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Dynamical analysis of semigroups for Lasota-type equations in a new
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Abstract. We study the asymptotic behavior of the dynamical system generated by the Lasota equation
within Morrey spaces. We establish precise conditions for stability and chaos in the sense of Devaney.
Furthermore, we identify criteria allowing this asymptotic description to extend to a generalized version of
the equation with variable coefficients, and to an extended model with a more complex transport structure.

Our work provides a generalization of the asymptotic results known for the von Foerster-Lasota equation
in L¥ spaces to the Morrey spaces.

1. Introduction

The Lasota equation arises from a biological model describing the dynamics of progenitor cells, where
maturation occurs at a non-uniform rate. Owing to its biological relevance, this equation continues to be a
significant subject of mathematical investigation. Numerous studies have concentrated on the analysis of its
linear formulation. In 2008 Dawidowicz and Poskrobko studied properties of the equation g—’{ + Cg—’g =p(0)X
in the space V,, (Holder continuous functions) and L space [5]. In 2012 Chang and Hong found a necessary
and sufficient condition for the solution of a quasi-linear Lasota equation to be chaotic [4].This equation
also draws the attention of other researchers, like BrzeZniak [3], Matsui and Takeo [12], Takeo [16]. Devaney
provided a novel and rigorous definition of chaos, which has played a central role in modern dynamical
systems theory [9].In paper [5] They study chaos in the sense of Davancy of this equation.

Inspired by the approach developed in [5], we propose to investigate the Lasota equation in Morrey
spaces, the objective of this work is to extend the analysis of the Lasota equation to Morrey spaces, thereby

generalizing previous results obtained in classical L? or Orlicz spaces. For more details on Morrey spaces,
see [11),[15]], [T}, (8] [14].

2. Preliminaries

In this section, we introduce the fundamental concepts in this paper.
Morrey spaces were first introduced by Charles B. Morrey in 1938 [13] in relation to regularity problems of
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solutions to partial differential equations. We recall its definition as, Let1 <p < coand 0 < A <n (where
n is the dimension of IR"). Denote by B((, r) the open ball centered at C with radius r. The Morrey space
MPA(R"), introduced in [11], consists of all locally L? functions W on R" such that

-2
Wl := sup ¥ MPIWIge ) < o,
CeR",r>0

where the local LP-norm is given by

1/p
Wl @) = ( f WP dé) :
B(Cr)
It is important to note that MPO(R") represents an extension of the classical Lebesgue space L/(R"), since in
this case we have MPO(R") = LP(R").
Theorem 1. For all ¢, € MPA(R™), we have:

llp + Pllga < ll@llaper + l1Pllagpa-
Proof. For any ball B(C,r) C R”, the triangle inequality in L¥ gives:

llp + Pllr@sen < lellrscn + 1Plescn-
Multiplying by r~*/7 with r > 0, we obtain:
MPllo + Ylsen < 7 Plelluscny + Pl @en)-
By taking the supremum over all C € R" and r > 0, we have:

llp + Pl = sup ™ Pllg + Pl @)
CeR"
>0

< sup (gl @i + Il @en)

CeR"
r>0
A -A
< sup r Mlloll@cry + sup ¥ M Plll@e)
CeR” CeR”
r>0 >0
= [l@llyrr + [Pl -

which completes the proof.

It is known from [15] that the Morrey space M’ is not separable when 0 < A < n. Now, consider a
dynamical system S(7) : X — X. A point & € X is called a periodic point if there exists an integer n > 1
such that $"¢ = &, and the smallest such integer is called the period of £. The set of periodic points is
denoted by Per(S) [10]. The dynamical system S : X — Xis said to be topologically transitive if, for any pair
of nonempty open sets U and V in X, there exists some n > 0 such that S*(U) NV # 0 [10].

