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Abstract. A significant extension of the Szàsz–Mirakyan operators involves their formulation using
Charlier polynomials. In this paper, we derive the complete asymptotic expansion of the Kantorovich and
Durrmeyer variants associated with these Charlier-type operators.
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1. Introduction

The field of approximation theory frequently explores linear positive operators, given their extensive
applications in computational techniques and approximating functions. Recent progress in this field has
been thoroughly documented in various works, including detailed discussions like those found in [4] and
[6]. Among these, operators involving Charlier polynomials form an important class. Charlier polynomials
play a significant role in various fields of mathematics and applied sciences. These polynomials exhibit
orthogonality with respect to the Poisson distribution and are widely applied in probabilistic modeling and
the discrete data analysis. They are widely utilized in numerical computations, combinatorial analysis, and
quantum mechanics.
The well-known Meixner polynomials Mk(x; β, c) (0 < c < 1, β > 0) are orthogonal with respect to a discrete
measure with jumps cx(β)x/x! at the integer points x = 0, 1, 2, · · · , i.e.,

∞∑
x=0

Mn(x; β, c)Mm(x; β, c)cx (β)x

x!
=

n!
cn(1 − c)β(β)n

δn,m,

where (β)x is the Pochhammer symbol defined by

(β)x = (β)(β + 1) · · · (β + x − 1) =
Γ(β + x)
Γ(β)

.
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Meixner polynomials can also be expressed in terms of the Gauss hypergeometric function as

Mk(x; β, c) = 2F1

(
−k,−x; β; 1 −

1
c

)
.

Beside the limiting relation

lim
c→1

Mk

( x
1 − c

;α + 1, c
)
=

k!
(α + 1)k

Lαk (x),

where Lαk (x) are the generalized Laguerre polynomials of degree k and the parameter α > −1, there is another
limiting case which leads to the Charlier (or Poisson-Charlier) polynomials Ck(x; a),

lim
β→∞

Mk

(
x; β,

a
a + β

)
= 2F0

(
−k,−x;; −

1
a

)
=: Ck(x; a).

The generating functions corresponding to Charlier polynomials [7] can be expressed as

ey
(
1 −

y
a

)x
=

∞∑
k=0

C(a)
k (x)

k!
yk, |y| < a. (1)

In the recent years, the polynomials have found new and important applications in approximation theory.
Varma and Taşdelen in the important paper [12] introduced a class of Szász-type operators constructed
using Charlier polynomials defined as follows

(Ra
m f )(x) =

∞∑
k=0

ca
m,k(x) f

(
k
m

)
, (2)

where a > 1, x ≥ 0 and

ca
m,k(x) = e−1

(
1 −

1
a

)(a−1)mx C(a)
k (−(a − 1)mx)

k!
.

Although the operators mentioned in (2) are of non-exponential types, their special instances yield
exponential forms that satisfy specific partial differential equations. Comprehensive discussions related to
exponential operators have been reported in [5] and [6]. Also, some properties and composition of these
operators with other operators have been discussed in [3], [9].
As the operators defined in (2) are not suitable for approximating integrable functions, we therefore proceed
to consider their Kantorovich and Durrmeyer variants. The Kantorovich type generalization of the Charlier-
based operators (see [12],[10]) is defined as

(Ka
m f )(x) = m

∞∑
k=0

ca
m,k(x)

(k+1)/m∫
k/m

f (t) dt, (3)

where a > 1 and x ≥ 0.

The Durrmeyer-type generalization for the Charlier-based operators (see [2]) is defined as

(Da
m,ν f )(x) = m

∞∑
k=0

ca
m,k(x)

∞∫
0

sk+ν(mt) f (t)dt, (4)
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where, sk+ν(t) = e−t tk+ν

(k+ν)! , ν is some non-negative integer, a > 1 and x ≥ 0.

The Stirling number of first kind denoted by sr,i is defined by

xr =

r∑
i=0

sr,ixi, xr =

r∑
i=0

(−1)r−isr,ixi.

The Stirling numbers of the second kind can be defined by

xυ =
υ∑

i=0

{
υ
i

}
xi.

