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Abstract. In this work, we study a fractional nonlocal problem involving a logarithmic-type nonlinearity,
a singular term, and a vanishing potential. Our methodology is based on the computation of the critical
groups of an approximate problem. By combining Morse theory with variational methods, we prove that
the considered problem admits infinitely many solutions.

1. Introduction

LetG ⊂ RN an open bounded set, our goal is to establish the existence of infinitely numerous solutions
for fractional double-phase singular problems characterized by a logarithmic non-linearity and a variable
exponent, of the form :

(P1)



∆
ϕ,φ
p(x,.),q(x,.)ϑ(x) =

h (x, ϑ(x))

(ϑ(x))δ(x)
+ α|ϑ(x)|υ(x)−2ϑ(x) log |ϑ(x)|

+P(x) |ϑ(x)|ϱ(x)−2 (ϑ(x))

in G,

ϑ > 0 in G,

ϑ = 0 in RN
\G,

where, α denotes a positive parameter, p,q : G × G → (1,∞), υ ∈ C(G, (1,∞)) , ϱ : G → (1,∞), and
δ : G → (0, 1] are continuous functions satisfying the following assumptions :

p(a − c, b − c) = p(a, b), for all (a, b, c) ∈ G × G × G, (1)

p(a, b) = p(b, a), for all (a, b) ∈ G × G, (2)

1 < ϱ− < ϱ+ < q− < q+ < p− < p+ < +∞, (3)
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with ϱ− = min
a∈G

ϱ(a), ϱ+ = max
a∈G

ϱ(a),q− = min
(a,b)∈G×G

q(a, b),q+ = max
(a,b)∈G×G

q(a, b),p− = min
(a,b)∈G×G

p(a, b),p+ =

max
(a,b)∈G×G

p(a, b),

P vanishing potential satisfies the following conditions:
(V) P : RN

→ R is a continuous function for which there exist θ1 > 0, and 0 < η1 < 1 such that:

P(x) > θ1 > 0 and
∫
RN
P(x)|ϑ(x)|ϱ(x) dx ≤ η1∥ϑ∥W,

for all x ∈ RN, and ϑ ∈ Wz,m(x),p(x,y) withWz,m(x),p(x,y) is the fractional Sobolev space.
The function h : G ×R→ R denotes a Carathéodory function that fulfills the following condition:

(C1) Let ξ ∈ L∞(G), and t : G → (1,+∞) be a continuous function such that

1 < t(x) < p⋆ϕ(x) =
Np(x, x)

N − ϕp(x, x)
,

and
h(x, y) ≤ ξ(x)

(
1 + |y|t(x)−1

)
, a.e. x ∈ G, y ∈ R,

∆
ϕ,φ
p(x,.),q(x,.) is a (p(x, .),q(x, .))− fractional double phase operator with ϕ,φ ∈ (0, 1), defined as:

∆
ϕ,φ
p(x,.),q(x,.)ϑ(x) = 2 lim

ε→0+

∫
G\Bε(x)

[
|ϑ(x) − ϑ(y)|p(x,y)−2

|x − y|N+ϕp(x,y)
+
|ϑ(x) − ϑ(y)|q(x,y)−2

|x − y|N+φq(x,y)

]
(ϑ(x) − ϑ(y))dy, (4)

where Bε(x) is the ball of G of center x and radius ε .

The double-phase operator began with Zhikov [19] in the mid-1980s. He used it to model composite
materials that behave differently in various directions. Zhikov’s key idea was a mathematical expression
that combined two material responses: a softer one (with p-growth) and a stiffer one (with q-growth). This
was written as:

H(x,∇ϑ) = |∇ϑ|p + µ(x)|∇ϑ|q.

Here, 1 < p < q, and µ(x) ≥ 0 tells us which phase we are in. It helps explain how materials change
from being like a p-Laplacian to a q-Laplacian. This early work was important for understanding material
elasticity.

In the 2010s, Baroni, Colombo, and Mingione in [6, 7] greatly improved our mathematical understanding
of these operators. They developed strong analytical methods that showed how the two phases interact.
They proved that solutions to double-phase problems naturally belong to the Musielak-Orlicz-Sobolev
spaceW1,C(Ω). This space includes functions with a finite energy, defined by:∫

Ω

(|∇ϑ|p + µ(x)|∇ϑ|q) dx .

Their research gave crucial tools for studying if solutions exist and how smooth they are. It also opened up
new areas in the calculus of variations for functions that don’t grow in a standard way.

More recently, Aberqi, Bahrouni, Radulescu, Ragusa and Tachikawa have extended this operator to
more complex situations see [1–5, 9, 12, 13, 16]. This includes spaces that account for fractional derivatives
(nonlocal effects) and where the exponents p and q can change from point to point (variable-exponent
spaces). The modern form of the operator looks like (4).

These new versions combine both double-phase and variable-exponent features. They are very useful
for modeling difficult problems in nonlocal elasticity and image processing, where material behavior or
image details vary at small scales. The history of this operator shows how it grew from a specific tool for
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materials science into a powerful concept in nonlinear analysis.

The foundational work by Bahrouni and Rădulescu in [4] explored key properties of fractional Sobolev
spaces with variable exponents, denoted asWz,q(x),p(x,y)(U). Here, z ∈ (0, 1) and U is a Lipschitz domain.
They investigated nonlocal problems given by:∆ϑ(x) + |ϑ(x)|q(x)−1ϑ(x) = λ|ϑ(x)|υ(x)−1ϑ(x) in U,

ϑ = 0 on ∂U.

The non-local operator ∆ϑ(x) in this problem was defined as:

∆ϑ(x) = 2 lim
ϵ→0+

∫
U\Bϵ(x)

∫
U

|ϑ(x) − ϑ(y)|p(x,y)−2(ϑ(x) − ϑ(y))

|x − y|n+sp(x,y)
dx dy.

Here, the condition 1 < υ(x) < p− = min
(x,y)∈U×U

p(x, y) applies.

Further work in [5] expanded this framework to include double-phase problems with logarithmic
nonlinearities. These problems involve an operator ∆ϕ,φp(x,·),q(x,·)ϑ(x) of the form:

∆
ϕ,φ
p(x,·),q(x,·)ϑ(x) = λ|ϑ(x)|υ(x)−1ϑ(x) + µ(x)|ϑ(x)|υ(x)−2 ln(|ϑ(x)|).

This represented a significant step forward in understanding problems that combine multiple growth
phases. These developments laid the theoretical groundwork for handling more intricate nonlinearities
and complex operator structures in nonlocal problems.

Building on the previous results, we establish the existence of infinitely many solutions for a class of
double-phase problems. These problems are driven by a double-phase operator that includes singular
and logarithmic nonlinearities and a vanishing potential in the context of fractional Sobolev spaces with
variable exponents. Our approach is to use variational methods and Morse theory to compute the critical
groups of the energy functional for the approximated problem.

The paper proceeds as follows: In Section 2, we gather the main definitions and analytical properties of
the generalized Lebesgue and Sobolev spaces. We also provide essential background on Morse theory. In
Section 3, we propose an approximated problem (P2). For this problem, we then calculate the critical groups
at infinity and at the critical point 0 for its associated energy functional. Then we uses Morse relations to
prove that the approximated problem (P2) has infinitely many non-trivial solutions. Finally, in the last
section, we will prove our main Theorem 10.

2. Definitions and preliminary results

This section lays the groundwork for the subsequent discussions by presenting essential concepts
and results. We will cover fundamental properties of Sobolev spaces and generalized Lebesgue spaces,
which are crucial for the analytical framework employed in this document. Additionally, we will introduce
the basic notions and key properties of Morse theory, providing the necessary topological and geometrical
background.

2.1. Generalized fractional Sobolev space

We consider the set given by:

C+(Ḡ) = { f ∈ C(Ḡ,R+) : 1 < f− < f (x) < f+ < +∞},

where f− = min
x∈Ḡ

f (x), f+ = max
x∈Ḡ

f (x).



M. Idiri et al. / Filomat 40:9 (2026), 3133–3152 3136

Definition 1. ([10]) Let q ∈ C+(G). The generalized Lebesgue space Lq(x)(G) is defined as :

Lq(x)(G) =
{
ϑ : G → R is measurable and : ∃α > 0 such that

∫
G

∣∣∣∣∣ϑ(x)
α

∣∣∣∣∣q(x)

dx < ∞
}
.

We equip this space with the Luxemburg norm, given by:

|ϑ|Lq(x)(G) = inf
{
δ > 0 :

∫
G

∣∣∣∣∣ϑ(x)
δ

∣∣∣∣∣q(x)

dx ≤ 1
}
.

