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Abstract. Let ¢ be a holomorphic function and ¢ a holomorphic self-map of the unit ball B c CN. Denote

by 8, and Z, the weighted Bloch-type and Zygmund-type spaces with normal weights v and u. The
weighted composition operator

WIP,(P N BV (Or Bv,[)) i 'ZH (Or -Z,U,O)/ f = ljb . (f © (P)I

is studied in terms of boundedness, compactness, and asymptotic norm behavior. The obtained characteri-

zations are expressed via analytic properties of the symbols 1) and ¢, particularly a component function ¢y
of @.

1. Introduction and Preliminaries

We fix a positive integer N. Let B := {z € CVN : |z] = V(z,2) < 1} be the open unit ball in the Euclidean
space CN. When N = 1, the ball B is the unit disk ID.

Let H(IB) be the class of all holomorphic functions on B and S(IB) be the set of holomorphic self-maps of
B.

For Banach spaces E, F of holomorphic functions on B, the weighted composition operator with given
symbols ¢ € H(B) and ¢ € S(B) is the linear operator Wy, : E — F defined by

Wyo(f):=¢-(fop), fEeE.

The component operators are the multiplication operator My (f) := 1 - f and the composition operator
Cy(f) := f o ¢, which correspond to the cases when the composition symbol is the identity function on B
and the multiplication symbol is the constant function 1, respectively.
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In recent years, weighted composition operators and related operators have attracted considerable
attention in various contexts. Their boundedness and compactness have been extensively studied on
classical Banach spaces of analytic functions such as Hardy, Bergman, BMOA, and Bloch-type spaces (see,
e.g., [7, 11, 12, 22]). For more recent developments in the unit ball and Bloch-type settings, see [1, 2, 4—
6, 8,9, 13, 14] and references therein.

Previous research has primarily focused on the operator-theoretic properties of C,, My, and Wy, in
relation to the analytic behavior of the symbols i) and ¢ as whole functions. However, little attention
has been given to the role of a particular component function ¢; of ¢. A natural question arises: can the
boundedness and compactness of Wy, ,, be characterized solely in terms of the function-theoretic properties
of ¢ and one component ¢, of ¢? Equivalently, do these properties depend on the intersection of the image
@(B) with a complex line through the origin?

Recently, Quang, Dai, and Lam [9] addressed this question for the case of weighted composition opera-
tors between Bloch spaces. The novelty of our approach lies in expressing boundedness and compactness
entirely in terms of a single component function @y of ¢, particularly when the image ¢(IB) contains at least
one coordinate disk ID; = {Ae, : |A| <1}, k=1,...,N.

Motivated by this line of research, the present paper extends the study to weighted composition oper-
ators between Bloch-type and Zygmund-type spaces. Furthermore, we show that our results hold for a
much broader class of holomorphic self-maps than those considered previously, namely, those whose range
contains the origin and whose image diameter coincides with that of some component function ¢y of ¢.

A positive continuous function w on the interval [0, 1) is called normal if there are three constants 0 < 6 < 1
and 0 < a < b < oo such that

w(t) . . o)
a-ir is decreasing on [6,1), 1[1_1>111 T (Wy)
t t
(1w_( Z)b is increasing on [0, 1), 1t1_r)rl1 (1a)_( g)b = oo. (W)
If we say that a function w : B — [0, ) is normal, we also assume that it is radial, that is, w(z) = w(|z|) for
every z € B.

Strictly positive continuous functions on BB are called weights.
For a normal weight w on B, we use there certain quantities, which will be used in this work:

“ o 1
Iw(Z) = Afo‘ m, @ (Z) = m, z € B.

Remark 1.1. (see (2.1)in[8]). Since w is positive, continuous, mg, s := minseyg,s) w(t) > 0. Moreover, it follows from
(Wh) that w is strictly decreasing on [6, 1) and w(t) — 0ast — 1 (see [4]). It is clear that maXse,1) w(t) =: M, < o0.
Then, it is easy to see that w(z)l,(z) < oo for every z € B.

We define the first-order and second-order radial derivatives of f € H(IB) as follows:
Rf(z) = (Vf(2)2), RPf()=RRf)z), z€B,
where Vf(z) = (g—zfl(z), cee, ;TJ;(Z)) is the (holomorphic) gradient of f at z.

We now introduce the (little) Bloch-type and (little) Zygmund-type spaces of holomorphic functions on
B. Let @ be a normal weight on B. The Bloch-type space B, and its little subspace 8, are defined by

B, :={f e H®B) : |Iflls, := supw(3) IVf() < o),

Buo={f€By: lim w(2) [Vf@)| = 0}.
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Similarly, the Zygmund-type space Z,, and its little subspace Z,o are defined by
Z.o = {f €HB): lifllz, := sup (@) IV(Rf)(@)| < oo},
z€B
Zooi={f € Zo: lim 0@ V(RAE)I =0},

It is easy to check that B,,9, B, and Z,,, L. are Banach spaces, respectively, under the norms

Iflls, = 1f O+ fllsz., lflliz, = fOI+lfllsz,-

The a-Bloch space B* is obtained for w(z) = (1 - Izlz)a, a € (0,00) (see, e.g., [13, 14]). For a = 1 the
space B! = B is the classical Bloch space. For 0 < a < 1, it is known that the space 8% coincides with the
Lipschitz space Lip;—,. The classical Bloch space 8 of analytic functions on the open unit disk ID of C plays
an important role in geometric function theory and it has been studied by many authors. Timoney [17, 18]
extended the notion of Bloch function by considering bounded homogeneous domains in €V, such as the
open unit ball B and the polydisk DV.

