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Characterization of the pseudospectrum of a compact operator

Anouer Ben Alji?

®Faculty of Sciences of Sfax, Department of Mathematics, BP1171, Sfax 3000, Tunisia

Abstract. We study the e-pseudospectrum of compact linear operators on complex Banach spaces. Several
pseudospectral notions defined via resolvent norms, bounded perturbations, and approximate eigenvectors
are compared. We say that a complex Banach space X belongs to the class ‘W if, for every compact operator

A on X satisfying || + A|| > 1, the operator I + A attains its norm. For compact operators acting on Banach
spaces in ‘W, we show that these pseudospectral notions coincide.

1. Introduction

Let B(X) denote the Banach algebra of all bounded linear operators on a complex Banach space X, and
let K(X) be the ideal of all compact operators on X. We say that X belongs to the class ‘W if, for every
compact operator K on X satisfying || + K|| > 1, the operator I + K attains its norm. Recall that an operator
A € B(X) is said to be norm attaining if there exists x € X with ||x|| = 1 such that ||Ax|| = [|All.

Throughout this paper, for an operator A € B(X), we denote by o(A) its spectrum and by ¢,(A) its point
spectrum. The notion of e-pseudospectrum provides a natural generalization of the classical spectrum.

Definition 1.1. Let A € B(X) and € > 0. The e-pseudospectrum of A is defined by

0:(A) := L (A) U L(A),
where

L(A) = {1 eC: I(A-ADTI > L uo(a),
and

L(A)={1eC:(A-AD7"|=1].

The concept of pseudospectrum emerged in the 1960s and 1970s through the work of numerical analysts
such as Landau, Varah, Wilkinson, Demmel, and, most notably, Trefethen, in their efforts to understand
the influence of rounding errors and non-normality on eigenvalue computations. The pseudospectrum
generalizes the classical spectrum by identifying those complex numbers A for which the resolvent norm
(A — AI)7Y|| is large, or equivalently, for which A becomes an eigenvalue of a perturbed operator A + E
with ||[E|| < €. In recent years, several refinements and variants of the classical pseudospectrum have been
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introduced in order to obtain sharper spectral characterizations in Banach spaces. In particular, Ammar,
Jeribi and Mahfoudhi [4] established a characterization of the condition pseudospectrum for bounded
linear operators, highlighting its connections with resolvent estimates and norm-attaining properties. Sub-
sequently, the same authors extended this framework by introducing and studying the left and right
condition pseudospectra of linear operators in [5], where finer perturbation and one-sided spectral be-
haviors were analyzed. These contributions provide a deeper understanding of pseudospectral structures
beyond the classical setting and motivate further investigations into the relationships between different
pseudospectral notions, especially for compact operators and in infinite-dimensional Banach spaces.

For compact operators, whose spectra consist of isolated eigenvalues accumulating only at zero, the
pseudospectrum provides valuable insight into the sensitivity of eigenvalues under arbitrarily small per-
turbations and helps detect spectral pollution in finite-rank approximations. The geometric interpretation
of pseudospectra, obtained by plotting level sets of the resolvent norm, offers a powerful tool for an-
alyzing operator stability and transient behavior. The influential monograph by Trefethen and Embree
[16] played a central role in popularizing pseudospectral analysis. Further properties of pseudospectra in
finite-dimensional spaces and Banach algebras can be found in the works of Davies [6], Varah [17], Harrabi
[8], Jeribi and coauthors [2, 3, 9, 10], and Shargorodsky [12].

We now introduce two additional pseudospectral-type sets associated with an operator A € B(X) and
e>0.

1. Define U (A) = U.(A) U LU(A), where
U.(A) := {1 € C: A € 0(A + E) for some E € B(X) with |[E]| < ¢},

and
LU.(A) := {1 € C: A € (A + E) for some E € B(X) with |IE|| = ¢}.