Lemma 1. (Hölder’s inequality [10]) For each q ∈ C+(RN), the following inequality holds:∣∣∣∣∣∫
RN
ϑ(x)ψ(x) dx

∣∣∣∣∣ ≤ (
1

q−1
+

1
q−2

)
|ϑ|Lq1(x)(RN)|ψ|Lq2(x)(RN),

for every (ϑ,ψ) ∈ Lq1(x)(RN) × Lq2(x)(RN), where 1
q1(x) +

1
q2(x) = 1.

We first fix the fractional exponent z ∈ (0, 1).
Let G an open bounded set ofRN,m1 ∈ C+(G), and p : Ḡ × Ḡ → (1,∞) is a continuous function that satisfies
the conditions (1)-(3). The generalized fractional Sobolev spaceWz,m1(x),p(x,y)(G) is defined as :

W
z,m1(x),p(x,y)(G) =

ϑ ∈ Lm1(x)(G) :
ϑ(x) − ϑ(y)

ξ|x − y|z+
N

p(x,y)

∈ Lp(x,y)(G × G) for some ξ > 0

 .
Let [ϑ]z,p(x,y) = inf

{
ξ > 0 :

∫
G×G

|ϑ(x) − ϑ(y)|p(x,y)

ξp(x,y)|x − y|N+zp(x,y)
dx dy < 1

}
be the associated variable exponent Gagliardo

seminorm. We equip the spaceWz,m1(x),p(x,y)(G) with the norm

∥ϑ∥
W

z,m1(x),p(x,y)(G) = [ϑ]z,p(x,y) + |ϑ|m1(x),

where
(
Lm1(x)(G), |.|m1(x)

)
is the generalized Lebesgue space.

Lemma 2. ([4]) LetG ⊂ RN a bounded Lipschitz domain, p : G×G → (1,+∞) is a continuous function that satisfies
conditions (1)-(3), and m1 ∈ C+(G). ThenWz,m1(x),p(x,y)(G) is a Banach space that is both separable and reflexive.

Theorem 1. ([14]) Let G ⊂ RN be a Lipschitz-bounded domain, p : G × G → (1,+∞) be a continuous function
satisfying conditions (1)-(3) m1 ∈ C+(G), and

zp(x, y) < N, p((x, x)) < m1(x), ∀(x, y) ∈ G2,

and ℓ : G → (1,+∞) denotes a continuous variable exponent satisfying:

p∗z(x) =
Np((x, x))

N − zp((x, x))
> ℓ(x) ≥ ℓ− = min

x∈G

ℓ(x) > 1.

Thus, the spaceWz,m1(x),p(x,y)(G) is continuously embedded in Lℓ(y)(G). In other words, there exists a positive constant
C = C(N, z,p,m1,G) such that

|ϑ|Lℓ(x)(G) ≤ C∥ϑ∥
W

z,m1(x),p(x,y)(G), for all ϑ ∈ Wz,m1(x),p(x,y)(G).

Furthermore, this embedding is compact.



M. Idiri et al. / Filomat 40:9 (2026), 3133–3152 3137

2.2. Critical groups and Homology theory
In this paragraph, we provide a brief overview of the fundamental concepts and properties of Morse

theory.

Definition 2. ([17]) LetW be a Banach space andW∗ its topological dual. Suppose that Θ ∈ C1(W).

• We say that Θ satisfies the Palais-Smale condition at the level c ∈ R if the following is true: ”every sequence
{ϑn}n≥1 ⊂W such that Θ(ϑn)→ c and Θ′(ϑn)→ 0 inW∗ admits a strongly convergent subsequence”.

• We say that Θ satisfies the Cerami condition at the level c ∈ R if the following is true: ”every sequence
{ϑn}n≥1 ⊂ W such that Θ(ϑn) → c and (1 + ∥ϑn∥)Θ′(ϑn) → 0 in W∗ admits a strongly convergent
subsequence”.

Let W be a real Banach space, and let Θ ∈ C1(W,R) satisfy the Palais-Smale condition. For a given
c ∈ R, we define the following sets:

Θc = {ϑ ∈ W : Θ(ϑ) ≤ c},

and
KΘ =

{
ϑ ∈ W : Θ

′

(ϑ) = 0
}
.

The critical groups of Θ at ϑ are given by

Ck (Θ, ϑ) = Hk (Θc
∩U,Θc

∩U\{ϑ}) ,

where k ∈N, andU is a neighborhood of ϑ, such that KΘ ∩U = {ϑ}, andHk stands for the singular relative
homology with coefficient in an Abelian group G; see [17] for more details.

Definition 3. ([8]) Assume that Θ satisfies condition (C) and that all its critical values are bounded below by some
a < infΘ(K). Then the critical groups of Θ at infinity are defined as

Ck(Θ,∞) = Hk(W,Θa), ∀k ∈N.

Theorem 2. ([18]) Let W a real Banach space and Θ ∈ C1(W,R) satisfies the Palais–Smale condition and is
bounded below. If there exists at least one nontrivial critical group of Θ, then Θ has at least three critical points.

Definition 4. ([18]) Given X is a Banach space, Θ ∈ C(X,R), and 0 is an isolated critical point of Θ such that
Θ(0) = 0. We say that Θ has a local linking at 0 with respect to X = Y ⊕ Z, k = dim Y < ∞, if there exists ζ > 0
small, such that Θ(ϑ) ≤ 0, ϑ ∈ Y; ∥ϑ∥ ≤ ζ;

Θ(ϑ) > 0, ϑ ∈ Z; 0 < ∥ϑ∥ ≤ ζ.

Theorem 3. ([18]) LetW be a Banach space and let Θ ∈ C(W,R). If Θ has a local linking at 0 ∈ W with respect
toW, then the critical group at 0 is nontrivial: Ck(Θ, 0) , 0.

Definition 5. ([18]) Given W is a Banach space, Θ ∈ C(W,R), and 0 is an isolated critical point of Θ, where
Θ(0) = 0. Let a, b ∈N. We say that Θ possesses a local (a, b)-linking near the origin if there exist a neighborhoodU
of 0 and nonempty subsets G0,G ⊂ U, and D ⊂W such that 0 < G0 ⊂ G, G ∩D = ∅, and

1. Θ|G ≤ 0 < Θ|U∩D\{0},
2. The point 0 is the only critical point of Θ in the set Θ0

∩U, where Θ0 = {ϑ ∈ X : Θ(ϑ) = 0},
3. dim(Im(i∗)) − dim(Im( j∗)) ≥ n, where

i∗ : Ha−1(G0)→Ha−1(W\D) and j∗ : Ha−1(G0)→Ha−1(G)

are the homomorphisms induced by the inclusion maps i : G0 →W \D and j : G0 → G.

Lemma 3. (Morse’s relation) ([17]) IfW is a Banach space,Θ ∈ C1(W,R), x, y ∈ R\Θ(KΘ) with x < y,Θ−1((x, y))
contains finitely many critical points {ϑi}

n
i=1, and Θ satisfies the Palais–Smale condition, then
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1. For all k ∈N0, we have
n∑

i=1

rank Ck(Θ, ϑi) ⩾ rankHk(Θy,Θx);

2. If the Morse-type numbers
n∑

i=1

rank Ck(Θ, ϑi) are finite for all k ∈ N0 and vanish for all large k ∈ N0, then so

do the Betti numbers rankHk(Θy,Θx) and we have∑
k⩾0

n∑
i=1

rank Ck(Θ, ϑi)tk =
∑
k⩾0

rankHk(Θy,Θx)tk + (1 + t)Q(t) for all t ∈ R,

where Q(t) is a polynomial in the real variable t ∈ R whose coefficients are non-negative integers.

3. Main results

We begin this section by stating a crucial lemma that will be instrumental in proving our main results.

Lemma 4. For every λ > 0. We have

1. xλ| log (x)| ≤ 1
λ exp(1) , for all x ∈ (0, 1];

2. log (x) ≤ xλ

λ exp(1) , for all x > 1.

Proof. For (1). We define the function K : (0, 1] → R by K(x) = xλ| log(λ)|. This function is continuous on
(0, 1], and lim

x→0
xλ| log (x)| = 0. A direct computation reveals that the function K attains its maximum value

at x0 = exp
(
−1
λ

)
. Finally, we have xλ| log (x)| ≤ 1

λ exp(1) , for all x ∈ (0, 1].

