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Complete asymptotic expansion of integral operators based on Charlier
polynomials

Mahak?, Vijay Gupta®”, Shivam Kumar Singh?
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Abstract. A significant extension of the Szasz-Mirakyan operators involves their formulation using

Charlier polynomials. In this paper, we derive the complete asymptotic expansion of the Kantorovich and
Durrmeyer variants associated with these Charlier-type operators.

This work is dedicated to Professor Gradimir V. Milovanovi¢ for his significant contributions in the field
of approximation theory

1. Introduction

The field of approximation theory frequently explores linear positive operators, given their extensive
applications in computational techniques and approximating functions. Recent progress in this field has
been thoroughly documented in various works, including detailed discussions like those found in [4] and
[6]. Among these, operators involving Charlier polynomials form an important class. Charlier polynomials
play a significant role in various fields of mathematics and applied sciences. These polynomials exhibit
orthogonality with respect to the Poisson distribution and are widely applied in probabilistic modeling and
the discrete data analysis. They are widely utilized in numerical computations, combinatorial analysis, and
quantum mechanics.

The well-known Meixner polynomials M(x;f,c) (0 < ¢ < 1, > 0) are orthogonal with respect to a discrete
measure with jumps c*(),/x! at the integer points x =0,1,2,--- , i.e,,

R (‘B)“c n!
Mo(; B, M3 B, €)™ o = S Onms
Xzzo (x ﬁ C) (X ﬁ C)C ! C"(l — C)ﬁ(ﬁ)n ’

where (), is the Pochhammer symbol defined by

I +x)
Bx=@B)B+1)---B+x-1)= Tﬁ)
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Meixner polynomials can also be expressed in terms of the Gauss hypergeometric function as

My(x3,0) = oFs (~k,—xi51 - ).

Beside the limiting relation

. X K "
i My (= + 1) = (o L)

where L} (x) are the generalized Laguerre polynomials of degree k and the parameter « > —1, there is another
limiting case which leads to the Charlier (or Poisson-Charlier) polynomials Ci(x;a),

. a 1
ég?o My (x; B, m) = 7Fp (—k, —x;, —5) =: Ci(x; a).

The generating functions corresponding to Charlier polynomials [7] can be expressed as

X [ (u)
e(1-2) = G )

p TV i<a (1)

In the recent years, the polynomials have found new and important applications in approximation theory.
Varma and Tagdelen in the important paper [12] introduced a class of Szdsz-type operators constructed
using Charlier polynomials defined as follows

®RH@ =Y 0 (%) o)

k=0

wherea >1,x > 0and

@mx C(—(a — 1)mx
(%) =e! (1—%) S " ( (k! ) ).

Although the operators mentioned in (2) are of non-exponential types, their special instances yield
exponential forms that satisfy specific partial differential equations. Comprehensive discussions related to
exponential operators have been reported in [5] and [6]. Also, some properties and composition of these
operators with other operators have been discussed in [3], [9].

As the operators defined in (2) are not suitable for approximating integrable functions, we therefore proceed
to consider their Kantorovich and Durrmeyer variants. The Kantorovich type generalization of the Charlier-
based operators (see [12],[10]) is defined as

" (1) /m
@@ =m0 [ror @)
k=0 k/m

wherea >1and x > 0.

The Durrmeyer-type generalization for the Charlier-based operators (see [2]) is defined as

O3, 00 =m Y8, 0) [ st f @
k=0 0
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k+v . . .
where, s, () = e‘tm, v is some non-negative integer, 2 > 1 and x > 0.

The Stirling number of first kind denoted by s,; is defined by

r r
Xt = Z spix', x' = Z(—l)r"srlix’.
i=0 i=0

The Stirling numbers of the second kind can be defined by

v
vo_ v i
v =Y {1
i=0
s=1 .
Here x> = [](x — i) denotes the falling factorial and the monomial is given by ¢;(t) = t/, where j is a non-
i=0
negative integer. Also, Eg[0, o) denotes the class of all continuous functions on [0, ) with the growth
If(x)] < Mef*,M > 0,8 > 0and x > 0.

