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Lipschitz estimates for the commutators of fractional Hardy and
Hardy-Littlewood-Pélya operators on grand variable Herz spaces
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Abstract. In this article, we aim to prove the boundedness for commutators of fractional Hardy and

Hardy-Littlewood-Pélya operators on grand variable Herz spaces, where the symbols of the commutators
belong to Lipschitz spaces.

1. Introduction and main results

In the n-dimensional Euclidean space R", for any x = (x1,x2,- - -, x,) € R", where x; € R (i = 1,...,n).

The euclidean norm is denoted by |x| = x% + x% + -+ x2. In addition, the ball in the Euclidean space is

defined by B,(a) = {x € R" : |x| < 2}, the corresponding Euclidean space spherical shell S.(a) = B,(a) \ B,—1(a).
When a = 0, we define B,(a) = B,,S/(a) = S,. Moreover, some methods on Euclidean space can be widely
applied to physics and biology [11, 15, 16, 18].

Let f be a non-negative integrable function on R*, the classical Hardy operators can be defined by

Hfw =1 [ fody x>0

The Hardy operators gradually attracted extensive attention, see [1, 8, 19]. [5] defined the form of the
following n-dimensional integral inequalities parallel to the 1-dimensional results.
Let1 < p < oo, f € Linc(R"), n-dimensional Hardy operators can be defined by

”Hf(x)zﬁ - f@dy xR\

yl<lx|

As theresearch on Hardy operator gradually deepens, the commutators generated by the Hardy operator
with functions such as Lipschitz or BMO functions have also been widely studied by researchers. The
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commutator of the Hardy operator is defined by
(b, HIf = bH f = H(bf),

where b is a locally integrable function defined on IR".
Let0 < a <nand f € L (R"), then the fractional Hardy operators can be defined by [12]

f®
|t|n—a

1

"= Dyt

H,f(x) = dt, x € R"\{0}.

Fodt, Hf() = f

[H1>]x|

Let g be a non-negative integrable function on R", it is easy to see that H, and H, are satisfied

f g)He f(x)dx = f F)Hag(x)dx.
R” R"

If we take @ = 0, then Hy = H and H, = H".
Let b be a locally integrable function on R", the commutators of fractional Hardy operators can be
defined by

[0 H ) = s f” (o) = b
b1 = [ 2 e - by, x e RM\(O). (L)
f|t|>|x| |t

When a = 0, then [b, H,] = [b, H] and [b, H] = [b, H"].
Let f € L] (R), the Hardy-Littlewood-Pélya operator can be defined by [3]

Tf(x) = fR _ SO er

\{0} max(lx], [}

Let b : R — Rbe a locally integrable function, the commutator of the Hardy-Littlewood-Pélya operator
can be defined by

[b, T]f(x) = b()Tf(x) = T(0f)(x). (1.2)

In 2017, Liu et.al [12] considered the boundedness of the commutators of the bilinear fractional Hardy
operators. In 2019, Zhou et.al [9] obtained the endpoint estimates of the commutators generated by
fractional Hardy operators and Lipschitz fuctions on the Lipschitz spaces. Nafis et.al [14] introduced the
boundedness of the sublinear operators on the grand variable Herz spaces. In 2018, Zhao and Zhou [25]
proved that the boundedness of the higher order commutators [b™, Tq ] generated by the fractional integral
operators T, with variable kernel and Lipschitz functionon b in variable exponent Herz-Morrey spaces.
The boundedness of commutators of rough Hardy operators on grand variable Herz spaces was given
by Sultan et.al [20] in 2024. Xue [23] investigated the boundedness of commutators generated by 0-type
Calderén-Zygmund operators and Lipschitz functions on homogeneous Herz spaces with three variable
exponents. The boundedness of rough generalized commutators with Lipschitz functions on homogeneous
variable exponent Herz type spaces have been obtained in [10].

