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Abstract. The present paper is devoted to study second-order neutral differential equations with variable
coefficients and mixed delays. By using the theory of fixed point index in cones as well as some properties
of a suitable Green function, several sufficient conditions for the existence of one and twin positive periodic
solutions are obtained. Our results are a further expansion of previous research results of Khemis et al.
(Ural Mathematical Journal, 8(2), (2022), 71-80). Finally, two examples are exhibited to show the efficiency
and application of our findings which are completely new and enrich the existing literature.

1. Introduction

Neutral differential equations have attracted much attention from many researchers due to the fact that
they depend on the present and past states, as well as the delay argument occurring in the highest order
derivative of the state variable. This type of equation has been applied to describe numerous intricate
dynamical systems, such as population dynamics, heat conduction, economics, engineering, etc. The basis
of the theory of neutral functional differential equations can be found in [7],[8],[11], and the references
therein.

In recent years, there has been ongoing research interest in both first and second-order differential
equations with variable coefficients, including existence of solutions, stability, and oscillation, which have
been published, for instance in [1]-[5],[10],[12],[13],[18],[15],[19],[24],[25],[27]-[32], and related sources. In
particular, the existence of periodic solutions has become one of the most important qualitative properties
in the study of delay differential equations, and much work on the existence of solutions was obtained
by applying the fixed point theorem in cones [1]-[3],[5],[10],[20],[21],[22],[23],[27], [32]-[34], Krasnoselskii’s
fixed point theorem [13],[14],[29],[31], coincidence degree theory [16]. As it is well known, there has been
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a good amount of work on the existence of single and multiple positive periodic solutions for functional
equations (see [10],[20],[21],[23],[24],[27],28],[32], and references therein). Compared with the progress in
the field of studying the existence of positive periodic solutions, less progress has been made in studying
the existence of multiple positive periodic solutions. Although there are many valuable results about
neutral differential equations, they are mainly concerned with the first-order case. In many cases, it is
advantageous to treat the second-order differential equations directly rather than to convert them to first-
order equations. One of the effective approaches to fulfilling such a problem is to use the fixed point
theorem, and some a priori estimates of possible periodic solutions are obtained. However, only a few
papers have been published on the existence of positive periodic solutions of the nonlinear second-order
neutral delay population models (see [13],[14]).

To the best of the authors’ knowledge, there have been no results about the existence of multiple
solutions of second-order nonlinear neutral differential equations with mixed delays that are considered
in the present paper. Therefore, our work is the first attempt to study the existence of positive periodic
solutions for the present model by means of the fixed point theorem index in cones together with the Green
functions, as well as some useful functional analysis tools. For this reason, in this paper we make a first
attempt to close this gap and provide a set of novel sufficient conditions for the existence of single and
multiple positive periodic solutions. Our approach enables us to obtain some results that are not covered
by the existing literature. A comparison between the obtained results and some existing results is given.
To the best of our knowledge, most results of the present paper are new. The main motivation of our
analysis is raised from the results of Khemis et al [13],[14] and some related results in the literature [10],
[19]-[21],[23],[27], [28],[32].

Recently, by means of the fixed point theorem index, Z. Dai and B. Du [5] established sufficient conditions
for the existence of positive periodic solutions of two types of second-order nonlinear differential equations
with variable coefficients and mixed delays of the following form:
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where p, g, T € C(R, (0, +00)) are w—periodic functions, f,g € C(R, R),

(Ty) =y -cByt-1),

c € CY(R,R) is an w-periodic function with ¢ (t) # 1, T > 0 is a constant, and D is a continuous and integrable
function on [0, +c0) with fom D(s)ds = 1.

In [29], Wang et al. considered the following non-neutral second order delay differential equation with
periodic coefficients:

2
%y(t) + P(t)%y BO+qy®) =r®y t—t@®)+ f(t,y @),y —T@)). (1.3)

By using Krasnoselskii’s fixed point theorem and the contraction mapping principle combined with some
useful properties of a Green function, they established some criteria for the existence and uniqueness of
periodic solutions for the considered equation.

Very recently, Khemis et al. [14] generalized the same method of Wang et al. to the following second
order linear neutral differential equations with multiple delays:
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The authors obtained a set of easily verifiable sufficient conditions to only guarantee the existence and
uniqueness of periodic solutions to equation (1.4), rather than positive solutions must exist. However,
for many problems in real life, we need to consider the properties of its positive periodic solution. This
situation motivates our present research.

Motivated by the papers mentioned above, using the theory of fixed point index in cones, we aim to
study the existence of single and multiple periodic solutions. We proceed to develop more results in second-
order nonlinear neutral differential equations with distributed and multiple delays, which are formulated
as follows:

2 2 n
ZO+pO Sy 0+ g0y + T K0y 0) - ;cj 09 (y(t-,®))
0
= e(t)f: D) f(t,y(t+r))dr, (1.5)

where, p,q,e € C(R,RY),k,cj,7; € CHR,R"),j = 1,71, the functions f e CRxR,RY, g € C(RR).

Moreover, D is a continuous and integrable function on ]—oo, 0] with L Ooo D(r)dr=1.

As it is seen from the literature review given above, the qualitative behaviors of solutions of numerous
second-order delay differential equations have been investigated recently by using various methods. Also,
it is noticed that the neutral term
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of Eq. (1.5) produces nonlinearity in the derivative term, which is different from Eq. (1.4) that has been
studied in [14], which enters linearly. In view of these, we would like to point out that Eq. (1.4) is a
new mathematical model, and it includes some of the second-order delay differential equations above.
In addition, the papers [13],[14] listed above obtained the existence and uniqueness results of periodic
solutions by using Krasnosel’skii’s fixed point theorem and contraction mapping principle, which seem to
be restrictive in some cases.

Stimulated by the above discussions, the fixed point theorem index in cones is an ideal tool used to prove
the existence of single and multiple positive periodic solutions to equation (1.5), which distinguishes our
work from the already established literature. As is well known, the existence of multiple positive periodic
solutions is significant and challenging in both theory and practice. However, the presence of the nonlinear
neutral term defined as in (1.6) makes us face new challenges that have not been covered by the previous
literature. Generalization and improvement of some previous relative results of the literature are also the
novel contributions to the qualitative theory of second-order nonlinear neutral differential equations. The
techniques used in this paper are completely different from the previous ones and can be applied to other
functional differential equations.

For convenience, we first introduce some related definitions and lemmas which will be used in this
paper.

Definition 1.1. (See [9]) Let X be a Banach space and let K be a closed, nonempty subset of X. K is said to be a cone
if

a)ax+py € Kforallx,y € Kand all a, > 0;

b)y,—y € Kimply y = 0.

Theorem 1.1. (See [6, Theorem 2.3.3, p. 93]). Let X be a Banach space, and let K C X be a cone in X. Assume that
Oy and ) are open subsets of X with 0 € Q1,Q € Qy and let

(D:Km(ﬁz\Q1)—>K,

be a completely continuous operator such that, either
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i) “(Dy” < ||y||for y € KNdQy and ||CD}/H > Hy“for y € KN dQy; or

ii) ||(1>y|| > ”nyor y € KN oy and ||CDy|| < ||y||for y € KN dQy,.

Then ® has a fixed point in K N (52 \ Ql) .

