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Abstract. We establish new bounds for the numerical radius and generalized numerical radius of bounded
operators on Hilbert spaces. By combining the Moore–Penrose inverse with elementary operator inequali-
ties, we derive refined upper estimates that sharpen several existing results in the literature. Our approach
yields improvements for single operators as well as for sums of operators with closed range. Concrete
examples are provided to illustrate the sharpness and effectiveness of the obtained bounds.

1. Introduction

Throughout the paper, let B(H) denote the C∗-algebra of all bounded operators on a complex separable
Hilbert space, endowed with the inner product ⟨·, ·⟩ and the corresponding norm ∥ · ∥. For T ∈ B(H), the
numerical range of T is the convex subset of C defined by

W(T) = {⟨Tx, x⟩ : x ∈ H , ∥x∥ = 1}.

The numerical radius of T, denoted by w(T), is then given by w(T) = sup{|λ| : λ ∈ W(T)}. This notion plays
a fundamental role, since w(·) defines a norm on B(H) equivalent to the usual operator norm. A remarkable
characterization of w(T) was obtained by Yamazaki in [34], who proved that for any operator T ∈ B(H),

w(T) = sup
θ∈R

∥∥∥ℜ(eiθT)
∥∥∥ , (1)

whereℜ(T) = 1
2 (T + T∗) and ℑ(T) = 1

2i (T − T∗) are the real and imaginary parts of T, respectively.
The study of the numerical range and numerical radius has long been a central theme in operator theory

and matrix analysis. These concepts not only provide sharp estimates for the spectral radius, but also serve
as powerful tools in deriving inequalities, analyzing perturbations, and developing methods in numerical
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linear algebra (see, for instance, [4, 5, 8, 14, 15, 19–21, 24, 29, 30]). Over the last decade, a wealth of research
has advanced these ideas, and in recent times, particular attention has been directed toward the use of the
Moore–Penrose inverse as a means of obtaining sharper and more flexible inequalities. In our previous
works (see, e.g., [25, 26]), we studied related inequalities for the numerical radius. Here, we focus instead
on approaches involving the Moore–Penrose inverse.

The Moore–Penrose inverse of T ∈ B(H) [13, 27] is the operator X : R(T) ⊕ R(T)⊥ →H satisfying

TXT = T, XTX = X, XT = PN(T)⊥ , AX = P
R(T)

∣∣∣
R(T)⊕R(T)⊥

.

Here,N(T) stands for the null space of T, while PL denotes the orthogonal projection onto a closed subspace
L. It is worth emphasizing that the Moore–Penrose inverse of an operator T is unique and denoted by T†,
moreover, it is bounded if and only if the range of T is closed. We denote by CR(H) the set of bounded
operators with closed range. Using this tool, Sababheh et al. proved in [28, Theorem 2.2] that for any
T ∈ CR(H),

w(T) ≤ 1
2

∥∥∥|T|2 + TT†
∥∥∥ . (2)

Building on this, several further inequalities have been obtained in [11]. For example, for two operators
T,S ∈ CR(H), it was shown that

w(T + S) ≤ 1
2∥|T|

2 + |S|2 + TT† + SS†∥. (3)

The aim of the second section of this paper is to continue along this line of research, by establishing new
bounds and refinements for the numerical radius of operators, and by illustrating the significance of our
inequality through simple concrete examples.

One of the most striking generalizations of the numerical radius was introduced in [1]. Motivated by
the Yamazaki identity (1), Abu-Omar et al. defined the generalized numerical radius as

wN(T) = sup
θ∈R

N
(
ℜ(eiθT)

)
,

where N(·) is an arbitrary norm on B(H). This elegant abstraction not only encompasses the classical
numerical radius -as the special case when N is the usual operator norm- but also paves the way for
a wealth of new inequalities, especially when N is chosen to be a Schatten p-norm (see, for instance,
[1, 6, 12, 23, 31]).

In the third section, we establish new bounds for the generalized numerical radius. For any operator
T ∈ B(H) we prove

wN(T) ≥ N(T) − min{N(ℜ(T)), N(ℑ(T))}.

When N(·) is an algebra norm, that is, a norm satisfying

N(AB) ≤ N(A)N(B) for all A,B ∈ B(H),

the multiplicative structure allows for stronger refinements. In particular, we prove the following sharper
quadratic inequality:

w2
N(T) ≥

N
(
|T|2 + |T∗|2

)
2

− min{N(ℜ2(T)), N(ℑ2(T))}.

These inequalities generalize and refine the recent results of Ghris and Mansour [17], who used the Cartesian
decomposition and Maligranda’s inequality to derive numerical radius bounds for classical radius w(·).