According to Devaney [10], a dynamical system S : X — X is said to be chaotic if it satisfies two
conditions: § is topologically transitive, and S has a dense set of periodic points. Moreover, a semigroup
(8(1))r20 is called strongly stable in a space V if, for every 9§ € V, lim; .o S(1)9 = 0in V [6]. Finally,
two dynamical systems (F(7))c>0 and (G(7))c>0, where F(7) : X — X and G(t) : Y — Y, are said to be
topologically equivalent if there exists a homeomorphism ¢ : X — Y such that i o ¥ (7) = G(7) o ¢, that is, if
the following diagram is commutative:

X X
vl J¥
Y Y

F (1)
_—
_—

G(1)
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3. Chaotic and Stable Regimes of the Von Foerster-Lasota Semigroup in Morrey Spaces

We focus on the partial differential equation

—+(==9X,7t20,0<C<1,yeR 3.1)

with the initial condition

X(0,0)=9(0), 0<cCx1 (3.2)

where 9 belongs to some normed vector space V of functions defined on [0, 1]. Define the function S,
by the formula

(S:9)(0) = X(1,0) =e’9(Ce™™),L€0,1] (3.3)

where X is the unique solution of 3.T|and If for every 9 € V and 7 > 0 the function S; belongs to V,
then the family (S;). is a semigroup on the space V.
The lack of separability in Morrey spaces given in Preliminaries poses challenges for certain dynamical
approaches based on metric structures. Therefore, we focus on chaotic in the sense of Devaney defined in
Preliminaries, which relies primarily on topological properties and remains suitable in this context.

We now proceed to formulate several theorems that characterize the chaotic and stable behavior of the
dynamical system introduced above. These properties will be studied in in Morrey space.

Theorem 2. If y > %, then for any o > 0 there exists a periodic point 8y € MP1(0, 1) such that
Se¥0 = Yo
Moreover S;:9¢ = Oy if and only if T = nty for some positive integer n

Proof. Let X € MP*(e~™, 1) be arbitrary. Define 9y : (0,1] —» R by

eTX(Le"0)  if { e (et DT emT] 5 e N,
%@={ (o) e el : 0 (3.4)

0 if C=0.
Then for any C € (e-"*V%,¢7"%], we compute
(Sey80)(O) = &7 80(Ce™™) = /06 IO (T e I) = ¢ O R(Te) = 94(0),

hence S;,9 = 9y, i.e., 9y is a periodic point.
We now prove that 9 € MPA(0,1). Let o € (0,1), ¥ > 0, and define

I =17 f [So(QF dC.
B(onN(O,1)

We decompose the integral over dyadic intervals I, = (e-""*D%, ¢7%], and estimate each contribution using
the change of variable C = £e7"%, so that dC = e™""d¢ and the integration domain transforms from B(C, r)
to B(Ce ¢, re %) Then:
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)

f [9o(O)PPdC = - ePRIX(Ce ) PdC
I}’l e~ n+l)Tg

1
= P10 f |X(E)PdE.
e~"0

However, to estimate the full Morrey norm, we consider a ball of radius r, which after change of variable
becomes a ball of radius re"™. Hence:

(e8]

180l = sup Y f 196(Q)PdC
Ce(0,1), r>0 =0 B(Co,r)NI,

00 e~ 170
< sup r‘AZ f e~MP X (L)AL
n=0 Y€

CE(O,l), >0 —(n+1)7g
= 1
< sup Y (re') e OreY f X(©)Pdz
Ce(0,1), >0 3= 70
- 1
< Z‘ e—nm(}/ri+1—A) sup (ren'fo)—)t f |%(5)|pdé
n=0 Co€(0,1), >0 e~

oo
p —n7o(yp+1-1)
< ¥l 01 Qe
n=0

This geometric series Y, e "©0?P*1=1 converges if and only if:

y$p+1-A>0 & y>%.

Hence [|90llgpe1 (0, < 0, and 9 € MPA(0, 1), which completes the proof.
O

Theorem 3. If y > %, then the set of periodic points of is dense in the MP*(0, 1) space.

Proof. Let X be an arbitrary function from the MiP1(0, 1) space and let ¢ > 0. Define 9 by the formula
Fix 79 so large that [Xyyig.e0) < § and [Slgwioe-o) < 5. For C € [e7™, 1] 8(C) = X(C) and by using Theorem |
we finally have

19 = Xawago,) = 19 = Xlgwapeoy < [Plawago,eo) + [Xlywapo,eoy < €

This completes the proof.
0

Theorem 4. If y > %, then the dynamical system (S;).s is transitive in the MP1(0, 1) space.

