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Abstract. In this article, we mainly study log-Minkowski inequalities. We first provide the definition of
L,-mixed geominimal surface area for probability measure and get relevant log-Minkowski inequalities for
nonsymmetric convex bodies. In addition, we also establish the functional inequalities, which are more
general form than the log-Minkowski inequalities of L,-mixed geominimal surface area.

1. Introduction and Main Results

Geominimal surface area first introduced by Petty [25] about 40 years ago, is a significant concept in the
classical Brunn-Minkowski theory. The classical Brunn-Minkowski theory has a natural extension called
the L, Brunn-Minkowski theory, which was initiated in the early 1960s when Firey introduced the concept
of L, composition of convex bodies (see [8, 23]) and was born in the works of Lutwak [19, 20]. This theory
has attracted increasing interest in recent years, see e.g., [3, 4, 11, 12, 21, 22]. A basic concept in the L,
Brunn-Minkowski theory is the L, geominimal surface area (p > 1), introduced by Lutwak [20], which
extends Petty’s geominimal surface area. Many well-known inequalities were presented in [20, 36]. In [31],
Ye introduced the L, geominimal surface area for all n # p < 1, which generalizes Lutwak’s L, geominimal
surface area for p > 1. Other major contributions to the L, geominimal surface area can be found in [26, 33].
Later, the L, geominimal surface area and its related inequalities were further extended to their Orlicz
counterparts, see e.g., [32, 34, 35].

In 2015, Zhu et al. [37] give an integral formula of L, geominimal surface area by the p-Petty body and
introduce the concept of L, mixed geominimal surface area which is a natural extension of L, geominimal
surface area. Recently, Li et al. [16] defined the (p, 7)-mixed geominimal surface areas and obtained affine
isoperimetric inequalities. For more research about the (p, )-mixed geominimal surface areas, we may refer
the reader to [7].

A convex body is a compact convex subset of R" with nonempty interior, we denote by K" the set of
convex bodies, by K the set of convex bodies containing the origin in their interiors. Let #" and ' denote
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the set of all bodies in K" and K7, that have a positive continuous curvature function. Denote by V(K) the
n-dimensional volume of a body K. The unit sphere in R” will be denoted by S"~*.
In [3], Boroczky, Lutwak, Yang and Zhang first proposed the conjectured log-Brunn-Minkowski inequal-
ity and log-Minkowski inequality as follows:
Conjecture A (The conjectured log-Brunn-Minkowski inequality). If K and L are origin-symmetric convex
bodies, then for A € [0,1],
V(1 -=A)-K+A-L)> VKV,

where (1 — A) - K+ A - L denotes the log-Minkowski combination of K and L.
Conjecture B (The conjectured log-Minkowski inequality). If K and L are origin-symmetric convex bodies,

then the following inequality holds
hk\= _ 1. (V(K)
(V2 - in(30)
fs,,l =D

where dV; = %hL(u)dS(L, u) denotes the cone-volume measure of L for u € S"~! and v, = ﬁdVL is its normaliza-
tion.

Meanwhile, for origin-symmetric convex bodies, Boroczky et al. [3] established a log-Brunn-Minkowski
inequality and a corresponding log-Minkowski inequality that are both stronger than their classical counter-
parts; they also proved the equivalence of these two inequalities in the plane. Later, Stancu [24] validated the
conjectured log-Minkowski inequality and proved a modified log-Minkowski inequality for #n-dimensional
convex bodies as follows:

Theorem 1.A. IfK, L € K', then

Ll ln(Z—IL()dX_/l(L,K) > h{%) > %m(%)

do1 (LK)

TAN) denotes its normalization.

where dv, (L, K) denotes the mixed cone-volume measure of L and K, and dV1(L,K) =
Equality holds if and only if K is homothetic to L.