Here xs =
s−1∏
i=0

(x − i) denotes the falling factorial and the monomial is given by e j(t) = t j, where j is a non-

negative integer. Also, Eβ[0,∞) denotes the class of all continuous functions on [0,∞) with the growth
| f (x)| ≤Meβx,M > 0, β > 0 and x ≥ 0.

This study investigates the complete asymptotic expansion corresponding to the Kantorovich and Dur-
rmeyer Charlier-type operators. While various approximation properties of these operators have been
explored in earlier works (see [12], [10], [2]), their asymptotic expansion has not yet been examined in
detail. In this work, we begin by deriving lemmas for the computation of moments and central moments,
and subsequently obtain their complete asymptotic expansion.

2. Asymptotic expansion for Charlier-Kantorovich operators

In this section, we present the complete asymptotic expansion for Ka
m, beginning with the derivation of

expression for moments and central moments.

Lemma 2.1. For some non-negative integer r, the image of monomials er under Ka
m have the following representation:

(Ka
mer)(x) =

1
(r + 1)

r∑
t=0

m−t(x(1 − a))r−t
r∑

l=r−t

(1 − a)−lsl,r−t

r∑
i=l

(
i
l

) {
r + 1
i + 1

}
(i + 1).

Proof. It is clear that, (Ka
me0)(x) = 1. Proceeding with reference to (3), for r ∈N, we get

(
Ka

mer
)

(x) = m
∞∑

k=0

e−1
(
1 −

1
a

)(a−1)mx C(a)
k (−(a − 1)mx)

k!

(k+1)/m∫
k/m

tr dt

= m
∞∑

k=0

e−1
(
1 −

1
a

)(a−1)mx C(a)
k (−(a − 1)mx)

k! mr+1(r + 1)
((k + 1)r+1

− kr+1).

By definition of Stirling number of second kind, it follows that

(
Ka

mer
)

(x) =
m−r

(r + 1)
e−1

(
1 −

1
a

)(a−1)mx ∞∑
k=0

C(a)
k (−(a − 1)mx)

k!

r+1∑
i=0

{
r + 1

i

}
((k + 1)i

− ki)

=
m−r

(r + 1)
e−1

(
1 −

1
a

)(a−1)mx ∞∑
k=0

C(a)
k (−(a − 1)mx)

k!

r∑
i=0

{
r + 1
i + 1

}
(i + 1)ki

=
m−r

(r + 1)
e−1

(
1 −

1
a

)(a−1)mx r∑
i=0

{
r + 1
i + 1

}
(i + 1)

 di

dzi

∞∑
k=0

C(a)
k (−(a − 1)mx)

k!
zk


z=1

.
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Using generating function of Charlier polynomial mentioned in (1) and Leibniz rule of higher order differ-
entiation, we get

(
Ka

mer
)

(x) =
m−r

(r + 1)

r∑
i=0

{
r + 1
i + 1

}
(i + 1)

i∑
l=0

(
i
l

)
(1 − a)−l(−(a − 1)mx)l.

Using Stirling number of first kind, we get

(
Ka

mer
)

(x) =
m−r

(r + 1)

r∑
i=0

{
r + 1
i + 1

}
(i + 1)

i∑
l=0

(
i
l

)
(1 − a)−l

l∑
j=0

(−(a − 1)mx) jsl, j

=
m−r

(r + 1)

r∑
i=0

{
r + 1
i + 1

}
(i + 1)

i∑
j=0

(−(a − 1)mx) j
i∑

l= j

(
i
l

)
(1 − a)−lsl, j

=
m−r

(r + 1)

r∑
j=0

(−(a − 1)mx) j
r∑

i= j

{
r + 1
i + 1

}
(i + 1)

i∑
l= j

(
i
l

)
(1 − a)−lsl, j

=
1

(r + 1)

r∑
t=0

m−t(−(a − 1)x)r−t
r∑

i=r−t

{
r + 1
i + 1

}
(i + 1)

i∑
l=r−t

(
i
l

)
(1 − a)−lsl,r−t

=
1

(r + 1)

r∑
t=0

m−t(x(1 − a))r−t
r∑

l=r−t

(1 − a)−lsl,r−t

r∑
i=l

(
i
l

) {
r + 1
i + 1

}
(i + 1).