Proof. Let
O (81,£1) = {xc € W0, 1) : 181 = lypajo ) < €1

and
O(92,62) = {K € MPA0,1) : 192 — Klywao 1y < 82}
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be two open balls with centres in 91, 9, € MPA(0,1). Let us define the function

e "9, (Ce") for (<e"

X0 = { 8.0 for (e

at the suitable choice of . We should show that the above function X belongs to the space M*(0, 1), and
using the change of variable C = &e®

- o 1
f o (OPdC = f e V|9, (Le) AL = e f 19,(6)1dé
0 0 0

and .
XOP gy = f sup e P9y (E)PdE
0 Ce(0,1), r>0
1
< ey f (re") M 92(E)PdE
0
< e N8 ()lweao)
Then

[Xlawpa0,1) < 1X(E) a0,y + [X (e e 1)

< e I8 ( )l + 191(E) o)

From the assumption we have e”™™*1") < 1 and we have 91,9, € MP*(0,1) then |¥lyy.(1y < o then we
obtain X € M*(0, 1). By using Theoremwe also get

191 = Xlapago,1) = 191 = Xlawarjo,er) < 1hypapoeo] + 1¥lmepo.er
—tptl
< 1l e + € P [Dalyagon

By choosing 7 large enough we obtain |81 — Xlgpa[g1) < €1, this implies that X € O (91, €1). Therefore
S:X e S, (0(91,¢1)) and 9, = S X € O (9,, €3). Therefore

S:(0(91,€1)) NO (92, €2) # 0.
So we conclude that the dynamical system (S;).s is transitive in the space M74(0,1). O
Corollary 1. Ify > Ar%l, then the dynamical system (S:) s is chaotic in the sense of Devaney in the MP1(0, 1) space.

Now let us consider an example which confirms that the present corollary [I| generalizes the result
obtained in the Lebesgue space L*(0, 1), as discussed in [2, [7].

Example 1. In the particular case A = 0, the Morrey space MPP(0,1)=LP(0,1). Then, y > —% is the condition of
chaotic in the sense of Devaney in the L space.

Theorem 5. Ify < %, then the semigroup (St) s is strongly stable in the MP(0, 1) space.

Proof. Let § € M, 1(0,1) and (Sy),5o given in equation[3.3|we have:
SO, = sup f 79 dC.
Ce(0,1), >0 BN

Then we obtain:

IS S, =" sup f [9(Ce )PdC.
(@)

Ce(0,1), r>0



E. Nafia et al. / Filomat 40:9 (2026), 3397-3411 3402

By changing of variable £ = Ce™", so that dC = e"d¢, it easy to show that

ISl = eV sup r~ f 19(E)PdE.
B(Ce " re7™)

Cr
We get:
|Bﬁ%w=é““””wNMﬂ”jﬂ (&) dE.
Cr B(Ce7,re7T)
Therefore:
1SS, = e APy .
Finally we get:

+1=4

1S Sl < €0 1Sy
1-A

14

Due to ¢"*'5') <1 on has stability in the 9tP4(0, 1) space if y < % . O

An example is now provided to demonstrate that the present Theorem [5| generalizes the corresponding
result in the Lebesgue space L7, as detailed in [2} [7].

Example 2. In the particular case A = 0, the Morrey space MP(0,1)=LF(0,1). Then, y < —11—7 is the condition of
stability in the LP space.
4. Dynamical System Generated by the von Foerster-Lasota Equation

We will now consider a more general form of the equation.

oX | ox
3¢ *Cgr =POXT>00<C<1 (&.1)

with the initial condition
X(0,0)=9(0), 0<cCx<1, 4.2)

where 3 belongs to some normed vector space V of functions defined on [0,1] and p : [0,1] — Ris a given
continuous function. Let a semidynamical system S be represented by

(Sc9)© =%,0)
where E%(’L’, () is the unique solution of and is given by the formula

(Sc9)(©) = X(t,0) = e (Ce™)

1
h(C) = —fc @d’[

Our objective is to identify a relationship between the two equations: presented in Section [3} and