When w(r) = 1-r, from [23, p. 261] we see that f € Z;_, := Zif and only if f € A(IB), the ball algebra on
B, and there exists a constant C > 0 such that |f(C+h) + f(C—h) —2f(0)| < Clh|, forall C e IBand L+ h € JB.
The space Z,, can be considered as a generalization of the classical Zygmund space which was introduced
in [14].

In the study of several complex variables, challenges frequently arise when exploring and applying the
properties of the Bloch-type and Zygmund-type spaces, particularly in the context of products involving
composition, multiplication, and radial derivative operators. To overcome these obstacles, we need various
techniques. However, the situation is much more complex than in the case of the open unit disk because
there are multiple types of derivatives to choose from on the open unit ball.

Bloch-type spaces and Zygmund-type spaces are usually defined by using radial derivative of f instead
of its gradient. We recall the following results:

Proposition 1.2 ([16], Theorem 2.1). For every normal weight w on 1B, we have

(a) B, =38R := {f € HB) : lIfllg: := |f(O)] + sup w(z)IRf(2)] < oo}, moreover, || - lls, = || - llgr.
z€B

(b) f € B if and only if lim, 1 w(z)|Rf(z)| = 0.
(c) There exists C > 0 such that for every f € B, and for every z € B, we have

@1 < C(1+1,@)iIflls, (1)

Remark 1.3. In fact, the estimate (1) can be written as follows:

F@] < C(IFO] + L))l llss, -

Proposition 1.4 ([21], Lemma 2.2, [19], Lemma 2.1). For every normal weight w on 1B, we have

Zo=Z8:={f e HB): Ifllzs = f(0) + sup w(@)RP f(2)] < oo}

zeB

= ZZ = {f € H(B) : ”f”ZZ =f(0)] + suI}B) w(z)|V2f(z)| < oo},

moreover, || - llz, = |- llzr = I - |l zy-
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Lemma 1.5 ([10], Lemma 3.4(2), [15], Lemma 2.4). Let w be a normal weight on B. Then there exists C > 0 such
that

IROf(2) < Co'@Iflls,,  IVRFE@)] < Ca'@)lIflls, )
for every f € B, for every z € B, and
RFG)I < CL@Iflz,, V@I < C(1+L@)Iflz., ©
Iz] |z|
C o(tyd <(1+cC w(t)d
£ < 1FO) + ¢ fo Lt iflz, < (1+¢( fo L) iz, 4)

for every f € Z,, and for every z € B.

Depending on a specific situation, it is sometimes more appropriate to use one of the definitions of the
Bloch-type spaces and the Zygmund-type spaces. In this paper, we will employ the notation 8,, and Z, in
place of (8B, || - ||B§,) and (Z, |l -l 25), respectively.

Throughout this paper, we use the notions a < b and a < b for non-negative quantities 2 and b to mean
a < Cb and, respectively, b/C < a < Cb for some inessential constant C > 0.

2. Set 5;(B) and Condition Z,

In this section, we introduce several concepts, conditions, and related results that are required in the
hypotheses of the main theorems.

2.1. The set gk(B) and some auxiliary results
We begin this section by revisiting the sets S(B) and S;(B), 1 < k < N, introduced in [8], and by
introducing a new set gk(B) which extends both of them:

N

N
S'(B) = {(p es®): pB)2| JD;=| Jine;: 1€M< 1}},
=1 =1

S;(B) = {p € S(B) : p(B) 21Dy :={Aex: A €CIAl<1}},
Si(B) ={p € S(B) : 0 € p(B) N Dy, Vz € B, 3z € B : |pi(2)] = lp(2)l}.

The set Sx(IB) will serve as an essential assumption in the formulation of our main results. Roughly
speaking, while S*(B) and S;(IB) consist of holomorphic self-maps of B satisfying certain geometric condi-

tions related to the unit disk in the k-th coordinate direction, the set Sy(B) is defined more generally so that
it contains all such mappings whose ranges preserve, in an appropriate sense, the modulus structure of at
least one component function of ¢ :

§p(IB) = {(p € S(B): 0€ ¢(B), sup |x| = sup Izl}.
x€qpy(B) zep(BB)

This generalization allows us to handle a much broader class of holomorphic self-maps and to establish
stronger results on the boundedness and compactness of the weighted composition operators considered
in this paper.

It is easy to see that, for N = 2, the function ¢ : B — B given by ¢(z, w) = (z/2,w?) belongs to S;(B). This
example also shows that S;(B) 2 S*(B).

It is obvious that if ¢ € S(IB) is surjective then ¢ € 5*(B). Now let us give an example of non-surjective
holomorphic self-map which belongs to 5*(IB).
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Example 2.1. Consider the case N = 2 and the function ¢ : B — B given by ¢(z,w) = (z, w?) for every (z,w) € B.
It is clear that ¢ € S*(B). It remains to check that ¢ is not surjective. Indeed, let (\sz’ %) € B. Assume that there

% and wy = ==, which contradicts with (zo, wo) € B,

exists (zo, wo) € B such that p(zo, wp) = (%, 1). Then zp = 5/

because |zo|* + [wol?> = 1.
The following examples show that the class §k(]B) is broader than the class S;(BB).
Example 2.2. In C3, consider @ = (p1, P2, @3) € S(B) given by

1 .
©(z1,22,23) = 6(221,22% + 1,23).
Obviously, ¢ € S(B) and 0 € o(IB). For every z = (21,22, 23) € B, consider y € ID such that |y| = |p(z)|. Then, it

is easy to check that for z’ = (zi, \ 6y—_i,zg) € B we have @,(z') = y, consequently, |p2(z')| = l@(z)|. Thus, ¢ € §2(]B).
However, it is easy to check that the point —% € D, \ Prp,@(B). This means ¢ ¢ S;(B).

