — R defined as follows:

19 + ytYu"® log |9y + ytul 94 + ytp,['®
v(x) v2(x)

L(y) =

Applying the Mean Value Theorem, we find some 0 € (0, 1) for which
L'(y)(6) = L(1) = L(0).
Using the Lebesgue Dominated Convergence Theorem and a direct computation, we obtain:

v(x)-2

<®;1(‘9n)r ‘abn> =a 2(x) +

Ipn (x) dx,

(Sn(x) N %)log

In(x) + =
|0+

using the same method as appear in paper [12], we can prove that ©4 € C! (W, R). O
From the Lemma[5|and Lemmal6} we have that ® € C' (W}, R), and

_ (x,y)-2 _ _
<®/(9n,k)/¢n>:Lg|8n,k(X) Sn,k(Y)lp v (Sn,k(x) Sn,k(Y))(Ebn(x) l;bn(Y)) dxd

Ix — y|N+¢p(x,Y)

+ f |‘9n,k(x) - Sn,k(Y)|q(x'Y)_2(‘9n,k(x) - Sn,k(Y))(an(x) - 1;bn(y)) dxdy
GXG

|x — y|N+€0q(x,Y)

Iy (%, 9,(%)) 1w
—L[W+P(x)|9n(}()+£|@ (s (x) + ) (%) dx
v(x)-2
a [ 18, + = (s (%) + )log 8 (x)+ (%) dx.
G n

Theorem 4. The functional © satisfies the Palais-Smale condition at level ¢ € R.

Proof. The proof of this theorem proceeds in two steps. In first, we will demonstrate that the sequence
{94,k}ken 1s uniformly bounded in ‘W, followed by showing that 9, — 9, strongly in ‘W; as k — oo.

Let {3,,x} € W1 be a sequence such that
O x) —»c ask— +oo and O'(9,x) =0 ask— +co inWi. (7)

i) By using the contradiction approach, we prove that the sequence {9k} is uniformly bounded in ‘W .

We assume this does not hold, thatis up to a subsequence still denoted by {9, i}, such that ||S — 400

n’kHW1
as k — +oo in “Wi. Let us Y = e, ”IT Clearly {¢yx};cn is bounded in “W;. Since ‘W is a reflexive

Banach space, up to a subsequence still denoted by {{y k)i Such that:

Ypp — P, weakly in Wi ask — oo,
Yn = Py strongly k — 400 in L”(x)(Q) forall1 <a(x) < p;b(x),
Ynpr = YpaeinGask — oo.
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Combining (7) with hm 1 0, we have
9l

iy, |, Homalfy sl
P q-

s ||w1

sl fg Hiy (x, 91) dx

11(2®
dx — 0 as k— +oo,

and

sl + 19l Tonslly, = 0l f

G (Sn,k + 1
- o(x)
[l [P0

dx — 0 as k— +oo.
We use (8) and (9), we have

hn (X/ Sn,k)
8 (x) dx

1
In(x) + n

1

(— - 1) “wnk”fml1 (_ - ].) ||‘9n k”’WIp “an k”(‘,v2 ( — ) HS” k” Lp(x) 9,(x) + E
-p- hn (X, Sn,k) . e
-1 “\%,k”(w1 fg Hy (%, 9x) = msn,k(x)] dx 0 as k— +oo.

We use (Cy4), we can write

(2 =)l = (1= el o,

P hn ’ 19;1
+ 1|9l [ fg o (%, 8,) — %s”,k(x) de

Sn,k + p

n . 1 (9@
+ (1 3 Q_+) ||‘9n,kH€Wlp LP(X) 9,(x) + - dx + o(1)
s (1= ol ol
- o(x)
+ (1 - %)Hsn,k)(@ ® fso(x) 9,(%) +% dx

s |30l sl o)
=o(1),

as k — oo. This is a contradiction as ”1/)71” w,
W;. Consequently, there exists 9, € ‘W1 such that up to a subsequence

Sk — 9y strongly in L'®(G) as k — +oo for all 1 < a(x) < P, (%),

Ok — 9, weakly in Wy ask — oo,
Ok = dpaeinGask — .

From (C1) and (1), we get

3143

(®)

©)

o(x)

dx

= 1, and hence the sequence {9} is uniformly bounded in

(10)
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dx:f
G

hn (X/ Sn,k) Sn,k
% + Sn,k

J

3144

90 & gy
L+

an (x,9x) dx = an (x,9,) dx +o(1),
G G

Sn,k + —
n

Lﬂm

119®
dx = f P(x)
G

119®
I + - dx + o(1).