Inspired by the above literatures, the purpose of this paper is to prove the boundedness for commutators
of fractional Hardy operator and Hardy-Littlewood-Pélya operator on grand variable Herz spaces, where
the symbols of the commutators belong to Lipschitz space. In this paper, the letter C will be adopted to
signify constants that may vary across different expressions and define the characteristic function Xj :=
Xsk = XBk\Bk—l'
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Theorem 1.1. Let 1 < u < 00,0 < f < 1,0 < a < a+ B < n, for all n(-),q1(),q2(") € CPI(R") with q:1(-) €

PR, (1)« < n/(a+p), 1/q2() = 1/q1() = (@ + B)/n, 1/q1 () +1/q,() = Land 1/q:(c0) + 1/q,(00) = 1. If b € Ay
and n(-) satisfies the following conditions

Do+ - 3 < ’7(0) < 7o
n n
@ a+p-75 S
Then the commutator [b, H,] is bounded from K”( ) ”) Y (R") to K'7 )”) (R,

Corollary 1.2. Let 1 < u < 00,0 < B < 1, for all n(-),q1(:), q2(-) € CP(R"), and q1(:) € P(R™), (q1)+« < n/B,
1/2() = 1/q1() = B/mn, 1/q1(-) + 1/q'1(-) =1and 1/g1(c0) + l/q'l(oo) = 1. If b € Ag and () satisfies the following
conditions

(1)B - q(O <n(0) < L q(o),
@B = g <) < 7
Then the commutator [b, H] is bounded from KZ]('(?;l‘)’Q(R”) to KZZ('().;")’G(R").

Theorem 1.3. Let 1 < u < 00,0 < f < 1,0 < a < a+ < n, for all n(-),q1(:),q2(") € CPI(R") with q:1(-) €
PR, (q1)+ < n/(a+p), 1/q2() = 1/q1() = (@ + B)/n, 1/q1() + 1/, (-) = Tand 1/q1(c0) + 1/q,(c0) = 1. If b € Ay
and n(-) satisfies the following conditions

Da+p-5 (0 <1(0) < (0),

@ a+f -G <nle )< T
Then the commutator [b, H;] is bounded from K”()") YR to K'7 )”) (R,

Corollary 1.4. Let 1 < u < 00,0 < B < 1, for all n(-),q1(:), q2(-) € CP(R"), and q1(:) € P(R™), (q1)+« < n/B,
1/g2() = 1/q1() = B/m, 1/q1(-) + 1/q'1(-) =1and 1/g1(c0) + l/q'l(oo) = 1. If b € Ag and () satisfies the following
conditions

(1) B - q(O <n(0) < L q(o),
@)~ <) < 75
Then the commutator [b, H*] is bounded from K"( ) ") 9(]R”) to K" )”) G(IR”).

Theorem 1.5. Let 1 < u < 00,0 < B < 1, for all n(-),q1(-),q2(") € C*(R) with q1(-) € PR),(q1)+ < 1/B,
1/92() = 1/q1() = B, 1/q1(:) + 1/q’1(-) = 1and 1/q1(c0) + 1/q'1(oo) = 1. If b € Ag and (") satisfies the following

conditions
(1) B - 41(0 <1n(0) < 7 (0),
(2)p- ql(oo) < 1(e0) < ql(oo)

Then the commutator [b, T is bounded from K;l('()_;”)’e(]R) to Kg(())”) ().

2. Preliminaries

Let 1 < g < oo, for any measurable function f on R", the Lebesgue space can be defined by
%
LI(R™) = {f N lleagey == (f [f(x) dx) < oo},l <g<oo;
]R”

L®(R") = {f lIflli=(mey := esssup | f(x) | = mf{ﬁ >0:

xeR"

{erR” : (f(x)| >ﬁ}’ :O}<oo}.
Definition 2.1. [2] Given a measurable function q(-) defined on R", we denote by

g- := essinfq(x),

xeR*
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g+ = esssup q(x).

xeR"?

(1)gq. = esslinfq/(x) = qf—:l, g, = esslz{nfq (x) = —
x€R" cR"
(2) Denote by P the set of all measurable function q(-) : R" — (1, c0) such that

1<qg-<q(x) <q- <co.

Definition 2.2. (variable exponent Lebesgue spaces) [6, 7] Let q(-) € P(R"), then the variable exponent Lebesgue
space can be defined by

LT(R") = { f : f is measurable function : ¥, (f/n) < oo for some constant 1 > 0} ,

where

7= [ Lol

It is well-known that the Lebesgue sapce L10(IR") is a Banach function space with respect to the Luxemburg norm

q(x)
Hf”Lq(-)(]Rn) = inf {77 >0: 7'_11 (f/ﬂ) = fn (ﬁrf)l) dx < 1}.