Example 2.3. Fix ay,...,ay € Rand a = (ay,...,ay) € B C CN such that lay| = maxi<x<n laxl, p € {1,..., N}
Consider ¢ = (¢1,...,¢n) € S(B) given by
p(z) = (€ mzy,...,6%anzy), z=(z1,...,28).

It is easy to see that p(IB) C B and ¢(0) = 0. We have

2)| < max |a|lz| = |ayllz] < |ay] = e%a z € B.
lp(2)] 1sk5N|k”| lapllz| < lap| = | ay,

On the other hand, ¢,(B) = {x € C : |x| < |ap|}. This means SUP ¢, (B) x| > SUP, (B |z|. Therefore, ¢ € §p(]B).
While, it is clear that ¢ & S;(]B) because {x € C: |x| > |ay|} = Dy \ Prp,p(B) # @.

Lemma 2.4 (cf. [8], Lemma 4.1). Let ¢ = (¢1,...,¢N) € SZ(]B),for somek € {1,...,N}, (0) = 0, v be a normal
weight and h be a positive, real-valued bounded function defined on B such that limy,—,1 h(z) > 0. Assume that

M = sup h(w)L, (pr(w)) < co.

weB

Then there exists constant C4 > 0 such that

sup h(2)L,(¢(z)) < C4M. (5)
z€B
This represents an improvement over Lemma 4.1 in [8] where the estimate h(2),(¢(z)) < C4(1 + IMy) is
replaced by (5).
The proof of this lemma repeats word for word the proof of Lemma 3.4 in [9], and is therefore omitted.

Remark 2.5. Since My < oo, we can find C; > 0 such that
0o

sup h(w) <C, sup h(w)L(px(w)).

weB 0 v,00 i (w)|>00

Thus, the estimate (5) can be written as follows

sup h@L(PE) s sup (@) (pw)).
lp(2)|>00 i (w)|>00
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For a € B\ {0}, let y, be an involutive automorphism of B given by

a—P,(z) —5,Qa(2)
1-(z,a) !

Va(2) = (6)

where s, = /1 —|al?, P,(z) = <|Zaf§>a, Qu(z) =z - <|Z“|‘§>a

The following result can be obtained directly from Lemma 3.6 in [9], but here we present a shorter proof.

Lemma 2.6. Let v be a normal weight on B, « € B\ {0}, ¥ = yo = (1,...,¥N) defined as in (6) and h be a
non-negative, real-valued bounded function defined on B. Then,

(a) Foreveryk € {1,...,N} satisfying M; := sup, . h(w)I, (wk) < oo, there exists C(a, k) > 0 such that
h(z)L,(yk(z)) < C(a, k) + M for every z € B;
(b) Foreveryk € {1,...,N}, we have

qp 2O o, sup 1
zeB V(V(Z)) ’ zeB V(Vk(z))

Proof. (a) First, recall from [23] that P, is the orthogonal projection from CN onto the one dimensional
subspace [a] generated by a and Q, is the orthogonal projection from CN onto CN & [a]. Note that y(a) =
and (y o y)(z) = z for every z € B.

Let k € {1,..., N} be fixed, with M; < co. Since y is surjective, for every z € BB, there exists z’ € B such
that

V(Z’) = (OI “ee /Vk(z), O/ LR /0)
It is clear that y;(z’) = 0 for j € {1,...,N} \ {k} and

g — Pa,k(z/) - SaQa,k(z,)
1-(z,a) !

7k(2) = 7i(2) =

<Ta‘?> Ak, and Qa k(Z ) = Z - <Ta|{zl>

Since a — P,(z) and Q,(z) are perpendlcular in CN, we have

where P, x(z') := Q.

e = Pai(z') = 50 Qu () = la = Pax(2)P + (1 = la®)(Iz = IPas(2)?)

7, z’, )2 2z, a)? 7, a
(1 - 2me &) ) KRy KRRy (1 et
o "l af o
_ e P , , ,
= (18 = 1+ 1= 2Re(z’, @) + 2/, ) + (1 = Pz

|04k|2

o
= L a1y WLy

= P — (2, ) + (1= laP)lz; .

This yields that

(- laP) b -z
PP = @R = hi@)F = o - | )

11—z, a)f
, 7)
1-|a (M -z 2) (
Iak|2 ~ ( | |) a2 | k| _ 2|04k|2 N 1-— |a||2/|2
= aP 1+|al lal(1+lal) 1T+l *

= A2+ AP < A2+ A2,
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where A? := ] alz(‘f‘jll o and A= L :Z: It is easy to check that A7 + A% < 1. Then, for all |z;| > |a|, we obtain the

followmg the estimate

Al g AR gy CAN AAT g
s [ (VI T
0 0

v(t)  Jag ) v(t)  Jan v(t)
= Ca,k + IV(Z]/()/

VA +A2 dt

Al v(H

Alal - g
Iv(yk(z)) < L @ < 00

Consequently, assertion (a) of the lemma holds, and the lemma is thus proved.

where C, = < 00. Obviously, in the case |z| < |a|, we have

(b) For every r € (lal, 1), the continuity of y ensures that the set {y(z) : |z| < r} is compact in B. Since v is
positive and continuous, infi, <, v(y(z)) > 0, it implies that

sup v(z)
lel<r PLo@) ©

On the other hand, for every z € B, |z| > r, by (7), we have

A=k _ 1-r . 1-r
O (- s gl (1 i - 1)

|er|(1+]axl) el (1+]exl) 1+r

< 0

212

0T 1 — > 0. Therefore,

as |z| — 1 because it is easy to check that 1 —

sy (LD
z|>r 1- IVa(Z)l)h

for r € (|al, 1) sufficiently large. Then, by (W;) and (W),

v(2) _ g v(z) A=y’ -l

M 0® MM ToE 0@ a-he) ®)

Then, we obtain the first inequality.
vz

< 10r < with 7 € (6,1). In the case |yx(z)| > 1, since |y(z)| < |y(2)|, by
an estimate as (8), we obtain the second inequality in (b) of the lemma. [J

Now, it is obvious that sup,, .