For (2), we define the function as follows:

L(x) = log (x) −
1

λ exp(1)
xλ, for all x ∈ [1,∞).

Taking the derivative of L and solving L′(x) = 0 shows that the only critical point in [1,∞) is x∗ = e1/λ.
Moreover, L′(x) > 0 for x < x∗ and L′(x) < 0 for x > x∗. Hence L increases on [1, x∗] and decreases on [x∗,∞),
which proves that L attains its maximum value at x∗.Therefore L(x) ≤ L(x∗).

Due to the singular term, the energy functional for our problem isn’t differentiable, we consider a
sequence of approximate problems.

3.1. The Approximated Problem
We suggest an approximate problem sequence as

(P2)



∆
ϕ,φ
p(x,.),q(x..)ϑn(x) =

Hn (x, ϑn(x))(
ϑn(x) + 1

n

)δ(x)
+ ν(x) |ϑn(x)|ϱ(x)−2

(
ϑn(x) +

1
n

)

+ α

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣
in G,

ϑn > 0 in G,

ϑn = 0 in RN
\G,

where, Hn(x, t) = min(n, h(x, t)), Hn(x, t) =
∫ t

0

Hn(x, s)
(s + 1

n )δ(x)
ds, and Hn : G × R → R is a sequence of func-

tions that verifies the following conditions:
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(C2) For some η > p+ and υ > 0, such that for x ∈ G a.e, and |x| ≥ υ,

0 < ηHn(x, t) ≤
thn(x, t)

(t + 1
n )δ(x)

·

(C3) It is satisfied

lim
t→+∞

hn(x, t)
tp+

= l1 uniformly for x ∈ G a.e.

(C4) There exist η > ϱ− and a3 > 0 such that

hn(x, t)t − ηHn(x, t) ≥ −a3|t|p
−

,

for all x ∈ G and t ∈ R.

Notation: To simplify expressions, we write:

W =Wz,m(x),p(x,y)(G), W1 =W
ϕ,m1(x),p(x,y)(G), W2 =W

φ,m2(x),q(x,y)(G).

Definition 6. We say that {ϑn}n∈N is a weak solution of (P2) if:∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)−2(ϑn(x) − ϑn(y))(u(x) − u(y))

|x − y|N+ϕp(x,y)
dx dy

+

∫
G×G

|ϑn(x) − ϑn(y)|q(x,y)−2(ϑn(x) − ϑn(y))(u(x) − u(y))

|x − y|N+φq(x,y)
dx dy

=

∫
G

 hn(x, ϑn(x))(
ϑn(x) + 1

n

)δ(x)
+P(x)|ϑn(x) +

1
n
|
ϱ(x)−2

(
ϑn(x) +

1
n

) u(x) dx

+α

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ u(x) dx,

for all u ∈ W∗

1, whereW∗

1 is the dual space ofW1.

3.2. Computation of critical group

In this subsection, we consider the energy functional associated with (P2) Θ :W1 −→ R defined as:

Θ(ϑn) = Θ1(ϑn) −Θ2(ϑn) −Θ3(ϑn) −Θ4(ϑn),

where

Θ1(ϑn) =
∫
G×G

[
1

p(x, y)
|ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
+

1
q(x, y)

|ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)

]
dx dy,

Θ2(ϑn) =
∫
G

Hn(x, ϑn(x)) dx, and Hn(x, t) =
∫ t

0

hn(x, s)
(s + 1

n )δ(x)
ds is the primitive of

hn(x, s)
(s + 1

n )δ(x)
,

Θ3(ϑn) =
∫
G

P(x)
ϱ(x)

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ϱ(x)

dx,

Θ4(ϑn) = α
∫
G

1
υ(x)

(∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)

log
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ − 1
υ(x)

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x))
dx.
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Lemma 5. If h satisfies the condition (C1) and the potential P satisfies (V). Then Θ2 + Θ3 ∈ C1 (W1,R) and

〈
(Θ2 + Θ3)′ (ϑn) , ψn

〉
=

∫
G

 hn (x, ϑn(x))(
ϑn(x) + 1

n

)
δ(x)

+P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ ϱ(x)−2
(
ϑn(x) +

1
n

)ψn(x) dx,

for all ϑn, ψn ∈ W1.

Proof. (i) Θ2 is Gateaux differentiable inW1.

Let ϑn, ψn ∈ W1, and 0 < t < 1, we have

1
t

(Hn (x, ϑn + tψn) −Hn(x, ϑn)) =
1
t

∫ ϑn+tψn

0

hn(x, s)
(s + 1

n )δ(x)
ds −

1
t

∫ ϑn

0

hn(x, s)
(s + 1

n )δ(x)
ds

=
1
t

∫ ϑn+tψn

ϑn

hn(x, s)
(s + 1

n )δ(x)
ds.

Applying the mean value Theorem, there is a ζ, with 0 < ζ < 1, such that:

1
t

(Hn(x, ϑn + tψn) −Hn(x, ϑn)) =
hn(x, ϑn + ζtψn)

(ϑn + ζtψn +
1
n )δ(x)

ψn·

Combining (C1) with Young’s inequality, we have

hn
(
x, ϑn + ζtψn

)
≤ f

(
x, ϑn + ζtψn

)
≤ ξ

(∣∣∣ψn

∣∣∣ + ∣∣∣ϑn + ζtψn

∣∣∣υ(x) ∣∣∣ψn

∣∣∣)
≤ ξ2υ

+
(
1 + |ϑn|

υ(x) +
∣∣∣ψn

∣∣∣υ(x)
)
.

Since υ(x) ∈
(
1,p∗ϕ(x)

)
, we have ϑn, ψn ∈ Lυ(x)(G). By the Lebesgue Dominated Convergence Theorem, it

follows that:

lim
t→0

1
t
(
Hn

(
x, ϑn + tψn

)
−Hn (x, ϑn)

)
= lim

t→0

∫
G

hn
(
x, ϑn + ζtψn

)(
ϑn + ζtψn +

1
n

)δ(x)
ψn dx

=

∫
G

lim
t→0

hn
(
x, ϑn + ζtψn

)(
ϑn + ζtψn +

1
n

)δ(x)
ψn dx

=

∫
G

hn (x, ϑn)(
ϑn +

1
n

)δ(x)
ψn dx,

〈
Θ′3 (ϑn) , ψn

〉
= lim

t→0

Θ3
(
ϑn + tψn

)
−Θ3 (ϑn)

t

= lim
t→0

∫
G

P(x)
tϱ(x)

(∣∣∣∣∣ϑn + ψnt +
1
n

∣∣∣∣∣ϱ(x)

−

∣∣∣∣∣ϑn +
1
n

∣∣∣∣∣ϱ(x))
dx.

(5)

Considering the function defined by M : [0, 1]→ R as M(z) = P(x)
ϱ(x)

∣∣∣ϑn + zψnt + 1
n

∣∣∣ϱ(x)
. By the Mean Value

Theorem, there exists a ε, with 0 < ε < 1, such that:

M′(z)(ε) =M(1) −M(0). (6)
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Combining (5) with (6), it follows that

〈
Θ′3 (ϑn) , ψn

〉
=

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−2 (
ϑn(x) +

1
n

)
ψn(x) dx.

(ii) Continuity of the Gâteaux derivatives:

Let
{
ϑn,k

}
k∈N ⊂W1 such that ϑn,k → ϑn strongly inW1 as k→ +∞. Combining Hölder’s inequality and

condition (C1), we obtain:

∫
G

∣∣∣∣∣∣∣∣ hn
(
x, ϑn,k

)(
ϑn,k +

1
n

)δ(x)

∣∣∣∣∣∣∣∣
υ′(x)

dx ≤
∫
G

∣∣∣hn
(
x, ϑn,k

)∣∣∣υ′(x) dx

≤

∫
G

∣∣∣ f (
x, ϑn,k

)∣∣∣υ′(x) dx

≤ 2
υ++1
υ+−1 ∥ξ∥

υ++1
υ+−1
∞

∫
G

∣∣∣ϑn,k

∣∣∣υ(x)
dx

≤ C (ξ, υ+)
∫
G

∣∣∣ϑn,k

∣∣∣υ(x)
dx

≤ C (∥ξ∥∞, υ+)
∥∥∥∣∣∣ϑn,k

∣∣∣∥∥∥
L

pϕ∗ (x)
υ(x) (G)

∥1∥
L

pϕ∗ (x)

pϕ∗ (x)−υ(x) (G)

.