Thus, the lemma has been established.

Remark 2.2. The first few moments of Ka
m are as follows:(

Ka
me0

)
(x) = 1,(

Ka
me1

)
(x) =

3
2m
+ x,(

Ka
me2

)
(x) =

10
3m2 +

(
4 +

1
a − 1

) x
m
+ x2,

(
Ka

me3
)

(x) =
37

4m3 +

(
31 +

15
a − 1

+
4

(a − 1)2

)
x

2m2 +
(
15 +

6
a − 1

) x2

2m
+ x3,

(
Ka

me4
)

(x) =
151
5m4 +

(
64 +

45
a − 1

+
24

(a − 1)2 +
6

(a − 1)3

)
x

m3 +

(
45 +

36
a − 1

+
11

(a − 1)2

)
x2

m2

+
(
12 +

6
a − 1

) x3

m
+ x4.

Lemma 2.3. For s ∈N ∪ {0}, the central moments corresponding to Ka
m can be expressed as

(
Ka

mψ
s
x
)

(x) =
s∑

t=⌊( s+1
2 )⌋

m−txs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−tϱ(r, t),

where (ψs
x)(t) := (e1 − xe0)s(t), ⌊.⌋ represents the greatest integer function and ϱ(r, t) is specified as,

ϱ(r, t) =
1

(r + t + 1)

t∑
l=0

(1 − a)−lsl+r,r

r+t∑
i=l+r

(
i

l + r

) {
r + t + 1

i + 1

}
(i + 1). (5)

Moreover, as m→∞,(
Ka

mψ
s
x
)

(x) = O
(
m−⌊(

s+1
2 )⌋

)
.
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Proof. Clearly, above result holds for s = 0. For s ∈N, we have

(
Ka

mψ
s
x
)

(x) =
s∑

r=0

(
s
r

)
(−x)s−r (Ka

mer
)

(x). (6)

Using Lemma 2.1 in (6),

(
Ka

mψ
s
x
)

(x) =

s∑
r=0

(
s
r

)
(−x)s−r

(r + 1)

r∑
t=0

m−t(x(1 − a))r−t
r∑

l=r−t

(1 − a)−lsl,r−t

r∑
i=l

(
i
l

) {
r + 1
i + 1

}
(i + 1).

Thus,(
Ka

mψ
s
x
)

(x) =

s∑
t=0

m−txs−t
s∑

r=t

(
s
r

)
(−1)s−r

(r + 1)

r∑
l=r−t

(1 − a)r−t−lsl,r−t

r∑
i=l

(
i
l

) {
r + 1
i + 1

}
(i + 1)

=

s∑
t=0

m−txs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−t

(r + t + 1)

r+t∑
l=r

(1 − a)r−lsl,r

r+t∑
i=l

(
i
l

) {
r + t + 1

i + 1

}
(i + 1)

=

s∑
t=0

m−txs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−t

(r + t + 1)

t∑
l=0

(1 − a)−lsl+r,r

r+t∑
i=l+r

(
i

l + r

) {
r + t + 1

i + 1

}
(i + 1)

=

s∑
t=0

m−txs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−tϱ(r, t),

where

ϱ(r, t) =
1

(r + t + 1)

t∑
l=0

(1 − a)−lsl+r,r

r+t∑
i=l+r

(
i

l + r

) {
r + t + 1

i + 1

}
(i + 1)

=
1

(r + t + 1)

t∑
l=0

(1 − a)−lsl+r,r

t−l∑
i=0

(
i + l + r

i

) {
r + t + 1

i + l + r + 1

}
(i + l + r + 1).

