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Abstract. In this paper, we introduce and study a novel class of generalized Stirling numbers depending
on a real parameter and two sequences of real numbers. This class extends several known families of num-
bers, including the Hsu-Shiue generalized Stirling numbers S (1, k; a, B, ). We also present a combinatorial
interpretation of these numbers, which allows us to derive a variety of combinatorial identities. Addition-
ally, we establish several identities for the associated polynomials and, under suitable conditions on the

defining parameters, analyze the real roots of these polynomials. Finally, we establish some properties of
the differential operator acting on these polynomials.

1. Introduction

The Stirling numbers of the second kind, often denoted by {}}, counts the number of partitions of the set
[n] ={1,2,...,n} into k non-empty subsets. These numbers satisfy the recurrence relation [4]

n n—1 n-1
{k}_k{ k }+{k—1}’ ekl
with the boundary conditions {j} =
the formula

(i

=0

On0 and {2} = O for all n, k € IN. An alternative definition is given by

In the literature, several generalizations of these numbers have been studied in different directions

[3, 4, 8, 10, 11, 15, 17]. For example, Hsu and Shiue [8] introduced the generalized Stirling numbers
S(n,k;a,B,y), defined by the recurrence relation

Sm+1,kapBy)=Snk-1apB,v)+Bk+y—na)Snka,pB,y), n2k>1,
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with the boundary conditions S (1,0;a,8,7) = (y | a), foralln, k € N, where a, f and y are given real or
complex numbers, with (, 8,7) # (0,0,0), where

n—-1

(t]a), = H(t—ia), n>1, with (t]a), = L.
i=0

An alternative definition is given by the formula [5]

k

St kaB,y) = ﬁZ(']{) D Bj+y | a),,
e

These numbers and their associated polynomials have been investigated in depth in the works of [2, 5-
8, 13].

In the same direction, this paper introduces and studies a novel class of generalized Stirling numbers
depending on a real parameter and two sequences of real numbers. The paper is organized as follows.
In the next section, we introduce this class of generalized Stirling numbers, which extends the classical
Stirling and and r-Stirling numbers, the Whitney and r-Whitney numbers, the Lah and r-Lah numbers, the
(rl, ey rp)—Stirling numbers and the Hsu-Shiue generalized Stirling numbers S (1, k; a, B, y). 1t is defined by
an explicit formula that generalizes the corresponding explicit formulas for these numbers. We also provide
a combinatorial interpretation, from which we derive a number of combinatorial identities. In the final
section, we establish several identities for the associated polynomials and, under suitable conditions on the
defining parameters, analyze the real roots of these polynomials. Finally, we investigate some properties
of the differential operator acting on them.

2. Generalized Stirling numbers

Let 6 be a nonzero real number, a = (ap, 41, ...) and b = (b, by, ...) be two sequences of real numbers such
that

a, # 0foralln > 0.

The generalized Stirling numbers of second kind are defined by
n o SR
{k} =gV f(].)Hmi] +b). (1)
oab j=0 i=0

-1
with convention [](a;j + b;) = 1. By setting
i=0

n—1

grap )= [ @A +b), n21, and goap (1) =1,

i=0

and simplifying the notation to g, (1) instead of g, . (1), the definition (1) becomes

n (Sk k o K .
i -5 e (o

Recall the classic binomial transform inversion formula. For any sequences (s,) and (g,) we have

Sy = Z (Z)qk =g = Z (-1)"* (Z)sk-
k=0 k=0
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Applying this inversion formulae to identity (2), we obtain
Koo,
e <k>=26-f{ } *); - 3)
j=0 ] o,ab

where (x), =x(x—-1)---(x—-n+1),n>1,and (x), = 1.
For specific values of 0, (a9, a1, ...) and (b, by, ...), the generalized Stirling numbers {’;} sab reduce to several
well-known classical combinatorial numbers. We highlight some notable cases.