In order to use Theorem 1.1 to prove the existence of positive periodic solutions of equation (1.5), we

shall consider the following space:
For w > 0. Let C,, be the Banach space such that

Co={ye C(R,R), y(t+w) = y(t) for t e R},

with the supremum norm

Il = max|y(6)] = max |y(e), for y & C..

Throughout this paper, we assume that p, q,k,e and c;,7;, j = 1,1 are continuous real-valued functions such

that

pt + @) = p(t), q(t + w) = q(t), k(t + @) = k(t), e(t + w) = e(t)
cit+w) =¢;(), Tt +w)=7;(t), () 27;>0,j=1,n, (1.7)

and

f g (u)du > 0,[ p (u)du > 0. (1.8)
0 0
The function f (¢, y) is assumed to be periodic in t with period w. That is

ft+wy)=fty). (1.9)

The organization of this paper is as follows. In Section 2, we introduce some basic preliminaries, which
play an important role in this work. In Section 3, existence theorems for one and two positive periodic
solutions of (1.5) are established by using a well-known fixed-point index theorem due to Krasnoselskii.
Finally, in Section 4, we compare our results with some recent results and provide two examples to illustrate
the effectiveness of the obtained results.

2. Green’s Function and Periodicity
This section is devoted to setting up our problem and to obtaining some preliminary results that will be

used in our further analysis.
Lemma 2.1. (See [17]). Suppose that (1.7) and (1.8) hold and

R, [exp (fomp () du) - 1] .

'+ | (2.1)
where
_ tH+w ? d
R = max f — (wﬁ Pe ”) q(s)ds|,
tel0,w] | J; exp (fo p(u) du) -1

2

Q= (1 +exp(j0‘wp(u)du)) %i
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Then, there exist w—periodic functions a,b € C' (R, R), such that

b(t)>0, f a(u)du >0,
0
and
aB)+b®=p@®), VB +a)bt) =g (@), forallt e R.
Lemma 2.2. (See [29]). Suppose the conditions of Lemma 2.1 hold and y € C,,. Then, equation
y'O+p®Oy O+qBy O =00,

possesses an w-periodic solution. Moreover, the periodic solution can be expressed by

t+w
Y = f G(ts) (1) ds, 22)

where
Fexp[f v@do+ [ a(@)do]du
lexp (" a () du) = 1] [exp (b (w) dur) - 1]
[ exp[['b@)do+ [ a(0)do]du

G(t,s) =

— — . (2.3)
[exp (" a (o) du) = 1] [exp ([ b () dur) - 1]
Corollary 2.1. (See [29]). The Green function G satisfies the following properties:
Git+w,s+w)=G(s), Gtt+w)=G(t1),
“b(v)d
2 G =a(s)Gts) — —b (wf* ) ,
ds exp(f0 b(v)dv)—l
“a(v)d
2G(ts) = b ()G (b 5) + — (ff () ) ,
ot exp(j(; a(v)dv)—l
2 exp(["b (v)dov
269 = (@ O +a() G t,5) ~ @) +bE) —r o)
s exp(f0 b(v)dv)—l
Lemma 2.3 (See [29]). Let A = fow p(u)du and B = &? exp (% fom In (g (1)) du). If
A? > 4B, (2.4)
then
min {j{; a(u)du,fo b(u)du} >
max{f a(u)du,f b(u)du} < L,
0 0
where
l=%(A—VA2—4B),L=%(A+ VA2 - 4B). (2.5)
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The following lemma is fundamental to our discussion. Since the method is similar to that in the literature
[14], we thus omit its proof.

Lemma 2.4. Assume that (1.7) — (1.9) and (2.1) hold. For y € C,, N C' (R, R), the function y(-) is an w—periodic
solution of equation (1.5) if and only if y () is an w—periodic solution of the following equation:

VO = rmrraOv(-r0)
=1

+k(t)1—+1fttmG(t/S)e(s)I:D(r)f(S,y(s+r))drds
1 o n
+k(t)+1ft Z(t,9) k(S)y(S)—;C;(S)g(y(s—Tj(s))) ds, 26
where
Z(t,3)= @O +bEE®) @) +a ()G (s), @)
and
E(ts) = exp ( ftsb(v)dv)

exp(fowb(v)dv)—l.

Corollary 2.2 (See [29]). Functions G and E satisfy

0<N; <G(ts) <My, t,s€[0,w], (2.8)
and
IE(t,5)| < M3, t,5 € [0, 0], (2.9)
where
w(exp [ (w)du) _ L
N e M ((exi{(;) o i 0
and

e #1, exp (L) #1,

where L, [ are given by (2.5) .
Thanks to (2.6), we define operator @ : C,, — C, by:

1 n
(Py)(H) = W;Cj(t)y(f—ﬁ(t))

+L

k() +1
1

k() +1

ftm G(t,s)e(s) D(r) f(s,y(s +7r))drds

+

t+w
ft (@) +bE)Et,s) = (als) +a’ (s) G(t,9))

X

K&y =Y @g(y(s-7 (s)))} ds. (2.11)

=1
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Therefore, the problem of discussing the existence of one and twin positive periodic solutions can be
reduced to the existence of fixed points of ®.

Now we will list the following assumptions, which will be imposed along our paper:

(A1) Forallt € R,y € C,(R,R")

kO y® =) ¢ g(y(t-7®))=0
j=1
(A2) There exists a nonnegative constant ﬁ; < ]\71;, such that

E(ts) > N5, t,s €[0,0],

where ]\712 isasin (2.9).
Thanks to (2.8),(2.9),(A2), there exist nonnegative constants Ny, M», such that

0<N, <Z(t,s) <My, forallt,s € [0,w]. (2.12)
For any ¢,s € [0, w], from (2.8) and (2.12), we have

G(t,s) _

1 > — = 2.1
> 5, 273, g>0, (2.13)
where
\91 = min {N1,N2} P \92 = mMaXxXx {Ml,Mz} . (2.14)

Since Eq. (2.6) is equivalent to Eq. (1.5), we just have to study the existence of positive periodic solutions
to (2.6). To this end, we will use Theorem 1.1 where we consider (X, ||.||) = (Co, II-I])-
Now, define K as a cone in C,, by

It is not difficult to check that K is a cone in C,,.
Lemma 2.5. Assume that (A1),(A2), and (2.1),(2.4) hold. Then ®: K — K defined by (2.11) is well defined,
namely, ® (K) c K.

@ *

Proof. Since x(-) € C,, and the functions f(,:) € C(R X R,R,R), g € C(R,R), a € CYR,R), and
b,k,e,cj,7j,j = 1,n are continuous, it follows that the mapping t + (®x)(t) is continuous on RR, thanks to
(2.11), and it is easy to verify that (Dy) (t + w) = (®y) (t). For all (t,s) € R? and by (A1),(A2),(2.12), it follows
from (2.11), for any y € K, that

(Py)(t) = 0.
Also, for y € K, by using (2.8),(2.12),(2.13), and (A1), we have that

@y )] < k(tﬁzﬁ Oyt~ )|

k(t)2+1f e(s)f (1) f (s, y (s + 7)) drds

1 + k(t) f [ y(S) C] (S)g<y (S - Tj (S))) ds.
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Noticing that, we obtain

t+w 0
(Dy) (1) = g—l [k(t)1+ 7 ‘ft SQ(E(S)IMD(T)]((S,]/(S+7’))d7’)ds

t+w n
+k(t++1 f sz{k@)y(s)—Zq@)g(y(S—ms>))]ds]

=1

1 n
+ m]:zlc] (f) y (t —Tj (f))]
> of@y .
That is, @ (K) is contained in K. This completes the proof.