2. Numerical radius inequalities via the Moore–Penrose inverse

The Moore–Penrose inverse is a fundamental tool in operator theory, especially for operators with closed
range. Recently, several authors have explored its role in deriving bounds for the numerical radius (see, for
instance, [11, 28]). In this section we refine and generalize these results. Our approach combines techniques
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from convexity, the McCarthy inequality, and projection properties of the Moore–Penrose inverse. We also
illustrate the sharpness of our results with concrete examples. We begin with the following sequence of
lemmas.

Lemma 2.1. [28, Theorem 2.1] Let T ∈ CR(H). Then for all x, y ∈ H ,

|⟨Tx, y⟩| ≤
√
⟨|T|2x, x⟩⟨TT†y, y⟩. (4)

The following result can be viewed as an extension of the well-known Buzano inequality.

Lemma 2.2. [3, Lemma 2.5] Let x, y, e ∈ H with ∥e∥ = 1. Then,

|⟨x, e⟩⟨e, y⟩| r ≤
1 + α

2
∥x∥ r
∥y∥ r +

1 − α
2
|⟨x, y⟩| r,

for every 0 ≤ α ≤ 1 and r ≥ 1.

Lemma 2.3. (McCarthy inequality)([32, p.20]) Let T be a positive operator in B(H) and let x be in H such that
∥x∥ = 1. Then for all r ≥ 1,

⟨Tx, x⟩r ≤ ⟨Trx, x⟩. (5)

The following lemma is a direct consequence of the convexity of the function f (t) = tr for all r ≥ 1.

Lemma 2.4. Let a1, . . . , an be positive real numbers. Then, for every r ≥ 1, n∑
i=1

ai


r

≤ n r−1
n∑

i=1

ar
i .

We begin our results with the following theorem, which provides a new upper bound for the numerical
radius of an operator. This bound can be viewed as a refinement of inequality (2).

Theorem 2.5. Let T ∈ CR(H) and r ≥ 1. Then

w2r(T) ≤ min
0≤α≤1

∥∥∥∥α2 (
|T|4r + TT†

)
+ (1 − α)|T|2r

∥∥∥∥ (6)

and
w2r(T) ≤ min

0≤α≤1

∥∥∥∥α2 (
|T|4r + TT†

)
+ (1 − α)|T∗|2r

∥∥∥∥ . (7)

Proof. Let x be a unit vector inH and α ∈ [0, 1]. Then

|⟨Tx, x⟩| = α|⟨Tx, x⟩| + (1 − α)|⟨Tx, x⟩|.

By the convexity of the function f (t) = t2r we get

|⟨Tx, x⟩|2r = α|⟨Tx, x⟩|2r + (1 − α)|⟨Tx, x⟩|2r

≤ α
(
⟨|T|2x, x⟩r⟨TT†x, x⟩r

)
+ (1 − α)|⟨Tx, x⟩|2r (by Lemma 2.1)

≤
α
2

(
⟨|T|2x, x⟩2r + ⟨TT†x, x⟩2r

)
+ (1 − α)|⟨Tx, x⟩|2r (by AM-GM inequality)

≤
α
2

(
⟨|T|4rx, x⟩ + ⟨[TT†]2rx, x⟩

)
+ (1 − α)|⟨Tx, x⟩|2r (by Lemma 2.3).
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Since T ∈ CR(H), the operator TT† = PR(T) is an orthogonal projection onto R(T), hence (TT†)2 = TT†,
therefore (TT†)2r = TT† for every r ≥ 1. It follows that

|⟨Tx, x⟩|2r
≤
α
2

(
⟨|T|4rx, x⟩ + ⟨TT†x, x⟩

)
+ (1 − α)∥Tx∥2r

≤
α
2

(
⟨|T|4rx, x⟩ + ⟨TT†x, x⟩

)
+ (1 − α)⟨|T|2rx, x⟩ (by Lemma 2.3)

≤

〈(
α
2

(
|T|4r + TT†

)
+ (1 − α)|T|2r

)
x, x

〉
≤

∥∥∥∥α2 (
|T|4r + TT†

)
+ (1 − α)|T|2r

∥∥∥∥ .
The last inequality follows by taking the supremum over all unit vectors x ∈ H . Hence, we obtain the first
inequality (6). The second inequality (7) can be derived in a similar manner.