The Stirling numbers of the first kind [8, p. 151, Eq. (5)] can be expressed in the form

sl+r,r =

l∑
ν=0

Ml,l−ν

(
l + r
l + ν

)
,

where the coefficient Ml,l−ν is independent of r. The Stirling numbers of second kind [1, p. 226-227, Ex. 16]
possess the representation{

r + t + 1
i + l + r + 1

}
=

2(t−i−l)∑
j=t−i−l+1

(
r + t + 1

j

) {
j

j − t + i + l

}
2
,

where
{

j
j − t + i + l

}
2

denote the associated Stirling numbers of second kind. It follows that, sl+r,r is polyno-

mial in r of degree 2l and
t−l∑
i=0

(i+l+r
i

) { r + t + 1
i + l + r + 1

}
(i + l + r + 1) is polynomial in r of degree 2(t − l) + 1. Thus,

ϱ(r, t) is a polynomial in r of degree 2t. It follows that the inner sum vanishes for s > 2t and hence,

(
Ka

mψ
s
x
)

(x) =
s∑

t=⌊( s+1
2 )⌋

m−txs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−tϱ(r, t).

Accordingly, the proof is completed.
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Remark 2.4. The first few central moments of Ka
m are as follows:(

Ka
mψ

0
x

)
(x) = 1,(

Ka
mψ

1
x

)
(x) =

3
2m

,(
Ka

mψ
2
x

)
(x) =

a
(a − 1)

x
m
+

10
3m2 ,(

Ka
mψ

3
x

)
(x) =

(
11 +

15
a − 1

+
4

(a − 1)2

)
x

2m2 +
37

4m3 ,(
Ka

mψ
4
x

)
(x) =

3a2

(a − 1)2

x2

m2 +

(
27 +

45
a − 1

+
24

(a − 1)2 +
6

(a − 1)3

)
x

m3 +
151
5m4 .

Remark 2.5. We may point out that the third and fourth moments and central moments are not obtained correctly
in [11, Lemma 1, Lemma 2]. The correct estimates are provided in Remark 2.2 and 2.4.

Theorem 2.6. Let q ∈ N and x ∈ [0,∞). For each f ∈ Eβ[0,∞), such that f is 2q times differentiable at x, the
operators Ka

m have the following asymptotic expansion:

(
Ka

m f
)

(x) = f (x) +
q∑

t=1

m−t
2t∑

s=t

f (s)(x)
s!

xs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−tϱ(r, t) + o(m−q),

where ϱ(r, t) is defined in (5).

Proof. Following Sikkema’s result [11, Theorem 3], we obtain for m→∞

(
Ka

m f
)

(x) =
2q∑

s=0

f (s)(x)
s!

(
Ra

mψ
s
x
)

(x) + o(m−q).

Substituting value of
(
Ka

mψ
s
x
)

(x) from Lemma 2.3, it yields

(
Ka

m f
)

(x) =

2q∑
s=0

f (s)(x)
s!

s∑
t=⌊ s+1

2 ⌋

m−txs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−tϱ(r, t) + o(m−q)

= f (x) +
q∑

t=1

m−t
2t∑

s=t

f (s)(x)
s!

xs−t
s−t∑
r=0

(
s

r + t

)
(−1)s−r−tϱ(r, t) + o(m−q).

This completes the result.

Corollary 2.7. For x ∈ [0,∞), and for each f ∈ Eβ[0,∞), that is twice differentiable at x, the operators Ka
m satisfy

lim
m→∞

m((Ka
m f )(x) − f (x)) =

3
2

f ′(x) +
ax

2(a − 1)
f ′′(x).

Remark 2.8. In a more definite manner, for q = 3, as m→∞,(
Ka

m f
)

(x) = f (x) +
1
m

(
3
2

f ′(x) +
ax

2(a − 1)
f ′′(x)

)
+

1
m2

(
5
3

f ′′(x) +
ax(11a − 7)
12(a − 1)2 f (3)(x) +

a2x2

8(a − 1)2 f (4)(x)
)

+
1

m3

(
37
24

f (3)(x) +
ax(9a2

− 12a + 5)
8(a − 1)3 f (4)(x)

+
x2a2(13a − 5)

48(a − 1)3 f (5)(x) +
x3a3

48(a − 1)3 f (6)(x)
)
+ o(m−3).
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Remark 2.9. If f (x) = Ax
3−2a

a + B, where A and B are absolute constants. Under the conditions a , 1, a , 3
2 and

a , 0, we have

lim
m→∞

m2[(Ka
m f )(x) − f (x)] =

A(2a − 3)x
3−4a

a (12a2
− 39a + 25)

8a2(a − 1)

for such functions we may have better order of approximation.