Lemma 2.7 ([9], Lemma 3.7). Let v be a normal weight on B, a € B\ {0} and y € Aut(IB) be defined by (6). Then,
the composition operator C,, : B, — B,, f = f oy, is a homeomorphism.

2.2. The condition Z.

In the hypotheses of the main theorems, we make use of the following condition. We say that the pair
of functions (i, gx) satisfies the condition Z. o and write (¢, px) € L4, if

Hb € -Z‘u,+/ l,b * Pk, ¢ : (Pi € Z‘u,O' (Z+,0)

In this subsection, we provide examples to demonstrate the existence of the stated conditions.



L. V. Lam et al. / Filomat 40:9 (2026), 3441-3459 3448
Example 2.8. For a € (0,1), consider the weight j(z) € H(B), ¢ € S;(B) with

u@) =1 =R eiz) = (2, e
We construct the function ¢ € H(IB) as follows: Let q > 1 be a large positive integer to be determined, define

¥(z) = Zaj<z, e = ZajZZ’ , )
=0 =0

o i(a—=1)+¢ o H .. . .
where aj = g/“V*3 n; = g/, Because  is a lacunary power series with
l-a _ _jla-1)+% ,jl-a) _ -5
a]nj = q/ 2 q] = qZ,

using Theorem 1 (1) in [20] we have 1; € B, and since a € (0,1), it is easy to check that Je H*(B).
By modifying an arqument in the proof of Theorem 6 in [3], next, we will show

~ 1
R 2 10
RO T e o
for all z € B sufficiently close to the boundary.
We write
RF@)I = | Y gesviz]
i=0
> qk(a—1)+%+k|zquk+1 _ qi(a—1)+%+ilzk|ql _ qi(a—1)+%+ilzk|q,
i=0 i=j+1
U X _
> q](a—1)+%+]|zk|ql‘+1 _ ql(a—1)+%+[|zlq’ _ ql(a—1)+%+llzlql
=1 - - Qs
For z satisfying
1
1-=<zl <zl <1-— (11)
q qf"’i
we have
; 1.7+ 1
g +1 > _ = > =
2l > (1 q],) > > (12)
if q is large enough. Then (12) gives
O > %qw%)a,
j-1 j-1 i (j+1)a
s s N q] gquT2
Qz < qz(a D+5+ qwz+2 =q2 —
iZO‘ i=0 gt =1 gq*-1

Applying (11) again, we have |z|7 < (%)q and

) ) o )
Q= Y gt =gt Y got < qig ™ Y (a0 = g

i=j+1 i=j+1 i=0

|Z|j+1

1 _ qa |Z|q/‘+2_q/+l

N|—=
S—"
[SIE

S LB WA
=q 1_ alzlqj»(z,qjﬂ =q 5
q 11— qa (l)z q
2

=
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From (11) we have gi*2

Qy, and Qs, we get

oy, 11
Ry > 39070 > fre

for z satisfying (11) and q sufficiently large, hence, (10) is proved. This implies that
lim (1 = 2F) IR (z)] > 0.
z|—

Now we put

(z,ex) w,((l) .
¢@y=]ﬁ yf U(tdtdt, zeB.
0 0

It is easy to verify that R@y(z) = Rip(z)z. Consequently,
lim(1 = ) R?y(2)] 2 lim(1 = |2) IRy (2)] > 0.

That means € Z,, +.
On the other hand, since € H*(BB), there exists M > 0 such that sup,, [R{(z)| < M, hence, sup, g IRMY(z)| <
M for every n = 0,1,2. Then,

2

lim (1~ 2P RO - 9 (e)] < 2(3) lim (1~ |2")" R (@R (2)

2
lim (1 ~ 2 27 =0
< 3o (uma -trm g
for j =1,2. Therefore, { - (pi € Zyoforj=1,2.
Example 2.9. Consider the weight 11(z) € H(B), ¢ € S;(B) with
— ay
=(1- 2 a/
p) =1 =121 rlz) = 2
where a € (0,1),a € Band ¢ = 17[; which is defined by (9).
First, we check that ¢ € Z, +.
It is clear that
R(z)l,b(z) _ Z qi(a—1)+g+2izz" _
i=0
Then, using a similar calculation as in the above example, we have
R(z)lp(z)| — ‘Z qi(a71)+%+2izzl
i=0
. i1 & .
> qj(a—1)+%+2jlzk|ql+l B qi(a—1)+%+2ilzp|q‘ _ qi(a71)+%+2i|2p|q’
Zo‘ i;l

= -Q-Q;
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For z satisfying

Ly (13)
q]"'i

1
1- =<zl £zl €1 -
q]
as in the above, we also have (12) and

q(j+1)+(j+g)a

1
Q< q(j+1)+(]‘+%)a q2+a—1 (%)2
1 — g2+a-1 (%)

From (13) we have g/*1 > 2+ Combining (12) with the estimates for Q;, Qb, and Qf, we get

’ 1 I i+2 ’
Ql > 5q(]"‘l)"'(f'*'z)a, Q2 < b]2+a——1_1’

NI

I

ROY@)] 2 3q00 0 5 o=

A=z
for z satisfying (13) and q sufficiently large. This implies that

lim (1 = )Ry @) > 0. (14)

Thus, Y € Zy+-

Finally, by similar arquments and estimates as in Example 1, we can also easily prove that 1 - (p}i € Zyup for
j=12.