So, the sequence
{∣∣∣∣∣ hn(x,ϑn,k)

(ϑn,k+
1
n )δ(x) −

hn(x,ϑn)

(ϑn+
1
n )δ(x)

∣∣∣∣∣υ(x)}
k∈N

is uniformly bounded and equi-integrable in L1(G). The

Vitali convergence theorem implies that:

lim
k→+∞

∫
G

∣∣∣∣∣∣∣∣ hn
(
x, ϑn,k

)(
ϑn,k +

1
n

)δ(x)
−

hn (x, ϑn)(
ϑn +

1
n

)δ(x)

∣∣∣∣∣∣∣∣
υ′(x)

dx = 0,

where 1
υ′(x) +

1
υ(x) = 1. Consequently, based on Theorem 1 and Hölder’s inequality, we find that∥∥∥Θ′2 (
ϑn,k

)
−Θ′2 (ϑn)

∥∥∥
W∗

1
= sup
ψn∈W1

∥∥∥∥〈Θ′2 (
ϑn,k

)
−Θ′2 (ϑn) , ψn

〉∥∥∥∥
W1

≤

∣∣∣∣〈Θ′2 (
ϑn,k

)
−Θ′2 (ϑn) , ψn

〉∣∣∣∣
≤

∥∥∥∥∥∥∥∥ hn
(
x, ϑn,k

)(
ϑn,k +

1
n

)δ(x)
−

hn (x, ϑn)(
ϑn +

1
n

)δ(x)

∥∥∥∥∥∥∥∥
Lq′1(x)(G)

∥∥∥ψn

∥∥∥
Lq1(x)(G)

→ 0 as k→ +∞,

whereW∗

1 is the dual space ofW1. Similarly, we prove that Θ′3 continuous inW1.

Lemma 6. Let G ⊂ RN be a Lipschitz-bounded domain, α ∈ R+,and a continuous function υ : U → (1,∞) . Then,
we have Θ4 ∈ C1 (W1,R) , and

〈
Θ
′

4(ϑn), ψn

〉
= α

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ψn(x) dx,

for all ϑn, ψn ∈ W1.
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Proof. Let ψn, ϑn ∈ W
z,q(x),p(x,y)(G). For each x ∈ G, and 0 < t < 1.

From the definition of Gâteaux differentiability, we obtain:〈
Θ′4(ϑn), ψn

〉
= lim

t→0

Θ4(ϑn + tψn) −Θ4(ϑn)
t

= lim
t→0

α

∫
G

1
υ(x)

(
|ϑn + tψn|

υ(x) log |ϑn + tψn| − |ϑn|
υ(x) log |ϑn| +

1
υ(x)

(
|ϑn + tψn|

υ(x)
− |ϑn|

υ(x)
))

t
dx.

We consider the function L : [0, 1]→ R defined as follows:

L(y) =
|ϑn + ytψn|

υ(x) log |ϑn + ytψn|

υ(x)
−
|ϑn + ytψn|

υ(x)

υ2(x)
·

Applying the Mean Value Theorem, we find some θ ∈ (0, 1) for which

L′(y)(θ) = L(1) − L(0).

Using the Lebesgue Dominated Convergence Theorem and a direct computation, we obtain:〈
Θ
′

4(ϑn), ψn

〉
= α

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ψn(x) dx,

using the same method as appear in paper [12], we can prove that Θ4 ∈ C1 (W1,R).

From the Lemma 5 and Lemma 6, we have that Θ ∈ C1 (W1,R), and

⟨Θ
′

(ϑn,k), ψn⟩ =

∫
G×G

|ϑn,k(x) − ϑn,k(y)|p(x,y)−2(ϑn,k(x) − ϑn,k(y))(ψn(x) − ψn(y))

|x − y|N+ϕp(x,y)
dx dy

+

∫
G×G

|ϑn,k(x) − ϑn,k(y)|q(x,y)−2(ϑn,k(x) − ϑn,k(y))(ψn(x) − ψn(y))

|x − y|N+φq(x,y)
dx dy

−

∫
G

 hn (x, ϑn(x))
(ϑn(x) + 1

n )δ(x)
+P(x)|ϑn(x) +

1
n
|
ϱ(x)−2

(
ϑn(x) +

1
n

)ψn(x) dx

+ α

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ψn(x) dx.

Theorem 4. The functional Θ satisfies the Palais-Smale condition at level c ∈ R.

Proof. The proof of this theorem proceeds in two steps. In first, we will demonstrate that the sequence
{ϑn,k}k∈N is uniformly bounded inW1, followed by showing that ϑn,k → ϑn strongly inW1 as k→∞.

Let {ϑn,k} ⊂ W1 be a sequence such that

Θ(ϑn,k)→ c as k→ +∞ and Θ′(ϑn,k)→ 0 as k→ +∞ inW∗

1. (7)

i) By using the contradiction approach, we prove that the sequence {ϑn,k} is uniformly bounded inW1 .
We assume this does not hold, that is up to a subsequence still denoted by

{
ϑn,k

}
k∈N such that

∥∥∥ϑn,k

∥∥∥
W1
→ +∞

as k → +∞ in W1. Let us ψn,k := ϑn,k

∥ϑn,k∥W1

. Clearly
{
ψn,k

}
k∈N is bounded in W1. Since W1 is a reflexive

Banach space, up to a subsequence still denoted by
{
ψn,k

}
k∈N such that:

ψn,k ⇀ ψn weakly inW1 as k→∞,
ψn,k → ψn strongly k→ +∞ in La(x)(G) for all 1 < a(x) < p∗ϕ(x),
ψn,k → ψn a.e in G as k→∞.
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Combining (7) with lim
k→+∞

1∥∥∥ϑn,k

∥∥∥
W1

= 0, we have

∥∥∥ψn,k

∥∥∥p+

W1

p−
+

∥∥∥ϑn,k

∥∥∥p+−q−

W1

∥∥∥ψn,k

∥∥∥q+

W2

q−
−

∥∥∥ϑn,k

∥∥∥−p−

W1

∫
G

Hn
(
x, ϑn,k

)
dx

−

∥∥∥ϑn,k

∥∥∥ϱ−−p+

W1

ϱ+

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)

dx −→ 0 as k→ +∞, (8)

and∥∥∥ψn,k

∥∥∥p+

W1
+

∥∥∥ϑn,k

∥∥∥q+−p−

W1

∥∥∥ψn,k

∥∥∥q+

W2
−

∥∥∥ϑn,k

∥∥∥−p−

W1

∫
G

hn
(
x, ϑn,k

)(
ϑn,k +

1
n

)δ(x)
ϑn,k(x) dx

−

∥∥∥ϑn,k

∥∥∥ϱ−−p+

W1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)

dx −→ 0 as k→ +∞. (9)

We use (8) and (9), we have(
η

p−
− 1

) ∥∥∥ψn,k

∥∥∥p−

W1
+

(
η

q−
− 1

) ∥∥∥ϑn,k

∥∥∥q−−p+

W1

∥∥∥ψn,k

∥∥∥q+

W2
−

(
η

ϱ−
− 1

) ∥∥∥ϑn,k

∥∥∥ϱ−−p+

W1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)

dx

− η
∥∥∥ϑn,k

∥∥∥−p−

W1

∫
G

Hn
(
x, ϑn,k

)
−

hn
(
x, ϑn,k

)(
ϑn,k +

1
n

)δ(x)
ϑn,k(x)

 dx −→ 0 as k→ +∞.

We use (C4), we can write(
η

p−
− 1

) ∥∥∥ψn,k

∥∥∥p−

W1
=

(
1 −

η

q+

) ∥∥∥ϑn,k

∥∥∥q+−p−

W1

∥∥∥ψn,k

∥∥∥q+

W2

+ η
∥∥∥ϑn,k

∥∥∥−p−

W1


∫
G

hn
(
x, ϑn,k

)
−

hn
(
x, ϑn,k

)(
ϑn,k +

1
n

)δ(x)
ϑn,k(x) dx


+

(
1 −

η

ϱ+

) ∥∥∥ϑn,k

∥∥∥ϱ−−p+

W1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)

dx + o(1)

≤

(
1 −

η

q+

) ∥∥∥ϑn,k

∥∥∥q+−p−

W1

∥∥∥ψn,k

∥∥∥q+

W2

+

(
1 −

η

ϱ+

) ∥∥∥ϑn,k

∥∥∥ϱ−−p+

W1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)

dx

+ a3

∥∥∥ϑn,k

∥∥∥p−−q−

W1

∥∥∥ψn

∥∥∥p−

Lp−(G)
+ o(1)

= o(1),

as k → ∞. This is a contradiction as
∥∥∥ψn

∥∥∥
W1
= 1, and hence the sequence {ϑn,k} is uniformly bounded in

W1. Consequently, there exists ϑn ∈ W1 such that up to a subsequence
ϑn,k ⇀ ϑn weakly inW1 as k→∞,
ϑn,k → ϑn strongly in La(x)(G) as k→ +∞ for all 1 < a(x) < p∗ϕ(x),
ϑn,k → ϑn a.e in G as k→∞.

