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Bi periodic Jacobsthal polynomial sequence and its various binomial
transformations

Sukran Uygun?

*University of Gaziantep, Faculty of Science and Art, Department of Mathematics, Gaziantep, Tiirkiye

Abstract. In this paper, we introduce a bi-periodic Jacobsthal polynomial sequence as a natural polynomial
generalization of the bi-periodic Jacobsthal numbers. Explicit forms, generating functions, and Binet-type
formulas are derived by exploiting the underlying parity structure of the recurrence relation. We then
investigate several classes of binomial-type transformations of this sequence, namely the classical binomial
transform, the k-binomial transform, and their rising and falling variants. For each transformation, we
establish the recurrence relations, the generating functions, and the explicit formulas. These results provide
a unified framework for analyzing binomial transformations of bi-periodic polynomial sequences and
extend a number of earlier results obtained for Jacobsthal-type sequences. These results highlight the
structural stability of bi-periodic Jacobsthal polynomials under binomial transformations and may serve as
a basis for further investigations in combinatorial identities and polynomial sequence theory.

1. Introduction

The Jacobsthal sequence denoted by (j,) is defined recursively by j, = j,—1 + 2j,—2; with starting values
jo =0, j1 =1forn > 2, ne N. The Binet formula for the Jacobsthal number sequence is given as
ju = 3 (2" = (=1)") in [8]. There are many generalizations of special integer sequences. One of these is the
bi-periodic number sequence. Edson and Yayenie first introduced the bi-periodic sequence for the Fibonacci
sequence in [5]. Subsequently, many researchers studied different bi-periodic sequences. Bilgici studied
the bi-periodic Lucas sequence in [2]. In [3], Coskun and Taskara applied bi-periodic sequences to matrix
theory and defined the bi-periodic Fibonacci and Lucas matrix sequences. Uygun and Owusu defined
the bi-periodic Jacobsthal and bi-periodic Jacobsthal Lucas numbers and matrix sequences and provided
some properties of these sequences in [25, 26, 33-35]. Similarly, Uygun, Karatas, and Akinci provided some
properties of the bi-periodic Jacobsthal and Jacobsthal Lucas sequences in [32].

The binomial transformation is an important concept in combinatorics, discrete mathematics, and signal
processing. It provides a systematic method for transforming one sequence into another using binomial
coefficients. Many combinatorial identities can be derived or simplified using binomial transforms and
their inverses. In digital signal processing, the binomial transform acts as a smoothing operator or low-
pass filter because the binomial coefficients act as weights that average the nearby terms. It is used in
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interpolation and finite difference methods for converting between sequence forms or evaluating sums
involving binomial coefficients.

Many articles have revealed the relationships between binomial transforms and different sequences.
Falcon and Plaza [6] defined the binomial transform of k-Fibonacci sequence. In [38], Yilmaz and Taskara
studied the binomial transform of Padovan and Perrin matrix sequences. In[1], Bhadouria etal. investigated
the binomial transform of Lucas sequences using a method similar to that in [6]. In [36], Yazlik, Yilmaz,
and Taskara provided generalized (s, f)-matrix sequences and their binomial transforms. Uygun applied
binomial transforms for the generalized (s, t)-Jacobsthal matrix sequence and k-Jacobsthal and k-Jacobsthal-
Lucas sequences in [27-29]. In [37], Yilmaz presented the binomial transforms of the balancing and Lucas—
balancing polynomials. In[13], Kizilates, Tuglu, and Cekim worked on the binomial transform of quadrapell
sequences and quadrapell matrix sequences. In [15], Kwon introduced the binomial transforms of the
modified k-Fibonacci-like sequence. In [9], Kaplan and Ozkoc Ozturk obtained the binomial transforms
of Horadam quaternion sequences. In [4], Coskun and Taskara investigated the bi-periodic Fibonacci
matrix polynomial and its binomial transforms. Soykan [18-24] studied different binomial transforms of
sequences such as the generalized Tribonacci, the generalized third order Pell, the generalized Narayana, the
generalized Pentanacci, the generalized fourth order Pell, the generalized fifth order Pell, the generalized
Jacobsthal-Padovan. Uygun and Haklidir investigated the properties of binomial transforms for the (s, f)-
Pell and modified (s, f)-Pell matrices in [30, 31]. In [7], Ghosal and Mandal presented a binomial transform-
based fragile watermarking for image authentication. In [10, 11], Kaplan and Ozkoc Ozturk studied
binomial transforms for all Horadam-type sequences and binomial transforms of k-Narayana sequences
and gave fundamental properties about them. The authors expressed binomial transform for quadra
Fibona-Pell sequence in [16]. The binomial transform of the bivariate Fibonacci quaternion polynomials is
obtained in [12].