We illustrate the sharpness of our estimation with the following example:

Example 2.6. Let

T =

0 3 0
0 0 2
0 0 0

 . Then T† =

0 0 0
1
3 0 0
0 1

2 0

 ,
|T|4 =

0 0 0
0 81 0
0 0 16

 , TT† =

1 0 0
0 1 0
0 0 0

 and |T∗|2 =

9 0 0
0 4 0
0 0 0

 .
Now, we take r = 1 in (7), so we get

min
0≤α≤1

∥∥∥∥α2 (
|T|4 + TT†

)
+ (1 − α)|T∗|2

∥∥∥∥
≤

∥∥∥∥∥ 1
20

(
|T|4 + TT†

)
+

9
10
|T∗|2

∥∥∥∥∥ (for α =
1
10

)

= 8.15.

For comparison, we have
1
4

∥∥∥|T|2 + TT†
∥∥∥2
= 25.

Therefore, our result yields a sharper bound in this example than that provided by (2).

Theorem 2.7. Let T ∈ CR(H) and r ≥ 1. Then

w2r(T) ≤ min
0≤α≤1

[1 − α
2

wr
(
TT†|T|2

)
+

1 + α
4

∥∥∥|T|4r + TT†
∥∥∥] . (8)

Proof. Let x be a unit vector inH and α ∈ [0, 1]. Then

|⟨Tx, x⟩|2r
≤ ⟨|T|2x, x⟩r⟨TT†x, x⟩r (by Lemma 2.1)

≤
1 − α

2
|⟨|T|2x,TT†x⟩r| +

1 + α
2
∥|T|2x∥r∥TT†x∥r (by Lemma 2.2)

≤
1 − α

2
|⟨|T|2x,TT†x⟩r| +

1 + α
2
⟨|T|4x, x⟩

r
2 ⟨TT†x, x⟩

r
2

≤
1 − α

2
|⟨TT†|T|2x, x⟩r| +

1 + α
4

(
⟨|T|4x, x⟩r + ⟨TT†x, x⟩r

)
(by AM-GM inequality)

≤
1 − α

2
|⟨TT†|T|2x, x⟩r| +

1 + α
4

(
⟨|T|4rx, x⟩ + ⟨TT†x, x⟩

)
≤

1 − α
2

wr
(
TT†|T|2

)
+

1 + α
4

∥∥∥|T|4r + TT†
∥∥∥ .

By taking the supremum over all unit vectors x inH , we obtain the desired inequality.
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Theorem 2.8. Let T ∈ CR(H) and r ≥ 1. Then

2w2r(T) ≤ min
0≤α≤1

∥∥∥∥α (
|T|4r + TT†

)
+ (1 − α)

(
|T∗|4r + T†T

)∥∥∥∥ . (9)

Proof. Let x be a unit vector inH and α ∈ [0, 1]. Then

|⟨Tx, x⟩| = α|⟨Tx, x⟩| + (1 − α)|⟨T∗x, x⟩|.

by the convexity of the function f (t) = t2r we get

|⟨Tx, x⟩|2r = α|⟨Tx, x⟩|2r + (1 − α)|⟨T∗x, x⟩|2r

≤ α
(
⟨|T|2x, x⟩r⟨TT†x, x⟩r

)
+ (1 − α)

(
⟨|T∗|2x, x⟩r⟨T†Tx, x⟩r

)
(by Lemma 2.1)

≤
1
2

[
α
(
⟨|T|2x, x⟩2r + ⟨TT†x, x⟩2r

)
+ (1 − α)

(
⟨|T∗|2x, x⟩2r + ⟨T†Tx, x⟩2r

) ]
≤

1
2

〈
α
(
|T|4r + TT†

)
+ (1 − α)

(
|T∗|4r + T†T

)
x, x

〉
(by Lemma 2.3)

≤
1
2

∥∥∥∥α (
|T|4r + TT†

)
+ (1 − α)

(
|T∗|4r + T†T

)∥∥∥∥ .
We consider the following example to show that our estimation is proper.

Example 2.9.

T =


0 2 0 0
0 0 3 0
0 0 0 2
0 0 0 0


A direct calculation yields,

T† =


0 0 0 0
1
2 0 0 0
0 1

3 0 0
0 0 1

2 0

 , TT† =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 and T†T =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



|T|4 =


0 0 0 0
0 16 0 0
0 0 81 0
0 0 0 16

 and |T∗|4 =


16 0 0 0
0 81 0 0
0 0 16 0
0 0 0 0

 .
Consider the expression appearing in (9) with r = 1, we have

min
0≤α≤1

1
2

∥∥∥∥α (
|T|4 + TT†

)
+ (1 − α)

(
|T∗|4 + T†T

)∥∥∥∥
≤

1
4

∥∥∥|T|4 + TT† + |T∗|4 + T†T
∥∥∥ (for α =

1
2

)

=
99
4
= 24.75.