Definition 2.3. (log-Holder continuity) [7] Let a real-valued measurable function q(-) € P(R").
(1) The function q(-) is locally log-Holder continuous if there exsists a universal constant C such that

J9) - () < — xyeR", 2.1)
og e+ )
Denote by C;gcg (IR") the set of all locally log-Holder continuous function.
(2) The function q(-) is log-Holder continuous at the origin if there exsists a universal constant C such that
c n
|lg(0) = q0)| €« ————,Vx e R". (2.2)

log (e + ﬁ)

Denote by Céog (IR") the set of all log-Holder continuous function at the origin.
(3)The function q(-) is log-Holder continuous at infinity if there exsists oo 1= g(00) = limyy o0 §(X), and there is
a universal constant C such that

C n
|q(x) —q(00)| < M,Vx € R".

Denote by C% (R") the set of all log-Holder continuous function at infinity.
(4)The function q(-) is global continuous if q(-) are both locally log-Holder continuous and log-Holder continuous
at infinity. Denote by C'°8 (R") the set of all global log-Holder continuous functions.

Definition 2.4. [13] Suppose () : R" — R,1 < u < oo,5(-) € P(R"),0 > 0. A grand variable exponent Herz
space K”( "0 (IR™) can be defined by

0
KZ(()) IR = {9 € LR\ {0 : [lg HK:((_'))'”)'(" R") < 00} ,

where the norm

u 1+§)
Iy = “”[ EZW“%aAWKQJ |

keZ
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Proposition 2.5. [4] Let 1(-),s(-), u are as defined in Definition 2.4, then

1+z)
(1+¢)
sy = sup & QWka;;]

1
= sup e’ i 2'7(0)ku(1+£)H ”L (1)21?] ()

e>0 k=—oo

1
i+e)

+sup|e Z ek 1“)”9 ”Z((l;;)

e>0

Definition 2.6. [17] Let 0 < 8 <1, the Lipschitz space Ag(IR") can be defined by

Ap(R") : {f € L, (R") : ”f”/\ﬂ(um < Oo}’

where

|f(x) - f(y)l'

x,yeR" x£y |x - y|ﬁ

Hf”Aﬁ(]R") =

Next, we state some auxiliary propositions and lemmas which will be used in the proofs of our main
theorems. And we only describe partial results we need.

Lemma 2.7. (Generalized Holder’s inequality in IR") [6] (1) Assume that 1 < g < oo with % + ql =1, and measurable
functions f € L1(IR") and g € L7 (R"). Then there exists a positive constant C such that

9l dx < Cllflliagrey 91l -
IRVI
(2) Assume that G is a measurable subset of R", and 1 < p_(G) < p+(G) < 0. Then

Ifll ey = Al ol

holds, where f € L')(G), g € L')(G), and ;5 = 55 + 5 for every z € G.

(3) When r(:) = 1 in (2) as mentioned above, we have p(),q() € C*(R") and -
Then there exists a positive constant C such that the inequality

J 101t e ol

holds for all g € LPYO(R") and f € L1O(R").

p(z) q(z) = 1 almost everywhere.

Lemma 2.8. (Norms of characteristic functions) [7] Let q(-) € P(IR") satisfy conditions (2.1) and (2.2), then

|Br|ﬁ , |B) <2"and x € B,,
“XB,-H WORmy L
LIO(R") |B,|™ , |B,| > 1.

According to [2], we can directly obtain the following results.

Lemma29. Let0<B<1,0<a<a+p<n, forall gi(-),q.(-) € CPY(R") with q1(-) € P(R"), (q1)+ < n/(a + B),
and 1/g2() = 1/q1(:) = (@ + B)/n, 1/q1(-) + 1/q’1(-) =1and 1/g1(c0) + 1/q’1(oo) =1, taking k,1 € Z, then

(=R
. C2%0 k<0,l1<0,
2k(0(+ﬁ n) “Xk”LqZ(')(]R") ||Xl||Lq{(')(IR”) < —kn In
Cza (o) 41(0) k> 0,1 < O,
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and

Hasn) et tHlata=t) k<0150,
2 Xkl 020 ey X1 0 gy <  —
" Naw= ), k>0,1>0.