Although bi-periodic Jacobsthal numbers and related matrix sequences have been introduced and
studied, a systematic treatment of bi-periodic Jacobsthal polynomial sequences and their behavior under
different binomial-type transformations is still missing in the literature. Motivated by the aforementioned
studies, we study different binomial transforms of the bi-periodic Jacobsthal polynomial sequence. The
remainder of this paper is organized as follows. In Section 2, we define the bi-periodic Jacobsthal polynomial
sequence and provide some of its basic properties. In Section 3, we define the binomial transforms of the
bi-periodic Jacobsthal polynomial sequence and provide the recurrence relation, the Binet formula and
the generating function. In Section 4, we present the k-binomial transforms of the bi-periodic Jacobsthal
polynomial sequence. In Section 5, we provide the rising binomial transforms of the bi-periodic Jacobsthal
polynomial sequence. In Section 6, we discuss the falling binomial transforms of the bi-periodic Jacobsthal
polynomial sequence. By deriving explicit formulas for each transformation, we extend known results for
Jacobsthal sequences.

The bi-periodic Jacobsthal sequence {],,}> , was introduced by J,, = a'*™b*"],_1 +2], ,, n>2, ne N
with Jo = 0 and J; = 1 where a and b are nonzero arbitrary real numbers, £(n) is the parity function defined
as &(n) = w

When a = b = 1, the classical Jacobsthal sequence is obtained. The characteristic equation of the bi-

periodic Jacobsthal sequence is x> — abx — 2ab = 0. The roots of this equation are given as @ = 2+ ¥eb>+8ab ”’;bz*&‘b

V22
and ﬁ — ab azb +8ub‘

Theorem 1.1. [33] The generating function J(x) of the bi-periodic Jacobsthal sequence is defined as

) = Z]z‘xi_l _ X1 +ax—2x%)
i=1

1 — (ab + 4)x? + 4x*
Theorem 1.2. [33] For the bi-periodic Jacobsthal sequence, the Binet formula is given in the form
al—g(m) am — ﬁm
Jm = m
(ab)lzl) a-p

where | m] is the floor function of m.
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2. The Bi-Periodic Jacobsthal Polynomial Sequence

Definition 2.1. We call a bi-periodic Jacobsthal polynomial sequence {d,(x)},., which has the recurrence relation
dy =a' =W xd, 1 +2d, 5, n > 2with initial conditions dy = 0 and di = 1 where a and b are nonzero arbitrary
real numbers.

The bi-periodic Jacobsthal polynomial sequence has the characteristic equation a® — abxa — 2ab = 0, with

abx+ V(ahx)2+8ah and ﬁ _ abx— V(ahx)2+8ah
1~ 2 )

the roots of the equation being a1 = >
The roots of the characteristic equation defined above a; and a, provide the following properties:

o (mx+2)pi1x+2)=4
® a1+ p1 =abx
o 1.1 = —2ab
o a2 + B2 = (abx)? + 4ab.
Lemma 2.2. The bi-periodic Jacobsthal polynomial sequence {d,} , satisfies the following identities:

a) dZn = (ﬂbx2 + 4)d21172 - 4d2n74/
b) dope1 = (abx? + 4)dou—1 — 4drys.