This study investigates the complete asymptotic expansion corresponding to the Kantorovich and Dur-
rmeyer Charlier-type operators. While various approximation properties of these operators have been
explored in earlier works (see [12], [10], [2]), their asymptotic expansion has not yet been examined in
detail. In this work, we begin by deriving lemmas for the computation of moments and central moments,
and subsequently obtain their complete asymptotic expansion.

2. Asymptotic expansion for Charlier-Kantorovich operators

In this section, we present the complete asymptotic expansion for K¥,, beginning with the derivation of
expression for moments and central moments.

Lemma 2.1. For some non-negative integer r, the image of monomials e, under K, have the following representation:

(KS,e)() (H)Xm-f(x(l >”Z<1—a> st(){fI}}wl).

I=r—t

Proof. 1t is clear that, (Kf,e0)(x) = 1. Proceeding with reference to (3), for € IN, we get

o 1 (a=1)mx C(u)(_(a _ 1)mx)(k+1)/m
(K%e) (x) =m Z el (1 - E) kT ftr dt
k=0 K

(a—1)mx C(”) —(a-1
=m) et (1— %) G C@-Dma) oy e,

ktmm+1(r + 1)

(e8]

k=0

By definition of Stirling number of second kind, it follows that

—r (a-1)ymx (@) _ r+1
(Kiyer) (1) = — e‘l(l—l) 1 ZC ((a Dmx) {r 1} ((k+ 1) — K

r+1) a e P
o 1\ D &= (- (a—l)mx) L (r 4+ ,
:(r+1)e1(1—5) kZ;‘ ) { }(+1k

o 1\ I (g g & C(~(a-mx)
=(r+1)el(1_5) ;{Hl}(wl){diz;‘—k! l_l.

i=
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Using generating function of Charlier polynomial mentioned in (1) and Leibniz rule of higher order differ-
entiation, we get

(K%e,) (x) = % Y {: N }} (i+1)) (;)(1 —a)(~(a - mx).
i=0 =0

Using Stirling number of first kind, we get

-r 4 iy, 1 .
(Kyer) (x) = (:}i 1 Z {: j__ i} @i+1) Z (;)(1 — a)*l Z(_(a _ 1)7113()]5],]'
i=0 =0 =0
- (rnI;) Z {:Ii} i+1) Z (@ = 1)mx)/ Z (i)(l - a)_lsl,j
i=0

I=j

m’ oy ; r+1) . j )
T+ ]ZOA(_(Q — Dmax) ZZ; {i + 1} @i+ 1)2 (l)(l —a)7s),
T -|1- 1) Z (@ = 1) Z {7’ N 1} +1) Z ( )(1 —a) s,
t=0 ~

i=r—t I=r—t

=G i ) Y ot -a) T Y (- s, ) (;) {f: }} (i+1).
t=0 i=l

I=r—t

Thus, the lemma has been established. O
Remark 2.2. The first few moments of K3, are as follows:

(Kfe0) (x) =1,

(Kher) (x) =

(Khe) (@)= 55 + (4 P) D,

(Kje3) (x) = +(31+ 2 a_41)2)2:12 +(15+ a—l)% + 2,

(Kes) (x) = +(64+ o 341)2 . _61)3)% ( 5. 96 (ai—ll)z ::1_22
@2+——ﬂf‘+x

Lemma 2.3. Fors € IN U {0}, the central moments corresponding to K3, can be expressed as

s s—t

(Km x) (JC Z m_txs_t Z (7’ j_ t)(_l)s_r_té)(rr t)/

TGO
where (P5)(t) := (e1 — xe)*(t), |.] represents the greatest integer function and o(r, t) is specified as,

1 ! _ S P\ [(ret+1)
o(r, t) = m;(l—ﬂ) 'S11rr Z(l+r){ iv1 }(1"‘1)- )

i=l+r

Moreover, as m — oo,

(Kpg?) () = O (m 2 ).
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Proof. Clearly, above result holds for s = 0. For s € N, we have

(K1 42) () = io(j)<—x>s-f (i) ). ©)
Using Lemma 2.1 i;_ ©),

Ky () = Z(;(j) e 2m-f<x<1 —art Y a-as Y (17 e,
Thus, : i - )