Proof. Let0 < f<1,0<a <a+p <n, forall qi(-),42() € CPI(R"™) with 71() € PR, (q1)+ < n/(a + p), by
Definition 2.3. When k < 0,1 < 0, we have

/kn
~ 27O

_kn_
Xkl L0 ey = 272, ||Xz||Lq;(.)(R,,)

Since 1/g2(-) = 1/q1(-) = (a + B)/n and 1/41(-) + 1/q'1(') =1, we have

In

_kn_ - -

ok(a+p-n) Xkl 020 ®") I Xl“ﬁi - < Ckatp=n) [ 25,0 . 27O
a+ _In_
— CoMatfn) | 2kn(m—7‘*) YA

_ Czk(a+[§)—kn+%—k(a+ﬁ) ) 2%

In
2 _n_
= C2nO . 20O
In
1
— szkn(l—m) . 2’71(0)
_kn /In
= CZ 1’0 . 2‘71(0)
(I=k)n

=270,

When k > 0,1 < 0, we have

/kn
~ 200

_kn__
||Xk||qu(-)(]Rn) ~ 2q2(00), ||Xl||Lq£(-)(]R,,)

Since 1/42(-) = 1/q1(-) = (@ + B)/n and 1/g1(c0) + 1/q/1(00) =1, we have

In

< CoKatp-m) ot . oo

k(a+p—n)
2 a+p-n ”Xk“LHz(')(]R") ”Xl”Lqi(')(]R”) =

a ,’7"
= Coka+p-n) | 2k”(ﬁ—%ﬁ) . 20O
_n_
_ Czk(a+,s)—kn+%—k(a+ﬁ) Y40
kn /[i
= C2a@ k1 540

In

1 T
= 2 1-5&) L 950

In

(TS 9lO
=C20n'® .2%

—kn + In
= 2" 0o

When k < 0,1 > 0, we have

kn
7
~ D7)

_kn_
Xkl oo ey = 2720, HXl“mi(-)(]Rn)

Since 1/42(-) = 1/q1(-) = (@ + B)/n and 1/g1(c0) + 1/q'1(oo) =1, we have

e
ok(a+p—n) ”Xk”mz(')(IRn) “Xllqui(')(]Rn) < Colatp=n) 25,0 . i
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— Collarpn)  pkn(ig =5 Hln(i=5ts)
_ Czl(a+ﬁ)—ln+%—k(a+ﬁ)+ln—ql(—"'m)
— oMl —ah).

When k > 0,1 > 0, we have

kn

kn 5
~ 2 n(®) o ()
||Xk||m2(-)(]R,,) ~ 200 ”Xl”Lq;(m)(]Rn) ~ 2%

Since 1/92(-) = 1/q1(-) = (@ + B)/n and 1/g1(c0) + 1/q'1(oo) =1, we have

In

248 il ey Il gy S €217 - 267 - 27

¢x+ﬂ )

— Czl(a+ﬁ—n) . zkn( e 27”(1*ﬁ)

In

Czl(a+ﬂ) ln+q1(m) k(a+ﬁ)+ln—ql(oo)

— Cz(k—l W—a—ﬁ )

O

3. Proofs of the principal results

Proof. [Proof of Theorem 1.1] If f € K;Z('().’)”)’G(IR”), we write f(x) = Y2, f(x)xi(x). Suppose ko > 0, since it is
similar to non-positive case, for any k € Z and a.e.x € S, t € By, we have |x| ~ 2%, |t| < 2%, then |x — | ~ 2F.
Since b € Aﬁ(]R”), by Lemma 2.7 (3) with exponent g;(-) and g»(-), we obtain

1
o 1) < s [ o) vl

1
< Clblly s f b — tF| )|t
By

k
< ClIblla,rn 2@ Z Hle“w->(w)

|=—00

Xl“m(»(mn)' 3.1

By virtue of Minkowski’s inequality, Lemma 2.9 and (3.1), and by using the fact 2¢1®) ~ 2k10) k < 0, x € S;
implies that |[2¢10) f Xl”m(‘) @y~ 2600 £ Xl||L’11(‘>(IR") and the fact 25100 ~ 2k1(*) | > 0, x € Sy implies that