Proof. By the recurrence relation of the bi-periodic Jacobsthal polynomial sequence, we have
dyy = axdy1 +2drs
= ax(bxdyu-o + 2d,-3) + 2dry—>
(abx® + 2)dzn-2(x) + 2(don— — 2d24-4)
(abx* + 4)dpy—p — 4doy—s

The other proof is obtained similarly. [
Theorem 2.3. The generating function of the bi-periodic Jacobsthal polynomial sequence is given as

F+axt? - 28

() = 1 — (abx2 +4) 12 + 44

Proof. Let’s separate the generator function based on whether it contains terms with even or odd indices

d(t) = Z ditt = Z doit? + Z doia1 1241 = do(t) + da ().
=0 i=0

i=0

Let n be even, we know that d,.» = axd,,1 + 2d, and d,.+4 = (abx> + 4)d,..o — 4d,,. Then, we write dy(t) in a
different way in the following;:

do(i’) = Z dzitZi =d0 + d2t2 + Z inXZi = axtz + Z dzitZi.
i=0 i=2 i=2

Multiplying do(t) by —(abx* + 4)t* and 4t* respectively, we get

—(abx® + 4)Pd, + Z di_ot?

i=2
4 Z dz,‘_4t2i.
i=2

—(abx® + 4)t*d,(t)

4rdy(t)
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By combining three sums, we get
(1 = (abx® + D) + 4t1do(t) = axt® + t4(ds — (abx® + 4)dy + 4do) + . ..
Therefore, we obtain

axt?

do(f) = 1 — (abx? + 4)£2 + 444"

Let n be odd, we get

di(t) = Z doi P = dit + dst® + Z dyiat21.

i=0 i=2

Multiplying do(t) by —(abx* + 4)t? and 4t* respectively, we get

dl (abx2 + 4)1’3 + Z dz,'_lt2i+1,

i=2
4 2 dzl,_stzm‘
i=2
By combining three sumes, it is obtained that

di()(1 = (abx® + 2 + 4Y) = dit +dst® — B(abx? + 4)d,
+12(ds — d3(abx® + 4) + 4dq) + ...

—(abx?* + 4)dy ()

dq (14t

Hence, we get

t+ t3(abx?® + 2 — abx* — 4)
1 — (abx? + 4)t2 + 414

di(t) =

From the results found, the generating function of the bi-periodic Jacobsthal polynomial sequence is
obtained. [

Theorem 2.4. For every n that belongs to the set of natural numbers, the Binet formula of the bi-periodic Jacobsthal
polynomial sequence is

aiEm at — Bl

- (ab)l2) a1 — By

).

n

Proof. We use the induction method on 7 for the proof. The resultis obviously satisfied for n = 0, 1. Suppose

that the result is valid for k = n € N, namely d,, = (“ll;)t(; (%). We shall show that it is also true fork = n+1
a
dpp1 = a7f O g 424,
—e n n —eln— n-1 n-1
= gD, N al=¢t=) o™ — By
(ab)l2)" a1 — By @bz a1 —p
. al T ab 2] ab
= gl L _ xaq +2——— | -
ar = 1 | B0 Da 0 by (ab)
1oy e(n)
ab 2 ab
al=ée i (ab)t21xpy +2———
a1 — P »bl—é(”‘*l)g (le)L”TJH
-1 -1
_ e af abxay +2ab]| R B} [abxﬁl + Zab]
a =Pl (ab)5 ar=pu| (ab)5
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1 1
TR S Bt g L By
a1 = 1 | (ab)t*s! ar = B | (ab)l4)

where abxay + 2ab = oc%. Hence, we get the desired result. [J

= a

3. Binomial Transforms for The Bi-Periodic Jacobsthal Polynomial Sequence

In this section, we mainly focus on the new polynomial sequence obtained by the bi-periodic Jacobsthal
sequence to obtain some basic properties. In [7], Knuth introduced the binomial transform. Given a

sequence of numbers (4,), its binomial transform (b,), is demonstrated by the rule b, = .\, (7) a;.

Definition 3.1. The new polynomial sequence e,(a,b,x) = e,, obtained by the bi-periodic Jacobsthal polynomial
sequence, for n€ IN,and a and b any non-zero real numbers, is defined as

&) 1-¢(n)

en(a,b,x) = Vxaz b= d,

Theorem 3.2. For VYne IN, the bi-periodic Jacobsthal polynomial sequence satisfies the following relations:

€21+2 (ﬂbxz + 4) eon — 4e2-2,

2
€11 (abx + 4) -1 — 4ez3.