2. Define V.(A) = V.(A) U LV.(A), where
Ve(A):={AeC:AxeX, |Ixll =1, (A-Alxll < e},
and
LVe(A):={1eC:IxeX, |l =1, (A-ADxl| = ).

The following lemmas describe the relationships among the sets 0.(A), U:(A), V(A) and their strict
counterparts.

Lemma 1.1. [16] Let A € B(X) with A # Al forall A € C, and let € > 0. For A ¢ 6(A), we have A € L.(A) if and
only if there exists x € X such that
I(A = ADx]l < ellx|.

Lemma 1.2. [16] Let A € B(X) with A # M forall A € C, and let ¢ > 0. Then A € L.(A) ifand only if A € 6(A+E)
for some E € B(X) with ||E|| < e.

As a consequence of Lemmas 1.1 and 1.2, we obtain
Le(A) = Uc(A),  Ze(A)\o(A) = Ve(A) \ a(A),

and hence
Ue(A) \ 0(A) = Ve(A) \ 0a(A),

for every A € B(X) with A # AL
In the finite-dimensional setting, the following result establishes the equivalence of the three pseu-
dospectral notions.
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Theorem 1.1. [16] Let € > 0 and let X be a finite-dimensional complex Banach space. If A € B(X) satisfies A # Al
forall A € C, then

0:(A) = U(A) = V(A).

The main objective of this paper is to investigate the e-pseudospectrum of linear operators and to
establish new characterizations that yield necessary and sufficient conditions for the equality

0:(A) = U(A) = V(A)

when A is compact. Moreover, we analyze the relationships among the boundary sets L.(A), LU.(A), and
LV.(A) for operators in K(X). Our approach follows the same general methodology as in [1].

This paper is organized as follows. In Section 2, we show that if A € B(X) is not a scalar multiple of the
identity and the resolvent (A — AI)~! attains its norm for all A € L.(A), then

Ve(A) =U(A) =0.(A), and L(A) CLV.(A) CLU(A).
In Section 3, assuming that X belongs to the class W, we prove that
0e(A) = U(A)

for every compact operator A € K(X).

2. Preliminary results

This section explores the relationship between the sets 0c(A), Uc(A), Ve(A) and L(A), LU(A), LV(A)
for any bounded operator A defined on a Banach space X.

Lemma 2.1. If M € B(X) is an invertible operator and N € B(X) is not invertible, then

IN =Ml > ———==
v

Proof. Suppose, [N — M| < Then

1
M
INM™! = 1)l = I(N = M)M | < [IN = MIIM Y| < 1.
It gives NM! is invertible. Also, as M is invertible, therefore N = NM~'M is invertible too. Consequently,
we get a contradiction with the fact that N is non-invertible. Q.ED.
Corollary 2.1. Let A be a compact operator defined on an infinite complex Banach space X. If A ¢ o(A) then

1

A =AD7Y > —.

Proof. Let A ¢ o(A). It's well known that any compact operator defined on an infinite Banach space is non
invertible, which means A is not invertible and A — Al is an invertible operator. Applying Lemma 2.1

1
IA=(A=AD||= A > ———.
( ) (A = AD7Y|
It implies,
1
A =AD7Y > =.

QE.D.

Using the previous Lemma as a key step, we establish the following theorem, which shows that U(A) C
0c(A).
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Theorem 2.1. Let A € B(X), such that A # AINA € C, and € > 0. Then,
U(A) C 0e(A).

Proof. Suppose A € U(A), then A € 6(A + E) for some E € B(X) such that ||E|| < €. In the case A € g(A), the
inclusion is trivial as 6(A) C 0.(A).
Now, if A ¢ 0(A), then A — Al is invertible and A + E — Al is non invertible operator. Thus, by Lemma 2.1

IEIl = lI(E + A = AI) = (A = ADI| >

(A =AD"
That implies,
m <|El| € e.
Therefore
2 <lA- A7,
Consequently, A € 0.(A). Q.ED.

The next lemma establishes the converse inclusion, under the additional assumption that the Banach
space X satisfies a certain property.