Boroczky’s work inspired much subsequent research on this topic. In [30], Xiand Leng gave a positive an-
swer to Dar’s conjecture for all planar convex bodies and gained a general form of the log-Brunn-Minkowski
inequality. In 2017, Wang and Feng [27] proved log-Minkowski inequality for mixed quermassintegrals
which is more general than Stancu’s results. Moreover, Wang, Xu and Zhou [29] proposed p-mixed cone-
volume measure and proved the log-Minkowski inequality for L,-mixed volumes. After, Li and Wang
[17] obtained the log-Minkowski inequality for the L,-mixed quermassintegrals. In the very recent arti-
cle [18], the authors got some log-Minkowski inequalities for L,-mixed affine surface area. Research of
log-Minkowski inequality has achieved great developments, see e.g.,[1, 2, 4, 6, 13, 14, 28].

A convex body K € K has L, curvature function f,(K,-) : S"' > R, if the L, surface area measure is
absolutely continuous with respect to spherical Lebesgue measure, i.e.,

ds,(K, )
ds()

= fo(K ). (1.1)

Whenp=1andu € S$"1in (1.1), filK,u) = f(K,u) is just the curvature function of K at u. In this paper, we
write f,(K,u) = f,x and f(K,u) = fx. And the Radon-Nikodym derivative is [19]

dSy(K,-) = " P(K, )dS(K, -), (1.2)

where the surface area measure S(K, ) of K is absolutely continuous with respect to spherical Lebesgue
measure S. It follows from (1.2) that the measure S;(K; ) is just the classical surface area measure S(X, -) of
K.
By (1.1) and (1.2), we know that
fp(K/ M) = hl_p(K/ u)f(K/ M),

for a convex body K in R" and u € §".
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In [37], Zhu et al. defined the L, geominimal surface area by the p-Petty body: For each K € ¥ and
p = 1, there exists a unique convex body T = T,K € 7" with

Gy(K) = fS] h’;(u)fp(K, u)dS(u).
Let g,(K, u) = h’;(u) fp(K, u). Then, the G,(K) can be written as follows:

Gy(K) = gp(K, u)dS(u). (1.3)

Gn-1

Definition of the p-Petty body of K given by Lutwak in [20]: For each K € K and p > 1, there exists a
unique body T,K € 7" with G,(K) = nV,(K, T,K).

Furthermore, Zhu et al. [37] introduced the concept of L, mixed geominimal surface area: For p > 1 and
i € R, the L, mixed geominimal surface area, G,i(K, L), of K, L € ¥ is defined by

Gyi(K L) = fs g Kw) T gy, w) S (14)

Here Gp,i(K, L)= G,,(K, -+ ,K,L,---,L). For p = 1, (1.4) is the classical counterparts.
——— N

n-—i 1
Now, we begin to define the L,-mixed geominimal surface area probability measure.
Definition 1.1. For K,L € ¥, p > 1and i € R, we define the L,-mixed geominimal surface area measure, dy, (L, K),
by
Ay, (L, K) = g,(L,u)"" g,(K, u)7dS(w). (15)
Based on this, the L,-mixed geominimal surface area probability measure is written by

dGyi(L, K) = =———d,i(L, K). (1.6)

pl(L K)
When taking i = 0 in (1.5) and (1.6), then we obtain the L,-geominimal surface area measure as follows:

dy(L) = g, (L, w)dS(u). 1.7)

Its normalization is the L,-geominimal surface area probability measure:

dGy(L) = (1.8)

%d%@)

n—i

If we take p = 1 in (1.5) and (1 6), then do;(L, K) = g(L,u) = g(K,u)=dS(u) is the mixed geominimal surface
@ (L 5 =1 49i(L, K) denotes its normahzatlon if p=1in(1.7) and (1.8), then dp(L) =
g(L, u)dS(u) is the geominimal surface area measure, dG(L) = G(L) =d¢p(L) denotes its normalization.