. When 6 = %, a=(B,B,...)and b = (y,y —a,y — 2a,...), we recover the generalized Stirling numbers [8]

{n} =S(n,ka,By).
k o,a,b

. When 6 = %, a=(22,..)and b =(1,1,...), we recover the Stirling numbers of type B [9]

n
= Sp(n, k).
{k}é,a,b

. Whené=1,a=(11,...)and b =(0,0,...), we recover the Stirling numbers of the second kind [4]

i~ i

. Whené=1,a=(11,...)and b = (r,7,...), we recover the r-Stirling numbers of the second kind [3]

n _fn+r
k b,a,b_ k+rf’

. Whend6=1,a=(1,1,...)and b = (2r,2r + 1,2r + 2,...), we recover numbers related to the r-Lah numbers

[16]
n _|n
k o,ab - k r.

. When 6 = %, a=(mm,..)withm>0,and b = (r,7,...) with r > 0, we recover the r-Whitney numbers of
the second kind [14]

n
= mr (Tl, k) .
{k}é,a,b

. When 6 = 1 and gy, 4.4r,, (j) = (j+1’p) (]+ rp) r, " with 0 < 1y < ... < 7,, We recover the

r Tp-1 p

(rl, e, r,,)—Stirling numbers [15]

k 5,ab k+ Yp 1,1,

P

Proposition 2.1. For any positive integers n and k, the following recurrence relation holds

n n-1 n-—1
= (5(1,,_1{ } + ({Iln_lk + bn—l){ } , fOT’ n>k>1.
{k }6,a,b k-1 5ab k 5,a,b

with boundary conditions {;}; ., =0, for n <k; and {8}6,a,b =g, (0), forn > 0.
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Proof. We have

0 =t k=1 o (@y1k + by ) O (K .
=—<3i:1>'2<—1>’”( R IRy 10}
= : =0

L 162( 1)’”()(k 1) gn1 (i) + MZ( 1’“()9 (),

and this is exactly

o i (K . .
EZ (-1 (]) (=ay_1 (k = j) + @1k + by1) gur ()
j=0
k

Z ()(an 1+ bam1) g1 (1),

=0
5
= - ( ( ) n ( ) ’
o Z o
{n
k o,ab
Proposition 2.2. Ifa=(a,a,...)and b = (b, ...), then the following holds

oo k
Z {Z}&a/bx’“ = (bax)" g (1-(aj+Db) x)f1

n=0
Proof. Let
= (1
Fe () = { } t".
nZZO‘ k o,a,b
From the Proposition 2.1, we have
F (t)—éai n-1 t”+(ak+b)i e G
K k-1, k.
n=0 oab n=0 5ab
= datFy_q1 (t) + (ak + b) tFy (t).
Thus
oat
Fi() = mﬁm (),
since
Fo(x) = { } bt =
;‘ o,ab Z

we obtain the desired identity. O

3302
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n n
In the rest of this section we give combinatorial interpretations of the numbers k!{ } and (%{ k}
o,ab 5ab

in terms of distributing balls into cells under certain constraints. This interpretation is an extension of the
interpretation presented in [7]. Based on this interpretation, we also derive several combinatorial identities

n
for . Throughout this section, we let a = (ag,a1,...) and b = (by, by, ...) denote two sequences of

k 6,a.,b .
nonnegative integers.

Definition 2.3. The (A,B,C,D, n, k)-set distribution refers to the distribution of n distinct balls labelled 1, ..., n into
the k + 1 distinct cells. Each of the first k cells contains Y.~y a; distinct compartments, and the last cell contains
Yo by distinct compartments. Each compartment in the k + 1 cells can hold at most one ball. The balls are placed
one at a time, in the order of their labels, such that the following conditions are satisfied

(A): For each i with 1 < i < k, the first ag compartments of cell i are each labelled with 1, the next a; compartments
are each labelled with 2, and so on, until the last a,_1 compartments are each labelled with n. Similarly, the first by
compartments of (k + 1)-th cell are each labelled with 1, the next by compartments are each labelled with 2, and so on,
until the last b, compartments are each labelled with n.

(B): For each j with 1 < j < n, each compartment in the k + 1 cells labelled with j can hold only the ball also labelled
with j.

(C): The first k cells are non-empty.

(D): Each of the first k cells will be colored by one of the 6 colors.