We have also {9} is bounded in “W,. Since 9, x — 9, in G a.e. as k — +oco, we have that

19,%) = 9k (Sp(x) = 8,4(3))

N [9,(x) — 9n(Y)|p(x'Y)72 (9 (x) = 9(y))

|x — y|(ﬁ+¢)(P(x,y)—l)

|x — y|(ﬁ+¢)(r3(x,y)—l)

(x,¥) € GX G a.eas k — +o0. Since {9, x}, is bounded in ‘W, there exist ¢ > 0 such that

p( 7. )_2
|90 x) = 9 )["

(S x(x) = S k(y))

p(xy)
p(xy)-1

LXQ

So, we have that

p(x,y)-2

|9 (%) = Sk (¥) (S (®) = 8, k(y))

ix — y{(sE o)D)

dxdy < C-

L 18u(®) = 8u@IPFY 7 (94(x) = ()

Ix — y|(Fs+0)PE -1

L1

weakly in LP'®¥)(G X @) as k — oo, where L px.y)

p’(x,y)

‘971 (X) - Sn (Y)
jx — ylmen *

Finally, we get that

[9,4) = 9k )™ (Ss(®)

€ LP(G x G), an

-9,
() Ixd

Ix — y{(s o) e -1

=1. Let 9, € ‘W, it is follows that

q 2B =20 ¢ a6 x ),

|x — y|@» ™

LXQ

19,(x) — 8, (y)[P=¥)2

y

(Sn(x) = 94(y)) dxdy

ask — oo,

|x — y|(ﬁ+¢)v(x,¥)
-],
GXG

|95(x) = Sk (¥)

and
|q(x,Y)—2

|x — y|(%+¢)p(x,y)

LXQ

[9(%) = 92|72 (8,4(x) = 8u(y))

(Snp(x) = 94x(y) ixdy

|x — y|(%+<f’)Q(x,y)
~J,
Gxg

Now, we show that

Ix — y|(@5e)aey)

dxdy as k — co.

MnfwM®w$%m®@m®—%ﬂmbﬂ%Mﬂﬂ
n—oo Q

= lim | [9,(0)"™7 9,(x) (Suk(x) — 8u(x)) log |9,(x)] dx.
n—oo g
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From (10), we have
. v(x) o(x .
Lim [9,(®0)|" [1og [, ()| = 18,(x)"® |log|9,(x)| | a.e in G. (11)

Let x € (0,p;” — v*). From Lemma 4] and Theorem[I} we have that

v(x)
f 19,50 10g 19,x(x)l dx = f 19,,40)
G Gn{|9 ()1}

v(x)
+ f |‘9n,k(x)|
6n{]9u@)|>1}

v(x)

[1og [9,,k(x)ll dx

[1og [9,,(x)ll dx

(12)
IQI 1 vt+i
= exp(1) - xexp(1) L'Snk(xﬂ ax
[ GIC)

< + ,
v~ exp(l) K exp(l)

o6 |log |9,k (x)ll} is equi-integral and
1

where C = sup ||8n,k||v++K < oo. Hence, the sequence {|8n,k(x)|
nx

uniformly bounded in L'(G), and uniformly bounded.
Using (12), (1I) with Vitali’s convergence theorem, we have that

lim f 19,®)|"® 110g 18, ()]l dx = f 19, (1" [log 8, ()| dx. (13)
Nn—00 g g

By similar arguments, we prove that

. v(x)-2 o(x
lim [ w8, 8,0 log 18, (x)lldx = f 18, (®)"®Tog |9, (%)l dx, (14)
n—oo g g
and
. v(x)-2 X
im [ 9,4(0) [$,5(0| ™ og 19, (0l (x)elx = f 19,(01"®| log 9, (%)l dx. (15)
n—oo g g

From (13), (14), and (15), we have that

lim f |9,(x)
n—oo g

= lim f 19 ()" 728,(x) (8,4(x) = 92(x)) log 19 (x)| dx.
n—oo g

Y92 9,8 (Sux(x) — 8,5(0) log [ 9,x(0)| dix

ii) We will show that 9, x — 9, strongly in ‘W; as k — +oo.
Considering the sequence defined as ¢,y = 9,x — 9. Since 9,y — 9, in G a.e and {91}, is uniformly
bounded in ‘W, and ‘W,. Applying the Brezis-Lieb Lemma in [11]], we have that