Our main results are as follows for the L,-mixed geominimal surface area probability measure. The

following result is a generalization of the log-Minkowski inequalities.
Theorem 1.1. Let K, L€ ¥l andn #p > 1. If i > n, then

9rK Gp,xuo) (Gp(K)).
fs (gpL)del(LK)> ln( &0 >In| X 1.9)

IpK p,(L,K)) (Gp(K))
fsﬂl (gpL)de,(LKK “In ( &0 <In| on) (1.10)

area measure, dG;(L,K) =

ifi <0, then
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Each inequality holds as an equality if g, /gy, is a constant.
The following theorem is an improved version of (1.9).
Theorem 1.2. Let K,Le Flandn #p > 1. If i > 0, then

9!7 I p,Z(L/K)) (gp K)
fsM (g“)dc (L) < 1(G’{L) stnll gpLdG,,,(L,K) (1.11)

in each case, equality holds if and only if g, x /gy is a constant.
Next, for convenience, we will denote

(gp,K) _fs,,l(g”) depy(L)
p—average

Ipi Jors ddp(@)
(22) = max O
IpL max uesuppp(L) Jp, L

(g p.K ) IpK

— = min

Ip.L | min uesupp¢, (K) gp, L

here supp¢, (L) and supp¢,(K) denotes the support of the L,-geominimal surface area measure of ¢,(L) and

¢p(K). Our result can be stated as below:
Theorem 1.3. Let K, L € F with gy1 < gpx, n #p 2 1 and i > n, then

Ipk
f (9;7 K)de(L) (W )p—aiverage ln(Gp(K)), (1.12)
Sn 1

gPL IpK " GP(L)
IrL Jmax

with equality holds if and only if g,x = gp,L-
In general, if K, L € ¥, then

9k

IrK
[ n()irs e 00 g B
gn-1 min

IpL ; Gy(L) IpL i\
(g pL )max

ﬂn_K)
9pL Jmax
equality holds if and only if g, /g, is a constant.

The rest of this paper is organized as follows: The next section is devoted to prove main results, we
also obtain some results about the log-Minkowski inequality for geominimal surface area. Along with the
study in Section 2, some functional inequalities for L,-mixed geominimal surface area are provided in the
last Section.

2. Proofs of Theorems 1.1-1.3.

This section is dedicated to give the proofs of Theorems 1.1-1.3. To prove Theorem 1.1 we require the
following lemma:
Lemma 2.1([37]). If K,.Le ¥, n#p=>1,i€R, then fori <Qandi>n,

Gpi(L,K) 2 Gp(L) ™ e (K)’ (2.1)

for0<i<mn, ‘ ,
Gpi(L, K) < Gy(L) ™ Gy(K) 7. (2.2)
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Each inequality holds as an equality if g, /gy is a constant. For i = 0 or i = n, (2.1) or (2.2) is identical.
Proof of Theorem 1.1. For K,L € F", n # p > 1 and for all u € $"7, it follows from (1.5) and (1.7) that

gP_/K ‘ IpK Ip.K '
fsna(gp,L) (gp )d%(” fsmh‘(gp )d%z(LfK)‘ 23)

By Lebesgue’s dominated convergence theorem, and combined with formula (1.4), (1.7) and (2.3), as t > oo,

f (g”—’() deby(L) > Gpi(L, K), (2.4)
Gn-1 gp,L
and
f (%’_K) (g’“ K) deby(L) > (g P K)d@,l(L K). (2.5)
Sn—] gp,[‘, gp G- 1 gp
Considering the function M(K, L;t) : [1, o) = R defined by
1 Ir K W
MK Lt) = =———= (—) depp(L), (2.6
Gp,i(L, K) Jg1\ gpL P
using L'Hopital’s rule, together (2.4) with (2.5), give that
. InM(K,L;t) .. M(KL;?)
L\ —
Hm In MK L7 = fim == —— = lim i
t+n (t+n)?

g K Lt Ip,K
lim Gt o Jora (5077 IG5y (L)
= lim

Hoo _ M(K Lt)
(t+n)?