Lemma 2.2. Let X be a complex Banach space that have the following property: “For every invertible operator
A € B(X) there exists a non invertible operator E € B(X) such that ||A — E|| = AT ”. Hence, for every A € B(X),

with A is not scalar multiple of the identity, and A € o.(A) there exists a non invertible operator E such that:

lE|| < €eand A € 6(A + E).

Proof. Suppose A € 0.(A), then we discuss this two cases:

case1:If A € 0(A), so putting E = 0.

case 2 : In case A € 0g.(A) \ 0(A), then AI — A is an invertible operator. Thus, our hypothesis ensures the
existence of a non-invertible operator D such that

1
Al-A—-D|| = ——.
AL =A)|
LetE=AI-A - D, then
1
IEll = +——7 <€
(AL = A)H|
Since D = Al — A — E is a non invertible operator, then A € ¢(A + E). Q.E.D.

Next, we provide examples of Banach spaces satisfying the condition stated in the previous lemma.
These examples were previously cited in [11].

Example 2.1. Let X be a compact Hausdorff space and g € C(X) be an invertible element, so there exists a € X

verifying:
0 < lg@)l < lg(x)l, Yx € X

Then

1
lg(a)l = HgTII

Let h € C(X) defined by h(x) = g(a) Vx € X. We notice that

g = (g =Wl = Ikl = |g(@)| =

1
g~

In addition, (g—h)(a) = 0, so g—h is not invertible. Therefore, the Banach algebra C(X) satisfies the property indicated
in Lemma 2.2.
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Example 2.2. The matrix algebra C"™" has also the property indicated in Lemma 2.2.

Corollary 2.2. Let X be a complex Banach space satisfying the assumption of Lemma 2.2 and A € B(X), such that
A # AIVYA €C, then:
0e(A) = Ue(A).

Proof. Lemma 2.2 provides the direct inclusion, and Theorem 2.1 provides the reverse inclusion.
Q.E.D.

The following lemma characterizes the connection between LV(A) and LU,(A).

Lemma 2.3. Let e > 0. If A € B(X), then
LV(A) C LU.(A).

Proof. Suppose A € LV (A), so there exists x € X with [|x]| = 1 such that
[[(A = ADx|| = €.

Consider y = %(A — Al)x be a unit vector. By Hahn Banach Theorem, there exists f € X* (dual of X) such
that [|fll = f(x) = |lxl]| = 1. Let
E: X — X, with E(s) = —ef(s)y.

Obviously, E is a bounded linear operator and ||[E(s)|| = || — ef(s)yll < ellflllisllllyll = € for every unit vector
s € X. Hence

lIEIl = sup [[E(s)I < e.
lli=1

As ||[E(x)|| = €, therefore ||E|| = €. Also, we notice that
Ax=Ax—ey=Ax—eyf(x) = Ax+ Ex = (A + E)x.

thus, A € 6(A + E). As aresult, A € LU(A). Q.E.D.

Corollary 2.3. Let € > 0. If A € B(X), then
Ve(A)\ 0(4) € Uc(A) \ 0(A).
Proof. Applying Lemma 1.1, Lemma 1.2 and Lemma 2.3 we obtain
Ve o(d) = Ve(A)\o@)| JLVea)\ a(a)
= UA)\o(A)|_JLVeA) \ a(4)

S UA)\o(A)| JLUe(A)\ o(4)
= ULA)\ o(A).

QE.D.

The following example demonstrates that 0(A) is not necessarily a subset of V.(A) for some A € B(X)
and some € > 0.

Example 2.3. Consider the Banach space I*(IN) and 0 < € < 1. Let
L:I®(IN) — I*(IN) such that L(x1,x3,x3,...) = (0,x1, X2, ...).