(x,y)-2

f |8,5x) = 85 ) (O =9
N X y

o6 |x — y|(m+¢>)p(x,y>

p(xy)—

f [0k ) = Pk (Wi (®) = Pus())
= dxdy
GxG |x — ﬂ(%ﬂﬁ)p(&w

+ f [9,(x) — Sn(y)lp(xy)—2 (94(5) - 9,))
6 Ix — y|(@m +9)px)

dxdy +o(1),
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e |9l = 19I5y, + [[uilfy, +o0(). Similarly, we get |85, = 19415, + [Yuilsy, +o0(1). So, we
have that

c+0(1) = ©(801) = - il + g sl + 2 19018y, + 1941, - fg H, (x, 9,(x) dx

(x)
- f P |9+ 1|
G

Sn,k + —
n
Since ®' (9,,x) — 0 as k — +oo, we have

_ hy (%, Sn) _ p*
: fg (o eI 1 19, - f P)

we combine (16) with ® (39,,)) = 0, we have

dx.

o(x)

Sut | dx,  (16)

tim [l +

k—+00

tim [luill, + el =

k—+00

. p* a* o1 p* . a
Since ”%rkH W, and Han,k” W, are bounded sequence, we can write kgrgo ”%'k”'vv] =g and kgrgo ||1pn,k||w2 =D.
Given thata,b > 0and a + b = 0, it follows thata = b = 0.

Finally 9, x — 9, strongly in Wj ask — +c0. O
We now employ the local (g, b)-linking notion to compute dim C(0, 0).
Theorem 5. The functional © satisfies the local (1,1)— linking condition at the origin.
Proof. According to (C3) and a direct computation, we have
5(0]
2p(x,y)

We define Y = R. Evidently, Y is a one-dimensional vector subspace of ‘W;. We choose v € (0, 1) such that
Ke N B,(0) = {0}, where B,(0) = {9, € Wi : [IQllw, <t} and Kg = {9, € Wi : ©(3,) = 0}. We consider
the set E = Y N B,(0) for small enough v € (0, 1). As all norms are equivalent on finite-dimensional normed
space.

So, by choosing v € (0, 1)small enough, we obtain that

I9ullw, <7r=19,/<C forall 9,€eY=R.

19:(x)P T < Hy(x, 9,(x)).

Then for any 9, € Y N B,(0), we have

_ p(x,y) — q(xy)
O(3,) = f LI I‘jj(y()l — dxdy + f 1 [9:(x) if(y()l — dxdy
6x6 PXY)  |x — yNVHoPOY 6x AXY)  |x — y|Nreay

- f H,(x, 9,(x))dx — P(X)wn() |@(x) dx
g o(x)
1 1 v(X) 1 1 11
[ st e 5] oo 2| g oo 1

— P(x,y) — q(x,y)
< if [9,(x) — ()l dxdy + if [9:(x) = S, (¥)l dx dy
GXG 6xG

p- |x — y|N+¢P(X/Y) q— Ix — y|N+<PQ(x,Y)

)P __* v(x)
2(p++1)f|\9 P Tdx ( G (v_)zfgwn(x)l dx
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Moreover, We define the set as follows:

5
x) 1’l

D = {Sn € Wr: mln( )II9 IIp(”) > €]l C(G, v, N)I[9nllyy, T mIIS |le},

wherel: G — (1, o) is the continuous function such that /(x) < p;(x), and C(G, v, N) is the positive constant.
Using conditions (C1) , (V), and Theorem we have that for any 9, € D,

- P(xy) - axy)
o(s,) = f 1 [94(x) = Sul(y)l d +f 1 19,(x) = Su(y)l xdy
GXG p(X, y) |X _ y|N+(Pp(X,Y) GxG q(xl y) |X _ y|N+(pq(X,y)
- an(X, 9,(x))dx — f @mn(x) + 1|@(X)dx
G ¢ 0(x) n
1 1]v® 1] 1 11v®
_(Xfm(sn(}()‘i‘— log Sn(X)‘f‘Z —@ SH(X)-FE )dX
x x v 1 1
||9 I + ||9 157" = 20ElleliSulyy, = ZmilSuliw, = 1Sl > 0.