9} g,
lim NS fs ()i In(g2)ddpy(L)
= lim
00 Ip, K it
t Gp,i(L,K) Ln—l( ;L " H'ld(i)p(L

_ i gpK YpK
- Pl(L K) Jsi- 1(9pL) (9;7 )dd)p(L) 27)

It follows from (2.6) and (2.7),

exp |-

i IrK IrK
d
Gpill, K) s“(gpL) (9 )%(L)}

= tlim M(K, L; t)*"
it t+n
. 1 gp,K)n t+n
=lim | —— - do,(L)| . 2.8
im0 | Gpi(L, K) Jorn ( I by } (28)

By Holder’s inequality ([10]), (1.3), (1.4) and (1.7), we have

@ éﬁ . —'—t’ gp_K i
[ fs H(g,,,L) dﬂpp(L)} [ fs dqbp(L)] < fs nl(gp ) dy(L) = Gpi(L, K).

tn

t
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Thus,

it t+n
1 9p,z<)~'f+" ( Gp(L) )
— =] dpl)| <|=—77] - 2.9
Gpi(L, K) Jgi (g,,,L Pl )l Gpi(L, K) (29)

The equality condition of the Holder’s inequality [10] implies that equality holds in (2.9) if and only if

Jpx/ 9y, is a constant.
( Gp(L) )n
p,,'(L, K) ’

Moreover, together (2.8) with (2.9), it follows that
—i gpK . gpK )
_— _— do, (L
Gpi(L, K) Jgir (!Jp,L) (%f >0
e () o)
_— - deé,(L)=>nln . 2.10
G (LK) s (gp,L g ) =G D (210
Therefore,
(i) For i > n, by (2.10), (1.5), (1.6), (1.7) and (2.1), we obtain

Ik GpiL,K)\ _ n H(L)'F Gy(K) p(K)
f;ﬂl (gpL)dez(L K)> ( G,0) )27ln(—c D ] In (G(L))
This yields inequality (1.9).
(ii) For i < 0, by (2.10), (1.5), (1.6), (1.7) and (2.1), we have

i(L, K L) G,(K G,y(K
f In (ng)de,(L K< ( Gnil )) M GG —ln( ot )),
g1 \GpL Gy(L) i Gy(L) Gy(L)
which is exactly the required inequality (1.10).
The equality condition of (1.9) and (1.10) directly follows from the equality condition of inequality (2.1).
]

Using (1.9) of Theorem 1.1, we have the following result.
Corollary 2.1. If K, L € ¥ with g, (u) < gpx(u), n # p 2 1 and i > n, then

Gy(K)\"  (Gp(K
[ ) wlzpoo (225 )
s=1\gpL Ip,L Gy(L) Gy(L)
with equality if and only if g, x/gp1 is a constant.
Proof. From (1.5), (1.6), (1.7), (1.8), (1.9) and (2.1), for all u € S"1,

w)" (m) 1 (m) (W)
) In dG,(L - d
Lm (_l]p,L Ip.L ()= Gp(L) Js1\ gp.L IriL #)
_ Gp,i(L/ K) In (.‘7}7
Sn 1

Gp(L) oL

Gpi(L,K) n ( Gy,(L, K))
> —— . —In|———
GP(L) 1 Gp(L)

> n .
Gp(L) Gp(L)
The equality conditions for the above inequalities can be derived from the equality conditions in (1.9)
and (2.1). O

exp

ie.,

)de,(L K)
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Setting p = 1 in Theorem 1.1 yields the log-Minkowski inequality for mixed geominimal surface area as
follows:
Corollary 2.2. Let K,L € ', ifi > n, then

gk i(L, K) GK)\
S (gL)dG(LK)> (G(L) )Zh‘(G(L))’

x 0 (GLK) . (CE)
fsnl (m)dG(L =3 ( G0) )SIH(G@))’

in each case, equality holds if and only if g, /gy, is a constant.
Lemma 2.2 ([5, 15]). Let f(x) and r(x) be the probability density functions on a measure space (X, v), for v-almost
all x € X, if [, f()do(x) =1, [ r(x)dv(x) = 1, then

ifi <0, then

f f)In f(x)do(x) > f f(x) Inr(x)do(x),
X X

with equality if and only if f(x) = r(x).
Proof of Theorem 1.2. For K,L € F/',n#p>1,i> 0and for allu € $"7}, let