Forany Y () = (y(H),y(t— 11 (1)), y (t = 12 (1), ..., y (t — T4 (1)) € R™1, t > 0, we define ||| = sup] |yt =i (1)
t

€[0,w

7

7

for alli = 0,1, where 7o (£) = 0, and ||Y]| = gnax ”yi

n

hEY®) =kOy®) =Y O g(y(t-70)), (2.15)
j=1
_ “a(0)d
E(t,s) = P (wft @ v) ,tse[0,w], (2.16)
exp(f0 b(v)dv) -1
and
<) =) ). (217)

=

To simplify our description, we introduce the following constants:

—_ . * 1 *
T s s A SO
T = minc¢(),c = maxc (), k., = maxk’ (t),% = maxk ()

0<t<w 0<t<w 0<t<w 0<t<w
o = padfolr=mu-gel

=
exp “a (v)do

po= max|K' () —b() k) + 1), B, = (wfo ) ,

Ostsw exp (fo b(v) dv) -1
@ = max(()+b(®) &= max|a () +a’ (1) (2.18)

Lemma 2.6. Assume that (2.1),(2.4) and (A1),(A2) hold. Then @ : K — K is completely continuous.
Proof. We first show that @ is continuous. For any ¢ > 0 and ¢ > 0, there exists 7, > 0, such that for
x,y€Cyllxll <o yH < and ||x - y” <1,, we have

n n

Osup ch (t)x(t —T; (t)) - zcj ®) y(t -1 (t)) <
<t<w j=1 j=1

&

T (2.19)
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For any ¢ > 0 and ¢ > 0, there exists 1, > 0, such that for x,y € C,, |Ix]| < o, y” < g, and “x - y” <1, we

have

sup
0<t<w

0
e(t)[ K (ft,xt+r)—ftyt+r))dr < (2.20)

&
3p*wd, ’

For any ¢ > 0 and ¢ > 0, there exists 1, > 0, such that for X, Y € CHLIX| < o, IVl < g, and ||X - Y| < 15, We
have
sup (s, X () = h(s, Y ()] < —

EVTIpeS (2.21)
0<t<w 3wdrup

If x,y € C, with [[x]| < g,

y” < g, and ||x - y” < 1, where 1 = max {171, Iy 7]3} . From (2.19) — (2.21), we have
|(@2) (1) = (@) (1)

o (1) (x(t=7; ) -y(t-7;1))

t+w 0
+82p*f (e (s)f D(r) |f (5,x(s+1)—f(s,y(s+ r))( dr) ds
t —00

f+w
+92p° f (s, X (s)) = h(s, Y (s))|ds
t
< ELELE,
33 37

which implies that ® is continuous on K.
Now, we show that @ is completely continuous. We let

v SE},

be a bounded set in K, where ¢,  are nonnegative constants.
It follows from (2.11), for t € [0,w], y € D,

D ={y()

K®w(ﬂ_kn+12110£%X|0—ﬁﬁm

t+w
k(f‘?Z-i- 1 f e(s) f D (7’) max f(s y (s +7))drds

Oa) y_
‘92 t+w
s h(s,Y(s))d
TrRD ) i e Y ©)ds
< plc + 0% s,Y(s+71)+p'w max h(s,Y(s
p e max foy( )+ dpe max h6Y )
= :0.

Therefore, for any y € D,
Pyl < ©,

which implies that ® (Z~)) is a uniformly bounded set. By taking the derivative in (2.11), we have

d N G S
E@wm—&®+wghmy0Tw»
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+k(t)l+ 1].:le} (t)}/(t - T (t)) + k(t)%;cj "y (f - Tj (i’)) (1 — ’[} (t))

t+w 0
+k(t)1+ 1 ft Ets)es) IMD(V)J((S/]/(S +1)dr
KH-b®E®H+1)
+
(k(t)+1)°
a(t)+b(t)
kOl EYE)
+k’ O-b@k@E)+1) [

(k(£) + 1)2 ‘
t+w
f (a(@)+a’ (8)h(s,Y(s)) E(t, s)ds.
t

t+w 0
e(s) f D(r)f(s,y(s+7r)drG(t,s)ds
t —00

h(s,Y(s)Z(t,s)ds

1
k(D +1

The function E satisfies

|’E(t,s)

< By, (2.22)

where f is given as in (2.18) .
Consequently, by invoking (2.5), (2.14), (2.15), (2.19), (2.22), (3.2), we have

y(t-0)|

+c*p'ymax |y’ (t -1 (t))’ + wp*e*ﬁz max  f(s,y(s+7))
te[0,w] se[O,m]”y“s[

d * *2 X *
i (Py) () < c'x-p trel?(.)a};(] ’y(t T; (t))’ + 6p" max

te[0,w]

+wp'eMipy max f(s,y(s+71))
se[O,m]Hy”Sé’

+ (0207 + p'Efy + p'0) _max B, Y ()

IN

i p Pl +0p*t + +cp yl’
+ (a)p*e*A,;IE + +a)p*e*M1,u) max f(s,y(s+7))
sel0,w]||y||<¢

4 (0207 + p'Efy + p'0) _ max B, Y ()

-
— P
. —

d(Py) (¢) d(®y) (1) .

i s also uniformly bounded,

forany y € D. Hence, ®(D) € C, isa family of uniformly bounded and equi-continuous functions. By the
Arzela-Ascoli theorem (see Royden [26]), the operator @ is completely continuous. The proof of Lemma
2.6 is complete.

Thus, the above expression yields < &, which implies that

3. Existence of positive periodic solutions

This section is devoted to establishing several theorems, which are the main results of our paper. By
means of the theory of fixed point index in cones, various sufficient conditions for the existence of one or
twin positive periodic solutions for Eq. (1.5) are established. For this, we will use a hybrid technique that
combines the fixed point theory in cones, Green’s functions method, and some functional analysis tools to
achieve our purposes. The solution continuously depends on the functions k,e,cj, j = 1,1 and f,g9. The
derived results are new and generalize some previous studies.
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We are now in a position to state and prove our results of the existence of positive w-periodic solutions
for (1.5).
Theorem 3.1. Suppose that g (y) < 0 for y € R*. If conditions (A2),(2.1), (2.4), (2.8), (2.12) hold, and further we
assume that the following assumptions are fulfilled:

(A3)
lim inff(t’ y) = (), lim inf_g W) =B, an
y—0* y y—0*
lim supf(t' y = ap(t), limsup g (y) =B,
with,,B, € R, aj,a, € C(R,RY).
(Ad)
() 1 1 - ()
f (e(s)a1(s) +k(s)ds > — (: —oc ) -B f ¢ (s)ds, (3.1)
0 (7\91 ‘O 0
and
() 1 1 ()
f (e(s)ar(s) +k(s))ds < — (—* - c*) - ﬂzf c(s)ds, (3.2)
0 92 \p 0

where 91,92, ¢ are respectively given as in (2.14) and (2.17). Then, equation (1.5) possesses at least one positive
w-periodic solution.

t,
Proof. We first construct two sets, A; and A, in order to apply Theorem 1.1. Since lim mff(y ) =
y=0*
—9(y)

a1 (1), 11m01+nf = B;, there exists S} > 0 such that

ftby)z2a(H)y, and —g(y) > By, for0 <y < S, t € [0,w].