Similarly, the (A,B, 1, k)-set distribution and the (A,B,C, n, k)-set distribution are defined by requiring
only the conditions A and B, and conditions A,B and C, respectively, to be satisfied. The structure of the
(A,B, n,k)-set distribution is illustrated in Figure 1. The colors in the figure are used solely for illustrative
purposes.

@@ ......

apg a4y - Oy a @ - 4p-1 by by -+ b,
—

Figure 1: The (A, B, n, k)-set distribution.

celly celly

n
k

Proposition 2.4. Let n,k and 0 be nonnegative integers. Then, the number k!{ } denotes the cardinality of the
o,ab

(A,B,C,D,n, k)-set distribution.

Proof. Let Q) be the set of all ways to distribute # distinct balls labelled into the k + 1 cells, one ball at a time,
in the order of their labels, such that conditions A and B are satisfied, we have

1Qf = (aok + bo)(ark + by) -+ - (an-1k + by-1) = gn (k).
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Let S;, (for 1 < i < k) denote the subset of distributions in Q) where the i-th cell is empty. We want to calculate

the number of distributions in ) where the first k cells are non-empty, i.e.,
inclusion-exclusion, we have

k k
S|=1-Y vyt Y
i=1 j=1

Tc(L,...k}
[TI=j

N, S_1| . By the principle of

BE

i€T

The term Y,
Tc(l,...k)

ITI=j
k
Ns

k
=10/- ) (<) (']‘)g (k= j)
i=1

=1

k

=Y 0 (e
=0 J
k

=301 .

=0

NS

i€T

counts the number of distribution in Q) where j cells are empty, then

Moreover, the number of ways to color the first k cells using 6 colors is 5. Then, by (2) we obtain the desired
count. [

Now, in the same way as the previous Proposition, we obtain the following proposition.

n
Proposition 2.5. Let n,k be nonnegative integers. Then, the number %{k} denotes the cardinality of the
o,ab

(A,B,C, n, k)-set distribution.

Note that, according to Proposition 2.5, we have

n n—1
{ } =" a;.
") sa0b iz0

Remark 2.6 (Combinatorial proof of Proposition 2.1). Based on the above definitions, Proposition 2.1 associated

with {Z}é ) can also be proven as follows: The cardinality of (A,B,C, n, k)-set distribution is given by £{/} sap- LHIS
number can be obtained in another way by considering the ball that labelled n is alone in a cell or not. Indeed, if the
ball n is alone in a cell then the number of ways to obtain this is ka,— ((lgk__ll)! {Z:}} &a,b) . Otherwise, the cardinality of
(A,B,C,n — 1,k)-set distribution is %{";1} sap @nd the ball that labelled n can be distributed into the k + 1 cells in
an—1k + b,—1 ways. Therefore, the identity holds.

Remark 2.7. We note that Identity (3) can also be proven combinatorially as follows:
Let Q) be the set of all ways to distribute n distinct balls labelled into the k + 1 cells, one ball at a time, in the order of
their labels, such that conditions A and B are satisfied, we have

Q| = (aok + bo)(ark + by) - - - (@n-1k + by—1) = gn (k) .

This number can also be obtained by choosing j cells of the first k cells to be nonempty and then distributing the n
balls among those j cells according to an (A,B,C, n, j)-set distribution, leaving the remaining k — j cells empty. This

can be done in (];) (é—;{';}é b) summing over all valid j where 0 < j < k, we obtain the identity holds.
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Let iy, ..., i be distinct positive integers. For a sequence x = (xy, x1, . ..) we define the deletion operator
x—{i,..., 14}
as the sequence obtained from x by removing the entries with indices i; — 1,...,7 — 1. In particular,
x — {1} = (x1,x2,...)
and,
X —{i1, 02} = (X0, -+, Xiy—2, Xiy )« v ) Xiy—2, Xiyy + - -)

More generally, we write

x={i1, ..., 1},

for the sequence obtained by deleting the terms x;,_1, ..., x;—1 from x. For simplicity, we also write
x—iyy = x—{ir,...,0}.

Now, similarly to the identity given in [5, Theorem 4], we may state the following proposition.