() e gy,
f(u) - GP(L) (gp,l() ’ r(u) - Gp,i(L/ K)r dv(u) - d¢p,l(L/ K),

then
fuwydo(u) =1, f r(u)do(u) = 1.
Sn—l Sn—l

This together with Lemma 2.2 yields that

1 (9L ) 1 (gp,L ) f 1 (gp,L ) ( 1 )
— 1 —_— do, (L, K) > /| In|=————|dop,i(L,K).
LH Gp(L) (gp,K " Gp(L) \gpx Ppall K) st Gp(L) \gpx B Gy,i(L, K) Ppill K)

o1 b ) (gp’L ) ( T ) f 1 (gp/L )
— (25} (22 dg,L,K) = In TN 4, (LK. (@11
L”‘l Gy(L) (gPrK S Prill K Gpi(L, K) ) Jsm1 Gp(L) \ gpx PpilL K) @11

By [, 2 9*—) dpi(L,K) = 1, (1.5), (1.7) and (1.8), we get

p(L) \ gk
ng p,i(L/K))
fsnll (gpL)de(L)_ (—GP(L) . (2.12)

The equality condition of inequality (2.12) follows from the equality condition of the Lemma 2.2, i.e., g, x/gp,L
is a constant.
In the same way, taking

Thus

flu) =

r(u) 1 (@ '

1
m’ - Gy(L) gle) , do(u) = dp,(L,K),

combined Lemma 2.2, we deduce

n Gp,i(L, K) (gp K )
iln(—cp(L) )stnll - 4G, (L, K), 2.13)
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with equality if and only if g, x/g,,. is a constant.
Thus by (2.12) and (2.13), we have desired result (1.11). O
Taking p = 1in Theorem 1.2, for i > 0, the following is a direct result which is stronger than the Corollary
22.
Corollary 2.3. Let K,L € 7', ifi > 0, then

gx n (G K 9K
fsnll (gL)dG(L)sl ( = )stnll (gL)dG(L K),

in each case, with equality if and only if g, x/ gy is a constant.
Lemma 2.3 (Hadamard type inequality [9]). Let f be a positive, log-convex function on [a, b], then

£b) - f@)
fﬂt‘1m>mwy

Proof of Theorem 1.3. Consider the function

Ip K T (ng)
B(g) = i In do,(L), R. 2.14
(Q) j;n_l (gp,L) gp p( ) q € ( )

45
For g,x 2= gy, we obtain (Z;]L() ln(?;f) > 0, thus B(g) is non-negative. If u — ln( )(u) is zero on the

support of the L,-geominimal surface area measure of L, then B is identically zero. If B is not identically
zero, we know B(1) > B(0) > 0 by (2.14). If B(1) = B(0), then g, x must be equal to g,.. So we assume
B(1) > B(0).

Next, we verify that B(g) is a log-convex function. In fact, by (2.14) and Holder’s inequality [10], it
follows that for A € (0,1) and u, v € R,

((A=-MptAv)-L
- - IrK grK
B((1— A)yt + Av) L( ) @)wﬂ>

IpL
(!7;7 K)d%(L)

:f (gle)H(l—)\)',’; (!]p,K)M"i
S=1\ Jp,L Ip.L IpL
gk \"" (9 e g\ (9 !
pK\ " p.K pKY) " p.K
B N R Y T T o
{L”(%,L) (!7;7 ) e l [ 51 \GpL b

= B(p)' " B)".
It follows from (2.14) and Hadamard type inequality that

B(1) — B(0) 1 (@)Lq (ng)
nB(1)—In B(0) - 0 [ fs[ ot J o dey(L)| dg. (2.15)