For comparison,
1
4

∥∥∥|T|2 + TT†
∥∥∥2
= 25.

so the new bound is strictly sharper for this example than (2).
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In the following, we provide an upper bound for the numerical radius of the sum of n operators in CR(H),
This result generalizes the upper bound given in [11, Theorem 2.6].

Theorem 2.10. Let Ti ∈ CR(H) for all i ∈ {1, ...,n} and r ≥ 1. Then

wr

 n∑
i=1

Ti

 ≤ nr−1

2

∥∥∥∥∥∥∥
n∑

i=1

(|Ti|
2r + TiTi

†)

∥∥∥∥∥∥∥ .
Proof. Let x be a unit vector inH . Then∣∣∣∣∣∣∣

〈 n∑
i=1

Tix, x
〉∣∣∣∣∣∣∣

r

≤

 n∑
i=1

|⟨Tix, x⟩|


r

≤ nr−1

 n∑
i=1

|⟨Tix, x⟩|r
 (by Lemma 2.4)

≤ nr−1

 n∑
i=1

〈
|Ti|

2x, x
〉r/2 〈

TiT†i x, x
〉r/2

 (by Lemma 2.1)

Applying the AM-GM inequality to the product and McCarthy inequality, gives∣∣∣∣∣∣∣
〈 n∑

i=1

Tix, x
〉∣∣∣∣∣∣∣

r

≤ nr−1

 n∑
i=1

〈
|Ti|

2rx, x
〉1/2 〈

[TiTi
†]rx, x

〉1/2
 (by Lemma 2.3)

≤
nr−1

2

 n∑
i=1

(〈
|Ti|

2rx, x
〉
+

〈
TiTi

†x, x
〉)

≤
nr−1

2

∥∥∥∥∥∥∥
n∑

i=1

(
|Ti|

2r + TiTi
†
)∥∥∥∥∥∥∥ .

Taking the supremum over all unit vectors x yields the operator norm on the right-hand side and gives the
desired inequality.

3. Bounds for the generalized numerical radius

In this section, we study the generalized numerical radius associated with a general operator norm.
Our work is inspired by the approach of Ghris and Mansour in [17], where their arguments rely on an
application of Maligranda’s inequality [22]. In contrast, we provide a more general framework and obtain
our results through a simpler method that does not require this Maligranda’s inequality.

Theorem 3.1. Let T ∈ B(H) and N(·) be a norm. Then

wN(T) ≥ N(T) −min{N(ℜ(T)),N(ℑ(T))}. (10)

Proof. By the definition of the generalized numerical radius, we have

wN(T) = sup
θ∈R

N(ℜ(eiθT)).

Taking θ = 0 and θ = −π2 yields

wN(T) ≥ N(ℜ(T)), wN(T) ≥ N(ℑ(T)).
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Hence

2wN(T) ≥ 2 max{N(ℜ(T)),N(ℑ(T))}
= N(ℜ(T)) +N(ℑ(T)) + |N(ℜ(T)) −N(ℑ(T))|
≥ N(ℜ(T) + iℑ(T)) + |N(ℜ(T)) −N(ℑ(T))|
= N(T) + |N(ℜ(T)) −N(ℑ(T))|.

On the other hand, using the triangle inequality,

2 min{N(ℜ(T)),N(ℑ(T))} = N(ℜ(T)) +N(ℑ(T)) − |N(ℜ(T)) −N(ℑ(T))|
≥ N(ℜ(T) + iℑ(T)) − |N(ℜ(T)) −N(ℑ(T))|
= N(T) − |N(ℜ(T)) −N(ℑ(T))|.

Combining the above inequalities, we obtain

2wN(T) ≥ N(T) + |N(ℜ(T) −N(ℑ(T)|
≥ 2N(T) − 2 min{N(ℜ(T)),N(ℑ(T))}.

as required.

The next theorem gives a lower bound for w2
N(T) under the algebra norm assumption.

Theorem 3.2. Let T ∈ B(H) and N(·) be an algebra norm. Then

w2
N(T) ≥

N(|T|2 + |T∗|2)
2

−min{N(ℜ2(T)),N(ℑ2(T))}. (11)

Proof. By definition of the generalized numerical radius,

w2
N(T) = sup

θ∈R
N2

(
ℜ(eiθT)

)
.

In particular, taking θ = 0 and θ = −π2 yields

2w2
N(T) ≥ 2 max{N2(ℜ(T)), N2(ℑ(T))}.