‘|2k1](')f)(l||Llll(’)(]Rn) ~ 2kn(°°)||fxl”qu(_)(mn), we obtain

1
”[b H, ]f“Kq()u)O(]R” sup( ZHZ’I( )k [b, H, ]ka”ZE(J:?{n )u( +€)

keZ
1
(1+ ) u(l+e)
< Csup(se Z 21Ok 1Jré)”[b H!]f}(k”Zqz( :Rn )
>0 k=—oo0
0 1
. (1+ ) u(l+e)
+ Csup(ee Z 20|11, Hu ] £k o )ZR,, )
>0

-1

< C||b||Aﬁ<R")i‘i§(89 Z 27](0)ku(1+£)(2 [ Xka(_)(W)zkmw—n)

k=—00 |=—00
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u(l+e) ﬁ
A ”Lqi"’m) )

) k
" C”b”Aﬁ(IR") sup(éﬁ Z 2'I(oo)ku(1+s)( Z ||Xk“MZ(»(W)ZI((Mﬁ_m
>0 k=0 y—

u(l+e) u(ll—ﬂ)
X’”L”i‘"(ﬂ%")) )

X ”fXI”L'h(‘)(IR”)

X ”le“L’ﬁ("(IR”)
= E; + E,.

For E;, taking y = q,’(’o) 1n(0), by Lemma 2.9 and the fact n(0) < n/ q’l(O), we obtain
1

1
(I=k)n u(1+s) u(l+e)
El < C”bHA (R") Sup( E 21](0)ku(1+ z 2 7,0 ”f)(l”[ﬂ ORe )
’ e>0 i )

-1 L

e\ H(+e) ul+e)
< ClIbllayre) Sup(‘se Z (Z 2O £ 21l v oy 2 k)) ) .
e>0

k=—oc0 |=—00

According to Fubini’s theorem, by Holder’s inequality with —— u(l ot m =1, we have
& (ki +0)
0 1 1 u
Ex < Cllbllayen sup(e” Y, () 27O lipalion, 275 )
>0 ke—oo I=—co0
k uire) 1
Y(I=k)(u(1+e wlroy \ ull+e
(Y
I=—co
L. YU=Ru(+e) \\ T
= 6 In(0)u(1+¢) u(l+¢e) u(1+) \\ u(T+e)
= Cllbllay ) s:ig(e Y (Y oy 275 )
k=—co I=—co
- GRS >
0 InO)u(1+¢ u(l+e) YEkud+e li(l-H:)
< Cllblla, e sg(}))(g Y (2ot gt Z
¢ I=—co
1
In(O)u(1+e) u(l+e) |+
< Cllblla, Rn)igloo I_Z‘ 2O fler)
1
1 u(l+e)
~ Cllbllay ey sup(e? ), 270 i )
>0 leZ.
1
1 ui+e)
< Cllllaywe sup(e” Y 1270 frall i)™
>0 lez.
= C||b||A’;(IR")||f||K”(')’”)'e(]Rn)/
q10)
y(I- k)(u(lﬂ))’ (I-k)u(1+¢)
wherey > 0,1 <kandI -k <0, then Y\ 2 and Y, 1,277 converge.

Next, for the sake of estimating E,, by using Mmkowskl s inequality, we get

£z = Clbllagarr SuP qu(m)ku(m) Z Xkl 20 ey 2~

|=—00

u(l+e) m
I xillomn Il o) )
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0 -1
< Cllollag Sup(ge Z Zn(m)ku(lﬂ)( Z Ikl 20 ey 2~
e>0 k=0 —

u(l+e)y marg
I fallmomolillgogn) )"

+ bl ey sup(€? Y 27989059 Y o220
! >0 Z ; 2 )

u(l+e) m
I xillmogn il o gn) )

=: Ey; + Ep.