It is well known that, o(L) = {z € C; |z| < 1} and ||[L(x)|| = ||ILI| = 1 for any unit vector x € I*(IN). As ||IL(x)|| > € for
any unit vector x, s0 0 ¢ V(L) but 0 € (L) € U(L).
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Lemma 2.4. Lete > 0and A € B(X). If A € L.(A) and (A — AI)~! is norm attaining, then
A € LV (A).
Proof. As (A - Al)~!isnorm attaining, so there exists y € X with ||y|| = 1 such that
(A =AD" yll = (A = AD 7.

Consider z = a™!(A — AI)"!y be a unit vector, where a = ||(A — AI)7!].
Using the last equation we notice that a~'y = (A — AI)z and

1

— — -1 - =
(A = Azl = A= AD]

€.

As aresult, A € LV (A). Q.E.D.

Corollary 2.4. Lete > 0and A € B(X). If A € Lo(A) and (A — AI)™! is norm attaining, then
A € LU(A).

Proof. This result is obtained directly from Lemma 2.3 and Lemma 2.4. Q.E.D.

. Let X = I*(IN), the following example shows that in B(X) there exists A € B(X), € > 0 and A €
LU.(A) (N LVe(A) such that (A — AI)7! is norm attaining but A ¢ L(A).

Example 2.4. Consider the Banach space X = 1°(N) and € = 1. Define A : X — X by

X1 X2
A(x1,x2,X3,.., Xy, ..) = (E' Z,xg,..,xn,..).

It is obvious that ||Al| = 1 and A~! attains norm. We consider also the two following operators,

Ei: X — X by E1(x1, X2, X3, . X, .) = (—xz—l, 0,0,..,0,.)

and X
E: X — X by Ex(x1, %2, X3, .., %, ..) = (0, _Zz’ 0,.,0,.).

It’s clear that 0 € o(A + Eq) and ||E1]| = € and hence 0 € LU.(A). Consider the unit vector v; = (1,0,0,..,0,..).
Clearly, ||Av|| = € and hence 0 € LV.(A). Since, 0 € 0(A + Ep) with ||E;|| < €, by Lemma 1.2, 0 ¢ Lc(A).

Corollary 2.5. Let € > 0 and A € B(X). If (A — AI)™! is norm attaining for all A € Le(A), then
0e(A) = U(A).
Proof. Follows from Theorem 2.1, Lemma 1.2 and Corollary 2.4. Q.E.D.
Corollary 2.6. Let € > 0and A € B(X). If (A — AI)™! is norm attaining for all A € L¢(A), then
de(A) \ 0(A) = Ve(A) \ o(A).

Proof. The direct inclusion comes from Corollary 2.3 and Theorem 2.1, but the reverse inclusion follows
from Lemma 1.1 and Lemma 2.4. Q.ED.
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3. Main results

The main goal of this section is to give a necessary and sufficient condition for the characterization of
pseudospectrum of a linear operator A which is defined on Banach spaces which belongs to class ‘W, where
A € K(X).

Definition 3.1. [13] A complex Banach space X is called "belongs to class ‘W” if for each A € K(X) such that
I +A|l > 1, I+ A attains norm.

Lemma3.1. Lete > 0, A € K(X). If A € Le(A) such that ||(A — AI)Y|| =

for some Oy € a(A). Then,

|A = bol
A e U(A).
Proof. Consider
E: X — Xdefined by E(s) = (A — d¢)s.
Obviously, A € 6(A + E) and
IEl = 1A = 8ol = (A =AD" = .
Consequently, A € U(A). Q.ED.
Lemma 3.2. Lete >0, A € K(X). If A € Lc(A) such that ||(A - AD7Y = T ! 3 |for some &g € a(A) \ {0}. Then,
= 0o

A € V.(A).

Proof. We notice that each non zero element of 6(A) is an eigenvalue of A. Itis evident that, if 59 € 0(A)\ {0}
then there exists x € X with ||x]| = 1 such that Ax = §px. Consequently,

1
A—ADx|| = I(6p — A)x|| =160 — A| = ————— =€.
[¢ )Xl = [I(6o — A)xll = 60 — Al A= oD
Hence, A € V(A). Q.E.D.

The following example proves that, for X = I>(IN) there exists A € K(X), and A € L(A) with [[(A-AI) || =
I}_\I such that A ¢ V.(A). This example satisfies the conditions of the previous lemma, except that we take
0o = 0, which reduces the problem to proving that A ¢ V.(A).