Proof. By the recurrence relation of the bi-periodic Jacobsthal polynomial sequence, we obtain

s = Vbx(axdansr + 2da,)
= Vox [ax(bxday + 2d,_1) + 2do,]
= Vbx [(abx2 +2)do, + Zaxdzn_l]
= Vx| (abx? + 2)dy + 24, — 4ddy o
= Vox[(abx® + 4)da, — 4dy, 2]
= (osz2 + 4)ey, — 4ex—2

The other proof is obtained similarly. [J

Definition 3.3. The binomial transformation of the bi-periodic Jacobsthal polynomial sequence (A,(a, b, x)) is defined
as follows:

Ap = Au(a, b, x) = Z (’f)e

i=0

Theorem 3.4. The binomial transformation of the bi-periodic Jacobsthal polynomial sequence provides the following
properties:

n

n &), 1-=¢0) 1-28(3) - 2&(3)-1
/\,Hl:Z(l.)\/}aZb : [diﬂﬁ P4 dm].

i=0

Proof. By the property of binomial expansion, we have

n+1 n+1
Apsr = Z( i )8,‘

i=0
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AR n n ) . 1-E3)
= «/Edo(a,b,x)+2|(i)+(i_l)] Vxa b2 s
i=1

By (n :l_ 1) = 0, and the change of the index in the second term, it is obtained that

n
5(1) 1- n(t) 1-£3) 5(1)
Apr1 = Z() xazb2 d; + Z() xa 2 b2d;q
i=0
1 n &) | 1-&(0) 1-2&(31) | 2&(3)-1
= Z Ve T e dra b di|.
i=0

O

Theorem 3.5. The recurrence relation of the binomial transformation of the bi-periodic Jacobsthal polynomial sequence
is

st = (2 +x\/a_b) Ay — (x\%— 1)An_1.

Proof. By the definitions of A, ¢, and Theorem 3.4, we obtain

A1 = Ay +Z( )eH—l

Z(’j)«/‘ @ (d b E R d,+1)+ Vbxdo + \axds.

i=1

From the definition of d;;1, we have

(x r+1)z( )\/_b

i=1

+\/Ed()+ \/ﬁdl
(x \/_+1)Z() Vxath ”“’d+22( )\/_a S0 de . + Naxdy — bx Vaxd,

i=0

/\n+1

1-&(i) n 1-&(i) ._z)
2 di+22(i)\/_ 2 b7diy

n
i=1

(xVab +1) 2, +2Z \/_( )alzémbé(')dl |+ Vaxdy — bx Vaxdy. )

If we substitute n for n — 1 in (1), then we obtain

Aw = (\/_+1 n1+22(n 1) Vxa = b7 diy + axd; — bx vaxds.

= b Y1)
+zZ( ) Fo¥diy + Vaxd, - b Vavdy

- x\/a_b)\n_1+22[(”;1)+(’7_"11)] VX2 T b diy — Ay + Vaxdy — bx Vaxd
i=1

1
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n . .
= xVabA, 1 +2) (’Z) Vxa = b P diy — Ayt + Vaxdy — bx Vaxdo. 2)
i=1

After substituting (1) in (2), we have A,,41 = (x Vab + DA+ A, —x \/%/\n_l + Apq.
The characteristic equation from the recurrence relation of the binomial transformation of the bi-periodic

Jacobsthal polynomial sequence is 2 — (x Vab + 2)r+ (x Vab - 1) = 0 with the roots r; = ’”/”7”2+ Vab®+8 ) =
x Vab+2— Vabx+8 O
B

Theorem 3.6. The Binet formula for the transformation of the bi-periodic Jacobsthal polynomial sequence is given as

Voxd, (4 4 2 Vaxdy — bx \axd,
2 e 2 Vabx? + 8

Ay = (rf = 13).