3. Asymptotic expansion for Charlier-Durrmeyer operators

In this section, we present the complete asymptotic expansion for Da
m,ν, beginning with the derivation

of expression for moments and central moments.

Lemma 3.1. For some non-negative integer r, the image of monomials er under Da
m,ν have the following representation:

(Da
m,νer)(x) =

r∑
j=0

m− j((1 − a)x)r− j
r∑

l=r− j

(
r
l

)
(1 − a)−lsl,r− j

r∑
i=l

(
r − l
i − l

)
(ν + r)r−i.

Proof. It is clear that, (Da
m,νe0)(x) = 1. Proceeding with reference to (4), for r ∈N, we get

(
Da

m,νer

)
(x) = m

∞∑
k=0

e−1
(
1 −

1
a

)(a−1)mx C(a)
k (−(a − 1)mx)

k!

∞∫
0

sk+ν(mt)tr dt

= m
∞∑

k=0

e−1
(
1 −

1
a

)(a−1)mx C(a)
k (−(a − 1)mx)

k!
(k + ν + r)r

= m−re−1
(
1 −

1
a

)(a−1)mx
 dr

dzr z(ν+r)
∞∑

k=0

C(a)
k (−(a − 1)mx)

k!
zk


z=1

.

Using generating function mentioned in (1) and Leibniz rule of higher order differentiation, we obtain(
Da

m,νer

)
(x) = m−re−1

(
1 −

1
a

)(a−1)mx [
dr

dzr z(ν+r)ez
(
1 −

z
a

)−(a−1)mx
zk

]
z=1

= m−r
r∑

i=0

(
r
i

)
(ν + r)r−i

i∑
l=0

(
i
l

)
(1 − a)−l(−(a − 1)mx)l.

Using Stirling number of first kind, we get(
Da

m,νer

)
(x) = m−r

r∑
i=0

(
r
i

)
(ν + r)r−i

i∑
l=0

(
i
l

)
(1 − a)−l

l∑
j=0

(−(a − 1)mx) jsl, j

= m−r
r∑

i=0

(
r
i

)
(ν + r)r−i

i∑
j=0

(−(a − 1)mx) j
i∑

l= j

(
i
l

)
(1 − a)−lsl, j

=

r∑
j=0

m− j(−(a − 1)x)r− j
r∑

i=r− j

(
r
i

)
(ν + r)r−i

i∑
l=r− j

(
i
l

)
(1 − a)−lsl,r− j

=

r∑
j=0

m− j(−(a − 1)x)r− j
r∑

l=r− j

(1 − a)−lsl,r− j

r∑
i=l

(
i
l

)(
r
i

)
(ν + r)r−i

=

r∑
j=0

m− j((1 − a)x)r− j
r∑

l=r− j

(
r
l

)
(1 − a)−lsl,r− j

r∑
i=l

(
r − l
i − l

)
(ν + r)r−i.

Thus, the lemma has been established.
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Remark 3.2. The first few moments of Da
m,ν are as follows:

(
Da

m,νe0

)
(x) = 1,(

Da
m,νe1

)
(x) =

ν + 2
m
+ x,(

Da
m,νe2

)
(x) =

x(2a(ν + 3) − 2ν − 5)
(a − 1)m

+
ν(ν + 5) + 7

m2 + x2,

(
Da

m,νe3

)
(x) =

3x2(a(ν + 4) − ν − 3)
(a − 1)m

+
x
(
3(a − 1)2(ν(ν + 7) + 13) + 3(a − 1)(ν + 4) + 2

)
(a − 1)2m2

+
ν(ν(ν + 9) + 29) + 34

m3 + x3,

(
Da

m,νe4

)
(x) =

2x3(2a(ν + 5) − 2ν − 7)
(a − 1)m

+
x2

(
6a2(ν(ν + 9) + 21) − 12a(ν + 4)2 + 6ν(ν + 7) + 77

)
(a − 1)2m2

+
2x

(
2(a − 1)3(ν(ν2 + 12ν + 50) + 73) + 3(a − 1)2(ν2 + 9ν + 21) + 4(a − 1)(ν + 5) + 3