Example 3.1. Let X = I*(N) and € = 3. Define

X2 X3 X
A X - X by A(x1,x2,X3, .., X, ..) = (x1, 32, ?3' . ;”, ).

Obviously, A is compact. It is proved in [11] that

o(4) = 01| i n €Ny

and
1
A=A = ———— forall A ¢ o(A).
mfke]Nl/\ - %l
For A = —1, we obtain
1 1 1 1
A+ )= ————F=7=—
2 nfrenl(-3 -1 3
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Also, since [(A+ )7 = + = 1, then (-1) € Le(A). Forany x = (x1,%2, X3, .., Xu, ..) € X with ||x|| = 1, we notice the
2
following,

1 _ N Xk Xk o
A+l = | Y I+

>

1
LN ST o

=

=
=1

+
N |

-~

As a consequence, (—%) ¢ Ve(A).
Lemma 3.3. Lete >0, A € K(X). If (A — AI)™! attains norm for all A € Le(A), then

0e(A) = Ve(A).
Proof. It comes directly from the fact that every non zero element of o(A) is an eigenvalue and zero is the
element in the approximate point spectrum and Corollary 2.6. Q.E.D.
The following Theorem gives a sufficient condition for the equality between the sets 0.(A) and U (A).

Theorem 3.1. Let A € K(X). Assume A have the property: "If A € Le(A) with |A| > €, then (A — AI)™! attains
norm”. If e > 0, then
0e(A) = Ue(A).

Proof. Theorem 2.1 proves the reverse inclusion. Let’s prove direct inclusion: Consider A € 0.(A), then
either A € Z.(A) or A € Le(A). If A € £.(A), then by Lemma 1.2, A € U(A). Suppose A € L.(A), then one of
the following three cases holds,

1 1

—_ -1 = — —_—
IA=AD= 2> e (@)

1 1

—_ -1 = — —_
IA-A)M= 2 <o @

1 1

— -1 = - = —
A== =55 @)

As A is compact, so by Corollary 2.1
1

A=AD7 > = 4
it = @)

1
If (3) holds, then ||(A — AI)7}|| = =, applying Lemma 3.1 we obtain A € U.(A). Inequality (2) is impossible,
Al pplymng q y p

1
because it gives [|(A — A)7!|| < v which contradicts (4). Suppose inequality (1) holds then by our hypoth-

esis (A — AI)™! attains its norm. Using Corollary 2.4, we get A € U(A). Q.E.D.

The following example demonstrates the necessity of the norm-attaining property.

Example 3.2. Let 0 <s < 1and X = I'(N). Define A : X — X by

- —X3 —X4 —X
A(x1,%2,X3, .., X, ) = (1 + 28)x1 — Z Xoiy X2, _"1,

).

m=2
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Clearly, A is a compact operator. Also, it is proved in [12] that
(A =2sDxll >s (+)

for all unit vector x € X and
infiyi=1ll(A — 2sDxll = 5. (+x)
Equation (x) gives (A — 2sI)™! doesn’t attain norm and by equation (=),

1

- -1 = —_
(A = 2sD)~"]| > 55

©» | =

Hence, 2s € L;(A) C 05(A). Clearly, 2s > s.

Suppose 2s € Us(A) which means that 2s € 0(A + E) such that ||E|| < s for some E € B(X). Then
IE]l < s < 2s.

Thus, E — 2sl is an invertible operator. As A is compact, A + E — 2sl is a Fredholm operator with index zero. Since
A + E — 2sl is not invertible and has index zero, there exists v € X with ||v|| = 1 such that

(A+E-2sD)(v) =0.