(10)

From (C1) and (ψ), we get



M. Idiri et al. / Filomat 40:9 (2026), 3133–3152 3144

∫
G

hn
(
x, ϑn,k

)
ϑn,k

1
n + ϑn,k

dx =
∫
G

hn (x, ϑn)ϑn
1
n + ϑn

dx + o(1),∫
G

Hn
(
x, ϑn,k

)
dx =

∫
G

Hn (x, ϑn) dx + o(1),

∫
G

P(x)
∣∣∣∣∣ϑn,k +

1
n

∣∣∣∣∣ϱ(x)

dx =
∫
G

P(x)
∣∣∣∣∣ϑn +

1
n

∣∣∣∣∣ϱ(x)

dx + o(1).

We have also
{
ϑn,k

}
k∈N is bounded inW2. Since ϑn,k → ϑn in G a.e. as k→ +∞, we have that∣∣∣ϑn,k(x) − ϑn,k(y)

∣∣∣p(x,y)−2 (
ϑn,k(x) − ϑn,k(y)

)
|x − y|

(
N

p(x,y)+ϕ
)
(p(x,y)−1)

→
|ϑn(x) − ϑn(y)|p(x,y)−2 (ϑn(x) − ϑn(y))

|x − y|
(

N
p(x,y)+ϕ

)
(p(x,y)−1)

(x, y) ∈ G × G a.e as k→ +∞. Since
{
ϑn,k

}
k∈N is bounded inW1, there exist c > 0 such that

∫
G×G

∣∣∣∣∣∣∣∣
∣∣∣ϑn,k(x) − ϑn,k(y)

∣∣∣p(x,y)−2 (
ϑn,k(x) − ϑn,k(y)

)
|x − y|

(
N

p(x,y)+ϕ
)
(p(x,y)−1)

∣∣∣∣∣∣∣∣
p(x,y)

p(x,y)−1

dx dy ≤ C·

So, we have that∣∣∣ϑn,k(x) − ϑn,k(y)
∣∣∣p(x,y)−2 (

ϑn,k(x) − ϑn,k(y)
)

|x − y|
(

N
p(x,y)+ϕ

)
(p(x,y)−1)

⇀
|ϑn(x) − ϑn(y)|p(x,y)−2 (ϑn(x) − ϑn(y))

|x − y|
(

N
p(x,y)+ϕ

)
(p(x,y)−1)

weakly in Lp′(x,y)(G × G) as k→∞, where 1
p′(x,y) +

1
p(x,y) = 1. Let ϑn ∈ W1, it is follows that

ϑn(x) − ϑn(y)

|x − y|
N

p(x,y)+ϕ
∈ Lp(x,y)(G × G), and

ϑn(x) − ϑn(y)

|x − y|
N

q(x,y)+φ
∈ Lq(x,y)(G × G).

Finally, we get that

∫
G×G

∣∣∣ϑn,k(x) − ϑn,k(y)
∣∣∣p(x,y)−2 (

ϑn,k(x) − ϑn,k(y)
)

|x − y|
(

N
p(x,y)+ϕ

)
p(x,y)

dx dy

→

∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)−2 (ϑn(x) − ϑn(y))

|x − y|
(

N
p(x,y)+ϕ

)
p(x,y)

dx dy as k→∞,

and ∫
G×G

∣∣∣ϑn,k(x) − ϑn,k(y)
∣∣∣q(x,y)−2 (

ϑn,k(x) − ϑn,k(y)
)

|x − y|
(

N
p(x,y)+φ

)
q(x,y)

dx dy

→

∫
G×G

|ϑn(x) − ϑn(y)|q(x,y)−2 (ϑn(x) − ϑn(y))

|x − y|
(

N
q(x,y)+φ

)
q(x,y)

dx dy as k→∞.

Now, we show that

lim
n→∞

∫
G

∣∣∣ϑn,k(x)
∣∣∣υ(x)−2

ϑn,k(x)
(
ϑn,k(x) − ϑn,k(x)

)
log

∣∣∣ϑn,k(x)
∣∣∣ dx

= lim
n→∞

∫
G

|ϑn(x)|υ(x)−2 ϑn(x)
(
ϑn,k(x) − ϑn(x)

)
log |ϑn(x)| dx.
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From (10), we have

lim
n→∞

∣∣∣ϑn,k(x)
∣∣∣υ(x)
| log

∣∣∣ϑn,k(x)
∣∣∣ | = |ϑn(x)|υ(x)

| log |ϑn(x)| | a.e in G. (11)

Let κ ∈
(
0,p∗−z − υ+

)
. From Lemma 4, and Theorem 1, we have that∫
G

∣∣∣ϑn,k(x)
∣∣∣υ(x)
| log |ϑn,k(x)|| dx =

∫
G∩{|ϑn,k(x)|≤1}

∣∣∣ϑn,k(x)
∣∣∣υ(x)
| log |ϑn,k(x)|| dx

+

∫
G∩{|ϑn,k(x)|>1}

∣∣∣ϑn,k(x)
∣∣∣υ(x)
| log |ϑn,k(x)|| dx

≤
|G|

υ− exp(1)
+

1
κ exp(1)

∫
G

∣∣∣ϑn,k(x)
∣∣∣υ++κ dx

≤
|G|

υ− exp(1)
+ C
|G|Cυ++κυ++κ

κ exp(1)
,

(12)

where C = sup
∥∥∥ϑn,k

∥∥∥υ++κ < ∞. Hence, the sequence
{∣∣∣ϑn,k(x)

∣∣∣υ(x)
| log |ϑn,k(x)∥

}
n≥1

is equi-integral and

uniformly bounded in L1(G), and uniformly bounded.
Using (12), (11) with Vitali’s convergence theorem, we have that

lim
n→∞

∫
G

∣∣∣ϑn,k(x)
∣∣∣υ(x)
| log |ϑn,k(x)|| dx =

∫
G

|ϑn(x)|υ(x)
∣∣∣log |ϑn(x)|

∣∣∣ dx. (13)

By similar arguments, we prove that

lim
n→∞

∫
G

u
∣∣∣ϑn,k(x)

∣∣∣υ(x)−2
ϑn,k(x)| log |ϑn,k(x)||dx =

∫
G

|ϑn(x)|υ(x)
| log |ϑn(x)|| dx, (14)

and

lim
n→∞

∫
G

ϑn,k(x)
∣∣∣ϑn,k(x)

∣∣∣υ(x)−2
| log |ϑn(x)||ϑn(x)dx =

∫
G

|ϑn(x)|υ(x)
| log |ϑn(x)|| dx. (15)

From (13), (14), and (15), we have that

lim
n→∞

∫
G

∣∣∣ϑn,k(x)
∣∣∣υ(x)−2

ϑn,k(x)
(
ϑn,k(x) − ϑn,k(x)

)
log

∣∣∣ϑn,k(x)
∣∣∣ dx

= lim
n→∞

∫
G

|ϑn(x)|υ(x)−2ϑn(x)
(
ϑn,k(x) − ϑn(x)

)
log |ϑn(x)| dx.

ii) We will show that ϑn,k → ϑn strongly inW1 as k→ +∞.
Considering the sequence defined as ψn,k = ϑn,k − ϑn. Since ϑn,k → ϑn in G a.e and

{
ϑn,k

}
k∈N is uniformly

bounded inW1 andW2. Applying the Brezis-Lieb Lemma in [11], we have that

∫
G×G

∣∣∣ϑn,k(x) − ϑn,k(y)
∣∣∣p(x,y)−2 (

ϑn,k(x) − ϑn,k(y)
)

|x − y|
(

N
p(x,y)+ϕ

)
p(x,y)

dx dy

=

∫
G×G

∣∣∣ψn,k(x) − ψn,k(y)
∣∣∣p(x,y)−2 (

ψn,k(x) − ψn,k(y)
)

|x − y|
(

N
p(x,y)+ϕ

)
p(x,y)

dx dy

+

∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)−2 (ϑn(x) − ϑn(y))

|x − y|
(

N
p(x,y)+ϕ

)
p(x,y)

dx dy + o(1),
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i.e
∥∥∥ϑn,k

∥∥∥p+

W1
= ∥ϑn∥

p+

W1
+

∥∥∥ψn,k

∥∥∥p+

W1
+ o(1). Similarly, we get

∥∥∥ϑn,k

∥∥∥q+

W2
= ∥ϑn∥

q+

Y2 +
∥∥∥ψn,k

∥∥∥q+

W2
+ o(1). So, we

have that

c + o(1) = Θ
(
ϑn,k

)
≤

1
p+

∥∥∥ψn,k

∥∥∥p+

W1
+

1
q+

∥∥∥ψn,k

∥∥∥q+

W2
+

1
p+
∥ϑn∥

p+

W1
+

1
q+
∥ϑn∥

q+

W2
−

∫
G

Hn (x, ϑn(x)) dx

−

∫
G

P(x)
∣∣∣∣∣ϑn,k +

1
n

∣∣∣∣∣ϱ(x)

dx.