3. The boundedness

In this section, let i € H(B), ¢ = (¢1,...,¢n) € S(B), and u, v be normal weights on IB. We present here
some notations that will be used the main results:

B, ={fe8,: lim v(z)R f@)1> 0},
Zur={feZy: lim u@IR®f(z)| > 0},
and for ¢, = @ or @, = @y,

Ayp.(2) = 2RY(2)Rp,(2) + P(@)RP . (2),

Byp(2) = YRRP12)?, ..., Rpn(2))?), By (2) = Y(2)(Rpu(2)),
M, @) = p@RPY@IL(po(2), My = sup M5 @),
N
Ay
MiA(2) = u(z)W, M4 = sup ME4(2),
A2l
APy V.Px APk, _ APk
M‘u,v (Z) T ‘,l(Z) V(QDk(Z)) 7 M‘u,v . SZ]:IEMMV (Z)
N
M) = 1(2) ) 1By DI (9(2), ML = sup M2 (2)
k=1 z€

My (2) = (2) By g @)V (@r(2), My%% = sup MyP (2).
€B
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By Newton-Leibniz formula (see (2.4) in [10]) and the higher-order radial derivative formula of a composite
function (see (2.5) in [10]) we have

RAW - (f o p))(@)
82
= RPY(a)f(p(2)) + Z 2roeRe@) + R i) LLD 4y Z e ))Rmz)R(pj(z)

= ROY@)f(p(2)) + (Ayp@), V@) + Y(2)(Rp(2), ViRp(2), Vf((p(z)»)

for every f € H(BB). Consequently,

IRD Wy, N2 < IRAYEIf(9@)] + 1Ay, @IV f(@(2)] + 2By NIV f((2). (15)
Theorem 3.1. The following are equivalent:
(@) Wy, : B, — Z,, is bounded;
(b) Wy, : B0 — Z,, is bounded;
() 1/),1,[}-(p]-,¢-(p? € Zyforeveryje(l,...,N}and
ML'ffjp <o, MM <oo, M <. (16)
In this case, the following asymptotic relation holds:

[Wy,ell < [$(0)IL,(¢(0)) +M o+ Myt + M3 (17)

wyv

Moreover, under the additional conditions that ¢ € gk(B) forsomek € {1,...,N}and (Y, pr) € L+, the assertions
(a)-(c) and the following are equivalent:

(d) l,b,z,b-(pj,yl)-(pjz. € Zyforeveryje{l,...,N}and

1
M, <o, My P < oo, Mp P < oo, (18)

Proof. The equivalences (a) & (b) & (c) represent a special case of Theorem 4.2 in [10], whenn = m = 1.
The implication (c) = (d) is obvious.

Now we prove the implication (d) = (a).

By a direct calculation, we have

RP[Y(2)pj(2)] = RPY(2)pj(2) + Ay, (2),

19
RO[Y(2)p2(@)] = ¢;2)[2R?[Y(2)p;(2)] - ROP(z)| + 2By, (2) 4

for every z € B. Since ¢, ¢ - @, - (pjz. € Zy forevery je{l,...,N} we have

sup p(2)|Ayp; @I < 1Y - @jliz, + IYllz, < oo,
zeB

(20)
sup t@IByp, @) < Il - @3llz, + 21 - @illz, + Pllz, < oo
zeB

forevery j =1,...,N. Therefore,

sup (2 Ay (2)] < 00, sup p()[By,e()] < co. (21)
zeB zeB

o First, we consider the case ¢(0) =
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Since ) € Z,,+, by applying Lemma 2.4 to h(z) = u(z)[RP¢(2)|, it follows from (1) that there exists D; > 0
such that

HRIRPYE)If(@E)] < Di(1+ M5 @)Iflls,  f € B, (22)

We will prove that there exists A € (§,1) such that

Jnf @Ay, @) >0, (23)
nf @By, ) > (24)

Since (1, k) € L+, and |@i(z)| < Iz|, we have
le(HP . 1@)IAy, (2)] = hr)l‘fl lu@RP Y - p)(2) — p@RPPE)px(2)|
= lim [WEUEHRDY(E) >0,

hence, there exists A € (6, 1) such that (23) holds.
It follows from (19) that

RAW - ¢})(2) = pe@RP (Y - pi)(2) + Ay, (2) + 2By, (2).
Then, by ¢ - ¢y, 9 - (p]f € Zup and (23), we conclude that (24) holds for some A € (0, 1).
Thus, by (21),

SUPp,ep 1(2)|Ay,p(2)] Sup,cp 1(2)|By,p(2)]

infig, @) @) Ay,p ()| ’  infig @1 f(w)[By, g, ()]

Then, since @ € Si(B), for each z € B where |p(z)] > A (hence, |z| > A), there exists z € B, such that
lp(z)| = lpr(z’)]. Therefore,

SUP,ep @Ay @) p(Z)lAyp ()

KO @IV fp @) < o ) PN ) o
<Dz sup My{"lflls, < DMy Il
p(z)>

Similar, by applying (2), we obtain
1@y, IV f(@(@)] < DsM, 2 (2l flls,. (26)

On the other hand, since 11,,) := mingefo, V(£) > 0, SUpP),,;) <y Muv < 00, SUP|, <) MB #%(z) < c0. Choose
D4 > 0 such that

sup ((2)Aye(2) <Dy sup Myt (2), 27)
lp(z)I<A lpi(z)I<A
sup (i(z)[By,p(2) < Dy sup M, (Pk(z) (28)
lp(z)I<A lp(z)I<A

Thus, it follows from (25), (27) and (26), (28) that

sup 1)y @IV fp @) < Mo Iflls,, (29)
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sup H@)IBy @IV (@) < MY, fllg, (30)