Define
={yeCy: |y <5}
For all (,s) € R?, by (2.12) and g (y) < 0 for y € R*, we have

n

ZEI[kOyO-Y.c®g(y(t-7®))|=0,

=1

as a consequence, condition (A1) is satisfied.
Any w-periodic function y of K N dA; satisfies 05} = 0 ||y|| <y < ||y|| = §], for t € R. Hence, we have

<y(t-7j(H)<S;, fort e Rand j=1,m. (3.3)

From the definition of ®, and (3.1), (3.3), (2.8),(2.12), (2.13),, we obtain

1 n
@) ®) > WZQ O y(t-70)

k(t)1+1f e(s)f (r) f (s, y (s + 1)) drds
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t+w n
+k(f)vﬁ f [k<s>y<s>—Zq(s)g(y(s—rj(s))) ds

=1

> GCp' S, +0Sp % fo (e(s) a1 (5) + Kk (5)) + By (5)) ds

> 5 =|ly]-
This proves
[®@y|| = |ly]|, for y € 9A1 N K.
Next we construct the set A,. Since lim sup M = ay (t), limsup —gy(y)
y—o0 y—o0

with 0 < §; < d, such that

ft,y)<ax(H)y, and —g(y) < B,y, fory >d.

Let
Sy > max{ — 9% ,d} > S,
1= pes =9 )" (e(s) @z (5) + Kk (5) + Byc (5)) ds
where
6=p'wEs () +7d+c & (9)),
and

&(f)=_ max  f(s,y),& () = max (=g (y))-

s€[0,w],y€[0,d] yel0,d]

3378

= pB,, there exists a constant d

Define now the open set A, = {y ()eC,: ||y|| < S;}, P ={y()eCy:y<d}, P, = {y()eC,:y>d},

obviously Ay C Ay Tf y € KNdAy, by (3.3),(2.18), and (3.2) , we have
@)® < pY) Oy(t-70)
j=1
0
+p"M; f e(s)f D(r) f(s,y(s +7r))drds
P, —oo

+p"M, j{; [k (s)y(s) — ch (s)g(y (s - Tj (s)))} ds

j=1

0
+p*M1£ e(s)f D(r) f(s,y(s +7r))drds

+p"M, f; [k (s)y(s) - ch (s)g(y (s - T; (5)))} ds
2 j=

1
p'CS, + 9,0 + Syp* 9, f (e(s) a2 (5) + k(s) + Byc (s)) ds
0

Sy = vl

IN

IN

7
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which implies

, fory e KN JA,.

From the above arguments, we know @ : KN (Xz \ Al) — K, is a completely continuous operator. In view
of Theorem 1.1, ® has a fixed point in KN (Xz \ Al). As a result, (1.5) has a positive w-periodic solution
with S} < ||y|| < S; and y(t) > ¢S} > 0.

For any v = (v, v1, ..., V) € R™, define ||| = Bnax [vi| and put
<i<n

—~ —~ t,

h* = limsup max ht,v) , [ =limsup maxf( ]/)
Wll—~c0 te[0,w] ||1/|| ”y”_) te[0,w]

t,

h* = liminf min hit,v) minf mmf( y)
vli—eo tel0,w] |[v]| ~ ||y||%o te[0,a]

— 5 t,

K = limsup maxh(t' v)’ f° = limsup maxf( y)
im0 telowl (V]| l[yll—0 f<10]

K’ = liminf min hit, v) , 0= mmf( y)
=0 tefo,0] ||| ~ ||j||_>o t€[0,w]

where K (t,v) is defined as in (2.15).
To simplify our description, we will use the following notations:

m = lf e(s)ds,r’n\zzlf g(s)ds,ﬁg,:lf k(s)ds,
@ Jo @ Jo w Jo

my = min{mi,1},m; = max{my,1}. (3.4)
Theorem 3.2. Assume that conditions (2.1),(2.4), and (A1),(A2) hold, and further assume that:

A -~ A
A5) f < 0 < 1;
5 f =< 490m;p* < 4\92wm5p"’/\ <

A A
A6) f* Jh® < , 1;
2 f = 490mip*" " T 4Swmp* A<

A
A7) Forall,t € [0,w], c(t) < — s ,A<;
AB8) There exists a constant W > 0, such that

f(ty) > LAN, h(t,v) > LAN,t € [0,w],
Zwslmap 2w81m5p

for all y,v; € [(W, W], i = 0,1, where v = (vo, 11, ..., vu) € R™1. Then, equation (1.5) has at least two positive
periodic solutions.

Proof. In view of (A5), we can choose W, where 0 < W < W, such that
A
h(t,v) <| ——=—— +¢]lvll, forall |v]| < W,
dwdymyp* -

and,

fty < , for all ||y” <W,

L + 8
4a)\92m6p*
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(1-4)

for all t € [0, w], where the constant ¢ > 0, satisfies 0 < ¢ <
2w myp*

. We define

O = {y ()eCy: Hy“ < w},

as an open, bounded subset of the cone K. Obviously, while y € Q1 NK, then0 < W = ¢ ||y” <y< ||y|| =
By combining (A7) and (2.8),(2.12), (2.13), we deduce

l n
(@y) () < W;Cj B y(t-1;1)

M +o 0
k(t)irlf e(s)f_mD(r)f(S/y(s+r))drds

M2 t+w
k(t) T f h(s,Y(s))ds

b Zc] Omay(e=50)}+ 7 xap s i e ol

IN

+1x a)p*sz( +e|llYll

dwp*Samy

IA

Yl

|
Yo o= 0+ < s+
)

+1><a)p*92(4 op S

IN

Y g(t)W+ Za)mop I (W + S)_

%w + %w + 2ewmyp 9, W
< AW+ 2ewmyp™ 9, W < W.

This yields,

IN

, forany y € 301 NK. (3.5)

Moreover, thanks to assumption (A6) we can choose W > oW, so that

A
fty@®) < (W + 8)

and

, for all ||y|| >W,

h(tv () < ( + e)llvll, for all ||| > W,

A
49r0myp*
a-r

for all t € [0, w], where the constant ¢ > 0, satisfies 0 < ¢ < ———.
2%wm;p*

Define W = and

QIEI

={y0 < ol < W),
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then (), is an open subset of C,,. For any y € KNdQ,, we have 0 < oW =0 ”yH <y< ||y|| =W. By invoking
(A7) and (2.8),(2.12),(2.13), we have

1 n
(Dy) (B) < W;q Oy (t-70)

M t+w 0 M t+w
+k(t)il[ e(s)‘fOOD(r)f(s,y(s+r))drds+k(t)ir1 f h(s,Y (s))ds

IN

Ry oo 1
P ;c]- () max {|y(t -1 (t))|} + 111 X wp' S, (W +e||v

* * A
+my X wp*dy (W + 8) Y1l
0

—_—

SRS
dwmgp* 9,
A

—_—t A—a(- —_—t
< EW + EW + 2eqwmyp S, W

IA

c () p*W* + 2wmyp* S, (

< AW + stmap*szw* <W.
This yields,

Moreover, we introduce

Q3 = {y ()eCy: Hy“ < W}.