One can easily verify that if X and X are the solutions of equations|3.1/and respectively, We obtain
the equality

for C € [0,1], where

(1, 0) = K(0)¥(7, Q) (4.3)



E. Nafia et al. / Filomat 40:9 (2026), 3397-3411 3403

where

C 5
K(0) = exp ( fo 14 Tp (T)dT) and y = p(0) (4.4)

We suppose that the integral given above is convergent

Remark 1. [t is worth noting that the concept of topological equivalence plays a crucial role in preserving several
fundamental dynamical properties of systems. In particular, when two dynamical systems are topologically equivalent,
they share key qualitative behaviors such as stability, the density of the set of periodic points, the existence of fixed
points of the governing equation, and the presence of periodic orbits. Furthermore, many other related dynamical
characteristics remain invariant under such an equivalence, emphasizing its importance in the study of dynamical
systems.

Dawidowicz in [5] show the dynamical systems[3.T|and .| can be illustrated by the following diagram:

Sq
It is also shown in [5] that this diagram is commutative and for (L,.9) (C) = %S(C), we get that
(S (Le9) (©) = (L (S:9) (©)
Theorem 6. Assume that
dAM>0 Jg>0 VCe[0,1] |p(C)—yl <ML (4.5)

holds with p(0) = y. Then, the following equivalence holds:
X(1,) e MP0,1) = ¥(1,-) € MP0,1).
Proof. Assume X(t,) e MPA(0,1). Let (o € [0,1] and 7 € (0, 1]. On B(Ly, ) N [0,1] we have:
1X(7, OF = Ix(O)X(, OF < x(Q)1X(g, Q).
From hypothesis [£.5 of Theorem|[f], we get

<., _ C _ C
|log k()| = f Y pmm‘sf Mdfs]l\/[f e = Mo
0 T 0 T 0 q
Thus,
®(Q) < M1 < M for C e B(Lo, 1)
Then,
f [X(c, PAC < M f K(x, OPdC
B(Co,r) B(Co,1)
This implies:

1 v 0 X v
3 ( f (1, c>|f’dc) <My (f G QWC) '
B(Co) Bleon

Since X € MP1(0, 1), we conclude: i
1X(T, Ylgpr < EMNE(T, )l

Hence X € MP1(0, 1). The reverse implication follows similarly by applying the same argument to k(). [



E. Nafia et al. / Filomat 40:9 (2026), 3397-3411 3404

As a consequence of the diagram’s commutativity, the two dynamical systems are topologically conjugate.

(S7)>0 and (5’5)720 are topologically conjugate. Therefore, the properties of the system (S:).»o introduced
in Section [3](the existence and density of periodic orbits, topological transitivity, and the stability property)

transfer on the system (S¢)r0.
All these properties depend on the value y = p(0). Theorem [6] shows that under suitable regularity
assumptions on p(C) the solutions of equations|3.1{and remain within the same Morrey space M¥(0, 1).
This further implies that the property of sensitivity to initial conditions, which reflects a metric aspect of

the dynamics, is also preserved in (ET)QO. Therefore, under suitable assumptions, if the semigroup (St)r=0
exhibits chaotic behavior, stability, or possesses a dense set of periodic points, then these properties are

preserved by the system (Sz)ro.

Consequently, all the dynamical properties of the semigroup (ET)TZO depend on the value p(0). Specifi-
cally, when p(0) > %, the system admits periodic solutions for every 7o > 0, and the set of such solutions

is dense in MP*(0, 1). Conversely, if p(0) < %, then the system is strongly stable.

5. Dynamical Properties of the Generalized Lasota Equation in Morrey Spaces

In this section, we provide a detailed analysis of the dynamical properties strong stability, exponential
stability, periodic points, topological transitivity, and Devaney chaos — of the semidynamical system gen-
erated by the generalized Lasota equation in the Morrey space (0, 1). We present complete proofs step
by step.