Proof. By the Definition 3.3, we have A,, = i (7) ei, we will demonstrate A, = A(r] + Br}) + B(r| —ry). For

n =0, we have Ay = 2A = Vbxd,. Forn = 1, we get Ay = A(r1 + 1)+ B(r1 — 1) = Vbxdy + \axd,. Therefore,

2 vaxd, —bx \axd

_ A - . . . .
we get B == NI Substituting for the values into equation, the proof is obtained. [

Theorem 3.7. The generating function for (A,(a, b, x)) is found as

o axt
At) = At = .
© ; 1— (x Vab + 2)t + (x Vab — 1)$2

Proof. The generating function is denoted as A(t) = Y72 Ait! = Ao + At + Yiop Ait'. Multiplying A(t) by
- (x Vab + 2) tand (x Vab - 1) t2 respectively, we get

(N2 = (VT4 2) ey~ (VB +2) Y Ayt
i=2

+(xVab-1)2A®) = (xVab-1) i Aot
=2

By combining three sums, we get
Ao + At = (x Vab +2) tAg
1—(x\/%+2)t+(x\/@—1)t2
(Vaxdy - (x Vab + 1) Voxdo) t + Vbxdo
1—(x\/%+1)t+(x\/%—l)t2 '

It is seen using the following result proved by Prodinger [17], we can find the generating function for
the binomial transformation of the bi-periodic Jacobsthal polynomial sequence

A(t)

o= ()
[

Theorem 3.8. The exponential generating function for the transformation of the bi-periodic Jacobsthal polynomial
sequence is found as

o Au(a,b,x)t" Nbxdy, ., ., 2+axd, — bx vaxdy
Z ' = (e +e?) +
pr n 2 2 Vabx? + 8

(eﬁt _ erzt)
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o At - 2 \axdy — bx +axd
ZAt Z \/Edo(r,lq_’_ ;1)+ \/ﬁl x\/a_x 0)
n=0 ° n=0 2 2 Vabxz + 8

Voxdy o [(1t)" | ()" | 2Vaxdy — bxNaxdy x [ (i) (raot)”
2 Z‘{ al "l }+ 2 Vabx? + 8 ;5{ B }

n! n!
By the Maclaurin series expansion of ¢, we complete the proof. [

s
1 2 7’1!

n=0

4. K-Binomial Transforms for The Bi-Periodic Jacobsthal Polynomial Sequence

In this section, we focus on the k-binomial transform of the bi-periodic Jacobsthal polynomial to obtain
basic properties.

Definition 4.1. The k-binomial transformation of the bi-periodic Jacobsthal polynomial sequence ¢,(a, b, x) = @, is
defined as

n

Qn = Z (?) K'e;.
i=0

Throughout this definition k = x Vab.

Theorem 4.2. The k-binomial transformation of the bi-periodic Jacobsthal polynomial sequence @,(a,b,x) = @,
satisfies the following recurrence property:

On+1 = (k2 + 2k)(Pn - (k3 - k2)(Pn—1-

Proof. From Theorem 3.5, we have A,,41 = 2+ \/Ex)/\n —(x \ab - DA,u-1. By @, = K"A, where k = x \ab, we
get

pur = K@+ Vabx)Ay = (e Vab ~ 1A,
= k[@+ Vabx)p, — K (x Vab ~ 1y
= x \/a_b(Z + \/%x)(pn — x%ab(x Vab - Dpn-1
= (abx* +2x \/@)(pn — (x*ab Vab - xab)pp-1.
The characteristic equation for this relation is given as t> — (abx2 +2x \/E) t+ (x3ab Vab - xzab) =0. The

. . . 2 4/ 2 2 —/ 2
roots of the characteristic equation are t; = % and t, = M. O

Theorem 4.3. The k-binomial transformation of the bi-periodic Jacobsthal polynomial sequence @, satisfies the
following property

— (k2 _
o = Vbxd e+ 2ax Vbxd; — (k2 + 2k — 2) Vbxd, -
2 2 Vit + 8k2

Proof. Assume that ¢, = A(t] +t}) + B(t{ — t;). For n =0, we get ¢y = 2A = Vbxdy. For n=1, we
get o1 = A(ty + ) + B(t1—2) = \/ﬁdo + ax \/Edl. By this equation, we have B = 2ax«/Hd12—\;1;%1;—2) \/l;d".
Substituting the values of A and B, we get the result. O
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Theorem 4.4. The generating function of ¢, is given as