, forany y € dQ; N K. (3.6)

If ye dQ3NK, then0 < oW =0 ||y|| <y< ||y|| = W.In light of the above-given arguments (2.8) , (2.12), (2.13),
and (A8), we derive

(@) = k(t)%lzn"cj )y (t-70)
k(gilfﬂ’ (s)f P sy (s +n)drds + (f)vﬂft”wh(sm(s))ds
> oS mxmop +w81m Op
= VZ—V + g =W.
This means
[®y|| > ||y forall y € 905 NK. (3.7)

By Lemma 2.6, @ is a completely continuous operator. Since W < W < W, and from (3.5)-(3.7), by Theorem
1.1 the mapping @ has two fixed points 1 € KN Qp\Qy and i, € KN Q3\Q,. It follows that @ has at least
two w—positive periodic solutions of (1.5). Thatis W < 71 < W < 7, < W . This proves Theorem 3.2.

Corollary 3.1. Assume that conditions (2.1), (2.4), (A1),(A2),(A7),(A8) hold, further if (A5), (or (A6)) holds,
then Eq. (1.5) has at least one positive periodic solution.
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Theorem 3.3. In addition to conditions (2.1),(2.4), (A1),(A2) hold, assume that the hypotheses below are fulfilled:

A9) 0 > ——,and W' > ———;
20091 15p 20wd1mp

1
A10) f* 2 —————,and h* > ———;
20w myp 20w myp

All) Forall, t € [0,w], c(t) < m,‘
A12) There exists a constant R > 0 such that:

R R
B < —2
fty) < 4w d,mp’ (V) < 4w82m5.0*,t el0.al,

forall y,v; € [oR,R], i = 0,n, where v = (v, v1,...,Vy) € R™1. Then the equation (1.5) has at least two positive
periodic solutions.

Proof. In view of (A9), we can choose R, where 0 < R < R, such that

ht,v(t) > (2% - s) Il vl <R,

wod1Mmyp

and

1
fty®)= (m - 5] v

for all t € [0, w], where the constant ¢ > 0. We introduce

7

| <R

Q1 ={y()eCy:|y| <R}

Thus, for any y € 851 NK,0<oR=0 ||y|| <y< ”yH = R. From (2.8),(2.12),(2.13), we have that

1 n
Dy () 2 m;cj(t)y(t—’fj(t))
N1 G 0 N2 f+w
+k(t)+1[ e(s)IOOD(r)f(s,y(s+r))drds+Tk(f)[ h(s,Y (s))ds
> T g ftwe(S)H Hds+ft+w“’8 e |ivilds
= 20091mp t Y ¢ p¥1 20091mp
—F ].
> 2wingp 9| —————= — R
WP 1(2@0811116;7 8]0_

> R-2e0Rwdmp =R,

for the arbitrariness of ¢, which yields,

,yE&ﬁlﬁK.

lov]] = [ly

Moreover, from assumption (A10), for a sufficiently small ¢ > 0, there exists R > oR such that

1 —
fty®) = (m - 5] [v]], for [|v]| > R,
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and

20wd1myp

1 _
ht,v(t) > (—AN - 8] [lvll, for [v|| > R,
0

forallt € [0, w].

Define R = § and

ﬁz =: {y ()eCy,: Hy“ < E*}.
Then for any

yE 852 N K, showing ||<Dy|| < ”]/

7

is similar to the procedure given above, and hence we omit it. Moreover, we introduce
Q3 =: {y ()eCy: Hy“ < R}.

If y € 903 NK, then 0 < oR = o ||y|| < v < |]y| = R. From (A11),(A12) and (2.8), (2.12),, (2.13), we derive

1 n
(@) ) < k(t)—+1jzz;cj (t) ]/(t —Tj (t))
M1 2al 0
+k(t)+1[ e(s)ImD(r)f(s,y(s+r))drds
M2 t+w
+1+k(t) t h(s, Y (s))ds
< p—+%wp' Xm XL+SQ) XTI X ———
= F 2p*ct 20p ! 4m; Srwp* 20p 4m; Srwp*
* % R R * *o_ E B —
= c'p e +24m682a)p*m082wp =3 + > = R,
which yields
”ny” < ”y , forye 9Q; N K.

This means “(Dy” < ||y” fory e 9Q; N K . Since R<R<R, by Theorem 1.1 the mapping ® has two fixed

points y; € KN 0\ and Y eKN Q3\Q,. It follows that ® has at least two w—positive periodic solutions
of (1.5). Thatis R <7, < R <7, < R . The proof is complete.

As a consequence of Theorem 3.2, we state corollary omitting its proof.

Corollary 3.3. Assume that conditions (2.1),(2.4), and (A1),(A2),(A11),(A12) hold, further if (A9), ( or (A10))
holds, then Eq. (1.5) has at least one positive periodic solution.

For convenience and simplicity in the following discussion, we use the following notations:
For a positive constant r and y € K, we set
W q o s 2@

= , r=

yeklyll=r Y vek|lyll=r Y
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ftty) = f(ty)

&= sup max .
te[0,
yek|[y]|=" LY

Theorem 3.4. Suppose that g (y) < 0 for y € R*. If conditions (2.1),(2.4), (A2) hold, and we further assume that:
Al3)

= inf min
yeKll | y| | =rt€ [0,(()] y

- — t t
lim ) = lim ) = lim min f—( 2 = lim min f—( 2)) =
y-0t Yy y—ooo Y y—=0te0w] Y y—oote0,w] y

+00
A14) There exists a constant E > 0 such that, for all y € (0, E],
‘O*C* + a)p*Sz (H’Elgg + ﬁzjég + 75’1\3) <1,

where iy, My, M3 are given as in (3.4) . Then, equation (1.5) has at least two positive periodic solutions.

- t
Proof. Since limM = lim min M
y—0 y y—0 te[0,w] y

= oo, we can choose E,, where 0 < E, < E, such that

-g(y) >'e1y, and f (t,y) = ey, fory € [0,E.],t € [0,w],

1 —Fw&lr’rigo

where the constante; > 0, satisfies €] > — , (0 <P wdmz0 < 1). We introduce

Y 0)910 (?ﬂ\l + T/ﬂ\z)

Ar={y()eCy:|y| <E}.

Thus, for any y € 8X1 NK, o ||y|| <y < ||y|| . From (2.8),(2.12),(2.13) and (3.4), we have

n t+w 0
Dy () = k(t)%lzcj (t)y(t —T; (t)) + k(g—il I e(s)f D(r) f (s, y(s+7r))drds
j=1 e
N t+w N t+w 1
+Tk2(t) [ k(s)y(s)ds + Tkz(t) [ ch (s) x (—g (y (s -1 (s)))) ds
=1
> Fwslafﬁla |y| +Fw8117130 |y| + 7712}781(4)'510 |]/|
= [Fa)Slﬁm +Fw910’€1 (T/ﬁl + %2)] |y|
> |y,
and thus
||CD]/|| > ||y , Y€ dA1 NK.

— t, — e
Moreover, if hm# = lim tn{})inﬂ% = co, then there exists E > E > 0 such that g(y) > ey,
y—o y—oo te[0,0
1 —Fa)&ﬂ’l?y,(i

p wdio (my + T/ﬁz),

and f(t,y) > ey, forall y > L, t € [0,w], where the constant € > 0, satisfies € >
(0 < 7wz < 1).

Define E* = § > E and

As = {y ()eCy: Hy“ < E*}.
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Then, for any y € 9\, N K, we obtain the result ||<I)y|| > “y” by applying the same procedure given above.
Moreover, we introduce

As =: {y (VeCy: Hy“ < E}.