We see that B(1) > B(0), together (2.15) with Fubini-Toneli’s theorem, we get

B(0) > B(1) - exp [—

B(1) - B(0)
B Jo (2289 In(22 )y (Lyd

=B(1)-exp|—

B(1) — B(0)
LAM“WHWWWM)
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i B(1) - B(0)
= B(1 —— 2.16
R Iy T d@(L)] 210
In (2.16), note that
BA)-BO) _ Jor MGG — 11y (L) ln(gp_,K)
o lZ5)5 =10y [ IZ2)F = 1dpp@) \Ipl S

This together with (2.16) gives

Ip.K JpK Jp.K Jp.K K
In d 22 In .
fsm (gp ) ¢”(L)>fsm(gp,L) (gp, )dqb”(L) oF [ln(w)maxl

1 IrK Gpi(L, K) 1 (ng)'i (gPK)b (%K)
d
GP(L) gn-1 (gPL) (PP(L) - Gp(L) pl(L K) gpL max fS‘” 1 gpL gp d(PP(L)

Then, by (1.5), (1.6), (1.7), (1.8) and (1.9), we obtain
ng) GpilL, K) (gp,x)‘i f (w)
In dG,(L) > . In dG, (L, K
L"l (gl’L P( ) G (L) L Jmax s IpL g ( )
(3)

It p—average f In (ng
%J_,K)ﬁ gn-1 gpL

(g”’L max

&
9t ) _average n (G,,(K))

Gp(L) )

Thus,

)dG,,l(L K)

>

i

(),
v Jmax
From this, we get the inequality (1.12).

Assume that B(q) is identically zero, then f,(K,u) = f,(L, u) for almost all u in the support of the L,-
geominimal surface area measure of L, its means G,i(L, K) = G,(L). From (2.1), we know that G,(K) " Gy(L) <
Gp,i(L, K) = Gp(L), i.e., G,(K) < Gy(L); since g, < gpx, by (1.3), we know that G,(K) > G,(L). Thus, from the
equality condition of inequality (2.1), we see that equality holds in (1.12) if and only if g, x = g,L-

Suppose that K and L are arbitrary convex bodies. If L is not included in K, there existsaAand 0 < A <1,
suchthatL: AL CK,i.e., 9,7 = AgpL < gpx- From this, by (1.3) and (1.12), we get

/28

(/\y ’L) —average Gp(K
f l(m)dc = gln( b ))'
gn-1 s n

g N 1G,(0)
W)max

That is,

(5’;7,1<)

— IrL ) p—average Gy(K
f ln( I )de(L)z "t )p verag ln( p( ))'
gn-1 n

AgoL ( s ) AG, (L)
gp,L max
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Thus,

# g
_ IrL )5 _avera Gy(K IrL [ average
f 1n(g”—'K)de(L)z [ prave geln( p ))+1n/\- ] - Perge | (2.17)
gn-1 g‘y/L GP (L)

ok " ok |
IrL ) nax IrL ) max

Noting that taking A = (%’—K) ~in (2.17), which is the desired result (1.13). According to Ag,. < g,k and the

IrL
equality condition of inequality (1.12), the equality condition of the above inequality if and only if g, x/gp,L
is a constant. This complete the proof. O

3. Functional inequalities

Having the log-Minkowski inequalities of Lp-mixed geominimal surface area, we can prove more
general form—functional inequalities. The main tool of prove is Lemma 3.1.
Theorem 3.1. Let K,L € 7' and ¢(x) : (0,00) — (0, 0) be a monotonous convex function. If n # p > 1 and