Since Θ′
(
ϑn,k

)
→ 0 as k→ +∞, we have

lim
k→+∞

∥∥∥ψn,k

∥∥∥p+

W1
+

∥∥∥ψn,k

∥∥∥q+

W2
=

∫
G

hn (x, ϑn)(
ϑn +

1
n

)δ(x)
ϑn(x) dx − ∥ϑn∥

p+

W1
− ∥ϑn∥

q+

W2
−

∫
G

P(x)
∣∣∣∣∣ϑn +

1
n

∣∣∣∣∣ϱ(x)

dx, (16)

we combine (16) with Θ (ϑn) = 0, we have

lim
k→+∞

∥∥∥ψn,k

∥∥∥p+

W1
+

∥∥∥ψn,k

∥∥∥q+

W2
= 0.

Since
∥∥∥ψn,k

∥∥∥p+

W1
and

∥∥∥ψn,k

∥∥∥q+

W2
are bounded sequence, we can write lim

k→+∞

∥∥∥ψn,k

∥∥∥p+

W1
= a and lim

k→+∞

∥∥∥ψn,k

∥∥∥q+

W2
= b.

Given that a, b ≥ 0 and a + b = 0, it follows that a = b = 0.
Finally ϑn,k → ϑn,k strongly inW1 as k→ +∞.

We now employ the local (a, b)−linking notion to compute dim Ck(Θ, 0).

Theorem 5. The functional Θ satisfies the local (1, 1)− linking condition at the origin.

Proof. According to (C3) and a direct computation, we have

nδ(x)l
2p(x, y)

|ϑn(x)|p
++1
≤ Hn(x, ϑn(x)).

We define Y = R. Evidently, Y is a one-dimensional vector subspace ofW1. We choose υ ∈ (0, 1) such that
KΘ ∩ Bυ(0) = {0}, where Bυ(0) = {ϑn ∈ W1 : ∥ϑn∥W1 < r} and KΘ = {ϑn ∈ W1 : Θ′(ϑn) = 0}. We consider
the set E = Y ∩Bυ(0) for small enough υ ∈ (0, 1). As all norms are equivalent on finite-dimensional normed
space.
So, by choosing υ ∈ (0, 1)small enough, we obtain that

∥ϑn∥W1 ≤ r⇒ |ϑn| ≤ ζ for all ϑn ∈ Y = R.

Then for any ϑn ∈ Y ∩ Bυ(0), we have

Θ(ϑn) =
∫
G×G

1
p(x, y)

|ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
dx dy +

∫
G×G

1
q(x, y)

|ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)
dx dy

−

∫
G

Hn(x, ϑn(x))dx −
∫
G

P(x)
ϱ(x)
|ϑn(x) +

1
n
|
ϱ(x) dx

− α

∫
G

1
υ(x)

(∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)

log
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ − 1
υ(x)

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x))
dx

≤
1

p−

∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
dx dy +

1
q−

∫
G×G

|ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)
dx dy

−
nδ+ l

2(p+ + 1)

∫
G

|ϑn(x)|p
++1dx −

1
ϱ+

(1
n

)ϱ+
|G| −

α

(υ−)2

∫
G

|ϑn(x)|υ(x) dx

≤ 0.
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Moreover, We define the set as follows:

D =
{
ϑn ∈ W1 : min(

1
q+
,

1
p+

)∥ϑn∥
p(x,y)
W1

> ∥ξ∥∞C(G, υ,N)∥ϑn∥
l(x)
W1

n1−δ−

1 − δ−
+

1
ϱ+
η1∥ϑn∥W1

}
,

where l : G → (1,∞) is the continuous function such that l(x) ≤ p∗z(x), and C(G, υ,N) is the positive constant.
Using conditions (C1) , (V), and Theorem 1, we have that for any ϑn ∈ D,

Θ(ϑn) =
∫
G×G

1
p(x, y)

|ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
dx dy +

∫
G×G

1
q(x, y)

|ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)
dx dy

−

∫
G

Hn(x, ϑn(x))dx −
∫
G

P(x)
ϱ(x)
|ϑn(x) +

1
n
|
ϱ(x)dx

− α

∫
G

1
υ(x)

(∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)

log
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ − 1
υ(x)

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x))
dx

≥
1

p+
∥ϑn∥

p(x,y)
W1

+
1

q+
∥ϑn∥

q(x,y)
W2

− 2∥ξ∥∞∥ϑn∥
l(x)
W1
−

1
ϱ+
η1∥ϑn∥W1 −

1
υ+
∥ϑn∥W1 > 0.

LetU = Bυ(0),E0 = Y∩∂Bυ(0),E = Y∩Bυ(0), and D defined as before, the conditions 0 < E0 ⊂ E ⊂ U = Bυ(0)
and E0 ∩D = ∅ lead directly to the following conclusion:

Θ|E ≤ 0 < Θ
|D∩Bυ(0)·

We define Z as the topological complement of Y. We have thatW1 = Y
⊕

Z. So, every ϑn ∈ W1 can be
uniquely expressed in the form:

ϑn = ψn + yn with ψn ∈ Y, yn ∈ Z.

We consider the map 1 : [0, 1] ×W1\D→W1\D defined by

1 (t, ϑn) = (1 − t)ϑn + tυ
ψn∥∥∥ψn

∥∥∥ ·
We have 1 (0, ϑn) = ϑn and 1 (1, ϑn) = υ ψn

∥ψn∥
∈ Y ∩ ∂Bυ(0) = E0. Consequently, E0 is a deformation retract of

W1\D. Hence
i∗ : H0 (E0)→H0 (W1) ,

i an isomorphism. Note that E0 = {a,−a}with a , 0.
Therefore, from dimH0 (E0) = 2, sinceH0 (E0) = R

⊕
R.

Thus dim im (i∗) = 2.
The set E = Y∩Bυ(0) is contractible (it is an interval). Using Theorem 11.5 in [1], we have thatH0 (E,E0) = 0.
By the Remark 6.1.26 in [18], we get dim Im(

(
j∗
)
) = 1.

So, finally
dim(Im (i∗)) − dim Im(

(
j∗
)
) = 2 − 1 = 1.

Since the hypotheses of definition 5 are satisfied. We conclude that Θ has a local (1, 1)− linking at 0 .

Remark 1. The critical groups of Θ at the origin are nontrivial for all k ∈N, i.e ∀k ∈N,Ck(Θ, 0) , 0.

Proof. Given that Θ has a local (1, 1) linking at the origin. Using proposition 2.1 in [15], we get that
dim Ck(Θ, 0) ≥ 1.

We now turn to computing the group critical of Θ at infinitely.