)
(a − 1)3m3

+
ν(ν3 + 14ν2 + 77ν + 200) + 209

m4 + x4.

Lemma 3.3. For s ∈N ∪ {0}, the central moments corresponding to Da
m,ν can be expressed as

(
Da

m,νψ
s
x

)
(x) =

s∑
j=⌊( s+1

2 )⌋
m− jxs− j

s− j∑
r=0

(
s

r + j

)
(−1)s−r− jξ(r, j),

where (ψs
x)(t) := (e1 − xe0)s(t), ⌊.⌋ represents the greatest integer function and ξ(r, t) is specified as,

ξ(r, j) =
j∑

l=0

(
r + j
l + r

)
(1 − a)−lsl+r,r

r+ j∑
i=l+r

(
j − l

i − l − r

)
(ν + r + j)r+ j−i. (7)

Moreover, as m→∞,(
Da

m,νψ
s
x

)
(x) = O

(
m−⌊(

s+1
2 )⌋

)
.

Proof. Clearly, above result holds for s = 0. For s ∈N, we have

(
Da

m,νψ
s
x

)
(x) =

s∑
r=0

(
s
r

)
(−x)s−r

(
Da

m,νer

)
(x). (8)

Using Lemma 3.1 in (8),

(
Da

m,νψ
s
x

)
(x) =

s∑
r=0

(
s
r

)
(−x)s−r

r∑
j=0

m− j((1 − a))x)r− j
r∑

l=r− j

(
r
l

)
(1 − a)−lsl,r− j

r∑
i=l

(
r − l
i − l

)
(ν + r)r−i.
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Thus (
Da

m,νψ
s
x

)
(x) =

s∑
j=0

m− jxs− j
s∑

r= j

(
s
r

)
(−1)s−r

r∑
l=r− j

(
r
l

)
(1 − a)r− j−lsl,r− j

r∑
i=l

(
r − l
i − l

)
(ν + r)r−i

=

s∑
j=0

m− jxs− j
s− j∑
r=0

(
s

r + j

)
(−1)s−r− j

r+ j∑
l=r

(
r + j

l

)
(1 − a)r−lsl,r

r+ j∑
i=l

(
r + j − l

i − l

)
(ν + r + j)r+ j−i

=

s∑
j=0

m− jxs− j
s− j∑
r=0

(
s

r + j

)
(−1)s−r− j

j∑
l=0

(
r + j
l + r

)
(1 − a)−lsl+r,r

r+ j∑
i=l+r

(
j − l

i − l − r

)
(ν + r + j)r+ j−i

=

s∑
j=0

m− jxs− j
s− j∑
r=0

(
s

r + j

)
(−1)s−r− jξ(r, j),

where,

ξ(r, j) =

j∑
l=0

(
r + j
l + r

)
(1 − a)−lsl+r,r

r+ j∑
i=l+r

(
j − l

i − l − r

)
(ν + r + j)r+ j−i

=

j∑
l=0

(
r + j
j − l

)
(1 − a)−lsl+r,r

j−l∑
i=0

(
j − l

i

)
(ν + r + j) j−i−l.

Since, sl+r,r is polynomial in r of degree 2l,
(r+ j

j−l

)
is polynomial in r of degree j − l and

j−l∑
i=0

( j−l
i

)
(ν + r + j) j−i−l is

polynomial in r of degree j − i − l. Thus, ξ(r, j) is a polynomial in r of degree 2 j. It follows that the inner
sum vanishes for s > 2 j and hence,(

Da
m,νψ

s
x

)
(x) =

s∑
j=⌊( s+1

2 )⌋
m− jxs− j

s− j∑
r=0

(
s

r + j

)
(−1)s−r− jξ(r, j).