B i (Po + @1t — (K2 + 2k)tpo
wil) = Z L W o e R

Proof. The generating function is demonstrated as ¢(t) = Y.i°) t'pi =0 + @1t + Y. 0y ;. By multiplying ¢(t)
by —(k* + 2k)t, we get

(2 + 20t () = —(% + W)t — (K +26) Y Fiepi g
i=2

From multiplying ¢(t) by (K — k?)t?>, we have

(K> -kt Z i =(¢ - 1) Zf’(P;
i=0 i=2
_ (p0+(p1f—(k2+2k)f(p0

By combining three sums, we have ¢(t) = "ppnE—me: O
Theorem 4.5. The exponential generating function for ¢, is found as

o out"  Nbxdy, oy 2ax Vbxdy — (K + 2k — 2) Vbad,
= (e +e®)+
b= ! 2 2 Vi + 8k2

(8 bt _ e tzt)‘

5. Rising Binomial Transforms for The Bi-Periodic Jacobsthal Polynomial Sequence

In this section, we focus on the rising k-binomial transform of the bi-periodic Jacobsthal polynomial to
obtain some basic properties.

Definition 5.1. Let n € IN, a and b be non-zero real numbers, the rising k-binomial transformation of the bi-periodic
Jacobsthal polynomial sequence (p,(a, b, x)) = (pn) is defined as

Pn = Z (7) K'e;
i=0
with py = Voxdy and p1 = Vbxdy + ax Vbxd;.

Theorem 5.2. Forn € N, the elements of the rising k-binomial transformation polynomial of the bi-periodic Jacobsthal
polynomial sequence is expressed as

a\/_ s Y
S el
Proof.

n

kie, (1;1) (x Va \/—) \/J—C (r) 1- 5(:

i=

)(ab)éx”%aé;’)bl = (al_é(f) ) al _ ﬁl
n

(ab)lz!) a1 = p1

n\, i a ay = B
ver) (1) b ((ab) 2 ) J] =




S. Uygun / Filomat 40:9 (2026), 3425-3440 3434
aVbx - I’l) il i i
= L) x\ag —
T L i) )

- ;ﬁl [z +1)" = (Brx +1)"].

O

Theorem 5.3. The rising k-binomial transformation of the bi-periodic Jacobsthal polynomial sequence provides the
following property:

Pn+1 = pn+k2( )kez+1

Proof. By the property of binomial expansion we have

n+l — n+l — ) 0 1-0
e = e B e

i=0 i=0

s

By (n :1_ 1) = 0 and the change of the index in the second term, it is obtained that

5 (n iV Lg) =0 i1 2:) Léo '
Z(i)k xa d; + Z( )k \Vxa di1

i=0

Z (;;1) ki \/zagg‘) L<z) [d + kal zzg(z)bzg(; d,H]

i=0

— pn+2( )kH—l\/_ 1- E(z)béz)dHl pn‘i‘kZ(?)kieH—l-
i=0

n+l

= \/_d() +Z

Pn+1

|
Theorem 5.4. The recurrence relation of p,, is
Pn+1 = (k2 + Z)Pn - (k- 1)2pn—1-

Proof. By the definitions of p,, e, and Theorem 5.3, we obtain

Pn +kZ( )kel+1

n

Z(’;) K vxa Lyl [d e 1dl+1] + Vbxdy + Vaxds.

i=1

Pn+1

From the definition of d;;1, we have

n n
et (k2 + 1)2( )k‘ Vxa Th 2 d; +2 (’l’)k Vxa T b7 diy + Vbxdo + vaxd,
1

i=1

= o~

(K + 1)2 (’j) K \xa T b d+2 (’Z) ki vxa 5 b d;  + Vaxdy — kbx \axd,
1

i=0 i=
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- (kx\/_+1 pn+22()k’ ot b P Py + Vaxd; — bx Vaxdy ©)