Theorem 6. Suppose that the condition (C3) is satisfied. Then, there exists k ∈N such that Ck(Θ,∞) = 0.
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Proof. Firstly, we prove that there exists a positive constant A such thatΘa is homotopic to exists a constant
A > 0 such that Θa is homotopic to S1 =

{
ϑn ∈ W1 : ∥ϑn∥W1

= 1
}
, for all a < −A. From the condition (C3), it

follows that

Θ (tϑn) =
∫
G×G

tp(x,y)

p(x, y)
|ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
dx dy +

∫
G×G

tq(x,y)

q(x, y)
|ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)
dx dy

−

∫
G

P(x)
ϱ(x)
|t|ϱ(x)

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ϱ(x)

dx −
∫
G

Hn (x, tϑn(x)) dx

− α

∫
G

1
υ(x)
|t|υ(x)

(∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)

log
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ − 1
υ(x)

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x))
dx

≤
tp+

p−
+

tq+

q−
∥ϑn∥

q(x,y)
W2

−
ltp+∗ϕ

2p+∗ϕ

∫
G

ϑn(x)p+∗ϕ dx −
θ1tϱ+

ϱ+

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ϱ(x)

−
tυ+

(υ−)2α

∫
G

|ϑn(x)|υ(x) dx,

where p+∗ϕ = max
x∈G

p∗ϕ(x). Since p+∗ϕ > p+ > q+ > ϱ+, we have that Θ (tϑn) → −∞ as t → +∞. Let A ∈ R

there exists t ∈ R such that ∥tϑn∥W1
≥ A, we have that Θ (tϑn) ≤ A. Since ϑn ∈ S1, we have that

d
dt
Θ (tϑn) =

∫
G×G

tp(x,y)−1 |ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
dx dy +

∫
G×G

tq(x,y)−1 |ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)
dx dy

−

∫
G

ϑn(x)
hn (x, tϑn(x))(
tϑn(x) + 1

n

)δ(x)
dx −

∫
G

P(x)|t|ϱ(x)−1
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−1

dx −
∫
G

|t|υ(x)
|ϑn(x)|υ(x) dx

≤ tp+−1
∥ϑn∥

p(x,y)
W1

+ tq+−1
∥ϑn∥

q(x,y)
W2

−

∫
G

ϑn(x)
hn (x, tϑn(x))(
tϑn(x) + 1

n

)δ(x)
dx

− tϱ
+
−1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−1

dx − tυ
+

∫
G

|ϑn(x)|υ(x) dx

≤
p+

t

A +
∫
G

Hn (x, tϑn(x)) dx −
p+

t

∫
G

tϑn(x)
hn (x, tϑn(x))(
tϑn(x) + 1

n

)δ(x)
dx


− tϱ

+
−1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−1

dx − tυ
+

∫
G

|ϑn(x)|υ(x) dx

≤
p+

t

A +
(

1
θ
−

1
p+

) ∫
G

tϑn(x)
hn (x, tϑn(x))(
tϑn(x) + 1

n

)δ(x)
dx


− tϱ

+
−1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−1

dx − tυ
+

∫
G

|ϑn(x)|υ(x) dx

≤
p+

t

[
A + C1

(
1
θ
−

1
p+

)]
− −tϱ

+
−1

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−1

dx − tυ
+

∫
G

|ϑn(x)|υ(x) dx

< 0.

By the Implicit Function Theorem, there exists a unique T ∈ C
(
S1,R

)
such that for every ϑn ∈ S1,

Θ (T (ϑn)ϑn) = A.

For any ϑn , 0, set τ (ϑn) = 1
∥ϑn∥

T
(
ϑn
∥ϑn∥

)
. Then τ ∈ C (W1\0,R) and for all ϑn ∈ W1,Θ (ϑnτ (ϑn)) = A.
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Moreover, if Θ (ϑn) = A, then τ (ϑn) = 1. We define a function τ1 :W1 → R as

τ1 (ϑn) :=

τ (ϑn) , if Θ (ϑn) ≥ A,
1, if Θ (ϑn) < A.

Since Θ (ϑn) = A implies that τ (ϑn) = 1, it follows thatt τ1 ∈ C (W1\0,R).
Lastly, we define G : [0, 1] ×W1\0→W1\0 as

G (t, ϑn) = (1 − t)ϑn + tτ1 (ϑn)ϑn.

We have G (0, ϑn) = ϑn,G (1, ϑn) = τ1 (ϑn)ϑn ∈ Θ
A, and G(t, .)|ΘA = id|ΘA for all t ∈ [0, 1].

Therefore,
ΘA forms a strong deformation retract ofW1 \ {0}. (17)

We introduce the radial retraction υ :W1 → R defined by

υ (ϑn) =
ϑn

∥ϑn∥
for all ϑn ∈ W1.

This map is continuous and υ|S1 = id|S1 . Consequently, S1 is a retract ofW1\0. Considering the map defined
by

1 (t, ϑn) = (1 − t)ϑn + tυ (ϑn) for all (t, ϑn) ∈ [0, 1] ×W1\0.

Then, 1 (0, ϑn) = ϑn, 1 (1, ϑn) = υ (ϑn) ∈ S1, and 1(1, .)|S1 = id|S1 . Hence, it follows that

S1 is a deformation retract ofW1\0. (18)

Finally, by (18) and (17) it follow that Θa and S1 are homotopie equivalent. We already know that the space
W1 is an infinite dimensional Banach space. From Remark 6.1.13 in [17], it follows that the sphere unit S1

is contractible. So, we have that

Gk (W1,Θ
a) = Gk

(
W1,S1

)
= 0 for all , k ∈N.

Finally, we obtain that

Ck(Θ,∞) = Gk (W1,Θ
a) = Gk

(
W1,S1

)
= 0, for all k ∈N. (19)

Theorem 7. Suppose that conditions (V), and (C1) − (C4) are satisfied. Then, the problem (P2) has nontrivial weak
solution inW1.

Proof. Given thatΘ satisfies the local (1, 1)− linking condition near the origin, we have that dim C1(Θ, 0) ≥ 1,
i, e Ck(Θ, 0) , 0 for some k ∈N. Applying the Theorem 6.2.42 in [17], there exists ϑn ∈ KΘ.

Theorem 8. Suppose that condition (V), and (C1)− (C4) are satisfied. Then, the problem (P2) has at least non-trivial
weak solution inW1.

Proof. Theorem 4 guarantees thatΘ fulfills the Palais–Smale condition and is bounded below. Furthermore,
the trivial solution ϑn = 0 is homologically nontrivial and serves as a minimizer. The desired conclusion
then follows directly from Theorem 2.1 in [15].

Our results are follows

Theorem 9. Suppose that conditions (V), and (C1) − (C4) are satisfied. Then, the problem (P2) has infinitely
non-trivial weak solutions inW1.
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Proof. We assume that our problem admits three nontrivial solutions inW1. That is KΘ =
{
0, ϑn, ψn

}
. From

Morse’s relation, it follows that

Cn(Θ, 0) =
{
R, k = m(0),
0, otherwise ,

where m(0) is a Morse index of 0 . We use Morse’s relation, we get that∑
k≥0

rank Ck(Θ,∞)Xk + (1 + X)Q(x) =
∑
k≥0

rank Ck(Θ, 0)Xk +
∑
k≥0

rank Ck (Θ, ϑn) Xk +
∑
k≥0

rank Ck
(
Θ, ψn

)
Xk

= Xm(0) + 2
∑
k≥0

ξkXk.

From (19), it follows that

(1 + X)Q(X) = Xm(0) + 2
∑
k≥0

ξkXk,

where ξk ≥ 0 is an integer, and Q is a polynomial whose coefficients are non-negative integers. In particular,
for X = 1 we have 2a = 1 + 2

∑
k≥0

ξk. Since ξk ∈ N, we have that
∑
k≥0

ξk = +∞ leads to a contradiction. Thus,

there exist infinitely solutions to the problem (1).

Theorem 10. Suppose that conditions (V), and (C1) − (C4) are satisfied. Then, problem (P1) admits an infinitely
weak solutions inW1.

Proof. We consider the sequence {ϑn}n∈N ⊂W1 of solutions to problem (P2). Then, we have that∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)−2 (ϑn(x) − ϑn(y)) (u(x) − u(y))

|x − y|N+ϕp(x,y)
dx dy

+

∫
G×G

|ϑn(x) − ϑn(y)|q(x,y)−2 (ϑn(x) − ϑn(y)) (u(x) − u(y))

|x − y|N+φq(x,y)
dx dy

=

∫
G

hn (x, ϑn(x))(
ϑn(x) + 1

n

)
δ(x)
u(x) dx +

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−2 (
ϑn(x) +

1
n

)
u(x) dx,

+ α

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ u(x) dx,

for all u ∈ W∗

1.