Accordingly, the proof is completed.

Remark 3.4. The first few central moments of Da
m,ν are as follows:(

Da
m,νψ

0
x

)
(x) = 1,(

Da
m,νψ

1
x

)
(x) =

ν + 2
m

,(
Da

m,νψ
2
x

)
(x) =

(2a − 1)x
(a − 1)m

+
ν(ν + 5) + 7

m2 ,(
Da

m,νψ
3
x

)
(x) =

x(3a(2a(ν + 3) − 3ν − 8) + 3ν + 8)
(a − 1)2m2 +

ν(ν2 + 9ν + 29) + 34
m3 ,

(
Da

m,νψ
4
x

)
(x) =

x
(
12a3(ν(ν + 7) + 13) − 6a2(ν(5ν + 33) + 57) + 8a(ν(3ν + 19) + 32) − 2ν(3ν + 19) − 64

)
(a − 1)3m3

+
3(1 − 2a)2x2

(a − 1)2m2 +
ν(ν3 + 14ν2 + 77ν + 200) + 209

m4 .

Theorem 3.5. For each f ∈ Eβ[0,∞), such that f is 2q times differentiable at x, the operators Da
m,ν have the following

asymptotic expansion:(
Da

m,ν f
)

(x) = f (x) +
q∑

j=1

m− j
2 j∑

s= j

f (s)(x)
s!

xs− j
s− j∑
r=0

(
s

r + j

)
(−1)s−r− jξ(r, j) + o(m−q),
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where ξ(r, j) is defined in (7).

Proof. Following Sikkema’s result [11, Theorem 3], we obtain for m→∞

(
Da

m,ν f
)

(x) =
2q∑

s=0

f (s)(x)
s!

(
Da

m,νψ
s
x

)
(x) + o(m−q).

Substituting value of
(
Da

m,νψ
s
x

)
(x) from Lemma 3.3, it yields

(
Da

m,ν f
)

(x) =

2q∑
s=0

f (s)(x)
s!

s∑
j=⌊( s+1

2 )⌋
m− jxs− j

s− j∑
r=0

(
s

r + j

)
(−1)s−r− jξ(r, j) + o(m−q)

= f (x) +
q∑

j=1

m− j
2 j∑

s= j

f (s)(x)
s!

xs− j
s− j∑
r=0

(
s

r + j

)
(−1)s−r− jξ(r, j) + o(m−q).

This completes the result.

Corollary 3.6. For each f ∈ Eβ[0,∞), that is twice differentiable at x, the operators Da
m,ν satisfy

lim
m→∞

m((Da
m,ν f )(x) − f (x)) = (2 + ν) f ′(x) +

x(2a − 1)
2(a − 1)

f ′′(x).

Remark 3.7. In a more definite manner, for q = 3, as m→∞,(
Da

m,ν f
)

(x) = f (x) +
1
m

(
(2 + ν) f ′(x) +

x(2a − 1)
2(a − 1)

f ′′(x)
)
+

1
m2

(
(ν2 + 5ν + 7)

2
f ′′(x)

+
x(8 + 3ν + 3a(−8 − 3ν + 2a(3 + ν)))

6(a − 1)2 f (3)(x) +
(1 − 2a)2x2

8(a − 1)2 f (4)(x)
)

+
1

m3

(
(ν3 + 9ν2 + 29ν + 34)

6
f (3)(x) +

x(8a(3ν2 + 19ν + 32) − 64)
24(a − 1)3 f (4)(x)

+
x(12(ν2 + 7ν + 13)a3

− 2ν(3ν + 19) − 6(ν(5ν + 33) + 57)a2)
24(a − 1)3 f (4)(x)

+
x2(2a − 1)(10 + 3ν + 3a(−10 − 3ν + 2a(4 + ν)))

24(a − 1)3 f (5)(x)+

x3(2a − 1)3

48(a − 1)3 f (6)(x)
)
+ o(m−3).
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