By the submultiplicativity of N(·), we obtain

2w2
N(T) ≥ 2 max{N(ℜ2(T)), N(ℑ2(T))}.

Therefore

2w2
N(T) ≥ N(ℜ2(T)) +N(ℑ2(T)) + |N(ℜ2(T)) −N(ℑ2(T))|

≥ N(ℜ2(T) + ℑ2(T)) + |N(ℜ2(T)) −N(ℑ2(T))|.

≥
1
2 N(|T|2 + |T∗|2) + |N(ℜ2(T)) −N(ℑ2(T))|.

Now observe that

2 min{N(ℜ2(T)),N(ℑ2(T))} = N(ℜ2(T)) +N(ℑ2(T)) − |N(ℜ2(T)) −N(ℑ2(T))|

≥
1
2 N(|T|2 + |T∗|2) − |N(ℜ2(T)) −N(ℑ2(T))|.

Combining the above inequalities, we conclude that

2w2
N(T) ≥ 1

2 N(|T|2 + |T∗|2) + |N(ℜ2(T)) −N(ℑ2(T))|

≥ N(|T|2 + |T∗|2) − 2 min{N(ℜ2(T)),N(ℑ2(T))}.

This completes the proof.
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The following corollary is an immediate consequence of Theorem 3.5 by taking N(·) = ∥ · ∥, and was proved
recently in [17].

Corollary 3.3. Let T ∈ B(H). Then

w2(T) ≥
∥|T|2 + |T∗|2∥

2
−min{∥ℜ(T)∥2, ∥ℑ(T)∥2}. (12)

To show the sharpness of inequalities in Corollary 3.3 and Theorem 3.2, we propose the following example

Example 3.4. Let

T =
(
1 1

0 1

)
.

A short calculation gives

|T|2 + |T∗|2 = T∗T + TT∗ =
(
3 2

2 3

)
,

hence
∥∥∥ |T|2 + |T∗|2 ∥∥∥ = 5 and therefore

1
2

∥∥∥ |T|2 + |T∗|2 ∥∥∥ = 5
2 .

Moreover,
∥ℜ(T)∥ = 3

2 , ∥ℑ(T)∥ = 1
2 ,

so that
min{∥ℜ(T)∥2, ∥ℑ(T)∥2} = 1

4 .

Thus, the right-hand side of (12) equals
5
2 −

1
4 =

9
4 .

On the other hand, the numerical range of T is the disc centered at 1 with radius 1/2, hence

w(T) = 1 + 1
2 =

3
2 , w2(T) =

(
3
2

)2
= 9

4 .

Therefore, equality holds, showing that our inequalities are sharp for this operator T.

In [10], it is shown that the numerical radius of a bounded linear operator T satisfies

w(T) = max
λ∈T

∥∥∥ℜλ(T)
∥∥∥,

where

ℜλ(T) =
T + λT∗

2
, ℑλ(T) =

T − λT∗

2i
are called the generalized real and generalized imaginary parts of T, respectively. Here

T = {z ∈ C : |z| = 1}.

Thus, T admits the generalized Cartesian decomposition

T =ℜλ(T) + iℑλ(T).

It is also straightforward to see that the generalized numerical radius satisfies

wN(T) = max
λ∈T

N(ℜλ(T)).
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Theorem 3.5. Let T ∈ B(H) and let N(·) be a norm. Then, for every λ, µ ∈ T,

wN(T) ≥ N
(
T +
λ + µ

2
T∗

)
−

1
2

min{N(T + λT∗), N(T + µT∗)}.

Proof. For any λ, µ ∈ Twe have

2wN(T) ≥ N(T + λT∗), 2wN(T) ≥ N(T + µT∗).

Hence,

4wN(T) ≥ 2 max{N(T + λT∗), N(T + µT∗)}

= N(T + λT∗) +N(T + µT∗) +
∣∣∣ N(T + λT∗) −N(T + µT∗)

∣∣∣
≥ N(2T + (λ + µ)T∗) +

∣∣∣ N(T + λT∗) −N(T + µT∗)
∣∣∣.

On the other hand,

2 min{N(T + λT∗), N(T + µT∗)} = N(T + λT∗) +N(T + µT∗) −
∣∣∣ N(T + λT∗) −N(T + µT∗)

∣∣∣
≥ N(2T + (λ + µ)T∗) −

∣∣∣ N(T + λT∗) −N(T + µT∗)
∣∣∣.

Combining the two estimates yields

4wN(T) ≥ 2N(2T + (λ + µ)T∗) − 2 min{N(T + λT∗), N(T + µT∗)},

which gives the desired inequality after dividing by 4.
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