Proposition 2.8. For integer n > k > 1. There holds

SRl 2 (M)
1. Nl )
o [k dab k-1 \1<ii<<iy_j<n \ I=1 k-1 da=ir-j,b=i1 -

Proof. The cardinality of the set of (A,B,C, n, k)-set distribution, in which one of the first k cells is marked, is
given by k (é‘—;{:}éab) . Alternatively, fix j with k —1 < j < n — 1 and choose the n — j balls labelled iy, ..., i,;

n—j
to be placed in the marked cell. For this choice, there are ] a;-; ways to place those balls in the marked
1=1
cell. The remaining j balls are then distributed among the k — 1 unmarked cells, which can be done in
(k=1)!

S { P i 1 ways. Summing over all valid j and all choices 1 <i; < -+ <i,_; < n. gives

8,21 i b1 e

5% (M) S52n)

j=k—1 1<y <o<iy_j<n \I=1 e k-1 5/a_7'1/n7j/b_il,n—/‘

Therefore, the identity holds. [J

The following convolution formula is similar to the identity given in [8].

Proposition 2.9. For integer n > ki + ko > 1. There holds

((kx +k2)!)2{ n } Ry {m} {n—m}
(kn!)? (ko) (K + K2 ) 5o, ;)191;,-”[91 k) st botinn U K2 Joasi boin,

Where {l1, ..., Liew} =1{1,...,0} = {i1, ..., in}.
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Proof. The cardinality of (A,B,C, 1, ki + ky)-set distribution, in which k; of the first k; + k; cells are marked,

+ky (k1+k2)!{ n }
ky stk ki+kal s a2

i1,...,in to be placed in the k; marked cells and the (k; + k, + 1)-th cell. For each such ball i, the last cell has
exactly b;_; compartments reserved. The number of ways to distribute these m balls is therefore

Sk ) ’
6 kl Ora_ll,n—m/b_ll,n—m

where{ly,..., li-w} ={1,...,n}={i1, ..., in} . The remaining n—m balls, labelled /1, . . ., I,_,, must be distributed
among the k, unmarked cells together with the last cell. Similarly, the number of such distributions is

ky! {n - m}
ka . o
o ka =iy mb=iym

Summing over all valid m and all choices 1 <4y <--- < i, < n. gives

n
Z Z kll{m} kz!{n - m}
ky A k2 ) -
6 kl bra_ll,n—mrb_ll,n—m 6 k2 613_11,mrb_11,m

m=0 1<i1<<iy,<n

is given by (“ ) Alternatively, fix m with 0 < m < n and choose the m balls labelled

Therefore, the identity holds. O

In the literature, several combinatorial interpretations have been given for the Hsu-Shiue generalized
Stirling numbers S (1, k; a, B, ), see, for example [2, 7, 13, 17]. From Proposition 2.5 we can derive a new
combinatorial interpretation for f*k!S (11, k; @, B, 7), stated in the following Corollary.

Corollary 2.10. Letn,k, a, B,y be nonnegative integers such that y > (n — 1) a. Then, the number ﬁkk!S (n,ka,B,y)
count the number distribution of n distinct balls labelled 1, ..., n into the k + 1 distinct cells. Each of the first k cells
contains np distinct compartments, and the last cell contains Y.!=) (y — ia) distinct compartments. Each compartment
in the k + 1 cells can hold at most one ball. The balls are placed one at a time, in the order of their labels, such that the
following conditions are satisfied

(1): For each i with 1 < i < k, the first B compartments of cell i are each labelled with 1, the next f compartments
are each labelled with 2, and so on, until the last  compartments are each labelled with n. Similarly, the first y
compartments of (k + 1)-th cell are each labelled with 1, the next (y — ) compartments are each labelled with 2, and
so on, until the last (y — (n — 1) &) compartments are each labelled with n.

(2): For each j with 1 < j < n, each compartment in the k + 1 cells labelled with j can hold only the ball also labelled
with j.

(3): The first k cells are non-empty.