It implies, (A — 2sI)(v) = —E(v). By equation (+), || — E(v)l| > s which contradicts the fact that ||E|| < s.
Consequently, 2s ¢ o(A + E) and then 2s ¢ U(A).

Corollary 3.1. Let A € K(X). Assume A have the property as indicated in Theorem 3.1. If € > 0, then

Le(A) € LU(A).
Proof. By Theorem 3.1, we obtain that 0.(A) = U(A). Therefore, Lc(A) C LU:(A). Q.E.D.
The following Theorem is kind of converse of Theorem 3.1.

Theorem 3.2. Let A € K(X) and € > 0. Assume that 6.(A) = U(A). If A € Le(A) such that |A| > €, then
(A = A7 attains norm.

Proof. LetA € L.(A)suchthat|A| > e. Our hypothesis gives that there exists E € B(X) such that A € 6(A+E)
and ||E|| < e. Hence, ||E|| < |A|l. Therfore, —AI + E is an invertible operator. As every invertible operator is
Fredholm and A is compact, A — AI +E is a Fredholm operator with index zero. Obviously, 0 € 6(A - AI+E),
then A — Al +E is not invertible. Since A — Al +E has index zero, it has a non trivial kernel. As a consequence,
there is a unit vector x € X such that

(A=Al +E)x=0= —E(x) = (A - A)(x) = —(A - AD)'E(x) = x.
As A € Lc(A) and ||E|| € €, we obtain that
1=l =11 = (A= ADT'E@)Il < (A = ADHIE@)I < (A = ADTHIIEN < 1.
Thus, ||E|| = [IE(x)|| = €. Let
y= éE(x) be a unit wvector.

We note that
—~(A-ADT'E(x) = x

equivalent to,
—(A-AD"ye =x
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if, and only if
~(A- Ay =[]
Reducing to
= (4= A0yl = 2l = 1A = AL
Consequently, (A — AI)™! attains its norm. Q.E.D.

Corollary 3.2. Let A € K(X). We assume one of the following relationships holds
(1) Le(A) € LU(A).
(2) 0e(A) = Ve(A).
(3) Le(A) S LV(A).

If A € Le(A) such that |A| > €, then (A — AI)™! attains norm.

Proof. Obviously, if one of last relationships holds then o.(A) = U.(A). Hence, by Theorem 3.2 we get
directly the result. Q.ED.

Theorem 3.3. Consider X an infinite complex Banach space with the property that "for any K € K(X) such that
Il + K|l > 1,1+ K is norm attaining” and € > 0. If A € K(X). Then

de(A) = Ue(A).

Proof.

In view of Theorem 2.1, we have U(A) C 0.(A); hence, it remains to show that g¢(A) C U (A). Let
A € 0¢(A) then either A € Z.(A) or A € L:(A). Suppose A € Z(A) then by Lemma 1.2, A € U(A). Suppose
A € L¢(A), since A is compact then, by Corollary 2.1

1
A-ADTY > —.
(A =AD> o
If (A = AD7Y| = |/1\_|’ then by Lemma 3.1, A € U(A).
Suppose that ||(A - AD7Y| > |/1\_| To show that A € U(A), it suffices, according to Corollary 2.5, that (A=AD7!
attains norm. We note that
A-ADT'=-AMT-AMA-ADT' =) = -A"Y I +F). (3.1)
Where F = —A(A — AI)"! — I. As A is compact and
F = -AA-AD'-1I
= (A-AD-AI-(A-AD]
= —(A-AD74,
we conclude F is compact. by 3.1 we have
_ 1
I+ Fll = | = AllGA = AD 7' > Mll/\_l =1

By our hypothesis I + F attains its norm, and so, by 3.1 (A — AI)~! attains norm. Hence, A € U.(A). Q.E.D.

Corollary 3.3. Let X be an infinite complex Banach space with the property as indicated in Theorem 3.3 and € > 0.
If A € K(X). Then
Le(A) € LUL(A).
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Proof. The proof of Theorem 3.3 gives, if A € Lc(A) then (A — AI)~! attains norm. Consequently, by
Corollary 2.4, L.(A) € LU(A). QE.D.