If y € IA; NK, then o ||y|| < v () < |y||. From (2.8), (2.12),,(2.13) and (A14), (3.4), we get

1 v M o 0 fsy+1)
@y < W;cj (t)y(t—Tj (t))+ 0 i 1ft e(s)[ D(r)————y(s+r)drds

o0 y@+r)
M, o M, o J -g (y (s -1 (s)))
Trrw ), FOYOET I f L1 Wy(f—w))ds
< (p*c* + a)p*sz (17}’1\1’?;\5 + ;H\Q§E + 771\3 )‘y| < |y ,
and therefore
loy] < [lv]

This means ”d)y” < Hy“ for y € dA3 N K. Since E, < E < E*, by Theorem 1.1 the mapping K has two fixed

points in K N X3\1~\2 and KN Kz\]\}. It follows that @ has at least two positive periodic solutions of (1.5).
Thatis E. < y1 < E < y» < E*. The proof is complete.

Theorem 3.5. Assume that g (y) < 0 for y € R*, conditions (A2), (2.1), (2.4), (2.6), (2.10) hold, and the following
conditions are fulfilled:

Alb5)
- -~ t, t,
lim ALY W) = lim 9 W) = lim maxf( ) = lim maxf( y) =0.
y—0* y yoeo Y y—0"te[0,w] y y—oote[0,w] y

A16) There exists a constant T’ > 0, such that
F? + CU"D\*191 (7’/73 + 7171%1" + 7772%1") >1,

where iy, iy, My are given as in (3.4) . Then, equation (1.5) has at least two positive w-periodic solutions.

Proof. The proof follows along the lines of the proof of Theorem 3.4 and hence we omit it.
Let

Y = (}/Or Vi, yn) € [0/ +Oo)n+1/ ? = max{yO/ Vi, yn}
Theorem 3.6. Assume that the conditions (2.1), (2.4) ,(A1),(A2) hold, and further assume that:

Al7)
. htY) htY) o fby) . f(ty)
lim min ——— = im min ——— = lim min /= = lim min ——= = +o0
Y—o+tellw] Yy Yooolt€l0wl Yy y—0*te[0,w] y y—oote[0,w] y

A18) There exists a constant F > 0, such that

htY)

——— for Y<F,
dawmyd,p* f

t E— <F
f( /y) 4wm5‘92p*’ for]/— ’
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- t fC] all t € 0/ w].

Then, equation (1.5) has at least two positive periodic solutions.

h(t,Y t,
Proof. Since lim min Q = lim min fty)
Y0+ t€l0,w] Y y—0%te[0,0] Yy

= 400, we can choose F, where 0 < F < F, such that
h(tY) 2 €Y, and f(t,y) 2 €y, for Y € [0,F],t € [0,a],

. 1 .
where the constant €] > 0, satisfies, €] > —————. We introduce
20wd1p my

Q= {y()eCy:|y| <H.

Thus, for any y € 851 NK,o ||y|| <Y< ||y” and thanks to (2.8),(2.12),(2.13), and (3.4), we deduce

1 n
> - . — .
N1 t+w 0
+W[ e(s)[ooD(r)f(s,y(s+r))drds
N2 f+w
+k(t)+1[ h(t,Y(t)ds
> elwp Sy + € wp iy Y
> 20wep My Hy( ,
and thus
||q)y|| > ||y , Y E o NK.
t, — —~
Moreover, if lim min M = lim min M = +oo, then there exists F > F such that 1 (t,Y) > €Y and
Y—oo tE[0,0] Y y—oote[0,w] y

f(ty) zeyforaly > L, t € [0,w], where the constant €, > 0, satisfies €}, > ————.
20091 p my
Set
Q, = {y ()eCy: Hy“ < 1_-"}.

Then for any y € 90, N K, we obtain the result Hq)y“ > ||y|| by applying the same procedure given above.
Furthermore, we introduce

Q; = {y (VeCy: Hy“ < F}.

Ify € 903 NK, then o ||y]| < Y <||y]|. From (3.4), and (2.8),(2.12), (2.13),, we derive

=

@B < ¢ ¢ B y(t=;(0)



M. Benhadri, T. Caraballo / Filomat 40:9 (2026), 3367-3396 3387

1 M2 tw
k(t)+1f e(s)f )f(s’y(s+r))drds+k(t)+1ft Bt Y (1)) ds

X —F+w9 = fﬁme(s) Lds +9 *ftw Lds
p 3p* 2P : dwmyd,p* 2P ¢ domdp

IN

IN

1
*X —F + 209 -
0" Wty X 4wm 9rp*

P23
F T
L -F
2 3 5

and therefore
loy] < [lv]

This means ||CD]/|| < ||y|| fory € 9Q; NK . Since F < F < F, by Theorem 1.1 the mapping @ has two fixed

points in KN 53\52 and KN 52\51. It follows that @ has at least two positive periodic solutions of (1.5).
Thatis F < 71 < F <y < F. The proof is complete. [

Corollary 3.4. Assume conditions (2.1), (2.4), (A1),(A2),(A18) hold. Moreover, assume also that:
Al7)

h(tY t,
lim min tY) = lim min M =
Y—0+tel0,w] Y y—07te[0,w] Yy

htY £
(or lim min (—') = lim min M
Y —oot€[0,w] Y y—oote[0,w] y

= )
Then, equation (1.5) has at least one positive periodic solution.

The following result can be proved in a similar way as Theorem 3.6. Therefore, we omit its proof.

Theorem 3.7. Assume that ¢ (1) < : fort € R and conditions (2.1),(2.4), (A1),(A2) hold. Furthermore, assume

2p
that:
A19)
. ht,Y) .. fty) fty)
lim max = lim max = lim max = lim max =0.
Y—0+tel0,w] Y Yooolt€llw]l Yy y—0%te[0,w] y y—oote[0,w] y

A20) There exists a constant x > 0 such that,

htY) > %,foﬁe[w,xl,
Zwmaslp

flty) = —2—, foryelxoxl.
2wm081p

Then, equation (1.5) has at least two positive periodic solutions.
Before establishing the following results, we first prove the result below:

Theorem 3.8. Assume that g(y) < 0 for all y € R*, and conditions (A1), (A2), (2.1),(2.4),(2.6),(2.10) hold.
Moreover, assume there are positive constants Ry, Rp, R3 with Ry < Ry < Rs such that:
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A21)
pct +wp Sy (771151{1 + 7712§R1 + 7713) <1,
A22)
0C +wp 9 (mz + M1 Fr, + MaKg,) > 1,
A23)
pct + wp'dy (ﬁ1§R3 + ﬁ2§R3 + 7773) <1.

Then, (1.5) possesses two positive w-periodic solutions y1, y» with Ry < y1 < R, < y» < Rs.