We need to estimate E; and Ey. Indeed, the methods of Ex, and E; are similar, and it is only necessary to
replace ¢q7(0) with g7 (c0).
For the estimation of Ej;, According to Fubini’s theorem, the fact 17(0) < n/4;(0) and 77(c0) < n/g/(c0), by

1
Lemma 2.9 and Hoélder’s inequality with —— u(l o T Gay = Lwe have

= —kn In 1+“’) u(Hz
0 qu(oo)u(m)(z it le”W_)(]R”) )

1=

. 1
2 +i)(e0) s ~In(0) u(l+6)\ argy
( 2 ZIU(O)Zq ( 200 ”le“L‘Il(')(]er)) )

I=

a1 < Cllll, o sup(e
>0

< Cllblay e sup(e?
>0

u(l+e)

( 211(0)u(1+1 (zmm)”‘”( )zqgh(’m_lr’(o)) : )
I=

6

M8 EP’JS il g

< Cllbla, sup(e
>0

>
Il
o

(u(1+e)) u(1+e) 1

-1 1
kn( —In(0 2 G0y \ 1050
”f lnul(nltf;{., ( E (2" Fio Hh( )y 7, 715~ )) ) T ) L

(o) - u(l+e)

0o In__ T2 u(lﬂ)
9 In(O)u(1+ o HhN(0) s 7 (1+€)
< C||b||A/(R,1)sup € 2’7( ( ‘)(2"( ) 201“ ”f l”m()( )
>0 l R")
-1 u(lve) 1

< Clblla, e sup| €” Z ln(O)u(1+e)
>0

—00

u(l+e) s +kn(o0) In(0) T2\ ul+o)
X’”mﬂ-)(w) Z(zq 1) 27 7o~ ) )
-1

(1+ u(1+£)
< Cllbll, ey sup (ee Y amontsof 140 )
1=
rl

>0 oo

0

217]( )M(]‘Fé)“f (1+¢) )u(lﬂ)

~ C“b“Aﬁ(]Rn) sup| € ||Lq1()(IR"

e>0 7
< ClIbllagmwny sup Z”zln(

leZ

u(l+e) “(1“)
l“th O(Rm)

= C||b”/\/5(]R”)”f”K’](')ru)ﬁ(]Rn)/
q10)

u(l+e)

where k > 0,1 < 0, presis n(c0) < 0 and - (0) - 1(0) > 0, then Y;2 0(2‘”“)+k”( )2q(0> ~In(© )) : converges

@ é))

() Irz_l()
andZ ( e 20 1o )

For the estimation of Ex, applying Lemmas 2.9, the fact 1)(c0) < 11/g;(c0) and Holder’s inequality with

converges.
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1 1 _
u(l+e) + w+e)y — 1, we have
b k
Exn < C“b”Aﬁ(IR”) Sup(ee Z Zkﬂ(w)u(lﬂ-)(z zk(aﬂg*n)2*l(a+ﬁ—n)2(k—l)(W—a—ﬁ)
>0 k=0 =

u(1+€)\ 7irg
Xl xlsom) )

k u(l+e)y =
o k— I u(l+e)
— C“b“Aﬁ(]R”) sup(e 2 2k7]( )uu( 1+é)(§ 2( ql(oo) n)“le”qu( &) ) )
>0 =0

k=0 l
. a k (k=I)(= "—) u(l+e) ﬁ
< C”b”Aﬁ(]Rn) sup(g Z kn(eo)u( +e)(Z 2 9(e) ”fXIHL‘h(')(R")) ) )
S = 1=0
Taking w = 7 Zx’) — 1)(c0), we obtain
1

e ul+e)y e
0 2kn(e)p ql‘°°)||le||Lﬂ1<'><R”)) )

(
(
(

_u(l+e) 1

k
(Z 217(1 K)(u(1+e)) (,,(Hé)), )u(1+z)

1=0
k (1 )
u(l+e) w(l-k)u(1+e) u(l+e
(Z zm(oo)u(m)” fx l”L’h( R 2772 ))
1=0

zlfz(oo)u(1+s)|| fx l”gj;sﬂl)z RIS ) )

u(l+¢) (1“)
L1 O(R)

Ex < ClIbllaymwr) sup(e

0 i -k u(1+) u(l+e)
< C”b”/\ﬁ(lR”) su (5 2 n(oo)||f)(l||m1(<>(m)2( - )“’) )

>0

0

e 104: 10
- 20 20

2111(oo)u(1+£)||f l”u(lﬂ) WL;(M))