LetU = B,(0), Ey = YNIB,(0), E = YNB,(0), and D defined as before, the conditions 0 ¢ Eg C E C U = B,(0)
and Eg N D = 0 lead directly to the following conclusion:

@lE <0< ®|DOB

We define Z as the topological complement of Y. We have that W; = Y &P Z. So, every 9, € W can be
uniquely expressed in the form:

S=¢,+y, with ¢, €Yy, eZ
We consider the map g : [0,1] X W1\D — Wi\D defined by

Wn_
|

w || € YN 3dB,(0) = Ey. Consequently, Ej is a deformation retract of

g(t/ Sn) = (1 - t)‘911 +tv

We have g (0,9,) =9,and g(1,9,) = v
Wi\D. Hence
i+ Ho (Eo) = Ho (W),

i an isomorphism. Note that Ey = {a, —a} witha # 0.
Therefore, from dim Hj (Eo) = 2, since Hy (Eo) = REP R.
Thus dimim (i*) = 2.
The set E = YN B,(0) is contractible (it is an interval). Using Theorem 11.5 in [1], we have that H, (E, Eg) = 0
By the Remark 6.1.26 in [18], we get dim Im((j*)) = 1.
So, finally
dim(Im (i")) — dimIm((j")) =2 -1=1.
Since the hypotheses of deﬁnition are satisfied. We conclude that © has a local (1,1)— linking at0. O
Remark 1. The critical groups of © at the origin are nontrivial for all k € IN, i.e Vk € N, Ci(©,0) # 0.

Proof. Given that ® has a local (1,1) linking at the origin. Using proposition 2.1 in [15], we get that
dimCi(©,0)>1. O

We now turn to computing the group critical of © at infinitely.

Theorem 6. Suppose that the condition (C3) is satisfied. Then, there exists k € IN such that Ci(®, 00) = 0



M. Idiri et al. / Filomat 40:9 (2026), 3133-3152 3148

Proof. Firstly, we prove that there exists a positive constant A such that ®” is homotopic to exists a constant

A > 0 such that ©" is homotopic to S! = {S e Wi ¥ullw, = 1} for all a < —A. From the condition (C5), it
follows that

PEY) 19,,(x) — O, (y) P EY) 19, (x) — 9. (v)[dEY)
O (t9,) = f 19 (x) N+§)y()i) dxdy + f 19:(x) Nj(y()l) dxdy
6x6 P(XY)  |x — yNToP&Y Gxg AX,Y)  |x — y|N+eaty

Px) o(x)
fg o

1 (9@
8()+

dx — an (x,t9,(x)) dx
G

1 1@ 1 1 1|7®
— v(x) il il I —
af e )|t| (Sn(x) +—1 log|9,(0) + n' e 8u(x) + )dx
LA N N 1@
<— nQ(XY) fS x)P dx — = f Su(x) + = ——ocf 9,(x)["™ dx,
e — |19l zpﬂ (%) o () + TEE gl €3]

where pg* = magx p’;)(x). Since p(;" >p* > qg" > 0", we have that © (t9,,) » —c0 ast — +oo. Let A € R
XE|
there exists t € R such that [[t9,]lqy, > A, we have that © (t8,) < A. Since 9, € S, we have that

_ p(xy) axy)
i@ (tsn) — f tp(x,y)—l |‘9n(x) SH(Y)| dx dy +f tq(x y)—1 |‘9 (X) 9 (Y)l dx dy
dt GxG |x — y|N+pr(x,v) 6xG Ix — |N+GOQ(X )Y)

By (x,19,(x)) _
— | 90— gy — [ Pl
fg (x) (tSn(X) i1 )6(x) X fg (x)

i (%, £9,(x))
o) X
(£900) + )
dx — f 19,,(x)|"® dx
G

1
Ju(x) + -

o(x)-1
dx - f H 19, ()" dx
G

< PO + IS - f 9a(x)
G

— o1 fg P(x)

p* (%, t9 (x))
< — H, (x,t9, x))dx—— tS() dx
f f f (19,(x) + )

o(x)— 1
_ ot f P(x) f 19, (R)"™ dx
t G t9n(x) + %)
— 1 f P(x)

dx — " f 19,,(x)[°™ dx
<p—+[A+C1(5—pi)] —t¢" 1[7’(;{)

o(x)—1
< 0.