0 <i<mn,then ‘ _
AT G.(K)\7
gn-1 gp/L

Gp(L)
with equality if and only if g, x/ gy, is a constant.
Lemma 3.1(Jessen’s inequality [10]). Suppose that i is a probability measure on a space Xand g : X - I CRisa
u-integrable function, where I is a possibly infinites interval. If ¢ : I C R is a convex function, then

f q)(g(x))du(x)zw( f 9(x)du(x)),
X X

if @ is strictly convex, with equality if and only if g(x) is a constant for p-almost all x € X.
Proof of Theorem 3.1. Since K,L € " and ¢(x) : (0, 0) — (0, 0) is a monotonous convex function. It
follows from (1.4), (1.7), (1.8) and Lemma 3.1 that

P

Gpi(L, K) = f gp(L, 1) g, (K, 1) 7 dS(u)
Sn—l

B gp(K,u))»’%
_j;H gp(L'u)(gp(L,u) dS(u)

~ gp(K,u))é _
= Gy(L) fs ,,1(gp T dG,(L)

B (g W\
= GP(L) ‘fsnl(P[(P 1{({];1@/”)) J
({9, K ) =
> Gy(L)p [ fs X 1{( gp@,u)) ]dcp@)l.
Gy,i(L,K) B (g,,(K,u))»ﬁ _
GO Z(P[fsm(” [ 0L 1) ]dGﬂ(L)

The equality condition of the Lemma 3.1 yields that equality in (3.2) holds if and only if ¢ (( Z’; EIL(Z)) )”) isa

dG,(L)

This implies

: (3.2)

constant, i.e., g, x/gp,. is a constant.
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Combining inequalities (2.2) and (3.2), it follows that

A %mmy =
dGy(L)| £
fsnl ¢ [( gp(L, 1) p(L)
The equality condition of (3.1) directly follows from the equality condition of (2.2) and (3.2), with equality

if and only if g, /gy, is a constant. This completes the proof. O
Theorem 3.2. Let K,L € 7' and ¢(x) : (0,00) — (0, 00) be a monotonous convex function. If n # p > 1 and

0 <i<mn,then , _
(82T = Gp(L)\ ™
Ll ! ((Z_IL() ]de(K) < ( v ) / (3.3)

Gp(K)
with equality if and only if g, /gy is a constant.
Proof of Theorem 3.2. From (1.4), (1.7), (1.8) and Lemma 3.1, we see that

. Gpi(L, K) 3 (GP(K))Q"

Gy(L) Gy(L)

P

GrilL,K) = | (L)' gy(K ) dS(u)
B gy (L, 1) )
- fs (K (gp ) Asw

_ w@muT -
=G K) 5nl(g,,(K w) Aor®

=60 [ [ K%mm)]
Lo (&A ) ]@“”

Gyl K) (22
@m>24LJP(%mw ]”“”

The equality condition of the Lemma 3.1 yields that equality in (3.4) holds if and only if ¢! (( Z;’ §1L<Z; )n) is

dG,(K)

> Gy(K)ep

ie.,

(3.4)

a constant, i.e., gy x / Jp,L 1S a constant.
Together (2.2) with (3.4), we have

(9L u))"n’ _
¢{J;a¢’ HQAKﬁﬂ ]dG“K) :

This is the desired result (3.3).
By the equality condition of inequality (2.2) and (3.4), there exists equality in (3.3) if and only if g, x/g,r
is a constant. O
Particularly, for 0 < i < n, let ¢(x) = exp(x) in the previous two theorems, we immediately have the
following log-Minkowski inequalities.
Corollary 3.1. For K,L e ¥'and p > 1, then

Ip,K Gp(K)) (ng)
fsml (gpL)dG() <In (Gp(L) SLMI P dG »(K),

Gpill,K) _ ( G,(L) )
Gy(K) ~\Gy(K))
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in each case, with equality if and only if g, /gy, is a constant.

As a direct consequence of Corollary 3.1, when p = 1 we can obtain the following log-Minkowski
inequality.
Corollary 3.2. For K,L € ¥ then

I\ i GK) 9€\ i
fs ln(gL)dG(L) < ln(G(L)) < fs ln(gL)dG(K),

in each case, with equality if and only if gk /gy, is a constant.
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