Then, using (15), Proposition 1.4, we combine (22), (29) and (30) to yield

HERIRD Wy )] < [1+ M7+ M+ MY, ]I flls, - (31)

SV

Consequently,
I,
Wy f@llz, < [1+M% + M + MY iiflls,,

hence, Wy, : 8, — Z,, is bounded.

o Next, we consider the case ¢(0) = o € B\ {0}.
Let y € Aut(B) given by (6). Then n := y o ¢ satisfies n(0) = 0. We will prove that (¢, nx) € Z+p if
(IP/ (Pk) € Z+,0 and

11k Ak B,k
MW# <oo, My, <oo, Mw* < oo, (32)

Since ¢ € Si(B), for each z € B, there exists z/ € B such that m(z) = @i(z’). We will show that
|z’| — 1if |z] = 1. Indeed, assume that there is a sequence {z;}u>1 C B, |zl — 1 but z;,, — a with
la] < 1. By the continuity of ¢, we have ¢k(z;,) — @r(a) with |pi(a)] < 1. It follows from y € Aut(IB) that
Qzm) = y;l(yk((p(zm))) - y;l(pk(a). On the other hand, since ¢ is injective, we get

2l = 1™ (@)l = (7 © ) (@@ = I (@) < 1.
We thus arrive at a contradiction.

In the case i - ¢, Y - 97 € Zy0, we have

lim AR - 1)) = lim pE@ROYEE) + Ay, @)

R®
= i R R + o)

= lim @RV - )] = 0,

lim AR - )(E)| = im p(@)|RPYEEE) +240,,@) + By, (2)

i HQ) RO

" Aot 1) R@(z")
= lim p@)ROYE)PuE) + 2400, () + By ()

= lim p@)IR(Y- POE) =0.

uz) ROYE )P )] +2A0,0,&) + By, (2)

Thus ¢ - g, P - r]i € Zy,0, and, hence, (¢, nx) € Zsp0-

Now, we check (32).
Due to the continuity of y, the set {1(z) = y(¢(2)) : lp(z)| < A} is compact in B for A € [|a], 1). Then,

sup M""(z) < sup ML’WIP(Z) < o0, (33)
k@A lpe@l<a
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It remains to consider the case |@i(z)| = A > |a].
By Lemma 2.6(a), there exists C(a, k) > 0 such that

M) < sup MY @)+ sup MY (z)

BT s aba Y
< sup A4”(@-rCQLkNWMZH+ sup A4¢%@)<cm
pr(I<A prD>A

Now, we recall that there exists A € (0, 1) such that (23) and (24) hold. Denote

Kajy = sup Mﬁ,’fjk(z) <o, Kpy= sup Muv (z) < 0.
[k (z)|<A [me(2)I<A

By an argument analogous to (21), we also obtain sup, g 1(2)|Ay,, (2)| < 0, sup, g t(z)[By,, (2)| < oo.
Then, from (2.6) and the second inequality in Lemma 2.6(b), it follows that

Mﬁ,’gk <Kpp+ sup Mﬁ,’:}k (2)
[pr(z)|>A
Supze]B H(Z)|A¢,1]k (Z)l su ‘u(w)lAllh({Jk (ZU)l V((Pk(z))
infig, w)>1 LAY, W) o ysr V() v((2))

v(pi(2)) up MO
y v

< KA,)\ +

<Ky At DQA S
zE]IB) v(1k(2)) lpx@)>A

MBm <K+ sup M m(z)

()<oo

lpk@)I>A
sup,p H(2)|By,p, (2)] v (k(w))
<Kp, + o ort @) Bogr (O |(pk(w>1|z ) w(@)|By, g @)V (pr(w)) ———== (@)

< Ky + Dy oup "B

B,
M "5 (z) < oo,
zeB V(1k(2)) lpe@)[>A v

__sup.g p(@)Ay,, ()l _ sup g H(E)IBy,y ()l
where Do 4 = e Ay @l D28 = T, ot s By, @l

Thus, (32) is proved.

Combining (32) with the first case, we conclude that Wy, , is bounded.

On the other hand, it is straightforward to verify that Wy, , = Wy, o C,.. Then, by Lemma 2.7, we deduce
that Wy, is bounded. Hence, (d) = (a) is proved.

Finally, combining (2) with the above estimates, we get (17). The proof of Theorem is completed. [

To prepare for the proof of the next result, we recall the test function constructed by Hu and Wang [6]
and some of its basic properties. We consider the holomorphic function

giz) =1+ Z 2iz", (34)

[

where iy = [log2 V(Lg)], n = [1%71] with r; = v71(1/2%) for every i > 1. Here the symbol [x] means the greatest
integer not bigger than x. By [6, Theorem 2.3], g(t) is increasing on [0, 1) and

lg(z)| < g(|zl), z€DD,

0<Cy:= 1nf v(t)g(t) < sup v(t)g(t) =: Cy < oo. (35)
te[0,1)
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Theorem 3.2. The following are equivalent:

(@) Wy, : Buo = Ly is bounded;
b) Y, ¢, ¢- (p? € Zyo forevery j € {1,...,N} and (16) holds.

In this case, the following asymptotic relation (17) holds.

Additionally, when supplemented with the conditions that ¢ € gk(]B) for a given k € {1,...,N}, the assertions
(a)-(c) and the following are equivalent:

© Y. ¢ @ Y- @F € Zyoforevery j€{1,..., N} and (18) holds.

Note that the condition (i, px) € Z. is not included in the assumptions of this theorem because an
operator Wy, taking values in Z, o would imply that i) € Z,, o, and therefore it cannot belong to Z .

Proof. The implication (a) = (b) is a special case of Theorem 4.2 in [10] when n = m = 1. The implication (b)
= (c) is straightforward.