If we substitute n for n — 1, then we have

e = (€ + pun +zz(”;1)ki Via 262 d, | + vaxdy — by vaTd,
= kzpn—l + Z (1;1 )kl 1 '\/_al 25(1 b &) dl )

ek Zk(”zl)+(’2:f)]kw w4,
i=1
+\/_d1 bX\/_do
= Pn 1+2k2( )kl 1‘/_ 1El)bémdz 1+ \/_dl bxx/_do

+(1—2k)Z(’17__11)ki-1 Vea bt d
i=1

_ kzpn—1+2k2(;:)k”\/_ Dy + N, - bx v,

1

[
=l

n

+(1 - 2k)

g

i

= Kp,q+2k (7) K1 xa = b T diy + Vaxd; — bx Vaxd,
i=1

+(1 = 2k)pn (4)
After substituting (3) in (4), we have

Il
= ©

Pn+1 = (k2 + Z)Pn - (k2+1 - Zk)pnfl‘

The characteristic equation for this relation is given as t> — (k + 2)t + (k — 1)*> = 0. The roots of the

4/ 2 1/
characteristic equation are p; = £ 2 VICBk 5, = sk

Theorem 5.5. The rising k-binomial transformation of the bi-periodic Jacobsthal polynomial sequence p, satisfies
thenfollowing property

Vbxd,

2 vaxdy — k Vbxd
pn: 2 @—'_}721)4_ ! ‘

2Vk2 +8

Proof. Assume that p, = A" + p2) + B! — p). For n = 0, we get po = 2A = Vbxdy.
For n = 1, we obtain p; = A(p1 + p2) + B(p1 — p2) = Vbxdy + k+faxd;. By this equation, we have
_ 2k~axdy — K2 Nbxdy _ 2+axd, — k Vbxdy

2 Vit + 8k2 2Vk2+8

Substituting the values of A and B, we get the result. [

P} = 15)-
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Theorem 5.6. The generating function of p, is given as

i po + pit — (K + 2)tpo
P = Zplt — (K2 +2)t + (k> + 1 = 2k)2°

Proof. The generating function is demonstrated as p(t) = po+p1t+Y.-, pit'. From multiplying p(t) by (k> +2)t,
we get

—( +2)tp(t) = —(& + tpo — (X +2) ) _ tpiy

i=2

From multiplying p(t) by (x*ab Vab-x2ab)t?, we have
(2 +1-20)2p(t) = (R +1 - 2K) Z Fpia
i2

po+pit=(k2+2)tpo

1—(k2+2)t+(k2+1-2k)t2 * o

By these equalities, we obtain p(t) =

Theorem 5.7. The exponential generating function for the rising k-binomial transformation of the bi-periodic Jacob-
sthal polynomial sequence is expressed as

(e8]

Z i’n \/_do ( Dt " eﬁzt) 2 \/EFZCdlkz k \/Edo ( Pt ei;zt) ‘

6. Falling Binomial Transforms for The Bi-Periodic Jacobsthal Polynomial Sequence

In this section, we focus on the falling k-binomial transform of the bi-periodic Jacobsthal polynomial to
obtain some basic properties.

Definition 6.1. Let n € IN, and a, b be non-negative real numbers, the falling k-binomial transformation of the
bi-periodic Jacobsthal polynomial sequence q,(a, b, x) = q,, is defined as

Qn(ﬂ, b, JC) =qn = Z (’Z) k"‘iei.

i=0

Theorem 6.2. The falling k-binomial transformation of the bi-periodic Jacobsthal polynomial sequence provides the

following property:

Gn+1 = kq, +Z( )k” ‘e

Proof. By the property of the binomial expansion, we have

n+1 )
Gui1 = Z( ; )knﬂ_lei
i=0
n+1

2(n+1)kn+1 l‘/— =0l u(:di

i=0
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()

By (n Z 1) = 0 and the change of the index in the second term, it is obtained that

n+1

= k" Vbxdy + Z

n

%+1 = Z( )kﬂ+1 l\/.?_Cﬂgg) 15 d Z( )kn l 1 (1 bTidH‘l

i=0

_ Z( )kn l\/_aeg) 1.5 [kd +a1z;z)bza<12>1d1+1]

i=0

- kI]n"'Z( )kn 1\/_(1 ZI)bég) z+1

= kqn+Z( )kn 1€1+1

O

Theorem 6.3. The recurrence relation of the transformation q, is given as
Gn+1 = kg, + (2 — 2k2)q,,_1.