(20)

We take u = ϑn in (20), we have that∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
dx dy +

∫
G×G

|ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)
dx dy

=

∫
G

hn (x, ϑn(x))(
ϑn(x) + 1

n

)δ(x)
ϑn(x) dx +

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)−2 (
ϑn(x) +

1
n

)
ϑn(x) dx

+ α

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ϑn(x) dx

≤

∫
G

hn (x, ϑn(x))(
ϑn(x) + 1

n

)δ(x)
ϑn(x) dx +

∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)

dx + α
∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)

log
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ dx.
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Combining ( C1 ) with (V), and (12) it follows that∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)

|x − y|N+ϕp(x,y)
dx dy +

∫
G×G

|ϑn(x) − ϑn(y)|q(x,y)

|x − y|N+φq(x,y)
dx dy

≤

∫
G

hn (x, ϑn(x))(
ϑn(x) + 1

n

)
δ(x)

ϑn(x) dx +
∫
G

P(x)
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ϱ(x)

dx + α
∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)

log
∣∣∣∣∣ϑn(x) +

1
n

∣∣∣∣∣ dx

≤

∫
G

ξ(x)
(
1 + |ϑn(x)|t(x)−1)

)
|ϑn(x)|1−δ(x) dx + η1 ∥ϑn∥W1

+
|G|

υ− exp(1)
+M
|G|Cυ++κυ++κ

κ exp(1)
.

Since t(x) − 1 ≤ t(x) − δ(x) for all x ∈ G, we get that

∥ϑn∥W1
≤

∥ξ∥∞C
(
t(x),p(x, y),q1(x), δ(x), ϕ,G

)
1 − η1

·

Consequently, the sequence {ϑn}n∈N is bounded inW1. SinceW1 is a reflexive Banach space, we can extract
a subsequence (still denoted {ϑn}) such that ϑn ⇀ ϑ weakly in W1. By compact embeddings, ϑn → ϑ
strongly in La(x)(G) for 1 ≤ a(x) < p∗z1

(x), and ϑn → ϑ almost everywhere in G. A similar discussion as in
Theorem 4 now yields that

lim
n→∞

[∫
G×G

|ϑn(x) − ϑn(y)|p(x,y)−2 (ϑn(x) − ϑn(y)) (u(x) − u(y))

|x − y|N+ϕp(x,y)
dx dy

+

∫
G×G

|ϑn(x) − ϑn(y)|q(x,y)−2 (ϑn(x) − ϑn(y)) (u(x) − u(y))

|x − y|N+φq(x,y)
dx dy

]
=

∫
G×G

|ϑ(x) − ϑ(y)|p(x,y)−2(ϑ(x) − ϑ(y))(u(x) − u(y))

|x − y|N+ϕp(x,y)
dx dy

+

∫
G×G

|ϑ(x) − ϑ(y)|q(x,y)−2(ϑ(x) − ϑ(y))(u(x) − u(y))

|x − y|N+φq(x,y)
dx dy.

Since ϑn(x) > 0, we get that ∣∣∣∣∣∣∣∣hn (x, ϑn(x)) u(x)(
1
n + ϑn(x)

)δ(x)

∣∣∣∣∣∣∣∣ ≤ |h(x, ϑ(x))u(x)|.

From the dominated converge theorem, it follows that

lim
n→+∞

∫
G

hn (x, ϑn(x)) u(x)(
1
n + ϑn(x)

)δ(x)
dx =

∫
G

h(x, ϑ(x))u(x)
(ϑ(x))δ(x)

dx.

Similarly, we prove that

lim
n→∞

∫
G

P(x)
∣∣∣∣∣ϑn +

1
n

∣∣∣∣∣ϱ(x)−2 (
ϑn +

1
n

)
u(x) dx =

∫
G

P(x)|ϑ|ϱ(x)−2ϑ(x)u(x) dx,

and

lim
n→+∞

α

∫
G

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣υ(x)−2 (
ϑn(x) +

1
n

)
log

∣∣∣∣∣ϑn(x) +
1
n

∣∣∣∣∣ u(x) dx

= α

∫
G

|ϑ(x)|υ(x)−2 (ϑ(x)) log |ϑ(x)| u(x) dx.
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Finally, passing to the limit in (20), we deduce that∫
G×G

|ϑ(x) − ϑ(y)|p(x,y)−2(ϑ(x) − ϑ(y))(u(x) − u(y))

|x − y|N+ϕp(x,y)
dx dy

+

∫
G×G

|ϑ(x) − ϑ(y)|q(x,y)−2(ϑ(x) − ϑ(y))(u(x) − u(y))

|x − y|N+φq(x,y)
dx dy

=

∫
G

h(x, ϑ(x))u(x)
(ϑ(x))δ(x)

dx +
∫
G

P(x)|ϑ|ϱ(x)−2ϑ(x)u(x) dx

+ α

∫
G

|ϑ(x)|υ(x)−2 (ϑ(x)) log |ϑ(x)| u(x) dx, for all u ∈ W∗

1,

This means that ϑ is a weak solution to (P1).
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[1] Aberqi, A., Benslimane, O., Ouaziz, A., Repovš, D.D.: On a new fractional Sobolev space with variable exponent on complete
manifolds. Bound. Value Probl. 2022(1), 1–20 (2022)

[2] Aberqi, A., Ouaziz, A.: Morse’s theory and local linking for a fractional (p1(x, ),p2(x., )): Laplacian problems on compact
manifolds. J. Pseudo-Differ. Oper. Appl. 14, 17–41 (2023)

[3] Aberqi, A., Nguyen, P.D., Ouaziz, A., Ragusa, M.A.: Blow-up and global existence for a new class of parabolic p(x, ·)-Kirchhoff
equation involving double phase operator. J. Math. Anal. Appl. 542(2), 128807 (2025). doi:10.1016/j.jmaa.2024.128807

[4] Bahrouni, A., Radulescu, V.D.: On a new fractional Sobolev space and applications to nonlocal variational problems with variable
exponent. Discrete Contin. Dyn. Syst. Ser. S 11(3), 379–389 (2018)

[5] Biswas, A., Bahrouni, A., Fiscella, A.: Fractional double phase Robin problem involving variable-order exponents and logarithm
type nonlinearity. Math. Methods Appl. Sci. 45 (2022)

[6] Baroni, P., Colombo, M., Mingione, G.: Harnack inequalities for double phase functionals. Nonlinear Anal., Theory Methods
Appl. 121, 206–222 (2015)

[7] Baroni, P., Colombo, M., Mingione, G.: Regularity for general functionals with double phase. Calc. Var. Partial Differ. Equ. 57,
1–48 (2018)

[8] Bartsch, T., Li, S.J.: Critical point theory for asymptotically quadratic functionals and applications to problems with resonance.
Nonlinear Anal. 28, 419–441 (1997)

[9] Butakin, G., Piskin, E., Celik, E.: Blow-up and global solutions of a fourth-order parabolic equation with variable exponent
logarithmic nonlinearity. J. Funct. Spaces 2024(1), 2847533 (2024). doi:10.1155/jofs/2847533

[10] Fan, X.L., Zhao, D.: On the spaces Lp(x)(W) and Wm;p(x)(W), J. Math. Anal. Appl., 263, 424–446 (2001)
[11] Fu, Y.: The principle of concentration compactness in Lp(x) spaces and its application. Nonlinear Anal., Theory Methods Appl.

71, 1876–1892 (2009)
[12] Guo, L.: Fractional p-Laplacian equations on Riemannian manifolds. Electron. J. Differ. Equ. 156, 1–17 (2018)
[13] Jourhmane, H., Kassidi, A., Hilal, K., Elomari, M.: Existence of periodic solution for double-phase parabolic problems with

strongly nonlinear source. Filomat 37(27), 9357–9370 (2023)
[14] Kaufmann, U., Rossi, J., Vidal, R. (2017). Fractional Sobolev spaces with variable exponents and fractional p(x)-Laplacians.

Electronic Journal of Qualitative Theory of Differential Equations, 2017(76), 1–10.
[15] Liu, J.Q., Su, J.B.: Remarks on multiple nontrivial solutions for quasi-linear resonant problems, J. Math. Anal. Appl. 258, 209–222

(2001)
[16] Ouaziz, A., Aberqi, A.: Singular fractional double-phase problems with variable exponent via Morse’s theory. Filomat 38(21),

7579–7595 (2024)
[17] Papageorgiou, N.S., Radulescu, V.D., Repovs, D.D.: Nonlinear Analysis-Theory and Methods, Springer Monographs in Mathe-

matics, Springer Nature, Cham, (2019)
[18] Perera, K. (1998). Homological local linking. In Abstract and Applied Analysis (Vol. 3, No. 1–2, pp. 181–189). Hindawi Publishing

Corporation.
[19] Zhikov, V.V.: Averaging of functionals of the calculus of variations and elasticity theory. Izv. Ross. Akad. Nauk, Ser. Mat. 50,

675–710 (1986)


	Introduction 
	 Definitions and preliminary results
	Generalized fractional Sobolev space
	Critical groups and Homology theory

	Main results
	The Approximated Problem 
	Computation of critical group 