3. Generalized Bell polynomials

In this section, we introduce the Generalized Bell polynomials B, (x; 6, a, b) associated with {Z} sab and
establish several identities for them. Specifically, we define

B, (x;0,a,b) := Z {Z} x*.
o,a,b

k=0
The first few polynomials are given by
BO (x/ 6/ a, b) = 1/
B1 (x;0,a,b) = by + 6apx,

B, (x; 0,a, b) = bobl + (a1b0 + Llobl + a1a0) Ox + 526106119(2.

These polynomials satisfy the following Dobinski-type formula
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Proposition 3.1. There holds

B (1:5,2,b) = exp (- 6x>§:gn(o(5x)
j=0
Proof. From (3) we have
1 & fn 1
05Xl e
g(])]! kzzo‘ k) 50 (7 = !

Now, we multiply both sides by (6x)' and sum from j = 0 to co, we obtain

- @) &G fn] (%)
n (7) = o ,
;‘ t ;Zo'kgo' k) 5 (7 = K)!
o = (Ox)
S
=0 k 5ab ;}‘ (G -5!
Lol
k=0 k sab 20 /!
= (n
:eéx { xk ,
[k:o k oab
= eéxBVl (x/ 6/ a, b)

O

The polynomials B, (x; 6, a, b) can be explicitly obtained from the following result.

Proposition 3.2. We have

LB, (x;5,a,b),

By11 (x;0,a,b) = (6a,x + b,) B, (x;6,a,b) +ay dx

or equivalently

xin exp (0x) By11 (x;6,a,b) = anx% (xz* exp (0x) By, (x; 6, a,b)).

Proof. From (4) we have

a,,xdiB,, (x;6,a,b)

= —0a,xBy (x;0,,b) + ay exp (=6x) Y _ jgu ()~ (6x

j20
= —0a,B, (x;6,a,b) + exp (—0%) Y (@nj + by = br) gu () = (6x)
j=0
= —0a,xB, (x;6,a,b) + exp (—0x) Zgnﬂ (]) —— — Dby exp (—6x) Zgn () (6x)

j20 20
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= Bn+1 (x/ 6/ a, b) - (6ﬂnx + bn) Bn (x/ 6/ a, b) .

This identity can be written as

i exp (6x) By+1 (x;0,a,b) = anx% (x% exp (6x) By, (x; 0, a,b)).

O

We now apply the previous proposition and Rolle’s theorem to establish the following proposition
Proposition 3.3. If Z—: >0forallk=1,...,n—1, then the polynomial B, (x; 0, a, b) has only real roots.
Proof. We proceed by induction on n. Indeed, for n = 1, we have
B1 (x;0,a,b) = by + dapx,

which clearly has a real root. Suppose now that B,,_1 (x; 6, a, b) has only real roots. If Z:—: > 1, then the function
| by

xﬁ exp (0x) B,-1 (x; 6, a, b) vanishes n times. By Rolle’s theorem, the function x‘f—x (x ot exp (0x) By-1(x; 6, a, b))

vanishes n times. Consequently, the polynomial B, (x; 6, a, b) vanishes n — 1 times, and since it is of degree

by_q
n, the missing zero must be necessarily real. If 0 < fﬁ < 1, the function x%-1 exp (0x) B,—1 (x; 6,a,b) van-

b,
ishes n — 1 times. By Rolle’s theorem, the function x% (xﬁ exp (0x) By-1 (x; 6, a,b)) vanishes n — 1 times,

consequently, the polynomial B, (x; 0, a, b) vanishes n — 1 times, and since it is of degree 7, the remaining
zero must also be real. []

As consequence of the last Proposition, we conclude that the polynomials

n n
B, (x) = kgo{’,i}xk, Su(x;a,B,y) = k);OS (n,k;a,B,y) 2k,
Bn,rl,...,r,, ) =X {kfr,} xk/ By, (x)=X {Z::},xk/
, k=0 Pl k=0
BY (x) = Y. S (n, k), Dy () = Y, Wi (1, ) 5%,
k=0 k=0

have only real roots, n > 1.
Now, following the same reasoning as in [6, Theorem 2.2], we may formulate the next result.