Proof. By the definitions of g,, e, and Theorem 6.2, we obtain

Gunt —Z( )k” VR (i + 0 D )+ Vordo + K Vv,

i=1

From the definition of d;,1, we have

ft = Z( Jor R Vo + 0

B —

2kg, + 22( )k” iV 2 b F di + K Vaxd: + K Vbxd, )

If we substitute n for n — 1, we have

G = qun1+22(” 1)k”11\/'”” b diy + k' Vaxdy + k" Voxdy

n—-1 N
= Kgua+ Y (” f 1)k"-f Vxa b2 d; + K Naxdy + K Vbxd,

i=0

+ZZ( )k" 1— l\/_ c(f) sl)
i=1

= k%—l + (7—_11) L \/_ = b = di-y + K" ! ‘/adl + K" \/Edo
1

i=
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n

i=1

_ n—1-i 2“(’) £0 n-1 n-—1 n-—1

= kqn1+Zk Va7 bt d,l[kz(l_l)+2( Z. )iZ(Z_l)]
+k" 1 \axd; + k" Vbxd,

= kg1 +( (K —Z)Z( )1 al_zé“)b%di_l

+zZ( )k”l’\/_a S0P + k' axd, + K" Vbxd,

= k‘in 1+ k —Z)Z( )knzz\/—as(l) 15(1 l

+2Z( )k” a0 dy + K Vaxd, + K Vbxd, (6)

If we substitute (5) in (6), we have
Gns1 = 3kq + (2 = 2K%) 1.
|

Theorem 6.4. The Binet formula for the transformation g, given as

\/Edo@,; v+ 2 \axd, + (2—3x)kx/ﬁd0@ 2
2 2Vok2x2 - 8k2 + 8

n =

3kx+ \/9k2x2 8k2+8 3kx— V9k2x2—8k2+8
2

Moreover, q; = are the roots of the characteristic equation r* — 3xkr +

2k* -2 =0.

and q; =

Proof. Assume that g, = A@g" + ) + B@ — ). For n = 0, we get qo = 2A = Vbxd,.
For n = 1, we get q1 = A1 + 2) + B@ — §2) = kVbxdy + +axd,. By this equation, we have B =

2 vaxdy +(2—3x)k Vbxd, S o
== 39 Substituting the values of A and B we get the result. [
2 Vok2P—8k2+8 & &

Theorem 6.5. The generating function for the transformation q,, given as

_ = b qO+qli’—3ktI]0
90 = ; W= o+ 2R

Proof. The generating function is given as g(t) = qo + g1t + Y.i0p git". From multiplying g(t) by —3kt and
(2 — 2k*)#? respectively, we get

—3ktq(t)

—3kt6]0 -3k Z q,‘,lti,

i=2

(2-20) ) giat’
i=2

The three equalities provide the proof. [

2 - 2k)q(t)
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Theorem 6.6. The exponential generating function for the transformation q, is found as

t_eszt)_

— 7! 29k — 8Kk2 + 8

Conclusion

We have developed a systematic study of the bi-periodic Jacobsthal polynomial sequence and its as-
sociated binomial-type transformations. By deriving generating functions and Binet-type representations,
we clarified the role of parity-dependent coefficients. The analysis of binomial, k-binomial, rising, and
falling binomial transformations reveals that the bi-periodic Jacobsthal polynomials preserve their funda-
mental recurrence structure under these transformations. This observation extends several known results
on binomial transforms of classical and some generalized Jacobsthal-type sequences.

The methods presented here can be applied to other bi-periodic polynomial sequences, suggesting
potential extensions to higher-order recurrences and matrix-valued analogues. Such directions may lead
to further connections with combinatorial identities and discrete transformation theory.
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