5.1. Explicit Solution and Semigroup Formulation
We consider the generalized Lasota-type transport equation:

X 2 OX
a—T+(aC+bC x—U(C)%, 7>0,0<C<], (5.1)

with initial condition:
X(0,0) =0(C), »eM(0,1), (5.2)

where a > 0,0 >0, 0 : [0,1] — R is continuous, and M¥*(0, 1) denotes the Morrey space with parameters
1<p<oo,0<A<l
Using the method of characteristics, we obtain the explicit solution of (5.1):

ale™"
a+ bl —bleor)’

1
[ ok
9= j; as + bs? ds,
a(s)

with the natural condition fol 1o @s = oo ensuring regularity at ¢ = 0. The corresponding solution
semigroup S; : MP1(0,1) — MPA(0, 1) is therefore:

X(1,0) = eg<c>e—g(m)n(

where:

_ o0, i) [ 0Ce™
(S0)(0) = e7Ye v (a O o)’ (5.3)
In the particular case where ¢(C) is constant, i.e. 6(C) = y € R, the equation (5.1) becomes:
X 5 0%
hid =) > <(<1. .
aT+(aC+bC e v X, 7>0,0<C<1 (5.4)
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The solution obtained by the method of characteristics is

ace—ar )

where v(C) = ¥(0, {) is the initial condition. This defines the semigroup (S)es0 on MPA(0, 1) by:

>0, Ce(0,1].

(S0)(© = e”n( ae )

a+bl—Dble ]’

3405

We analyze the stability properties of the Lasota equation within Morrey spaces. Our objective is to establish
precise conditions under which the solution semigroup exhibits strong or exponential stability in the space

M0, 1),

5.2. Stability Results in Morrey Space
Theorem 7 (Strong and exponential stability in MPA). The semigroup (S:)rs is:

1. Exponentially stable in MP*(0, 1) if
_a(l-A)

p

2. Strongly stable in MPA(0, 1) if
a(l-A)

p

Proof. Let v € MP*(0,1). We estimate the Morrey norm of S;. For any (o € (0,1] and r > 0:

_ P
C(Cé’ at
S, 0 sup r e’ o | ———— || dC.
“ ||§UU" CD/? L(Colr) (a + bC _ bce—a”[) C
Perform the change of variable & = % Then:

dC _ (a+bC Dl
dé QZe at

Since a < a+ bl —ble ™ < a+ b, we have:

a? v ac _ (a+ b)2
(a+ b)2 dé = a?
Thus: )
a+ b
f ()P dc < &0 f ()P,
B(Cor) B(&o, L reor)
Therefore:
- f Soobdc < D oo f ()P
B(Co,1r) B(&o, L rer)
2 A A
-« +2b) (_a i b) elrpra-Aa (_a A bre‘“) f [o(E)FAE.
Qa a a 8(50 "H’re’”)

Taking the supremum over (y and r yields:

ISl

Do 1P+ |

MpA S MmpAT



E. Nafia et al. / Filomat 40:9 (2026), 3397-3411 3406

+b)? A
where Dy = % (%b) . Hence:

a(1-7A)

< 1/ +
IS 0llgypa S'Da,tf)\e(} ? )T”D“snm-

a(1-1)
If v + 5

IS 0lgpr — O0as T — co. [

a(1-1) _

< 0, we have exponential decay. If y + — =0, we obtain strong stability by showing

-1 ‘
Theorem 8 (Existence of periodic points in MPY). If y > , then for every to > 0 there exists a nonzero

vy € MPA(0, 1) such that

STUUO = Dp.
Moreover,
Siog =vg ifandonly if T = ntg for some integer n > 1.

Proof. Let w : [0,1] — R be a continuous function satisfying

¢ <y ¢
wOI<€(rz) . €>0,
and the compatibility conditions

ae” %

e’ 0wl ———
(a + b — be~%

)=U0(1),
e’ w et # w(1) VY1 € (0, 70)
a+ b — be~ot ' o

Step 1. w belongs to MP*(0, 1)
Since [w(C)| < €7, we estimate for any ball B(Cy, r) c (0,1]:

r-A‘fﬁ lw(Q)PdC < Gpr‘A\[‘ QPdc.
B(Co,r) B(Co,r)

The right-hand side is finite if and only if yp > A -1, i.e.