Now, we prove (c) = (a).

As above, it suffices to prove the case where ¢ € Si(B), (0) = 0, otherwise, the proof proceeds in a
manner analogous to that of Theorem 3.1.

Assume that ¢, Y - @, ¢ - (p]z € Zyp forevery j € {1,...,N} and (18) holds. It follows from the estimates

(20) that

o @Ay @) =0, L p@)IByg ()] = 0. (36)

First, we prove that there exists C > 0 such that

Lo Lor _. yrloe Ap APk _. 3 rAPk B, Bk _. Bk
MW < CMW =: MW’ MW < CMW =: MW , MW < CMW* = MW. (37)

By ¢ € gk(]B), for each z € B, there exists z’ € B such that |px(z’)| = |p(z)|. We consider the functions
he) ki, Lz, j=1,...,N, given by

folli(2)
hy () = p(@)RPP(w) fo g(t)dt,

kjz(w) = p(w)Ay,p,(w)g(pr)),
9(px()))

ljz(w) = p(w)By,, (w) 1— o)’

for every w € B, where g is defined by (34).
It follows from ¢ € Z, o and (36) that h, ) (w) — 0, kj.(w) — 0, [;.(w) — 0 as |w| — 1. Therefore, for

el = Mﬁf‘;;(z') >0, ed=M")>0, &:=MP*2)>0,

z z T wy z uv*

there exists 0, > 6, where 0 is in the definition of the weight v, such that

hgn @) < e, k@) < e, (W)l < €5 (38)
for |w| > 0, and for every j € {1,...,N}. Put

o' =inf 6, = 6.

|z1>0
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In the case 0 < |z| < &, we have {¢(z) : |z| < &'} is compact in B. Then, since MI(” < 0o, MAW < oo,

B,
M, ¥ < 00, we have

supM (z) < MMW supM”f < Mpffk, supM,, (p(z) < MB(p" (39)

|z]<6 |z]<06” |z]<o”

If |z| > 6" we can find y € B with [y| > 6 such that 6’ < 6, < |z|. Then, by (38),

A B
|h(pk(z’)(z)| < 5;// ij,z’(z)| <&, |lj,z’(z)| <&y,

hence, for every j € {1,...,N},

sup g, () < M ffﬁ, sup k()] s My, supllj=(2)] Mﬁ o (40)
|z|>o" |z|>o" |z|>0"

Then, from (35), (39) and (40), we obtain (37).

Now, we assume that Wy ,(f) € Z,0 for every f € B,,. Then, by (37) and an argument similar to the
proof (d) = (a) for the case ¢(0) = 0 of Theorem 3.1, we can conclude that Wy, : 8,0 — Z,,0 is bounded.

Finally, to finish the proof of (c) = (a), we show that Wy, ,(f) € Z, 0 for every f € B,.

Take f € B,. By [2, Theorem 2.3], Rf € B,, o(B) where v1(z) = (1 — |z|)v(z) for every z € B, and hence,
Rf € Bi/0(B).

These facts together with ¢ € Z, 0 imply that, for ¢ > 0 given, we can pick some 7y > 0 such that,
whenever 7y < |z| < 1, we have

HEIRPY(2)] < i, VIV < =, @)V @) < ﬁ,

41<
where K = (1+M_7)(1 + M) (1 + M, 75)(1 + |£(0)).

v

Put Q = (1 + L)(1 + N)(1 + P) where L := sup,,, If(z)l, N := sup,., IVf(z)|, and P := sup,,_ V2 (2)|.
From ¢ € Z,,0 and (36), it follows that there exists s € (0, 1) such that

HERDYEI < 55, 1@, @I < 35, #EIBuy @I < 35
whenever s < |z| < 1.
Now, for s < |z| < 1, we consider two following cases:

o The case |¢(z)| > rp : We have

1
|f(¢(2) - fO) = < fo IV f(to(2))ldt.

1 —_—
fo (VF(tp()), )t

Then, as the above, by Propositions 1.2, 1.4, (15), (37) and f € 8B,y, we obtain
p@IRPW(f © 9)(@)] < w@IRPYE f(@@)] + 1@ Ay @IV f(@@)] + 1(@)By, @IV f(@@))
1
< y(z)m%(zn f IV Ftp@)dt + p@IRPP@)IFO)

ol V@IV (@) + M@0 (9@) IV f(p@)
< M’“" (@) sup ve@)IVf(p@)) + (@) RDp()| fO)

[p@)|>ro
+ My sup v(p@)IVS (@)l + M, sup ' (@@) IV f(p@)
[p(z)|>ro lp(z)I>ro

AI,(/)k & A (pk & B Pk &
< +M/— <
SMyy g *If (0)|41< wv gk TV gg
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o The case |¢p(z)| < ¢ : Since s < |z| < 1 and by (2.4), (15) and (36), we have

HEIRPW(f o @)@ < u@IRPYE)f (@) + H(Z)|A1/; o@DV £ (@ Z))I + 1(2)|By,p @IV f(p(2))]

&
— v V2 )
< 3Q st;;Ero Ifle@) + == Q |<ps(:;1)|gml fle@)+ == 3Q |<;:1>|Em| flp@)l < e

This means that Wy, ,(f) € Z,,0 for every f € B,.
Finally, as in Theorem 3.1, (17) holds for [[Wy,,ll. O

4. The compactness

In this section, we also consider ¢ € H(B), ¢ = (¢1,...,¢n) € S(B) and y, v are normal weights on B.
In order to study the compactness of the operators W, ,, we need the following:

Lemma 4.1 ([10], Lemma 3.6). Let &1, &, be two Banach spaces of holomorphic functions on 1B such that the closed
unit ball Bg, of &; is compact in the compact open topology tc,, and the identity map I : (E, || - lle,) = (&, Teo) 15
continuous. Then, Wy, : &1 — & is compact if and only if Wy, is bounded and for any bounded sequence { fu}n>1
in & which converges to zero uniformly on compact subsets of B, we have |[Wy,(fu)lls, — 0 as m — oo.