(Kh?) (@) e s) C 1+>1) Z (=ay s, Y (;) {Z N }} (i+1)

i=l

i i‘:(l—a)f Is i rHEEllG )
r+ t(r+t+1) br i+1

t=0 r=0
S s—t r+t .
_ toset (G2 VA i \[r+t+1),.
= m 'x Z r f)(7+t+1)z(1 Sl+rrZ(l+r){ i+1 }(1+1)
t=0 r=0 i=l+r
s s—t
— mftxsft )(_1)571‘@(7/ t),
t=0 r=0 r+t

where

1 t _ o i\ [r+t+1) .
Q(T’,t) = MZ(l_a) lsl+r,r Z(l+1’){ i+1 }(1+1)

i=l+r

1.
i+l+r\[ r+t+1 | .
(r+t+1)z(1 s,WZ( ; ){i+l+r+1}(1+l+r+1).

i=0

The Stirling numbers of the first kind [8, p. 151, Eq. (5)] can be expressed in the form

1
M (l + r)
Sltry = Z Ll-v I
— I+v

where the coefficient M;,_, is independent of r. The Stirling numbers of second kind [1, p. 226-227, Ex. 16]
possess the representation

2(t—i-I) )

r+t+1 | _ Z r+t+1 j

i+l+r+1f L4 j jot+i+lf
j=t—i—l+1 2

where {] _t i i+ l} denote the associated Stirling numbers of second kind. It follows that, s, is polyno-

mial in 7 of degree 2/ and Z (Hl”) ; i?i :i 1} (i+1+r+1)is polynomial in r of degree 2(tf — I) + 1. Thus,

o(r, ) is a polynomial in r of degree 2t. It follows that the inner sum vanishes for s > 2t and hence,

s s—t
(K592 () = t_L(ZM)J et ) (r ; t)“l)s""‘@(n .

Accordingly, the proof is completed. 0O
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Remark 2.4. The first few central moments of K3, are as follows:

)
)
(K%y2) () = a - 1)% + %,
)
)

4 X 37
3 _
(Khwz) () = (11 i T 1)2) 2
342 x2 45 24 6 x 151
K ) (x) = —— — + + + — + —.
( mlabx (x) ({Jl _ 1)2 m2 ( (11 - 1)2 ((l — 1)3) m3  5mt

Remark 2.5. We may point out that the third and fourth moments and central moments are not obtained correctly
in [11, Lemma 1, Lemma 2]. The correct estimates are provided in Remark 2.2 and 2.4.

Theorem 2.6. Let g € IN and x € [0,00). For each f € Eg[0, 00), such that f is 2q times differentiable at x, the
operators K, have the following asymptotic expansion:

s—t
Kf) ) = f<x>+Zm-fo (x) “;(m)< 17 gl )+ o),
where o(r, t) is defined in (5).

Proof. Following Sikkema'’s result [11, Theorem 3], we obtain for m — oo

(s)
(K;,.f) () —Zf @ (Re2) () + 007,

s!
5=0

Substituting value of (K%,1%) (x) from Lemma 2.3, it yields

Zf(s (X)Z e tZ( +t) 1" o(r, t) + o(m™)

tLHJ

(K3f) (%)

s—t

f<x>+Z -fo © ”;(rﬂ)( 1 0,8 + o).

This completes the result. O

Corollary 2.7. For x € [0, o), and for each f € Eg[0, o), that is twice differentiable at x, the operators K3, satisfy

lim m((K;, f)(x) — f(x)) = -f( )+ 2= 1)f"( )-

Remark 2.8. In a more definite manner, for g = 3, as m — oo,

K f) () = f<x>+1( )+ ) "<x>)

L (2 “x(“” ) @
o (37 + 250 1)2f 0+ g )

1 (37 X942 — 124 + 5)
s (ﬂf(s)(x) + wa(x)

3 3
Wf@(x ) +o(m™>).

x*a*(13a - 5)

48(a — 1) @
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Remark 2.9. If f(x) = Ax™+" + B, where A and B are absolute constants. Under the conditions a # 1, a # 2 2 and
a # 0, we have

A(2a - 3)x"7" (1242 — 394 + 25)
8a2(a —1)
for such functions we may have better order of approximation.

lim m?[(K7, )(x) = f()] =

3. Asymptotic expansion for Charlier-Durrmeyer operators

In this section, we present the complete asymptotic expansion for Dj, ,, beginning with the derivation
of expression for moments and central moments.