V> A=1
>
Hence w € MP*(0, 1) under the stated condition.
Step 2. Define the family of disjoint subintervals of (0, 1]:

—(n+1)atg —naty
ae ae
]Vlz 7 7 1’l=0,1,2,...
a+D—Dbe "+’ q+ b — be T
and define vy piecewise on these intervals by
aCe"‘”O
=e | —————— € .
(O = ), T,

Since the intervals ], form a partition of (0, 1], the function vy is continuous and well-defined.
Step 3. vy € MPA(0,1)
For C € J,, using the bound on w we have

GCE"MU V4
_ e
|%@ns¢eWWLJi%§%¢J <CU.
a+bC—bLe"0
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Thus, vy satisfies the same growth estimate as w, implying vy € MrA(0,1).
Step 4. Verification of the periodic condition
The semigroup action is given by

B o ace—ar
(STD)(C) - 6) D(a + bC _ bce—m ) .

If C € J,, then the argument of v lies in J,_;. Hence,

(STODO)(C)ZeVTUDO( aCe™™ )

a+ bl — ble %
ace(n—l)afg
a+ bC — bLetr—Dato

acena’[o B
4+ b — blemm ) = 2(0),

_ o0 e—(n—l)ymm(
= e‘”““m(

showing that S, vy = vo.
Hence, vy is a nontrivial periodic point of S; in MP*(0, 1) with minimal period 79. [

a(l-A)
p

Theorem 9 (Density of periodic points in MP4(0,1)). If y > — , then the set of all periodic points of the

semigroup (Sq)rx0 associated with is dense in the Morrey space MP1(0, 1).

Proof. Let w € MPA(0,1) be arbitrary and ¢ > 0. We construct a periodic point v € 9P*(0,1) such that
[lo — wllgper < e.
Step 1.Truncation and approximation in Morrey norm. Define for € > 0 the truncated function:

')/

w(0), if [w(0) s@(%) ,

we(C) = ,
C V w@Q . cy

@(m) T 1f|m(C)|>(€(m) .

Y
Then |we(Q)| < € (%) < €. We verify that wg € MPA(0,1). For any ball B(Cy, ) C (0,1],

r_Af [we(O)F dC < (Spr‘)‘f O dc
Bl B(Go)

<@t (Co + )P+,

yp+1

Since y > —@, Hence the supremum over ( and r is finite, so wg € MPA(0,1). Now consider the set

Es ={Ce[0,1]: (@)l > €(5)'}

Then

e = wif,,, = supr? f 0(0) — w(O)P dC
Co,r B(Co,r)

<supr™ f [w(Q))F dC.
Cor B(Co,"NEg
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For any a > 0,

Y

u(E¢) = u({C €[0,1] : jw(C)| > G(&) })
<a+ [J({C € [a,1] : [w(Q)| > G(ﬁy})

1 1
<ab——— Q) de.
AT fo (O d

As € — oo, u(Eg) — 0, and by absolute continuity,
lwg — wllgypa >0 , € — oo,

Choose € large enough so that

€
lws — wllgppa < —.

4
Step 2. Construction of the periodic function.
Let 79 > 0 be fixed temporarily. Define the intervals
B ae—(m—l)arg ae~"a%
Ju= a+b—be(r+an” q + b — be "0

Observe that (0,1] = ,—, J»- Define v on each J, by

aCe‘flaT(]

— —NnYyTo
v(C)=e mq( a+ b — blevmo

Since [wg(C)| < € (L)y, a direct computation gives

1+C
C )7/
<C(—
ROI=6(157)
hence v € MPA(0, 1).
Step 3. Verification of periodicity.
For C € J,, we have
ale %
C € ]n—1~

a+ bl — ble"%
Thus

(STOD)(C) = VT D( ale %0 )

aCeln=Dbmo
a+bC— bCe(”‘l)“TO)
agem

= VT o~ (1=1yo m@(

=g " UJ(\;(
= ().

Therefore STDD =, i.e., v is periodic with period 7.
Step 4. Control of the Morrey norm on the initial interval.
Let

ae= "%

o(19) = —————.
(7o) a+b — be~

], n=0,12,...