Theorem 4.2. Assume that fo 2 = - Then, the following are equivalent:

(@) Wy, : B, — Z, is compact;
(b) Wy, : B0 — Ly is compact;
© Y, ¥-jP- (p}z. € Z, forevery je{l,...,N}and

Lo _ YA\ — B
m M’ (z) =0, Iim M:9(z) =0, lim M z 41
lp(z)—1 @) lp(z)—1 (@) lp(z)—1 vla) = 1)

Moreover, under the additional conditions that ¢ € gk(B) forsomek € {1,...,N}and (Y, px) € L., the assertions
(a)-(c) and the following are equivalent:

(d) l,b,l/}-(pj,lp-(pjz. € Z, forevery je{l,...,N}and

I (pk A (pk B,px _
|<pk<z>|~1 # @)= |<p1<z)|a1 &)= |<pk<1zr>]|[L1M"'V* &) =0 “2)
Proof. The statement (a) & (b) & (c) is directly derived from Theorem 5.3 in [10] when n = m = 1. The
implication (c) = (d) is obvious.
Now we prove the implication (d) = (a).
As in Theorem 3.1, it suffices to prove for the case where ¢ € S¢(IB) and ¢(0) =
It follows from the assumption (d) and Theorem 3.1 that Wy, : 8, — Z, is bounded.

Note first that, by Remarks 1.3 and 2.5, in fact, with an argument analogous to the estimate (31), we can
find Dy, D, > 0 such that for |p(z)| > A,

H@IRP Wy, ()]

< Dif(¢(0)) + D;| sup ij(w))+ sup M v (w) + sup M gDk(w ]||f||5
lpk(w)>A Pk (w)>A |pi(w)>A

(43)

Let {fy}m>1 be a bounded sequence in B, converging to 0 uniformly on compact subsets of B, and fix an
€ > 0. By the hypothesis, we can choose 1y € IN and A > 0 such that for every m > my and A < |p(2)| <1,

& I,(pk & A({)k & B({)k
FulpO) < 57 M@ < g5 M@ < e MG < 5o

4D,K 4D,K
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where L = sup, ., |fu(@(0))|, K = sup, ., [l fulls, < oo.

As in the proof of Theorem 3.1, by (1), (2), (43), for every m > mg and |p(z)| > A, we can find D1, D; > 0
such that

HERO [V fule@)]|

SD1|fm(<P(0))|+Dz[ sup M)+ sup MA@+ sup M2 @)|Ifals, "
[pr(w)[>A lpk(w)>A P (w)[>A
&
S Z + RHfm”B

Note that, since {f,}n>1 converges to 0 uniformly on compact subsets of B and by Cauchy integral formula,
it is clear that

sup [Viu(@@) =0, sup [V:fu(p@)l =0 asm — oo.
lp(z)I<A lp@)l<A

Then, with the estimate as the above and by (21), we have
sup U()IRP Wy, f) (@)
lp(z)l<A

< ||¢||Zp sup |fm(§0(0))|+sup H(Z)lAw,(p(Z)l sup |vfm((P(Z))| (45)
lp)l<A z€B lp(z)l<A

+sup (2)|Bye(2)l sup IV2fu(@(z)| >0 asm — oo.
2B p(I<A

Therefore, it follows from Lemma 4.1 and (44), (45) that Wy, , is compact. [

By ¢ € Z,, (21) and Lemma 5.1 in [10], we obtain easily the following from Theorem 4.2:

Theorem 4.3. Assume that j(; ; < 00. Then, the following are equivalent:

(@) Wy : B, — Z,, is compact;
(b) Wy, : B0 — Ly is compact;
© vY-p,P- (P]z € Z, forevery je{l,...,N}and

lim MZA = lim MZ.(z 46
lp@I-1 v@) = lp(z)—1 “V() (46)

Moreover, under the additional conditions that ¢ € §k(B) forsomek €{1,...,N}and (Y, pr) € L+, the assertions
(a)-(c) and the following are equivalent:

(d) gb,z,b-(pj,lp-(p? € Z, forevery je{1,...,N}and

lim M) = li MB"’kz 47
I<Pk(12r)TL1 () |<Pk(121;\IL1 () ( )

Now, the following theorems are derived by combining Theorems 3.2, 4.2 and 4.3. Their proofs are
omitted.
Theorem 4.4. Assume that fo o = o0 Then, the following are equivalent:

(@) Wy, : Byo — Ly is compact;
® v, (P]g € Zyp forevery j € {1,...,N}and (41) holds.
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Additionally, when supplemented with the conditions that ¢ € Si(B) foragivenk € {1,..., N}, the assertions (a)-(b)
and the following are equivalent:

© Y-, (p]z € Zyp forevery j € {1,...,N}and (42) holds.

Theorem 4.5. Assume that 't < o0. Then, the following are equivalent:
ARRT0) 8 q

(@) Wy, : Bio — Lo is compact;
® Y-, (p? € Zyp forevery j € {1,...,N}and (46) holds.

Furthermore, with the added conditions that ¢ € gk(lB) for some k € {1,...,N}, the statements (a)-(b) and the
following are equivalent:

© vY-p,p- (p]? € Zyo forevery j € {1,...,N} and (47) holds.

Note that the equivalents (a) < (b) © (c) of Theorem 4.3 and (a) & (b) of Theorems 4.4 and 4.5 are also
special cases of Theorem 5.3 in [10].
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