1 [9®)-1
Sn(x) + E

3 (x)+

1 [e@®)-1
Sn(x) + E

9 (x)+

dx — 1" f 19,,(x)|"™ dx
G

By the Implicit Function Theorem, there exists a unique T € C (Sl, ]R) such that for every 9, € st

O(TSy)d)=A

For any 9, # 0, set 7(9,) = MT(”“@:H). Then 7 € C(W;\0,R) and for all 9, € W;,0(8,7(8,)) = A
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Moreover, if ® (8,) = A, then 7 (3,,) = 1. We define a function 71 : ‘W; —» R as

[0, OS24,
T ) = {1, FO(9,) < A.

Since © (9,) = A implies that 7 (9,) = 1, it follows thatt 7; € C (W1\0, R).
Lastly, we define G : [0, 1] X W;\0 — W;\0 as

G (t/ Sn) = (1 - t)Sn + i1y (Sn) .

We have G (0,9,) = 9,,G(1,9,) =11 (8,) 9, € @, and G(¢, Jjer = idjea forall t € [0,1].
Therefore,
O forms a strong deformation retract of ‘W \ {0}. 17)

We introduce the radial retraction v : ' W; — R defined by

v (8,) = ”‘;—”H for all 8, € W,

This map is continuous and vjs: = idjs1. Consequently, S! is a retract of ‘W, \0. Considering the map defined
by
g(t,9,) =1 -89, +tv(9,) forall (t,9,) € [0,1] x Wi\0.

Then, g(0,9,) = 9,,9(1,9,) =v(9,) € S! and 9(1, )¢t = idjs1. Hence, it follows that
S! is a deformation retract of ‘W, \0. (18)

Finally, by and it follow that ® and S! are homotopie equivalent. We already know that the space
‘Wi is an infinite dimensional Banach space. From Remark 6.1.13 in [17], it follows that the sphere unit st
is contractible. So, we have that

Gi (W1, = Gy (W1, S!) = 0forall k€ N.
Finally, we obtain that
Ck(©, ) = Gy (W1,0") = G (W1,8') =0, forall ke N. (19)

O

Theorem 7. Suppose that conditions (V), and (C1) — (Cy) are satisfied. Then, the problem [(Py)| has nontrivial weak
solution in “Wj.

Proof. Given that O satisfies the local (1, 1)— linking condition near the origin, we have that dim C;(®,0) > 1,
i, e Cx(©,0) # 0 for some k € N. Applying the Theorem 6.2.42 in [17], there exists 9, € Kg. [

Theorem 8. Suppose that condition (V), and (C1) — (Cy) are satisfied. Then, the problem|(P2)|has at least non-trivial
weak solution in Wh.

Proof. Theorem@] guarantees that © fulfills the Palais-Smale condition and is bounded below. Furthermore,
the trivial solution 9, = 0 is homologically nontrivial and serves as a minimizer. The desired conclusion
then follows directly from Theorem 2.1 in [15]. O

Our results are follows

Theorem 9. Suppose that conditions (V), and (C1) — (C4) are satisfied. Then, the problem has infinitely
non-trivial weak solutions in “Wi.
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Proof. We assume that our problem admits three nontrivial solutions in “W;. That is Ke = {0, 9,, ¢,}. From
Morse’s relation, it follows that

| R, k=m(0),
Cn(©,0) = { 0, otherwise,

where m(0) is a Morse index of 0 . We use Morse’s relation, we get that

Z rank Cy(, 00)X* + (1 + X)Q(x) = Z rank Cy(®, 0)X* + Z rank C; (©, 9,) X + Z rank Cy (©, ) X
k>0 k>0 k>0 k>0

= X" +2)" g X",
k>0

From (19), it follows that
(1+X)Q) = X0 +2 )" £x",

k>0
where &, > 0is an integer, and Q is a polynomial whose coefficients are non-negative integers. In particular,

forX=1wehave2a =1+2 Z &x. Since &, € IN, we have that Z & = +oo leads to a contradiction. Thus,

k>0 k>0
there exist infinitely solutions to the problem (I). [

Theorem 10. Suppose that conditions (V), and (C1) — (Cy) are satisfied. Then, problem [(P1)| admits an infinitely
weak solutions in W1.