Theorem 3.4. Let X be an infinite complex Banach space with the property that "for any K € K(X) such that
Il + K|l > 1,1+ K is norm attaining” and € > 0. If A € K(X). Then

0e(A) = Ve(A).
Proof. The proof is similar to the proof of Theorem 3.3. Q.E.D.

Corollary 3.4. Let X be an infinite complex Banach space with the property as indicated in Theorem 3.4 and € > 0.
If A € K(X). Then
Le(A) € LVe(A).

Proof. The proof of Theorem 3.3 gives, if A € L¢(A) then (A — AI)™! attains norm. Consequently, by
Corollary 2.5, L:(A) € LV(A). Q.E.D.

Remark 3.1. The class of Banach spaces which have the property given in the Theorem 3.3, has been introduced by
Shkarin in [13].

In [13] Shkarin has classified completely the Banach spaces belonging to the class ‘W. In our case, we
have this property ”if the underlying Banach space X belongs to class ‘W, then the sets 0.(A) and Uc(A) are
equal for any A € K(X) and € > 0”.

Next theorem is the partial converse of Theorem 3.3.

Theorem 3.5. Let X be a Banach space possess the property that “o.(T) = U(T) for any € > 0 and for any
T e K(X)". If A € K(X) such that I + A is invertible and ||I + Al| > 1 then I + A attains its norm.

Proof. Let A € K(X), I+ Aisinvertible and || + A|| > 1. Putting
T=(I+A)"'-1
Since
T=(I+A)"1-I=1I+A)7T-01I+A)=-1+A"A
and A is compact, then T is compact. By the definition of T
I+T=(1I+A7.

Take 6 = (I + AL Implies, % = I+ A| = ||+ T)Y. Hence, =1 € Ls(T) € o5(T). By our hypothesis,
—1 € U(T). We can see easily that 5 < 1 (because ||[+ Al > 1= 6 = [[[+A]|)™! <1). By Theorem 3.2 (I+T)~!
attains its norm and since (I + T)™! = (I + A), thus [ + A attains norm. Q.E.D.

Corollary 3.5. Let X be a complex Banach space. We suppose one of the following relationships holds, Ve > 0,YT €
K(X)

(1) Le(T) € LUL(T).

(2) 0e(T) = Ve(T).

(3) Le(T) € LV(T).
If A € K(X) such that I + A is invertible and ||l + A|| > 1 then I + A attains its norm.

Proof.
If one of the above relationships holds then we get 0.(T) = U(T) for any € > 0 and any T € K(X). By
Theorem 3.5, we obtain directly the result.
Q.E.D.
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4. Conclusion

In this paper, we investigated the e-pseudospectrum of bounded and compact linear operators acting on
Banach spaces, with a particular emphasis on the interplay between pseudospectral sets and norm-attaining
properties of resolvent operators. By introducing and comparing the sets 0c(A), U(A) and Ve(A), we es-
tablished several inclusion and equality results that extend and refine previously known characterizations
in the literature.

Our main contribution lies in proving that, for Banach spaces belonging to the class W, these pseudospec-
tral sets coincide for every compact operator and every € > 0. This result highlights the strong connection
between the geometry of the underlying Banach space and the stability properties of the spectrum un-
der compact perturbations. Moreover, we obtained a converse-type result showing that the equality
0e(T) = U(T) for all compact operators T characterizes the norm-attaining property of invertible operators
of the form I + A with |[I + Al > 1.

The results presented in this work generalize and complement earlier studies by Shkarin and by Jeribi
et al., and they emphasize the distinctive role played by compact operators in Banach spaces beyond the
Hilbert space framework. Possible directions for future research include the study of essential pseudospec-
tra, extensions to semi-Fredholm or multivalued operator matrices, and applications to spectral stability
problems arising in applied analysis.
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