) el

3408
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Since », w € MP1(0, 1), we can choose 1 sufficiently large so that
€ €
[Iollore 10,50y < T I[ollay2 (0,6¢ro))) < T
For C € Jp = [0(70), 1], we have n = 0, hence v(C) = wg(C). Consequently,

llv — wellope (5(e0),17) = O-

Step 5. Final approximation estimate.
Now combine the estimates:

llo — wllgpr < [l = wllgpen 0,500y + 110 = Wl g520),17)
< Iollawe q0,6¢r0))) + 00l 0,5¢z0)))

+ [0 = wellow (520,17 F 106 — Wl (5(20),1))

<§+£+0+f
4 4 4
L

4

Thus we have constructed a periodic point v satisfying |[v — w|lyp2 < €, proving that the set of periodic
points is dense in MPA(0,1). O

Theorem 10 (Transitivity in Morrey space). If y > , then the semidynamical system (S:)xq is transitive in

MPA(0, 1).

Proof. Let
P(or,€1) = {9 € M oy = Sl <€),
P(vy,€2) = {9 € M : ||lng — Sl < €2},
be two nonempty open balls. Define
eV —aCe‘“T (< —ae“”
w(0) = Na+ bl — bleot |’ a+b—Dbe-ot’

ae*ﬂ’[
01(C), 22—,
1© ¢ a+Db—Dbe

for a suitable choice of 7. Then

1/ _ +a(1—/\)
llys o, < Cqig ™7 o2l
ae= (@+b) (a+p )
where (1) = ¥ and G = S5 (422)

a(l-7A)

at-1)
Since y > %, we have y + = > 0 for a = 1, and the factor ¢ *0* "7 )

— 0 as 7 — oo. Hence for large
T,

(4 801
o1 = wllya < Io1llws ooy + €7 lvallyn < €1,

so w € P(vy,€;). Moreover, S;w = v, € P(03,€5). Thus S (P(vy,€1)) NP(vy,6) # 0. O
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5.3. The dynamical system (S:).so in Morrey space

Theorem 11 (Equivalence in Morrey space). Assume there exist positive constants € and q such that for all
celo,1],

|o(0) = o(O)l

el (5.5)

Then X(1,-) € MPA(0,1) if and only if X(z,-) € MPA(0, 1), where X is the solution of the constant-coefficient problem
with y = ¢(0).

Proof. Suppose first that X € M¥*(0, 1). From the transformation

h(c)zexp( f 0(0) = o(s) ds), Toh-X,

Tas+bs?

we estimate the exponential factor using assumption (5.5):
C
f qO -0l 4 < f 171 ds = —01.
o as+bs? a Jo ag

@l < e <ed, O < e,

Hence
For any ball 8((y,7) € (0,1),

f |X(7, QP dC = In(C)X(z, Q)P dC < /(D f |X(z, Q)P dcC.
B(Co,r) B(Co,r) B(Co,r)

Multiplying by r* and taking the supremum yields
X, Mo < €7D, g

Thus ¥ € MPA(0,1) whenever X € MPA(0, 1).
The converse implication follows by applying the same argument to i~!, since the inverse satisfies the
same exponential bound. O

Conclusion

This study provides a complete characterization of the long-term dynamical behavior of the Lasota-type

equation within the framework of Morrey spaces. We have demonstrated that the critical value y, = =1

determines a sharp phase transition between two opposing asymptotic regimes for the classical model. For
y > V., the associated semigroup exhibits Devaney chaos, characterized by extreme sensitivity to initial
conditions, topological transitivity, and a dense set of periodic orbits in EJJEW‘(O, 1). Conversely, for y < y,,
the system is strongly stable, with all solutions converging uniformly to zero.

Then these results were successfully extended to a more complex second model, the generalized Lasota

equation with the transport term (aC + bCz)a% For this model, we established analogous criteria: chaos

a(1-2) a1-A)
P

occurs when y > — and strong stability when y < — . The analysis further confirmed that the

density of periodic points and topological transitivity are preserved in this generalized setting.

Our work thus provides a significant generalization of classical theories developed in L7 spaces, demon-
strating that the rich structure of Morrey spaces effectively captures and classifies the complex dynamics of
both the classical and extended Lasota equations, which are of considerable biological and mathematical
importance.
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