Proof. We consider the sequence {9,},n € Wi of solutions to problem Then, we have that

f [91(2) = S, P (9,3 = 9uy) () —uy) o
GxG

b =y P
19 (%) = S,V (8,(%) = 9(y)) (u(x) — u(y))
d
’ fgxg [ — o) e

(20)

% o (Sn(x) ; %) u(x) dx

3 Iy (%, 9,(x))
fg(s 0+ )(S(x) x)dx+LP(x) (%) +

v(x) 2
9,() + (Sn(x) n %)log W)+ o) dx,
G
for all u € Wi.
We take u = 9, in (20), we have that
_ p(xy) _ q(x,y)
f |‘9n(x) ﬁngY)l dxdy+f |‘9n(x) in(YN dxdy
gxg  |x —y[NTOPEY) oxg  |x —yN A
o(x)-2
=fh(x—‘9(x)()s (x)dx+f¢>( Vou + 1 (Sn(x)+ 1)sn(x)dx
G (8u(x) + ) G " "
U(X)—2 1 1
G (Sn(x) + E)log Su(x) + | 3,x) dx
o(x) v(x)
sf fin (%, S (X)) B IR (x)dx+f¥> 9,(x) + = dx+af 9.0+ 2| log|8ux) + L] ax.
g( ( )+ n G n n
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Combining ( Cy ) with (V), and it follows that

_ p(x,y) _ qxy)
f [9,(x) — S (y)l dxdy +f 19, (%) — S, (y)l dx dy
GXG GXG

Ix — y|N+9’)p(x,Y) Ix — y|N+<PQ(x,Y)
o(x) v(x)
< f MSH(X) dx +fP(x) (%) + 1 dx + af 9.(x) + 1 log [9,(x) + 1 dx
G (8:(®) + 1)o(x) G n G n n

61, 9
exp(1) xkexp(l)’

< [0 (14 19,001 ) 9,010 dx 1y S, + -
g
Since t(x) — 1 < t(x) — 6(x) for all x € G, we get that

€l C (£x), P(x, ), 01 (x), (), ¢, G)

9 < .
” n||W1 - 1 _T]]

Consequently, the sequence {9, },en is bounded in ‘W;. Since W} is a reflexive Banach space, we can extract
a subsequence (still denoted {9,}) such that 9, — 9 weakly in W;. By compact embeddings, 9, — 9
strongly in L"®(G) for 1 < a(x) < p:,(x), and 9, — 9 almost everywhere in G. A similar discussion as in
Theorem @] now yields that

im [ f 19,(%) = 8, (V)P (8,(x) — 9,(y)) ((x) — u(y)) ixdy
GXG

n—00 |X _ y|N+¢P(X/Y)

[91(%) = 8u(¥)%* 2 (8,,(%) = 8,(¥)) (u(x) — u(y))
’ Lxg |x — y|N+<Pq(x,y) dxdy

[ b = 9P 290 — SN —u)
GxG

Ix — y|N+<PP(x,y)

N f 19(x) = S)ITN2(3(x) — H(y))(u(x) — u(y))
6xG

|x — y|N+<PQ(X,y)

dxdy.

Since 9,(x) > 0, we get that
hy (%, 9(x)) u(x)
(2 + 940)™

From the dominated converge theorem, it follows that

. Iy (%, 9,(x)) u(x) h(x, 3(x))u(x)
lim fg X fg X

< Jh(x, 3(x))u(x)|.

n—+oo <% + Sn(x))b(x) (S(x))b(x)
Similarly, we prove that
1 o(x)-2 1
lim [ P9, + - (sn + —)u(x) dx = f P9 19928 (x)u(x) dx,
and
1. 1 l)(X)*2 1 1 1 d
lim a fg () + (sn(x) + E) 0g |4(x) + - u(x) dx

—a f [9(x)["®2 (8(x)) log [9(x)| u(x) dx.
G
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Finally, passing to the limit in (20), we deduce that

[ o= SEIPEI (96 ~ SNR) =) o
GxG

|x — y|N+<7>p(x,Y)

N f 19(x) = S@)I2(8(x) — S(¥))(u(x) — u(y))
GxG

|x — y|N+<PQ(x,y)

dx dy

_ f h(x, $(x))u(x)
G

T dx + fg P(x)|9]29729(x)u(x) dx

+a f 19(x)"®72 (8(x)) log [9(x)| u(x) dx, for all u € ‘W7,
G

This means that 9 is a weak solution to O
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