Proof. Without loss of generality, we assume R; < R;. Define an open set
T = {y() €C,: ”y” < Rl}

Then, for any y € JY1 N K, we have ¢ ||y|| <y< ||y” = R;. From this, the definition of ® and §R1,§R1, it
follows that

Dy () < k(t)%ch(t)y(t—Tj(t))

k(t)+1f (S)f (1) f (5, y (s + 1)) drds

M2 t+w
1+k(t) k(s)y(s)ds

Mz t+w 1
T+k0 D i ©x (=g (y(s 7)) ds
=1
(p*C* + wp*Sz (r’ﬁfﬁRl + a2§[{1 + 1173)) Hy“
< |-
This yields H¢>y|| < (Dy)(t) < ||y|| for y € Y1 N K. Set

IN

Y; = {y () €C,: ”y” < Rg}

Then, for any y € JY3 N K, we obtain the result
Set

Y, = {y () €Cy: ”y” < Rz},

for all y € dY> N K, then Ryo < y < R,. Hence, by virtue of (3.4), (2.8),(2.13), and (A22), we obtain
1 n
Dy(h) = qu Oy (-7 0)

k(t)1+1f (S)f (r) f (s, y (s +71))drds

N, t*
+1 k0 (s)y(s) ds
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N f+w N
Yo f 12] )% (=g (4 (s - 77 9)))) ds

(p*c" +wp'H (%’3\132 + 1 Rg, + ”73)) Iy

[

\%

\%

by Theorem 1.1 the mapping ® has

at least two fixed points in KN Y5\ Yy and KNY, \ Y. It follows that ® possesses at least two positive
periodic solutions of (1.5). Thatis R; < 11 < Ry < y» < R3. The proof is complete.

Theorem 3.9. Assume that ¢(t) < — oy ,fort € R, conditions (2.1),(2.4), (A1),(A2) hold, and there are positive

constants L1, L, and Lz, with L; < L, < Lz, such that

L =
< - _ .
A24) trer[l&ﬁh(t,Y)_ oS max f( y) < 109 pm*,ye [0,L1],Y €0, L]
A25) mmh(t Y) > %, f( y) = T, y € [oLy, Lo], Ye [oLy, Ly].
te[0.w] 2wd1p g telo 81p mg
L3
A26) maxh (1Y) < gy Esf (1) < W (Y €10,Lal, Y €[0,La].

Then, equation (1.5) has two-positive w-periodic solutions y),y5 with Ly < y; <Ly <y <Ls.

Proof. Without loss of generality, we assume L; < L. We define
/Y\l = {y() S Ca) : ”]/” < Ll}

If y € 9Y1 NK, then o[y < y < ||y||- From (A24) and (2.8), (2.13), (3.4), we have

oy ()] < p*c(t){rsl]aé{'y(f - T (t))|}
tw 0 t+w
+82p*f e (s)f D(r) f(s,y (s + 7)) drds + 9,0 f h(s, Y (s))ds
t -0 t
< pe(HLy + Sp"miw X — Wdp" X L
- dwdrp*my dawdrp*my
. . s Ly

< pla(t)Ly + 2w08p"my X 4w82p*m6

L L
< 71 + ?1 =1.

This means ||®y|| < ||y for y € 8?1 N K. Set
?3 = {]/ () € Cw : ”y” < L3}

Thus, for any y € 8?3 N K, we obtain the result ||Py|| < ||yl by applying the same procedure given above.
Let

?2 = {y () € Cw : ”y” < Lz} .
If y € Y, N K, then oL, < y < L,. From (2.8),(2.13), (3.4), (3.25) we have

loy )| > p*c(t){rsl];g{'y(f—Tj(t))|}
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t+w 0 t+w
+82p*f e (s)f D(r) f(s,y(s+r))drds + 9,p° f h(s,Y(s))ds
t -0 t

L
> 2w82p*n’i;‘)x—2A
dwdrprmy
Lz Ly
> +—==1L
= 2T

and therefore ||Dy|| > ||y]|.

Since Ly < Ly < L3, by Theorem 1.1 the mapping ® has at least two fixed points in K N Y5\ Y, and KN
?2 \Tl. It follows that @ has at least two positive periodic solutions of (1.5). Thatis, L1 < y] < Ly < y3 < Ls.
The proof is complete.

As consequence of Theorem 3.9, we state a corollary whose proof is similar to the proof of Theorem 3.9
and hence we omit it.

Corollary 3.5. Assume ¢(t) < ! for t € R, conditions (A1),(A2), (2.4),(2.1) are fulfilled, and there exist positive

constants L1,L2,L3 with L1 < L2 < L3, such that:

>
A27) mmh(t Y) 20)9 m tE[O(‘)]f(t JY) = 2a)8 — ,y € [aLl,Ll] Ye [aLl,Ll]
L
AZ8) mah (;Y) < s B 69 % gy L] Te O]
. S ‘
A29) trer[&rul]h (t,Y) > 2w91m* tE[O ]f( JY) = ,\B,y € [GL3,L3] , Y e [GL3,L3]

* *%

Then, there exist two w — periodic solutions which are fixed points of ® and satisfyfl <Y< I, < 'j<f3.

4. Examples
In this section, we provide two examples to illustrate the applicability of Theorems 3.2 and 3.9, respec-

tively.

Example 4.1. Let us consider the following second-order nonlinear neutral differential equations with
mixed delays:

d?

2
dt2y<t>+p<t> y<t>+q<t>y<t>+ KOy ®-Y 0o (s(t - 0))

j=1

0
=e(t) f: D) f(t,y(t+r))dr (4.1)

Corresponding to equation (4.1), we let

p() = 0.85, g(t) = 0.13,w = 0.02, k(t) = 0.004 sin> 1007t + 0.02,
4 6
a () = 002 (1n(0.001 + sin? 100nt)) , ¢2(t) = 0.001 (In(0.003 + cos* 200mt)) ",
e(t) = —0.4cos400mt + 40,7 (t) = sin? 2007, 75 (t) = cos* 600t.

Moreover D € C(R™,IR") is an arbitrary function satisfying f_ 000 D (r)dr=1.
Thanks to direct computations, we obtain

P 5{ W ~
Ry > 01542,Q ~0.1542, — [exp (foQP afu) du) - 1]
1

~ 1.3665 > 1, 4.2)
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A = 0017, B=52x107° 289 x 107 ~ A% > 4B ~ 208 x 107°,
at) = 0.2,b(t) =0.65,1 ~0.00848, L ~ 0.00851,
and
iy = min {im, 1} = 0.8, my = max{my,1} =1,p = 0.97,p" = 0.98, (4.3)

where ?ﬁh/ﬁ*, p* are respectively as in (2.18), (3.4) . By straightforward computations, for t,s € [0, w], we
derive

0 <Ny <G(t,s) <My,

0<N; <E(ts) <M, (4.4)

where

) d
Ny, = — Y 202738046, M = @ (o f i)
(exp (L) - 1) (exp () — 1)
5 exp ( fow b (v) dv) L
T exp(f b@do)-1

From (4.4) and (4.5), it is easy to deduce

=~ 280.5019,

~ 7742, My = —

; ~ 118.4288. (4.5)
e—1

0<9.71 =N, < Z(ts) < M, = 45.9,

where Z (t,s) is as in (2.7) .
Forye K y(t) 2o Hy“ forall t € [0, w], where
_ \91 min{Nl,Nz} 9.71

= — = = = U. 4 1
=S, T max (M, M) _ 2805019 ~ 00346

Also assume that

f(t,y) = 0.002sin* (5y) + é In ‘(0.001 + cos? 100t) v

7(y) = =10(sin? (10?) + 0.5y).