Proposition 3.4. Let 6 > 0 and suppose that for all i > 0 we have a; 1 > a; > 0, b1 > b; > 0. Then the polynomial
B, (x; 6, a, b) satisfies the inequalities

Bn+1 (x/ 6/ a, b) S (BH (x/ 6/ a, b) + Bn+2 (x/ 6/ a, b)) ;X Z 0/

N~

and
(BVI+1 (x/ 6/ a/ b))2 S Bn (x/ 6/ a/ b) Bn+2 (x/ 6/ a/ b) 7 X Z O
Proof. Since ai41 2 a; 2 0 and b1 > b; > 0 for all i > 0, we observe that

Bn (x/ 6/ a, b) + Bn+2 (X, 6/ a, b)

j j
= exp (-9 Y, () - +exp (-89 g2 () S

j20 70
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. ox)/
—exp( 6x)Zg”+1 (])(a i+b, +an+1]+bn+1) (T),
j20 ’
. ox)
> exp (—6x) Zgnﬂ (])( +a,j+ b,,) ©x) ;) ,
j20 bn )

> 2 exp (—06x) Zg,m () —— ((5x

j20
Hence, the first inequality follows. For the second inequality, we have

B, (x;6,a,b) B,,1» (x;0,a,b)

6x l+]
= exp (—206x) Z!]n (@) gnv2 () —5— (
i,j=0
. (ns1] + bsr | 62)™
= exp (—26x) Zgn+1 (@) g1 (])( ;Z b +1) ( i';" ’
0720 e o
, (anj+ by (65x)"
7,720 " o

and by symmetry, we get

B, (x;0,a,b) Byio (x;6,a,b)

1 . .
> 5 exp (—26x) Zgn+1 (@ gu+1 ()

(a,,i +b, N ayj + bn) (6x)™t

i,j>0 llnj + bn ani + b” l|]' ,
’ (ox i+j
> exp (—20x) Zgrﬁ-l (@) gus+1 () ( z';' ’
i,j>0 o

= (Bus1 (%;0,2,b))%.
O

Note that the first identity of the Proposition 3.2 can be written as

B+1 (x;0,a,b) = (6a,x + b, + a,xD) B, (x;6,a,b),
where D :=%, denotes the differential operator. By iterating this relation, we obtain the following result
Corollary 3.5. Let n,m be positive integers, there hold

Bim (x;06,a,b) = (0a,1m-1X + byt + dpym_1xD) - - - (04, x + by, + a,,xD) By, (x;6,a,b).
In particular, for m = 0 we obtain

B, (x;6,a,b) = (6a,_1x + b,_1 + a,_1xD) - - - (dagx + by + agxD) 1.

Proposition 3.6. For any n-times differentiable function f, we have

By by _hh t " %
(an_lxl‘ani T D)- . (a0x1 0 ta D) (xa?) f(x)) = xon Z {Z} 5 DFf (x), forn > 0.
o,ab

k=0
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Proof. We proceed by induction on n. The case n = 0 is easy to verify.
Assume now that the statement holds for n — 1. Then we have

1_bua 1o b1 by
Apqx w1t D) fgex o D || x% £ (x)
n-1

o 1 by
= (ﬂn—lx u" 1 T D) Z {n } o~ kxk+ ”rz—i Dkf (x)
k=0 o,ab

2

—_

n—

n—1
n -1 n -1
= x|} (an_1k+bn_1){n ; } DR ) [+ x5 | Y (04-10) {” ; } §TFIHIDR £ ()
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By applying Proposition 2.1 we obtain the desired identity. [
Whené=1,a=(11,...)and b =(0,0,...), we recover the well-known identity

(D) f() =) {Z}kak ).

k=0

By setting f (x) = ¢®* in the previous proposition, we obtain the following Corollary, which can be regarded
as a generalization of the Mellin derivative operator (xD).

Corollary 3.7. There holds

by by

b, b by
B, (x;6,a,b) = ¢ % x (an 1x1 ”ni+ﬂD) (aox “g ) D)( 7 0 ) forn > 0.

Similarly, by choosing f (x) = (x + r)" in the previous proposition, we obtain the following Corollary

Corollary 3.8. Let n,m,r be integers with 0 < n < m. Then we have

m

e )
Z(]) 00 5 = L {k}é,a,bé e

j=0 k=0
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