Lemma 3.1. Forsome non-negative integer r, the image of monomials e, under Dy, , have the following representation:

(D[rlrl,vei’)(x) = Zr: m_‘ - a)x)r J Z ( ) - a)_lsl,r—j Z (: : ll)(V + 7")ﬂ
j=0 i=l

I=r-j
Proof. Ttis clear that, (DY, ,e0)(x) = 1. Proceeding with reference to (4), for r € IN, we get

a a-Tymx C@D(_(q7 — P
( (x) m Z e (1 - —)( Y w fsk+v(mt)t’ dt
pary !

0

(k+v+nr)t

=y 1 Gl -
2 ( __) K

» dz" — k!

Using generating function mentioned in (1) and Leibniz rule of higher order differentiation, we obtain

1 (a-1)ymx [ dr (a=1)mx
(D?n,ver) (x) = me! (1 - E) d rz(v+r)ez ( Z) & 1
.

Y (:)(v—i-r)HZ(l)(l—ﬂ)_l(_(”_l)mx)l'

i=0 1=0
Using Stirling number of first kind, we get

(Dhuer) ) =™ 2 (:)(v et 2 ( )(1 —a) ’Z( (a = ymys,

=0

= ( )(v + )=t IZ( (a — 1)mx)/ (l)(l a) 51]

i=0

mi(~(a = 1)x)) Z ( )(v =y

1
j:O i=r—j I=r-j (

m (- a—l)x’JZ(l—a SZ,]Z ;)

— [ o0 (a)
I (1 _ 1)(“ R I wzkl ,
z=1

7

(1_a Slr]
r

(v +r)y=t
= I=r—j (Z)

]((1—a)x)”2()(1—ﬂ) Str— ]Z T )( + )=

I=r—j

Thus, the lemma has been established. [
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Remark 3.2. The first few moments of Dy, , are as follows:

(D5,00) () =1,

v+2

(Do) ) = —= +x,
. x(2a(v+3)-2v—-5) v(v+5)+7
(Dmv )( )= (a—l)m + 2 +X2,
o 3xa(v+4) —v—3) ¥(3@—120(v+7)+13) +3(@—1)(v +4) +2)
(Dhsea) () = @—DLm (@122
N v(v(v + 91)71-;- 29) + 34 ey
) 203Qa(v +5)—2v—7) X (6a2W(v +9) +21) = 12a(v + 4)% + 6v(v +7) + 77)
(Dm ve4) (x) = (ﬂ — 1)m (LI — 1)2m2
2x(2(a = 1)’ (v(v? + 12v + 50) + 73) + 3(a — 12(v? + 9v +21) + 4(a — 1)(v + 5) + 3)
- (a—1)°md
v(® + 1402 + 77v + 200) + 209
+ 1 +Xx°.
m

Lemma 3.3. Fors € IN U {0}, the central moments corresponding to Dy, , can be expressed as

s 5—j

Oh)@= Y, w T Y[ 5 v,
-G =V

where (P3)(t) := (e1 — xe)*(t), |.] represents the greatest integer function and E(r, t) is specified as,

! o
) = Z( )(1 — ) "S14rs Z (i 1[ l )(v +r ) )

=0 i=l+r

Moreover, as m — oo,
(D,045) () = O (m2)).

Proof. Clearly, above result holds for s = 0. For s € IN, we have

(Dﬁq,vwi)(x)=2(i)(—x)”( " ver) (). (8)

r=0

Using Lemma 3.1 in (8),

(D[rln,vlz[}fc)(x) = Z()( x)”Zm]((l—a x)”Z()(l—a Sl”Z( )(v+r)r‘i.