It is easy to see that

Vtel0,w]c(t) =199 x 107" < ZLp* =0.4591, where A =09 < 1,
and
o= 0083<—" —004 F*=003< —" =004
= 40mp* ’ = 4%0m;p* !
B o- 00— —004 =005 —2— —004
49wmgp* 48rwmgp*

There exists a constant W = 1 such that, for all y, y1, y» € KN JdQ;, we have

fty) = % ‘ln (0.001 + cos? lOOt)‘ X0 Hy“

= 6.908

W
> ——= ~3319,
Za)Slme
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and
h(t,Y) > 0.02y+5x0.02(In (0.001))* ¢ ||y]| + 5 x 0.001 (Iln(0.003)|6) alv||

14.53 > LAN =~ 3.319.
209 myp

1

Since assumption (A5) holds, for a sufficiently small ¢ > 0 satisfying

1-A
0O<e< ——F—=001,
28wmyp*

we can choose W = 0.1, where 0 < W < W = 1, we obtain

htY)

IA

0.024y + 0.2 [In(1.001)[* ((10%y* + 0.5y))
+0.01 [In(1.003)[° ((10%y* + 0.5y))
(0.024 +0.2 [In(1.001)* ((1023/3 + 0.5))
+0.01 [In(1.003)[° ((10% + 0.5))) 1Y

IA

= 0.02]Y] < ( T+ S)IIYII

49r0myp
< 0.05(IYll,

and
fty) = 0.002sin4(5y)+%1n'(0.001+cos2100t)|y

< 0.002 (54 X WP + Cl‘; lIn (1.001)|) x|yl

A
= 0.001 Hy“ < (‘W + 5) ”3/”

IA

0.05 |y
Since assumption (A6) holds, for a sufficiently small ¢ > 0 satisfying

O<e< - =0.01,
28wmyp*

we can choose W = 0.2, (W > ¢W). For all,

yH > W, and f € [0, w], we obtain

h(t,Y) < 0.024y+0.2[In(1.001)* ((1 + 0.5y)) + 0.01 [In(1.003)|° (1 + 0.5y))
< 0.024y + [In(1.001)[* y + 0.2 [In(1.001)|* 0.5y
+% In(1.003)[® y + 0.01 |In(1.003)[° 0.5y
A
< 0. <|—
< 0.02]Y) < (492wm6p* + e) Iyl
< 0.05]Y],
and
f(t,y) < 0.002+ (1; IIn (1.001)| y
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< (0.01+ 2 (L0001
- 00ily < (g e el
< 005y

All hypotheses of Theorem 3.2 are fulfilled, therefore equation (4.1) has at least two positive 0.02—periodic
solutions i3 € KN (52 \ Ql) and i, €KN (53 \ Qz) satisfying

W

0.1:WS?1§W:1§y2sW = . =5.78.

We should point out that, in order to apply Krasnoselskii’s fixed point theorem in [13, Theorem 2.7] or
[14, Theorem 2.7], we need to construct two mappings ®;, and ®,, @; is a contraction and @, is compact.
Therefore, we express (4.1) as

(@y)(t) = (P1y)(t) + (D2y)(F),
where @, : C, — C, is given by

@O = 7 Ovlt-70)
j=1

1 t+w 0
+—k(t) — j; G(t,8)e(s) j:mD(r)f(s,y(s+r))drds,

and

1

W jt‘ Z(t,s)h(s, Y (s))ds.

(P2y) () =

However, notice that
Ty =8709>1:Vy,zeC,: |((I)2y) 1) — (©r2) (t)| sj/\|y - zl.

This implies that ®; is not a contraction. In this case, the existence of 0.02-periodic solutions of equation
(4.1) in C, cannot be proved using [13, Theorem 2.7]. However the results obtained in our work are quite
significant compared to the ones in the above mentioned papers [13] and [14, Theorem 2.7].

Example 4.2. Let us consider the following second-order nonlinear neutral differential equation:

dZ

2
W(tw(t) (t>+q<t>y<t>+ kOy0- Yo (s(t- 7))

=1

=e(t) f ftyE+r)dr (4.6)

Corresponding to equation (4.6), we let

p(t) 0.85, g(t) = 0.13, @ = 0.02, k(t) = (In (0.95sin® 1007t + 0.07))2,

c1 (b) 0.05 + 0.05 cos? 2007tt, ¢, () = 0.05 sin® 2007,
71 () = sin?400mt, 7, (t) = cos® 2007t e (t) = 0.1 cos 1007t + 0.8.

Also assume that

fty) = (ln (sin2 1007t + 0.04))4 \/@,
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g = —(in((sin? v7)+0.001))". 4.7)
Thanks to direct computations, we obtain
my = minf{mi,1}=0.8, my=max{m, 1} =1,
p* = 09995 =0.124.

It is easy to see that

Since we use the same setting as in Example 4.1, where
p(t) = 0.85, q(t) = 0.13,w = 0.02,

we have
0 =0.03461, 91 = 9.71, 9, = 280.5019.

There exist constants L1, [,, L3, withL; =1 < L, = 1.5 < L3 = 2, such that, for all t € [0,0.02], we have

L
— -6 1 _
maxf(hy) = 74828x10°< Sap 0.0446,y € [0,L1],
minf(t,y) = 77.351 L 38931,y € oLy Lal,
te[0.0 2w 1p m
L
— -5 < 3 _
trexilgg)(f(t ,y) = 1.0582x10™ < 4 Sop =0.089,y €[0,Ls],
and
maxi(t,Y) = 3921107 < = Py = 0.0446, y € [0,L4],
L
minh(t,Y) = 228.059 > 2 =38931,y € [oly, Ly],
te[0.w] Za)Slp
L
maxh(t,Y) = 7.843x 107 < S —0.089,y€[0,Ls],
te[0.w] 4a)82p

where ki (t, Y (1)) is as in (2.15). Thus, all assumptlons of Theorem 3.9 hold, and consequently, equation (4.6)
possesses at least two positive 0.02-periodic solutions, 13 € KN Y3\ Y7 and ¥> € KN Y3 \ Yy satisfying

1=L1 <1 <Lh=15<y <2=1Ls.

Note that the given functions f and g in (4.7) are not globally Lipschitz in y on IR*, since

4 - 10

3/ 69 = (in(sin? 1007 + 0.01))’ i
i - _ . 2 3 2sin y/ycos [y
T #(in((sin’ ¥5) + 0001) 27 (sin? vy +0.001)’

are not bounded on R*. Thus, existence of periodic solution of the equation (4.2) cannot be proved by using
[13, Theorem 2.7], since Lipschitz condition of the functions f and g is not fulfilled in y on R*, since the
finding in [13] mainly relies on the fact that all nonlinear functions are globally Lipschitz with respect to
the variable y. Hence, in this study, we do not only suggest an alternative technique for discussing positive
periodic solutions to generalized problems of equation (1.5) but also improve current literature.
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5. Conclusion

This article is devoted to studying the existence of positive periodic solutions for a class of second-order
nonlinear neutral differential equations with variable coefficients and mixed delays. Under some sufficient
criteria and by virtue of a technique based on the theory of fixed point index in cones together with the Green
functions method, as well as some useful functional analysis tools, we establish several interesting existence
results of single and multiple positive periodic solutions for the proposed model. In our applications, two
simple examples are analyzed to demonstrate the real power of Theorem 1.1 which guarantees the existence
of twin positive periodic solutions even when Krasnoselskii’s fixed point theorems cannot be used. The
proof techniques used in this paper are new and generalize some previous studies and can be extended
to investigate other types of second-order differential equations such as, impulsive differential equations,
fractional differential equations, etc. We hope some authors can use the methods provided in this article
to conduct more in-depth research on various types of second-order differential equations with variable
coefficients.
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