I=r—j
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Thus
y —y5— 5 s—r  (r r—j—  (r=1 r=i
(Dhwi) @) = Y mx fE (r)< Y (l)a —ay sy, ) (l. _ z)(V 0=
=0 r=j I=r—j i=l
s ‘ 'sfj .r+j 1’+j r+j T+j
= Z i Z ( ,)(—1)5—7—1 Z ( )(1 —a) sy, Z ( )(v +r 4
=0 pr Uy I=r ! i=l i-
s ‘ s—j j j 4] ] -1 L
- Zm_]xs_]Z( ) )s - ]Z( )(1-&1) sl+rr2(. ] )(V+1’+].)r+]_l
j=0 r=0 rt ] 1=0 tr i=l+r b=i=r
YTy
= mIx ( .)(—1)5”5(7, »
7=0 r=0 r+ J
where,
: : r+]j -1 & J r+j—i
o) = Y, ja=a s Yo Jeere )
1=0 r i=l+r
I T+ ] i ;
= (1 -a)'si, ( )(v +r+ )=
; (] - l) " ;‘ J

, = . .
Since, s14,, is polynomial in r of degree 21, (;3) is polynomial in 7 of degree j — I and ), (’l_.l)(v +r+ ) is
i=0

polynomial in r of degree j —i — I. Thus, &(r, j) is a polynomial in r of degree 2j. It follows that the inner
sum vanishes for s > 2j and hence,

(D5,,05) () = woiei Y (5 \erprie,
r+j

] I_( s+1 )J
Accordingly, the proof is completed. O

Remark 3.4. The first few central moments of Dy, , are as follows:

(Dfn leg) (x) =1,

( mvlibx)( )_ V+2
2a - v(v+5) + 7
(Drw) @) = = 1)m e
x(3a(2a(v +3) = 3v —8) + 3v + 8) 1/(1/2 +9v+29) + 34
(D le )(x) (a _ 1)2m2 m3 4
o x(120°(w(v +7) + 13) — 6a3(v(5v + 33) + 57) + 8a(v(3v + 19) + 32) — 2v(3v + 19) — 64)
(Dm,v¢x) (X) = ({Il _ 1)3m3
3(1-2a2x2  v(1® + 1412 + 77v + 200) + 209
(a—1)2m?2 m4 '

Theorem 3.5. Foreach f € Eg[0, o), such that f is 2q times differentiable at x, the operators Dy, ,, have the following
asymptotic expansion:

(D5, f) ) = f(x)+Zm ]Zﬂs ®) - JZ]‘( i].)(—l)s‘r‘fé(r,j)+0(m‘”),

r=0
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where &(r, §) is defined in (7).

Proof. Following Sikkema'’s result [11, Theorem 3], we obtain for m — oo

(s)
mvf ( ) - Z f (X) m,vlzbf() (x) + O(m_q).

Substituting value of (D‘fﬂlvg{}i) (x) from Lemma 3.3, it yields

fs)(x) i s e _
(D5,.f) () Z Z mix JZ(H].)(—DS "IE(r, f) + o(m™)

() =0

= f(x)+2m fo(s ® X5

= r=0

5—j

(r N ])(—1)5”5(7’, 7) +o(m™).

This completes the result. [
Corollary 3.6. For each f € Eg[0, 00), that is twice differentiable at x, the operators Dy, ,, satisfy

( 1) 1"

Remark 3.7. In a more definite manner, for g = 3, as m — oo,

hm m((Dme)(x - f@)=Q2+v)f'(x )"‘

2
OhA)@ = s+ (@enres Sl ) o (”*i—””f"(x)
x(8 +3v+3a(-8 -3v+ 211(3 + v))) 3) 211) x? @)
— 79 + G2 o)
1 ((P+9v% +29v + 34) 3) x(8a(3v? + 191/ +32) — 64) @)
Yon ( 6 frm na-1p O
x(12(v +7v +13)a® — 2v(3v + 19) — 6(v(5v + 33) + 57)a?) @)
24— 1) fP)
, 220~ 1)(10 +3v +3a(-10 = 3v + 2a(4 +1))) ¢
24 - 1) fr@r
X (2a
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