< Cllblay e SuP(€ ooy

T
=

1

Il
[=}

< Clblla,mn sup &f

0

>0

¢

< Cllla, ) supl e 2| £ |

>0

BT e

< Cllblla ey SUp (s

1
1 u(l+e
~ C”b”/\ﬁ(]R") sup 66 2171( Yu(l+e¢) ”fX ”M( +¢) ) 1+o)

>0 — Lne )(]R/r
1
. 1 ul+e)
< Cllbllagrey sup(e” Y 1270 fall e )
e>0 e

= Cllelay ol e
w(l=k)(u(1+e)) w(l=ku(l+e)
where w >0,/ —k<0,then Y. 2°~ 7 — and Y2, 2" 7 converge.
Combining E»; and Ej;, we get the estimation of E,, namely

E, < C||b||Aﬂ(JR")||f||Kgf-(>_,)u),e(Rn)-
In summary, combining the estimation of E;, E;, we can obtain

|16, .1 f||K3;3_,;,>,H(R,,) < Cllbllaywn N oy

3490
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which implies the proof of Theorem 1.1. [J

Proof. [Proof of Theorem 1.3] If f € K" )u) 6(]R”) similarly to Theorem 1.1, we write f(x) = Y. ;°_, f(x)xi(x).
Suppose ko > 0, since it is similar to non—pos1t1ve case. Forany k € Zand a.ex € Sy, t e R*"\ By, I =k +1, we
have |x| = 2k ~ 2171 |t| ~ 2!, then |x — t| < |x| + |t| < 2!. Since b € Aﬁ(lR”), by Lemma 2.7 (3) with exponent g;(-)
and g»(-), we obtain

b, H1 £ ()| < fm » ||f| )||b( ) — b(t)|dt

< Cllla, e fR Lk _t|ﬁ||fi( |,
"\B

< Cllbllagy Y, 2B £
I=k+1

Xl”L'iz(')(]R”)' 32

Where we make the use of the fact
It — x| ~ |t],

otherwise, |f| = 2 and the condition ¢ € R" \ By are contradictory.
By virtue of Minkowski s inequality, Lemma 2.9 and (3.2), and by using the fact 251 ~ 2f0 k < 0,
x € Sy implies that | ~ 260 X’”L‘h(') (& and the fact 2kn() ~ k(=) 'k >0, x € Sy implies that

“21{1] le”qu(')(]R”) 2k71 ||le||L’ll(')(]R")’ we obtain

1

105 H1 ey = stpe? )G R AT i

k=—o0

_1
<csuplet 3 20l ra sl

>0 [ —

(o8]

1
o u(l+e)
+ Csup(se Z 21+ [, F ]kaHZ::(]L” )
>0 k=0

-1 )
< C||b||Aﬁ(]Rn) ili%)(ée Z 2’1(0)ku(1+8)( Z ”Xk||M2(.)(Rn)21(a+ﬁ—n)

k=—0c0 I=k+1

( )u(1+é‘)
%o Wl o) )

+ C”b”Aﬁ(IR”) sup(ge Z zn(oo)ku(1+s)( Z ‘|Xk||Lq2(-)(]Rn)21(a+ﬂ_n)
0 oo I=k+1

u(l+e) ud+e)
X ||le||Lq1<-><1Rﬂ>“X’”Lqi“(ﬂ?")) )
= E1 + Ez-

For the estimation of E,, assuming u = 7 &)
we obtain

)—a—p, by Lemma 2.9 and the fact o+ —1/q1(c0) < 17(e0),

- o e K—I)(—L— —q— u(l+e)\ "I
EZ < C”bHAﬁ(IR") sup(ee ZZW( )ku(1+é)(Z 2( )(ql(m) a ﬂ)”f)(l“qu(')(]Rn))
k=0

e>0 I=k+1
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1
. S 0 o H(1+e) u(l+e)
< C||b||Aﬁ(Rn) sup(ge Z( Z ln( )||le||qu(_)(W)2y(k l)) ) ‘

0\ k=0 I=k+1

1

m = 1, we obtain

According to Fubini’s theorem, by Holder’s inequality with —— +

u(l+¢)

I a 1+ M

B = o suple? Y (31 20 25)
0 120 1=k
u(l+e) 1

- (k=D(u(1+e)
% (w(+e))” \ u(l+e)
(L2 )

I=k+1

0o [

0o 1 ‘u(k—l)u(lﬂ) ﬁ
= ClIbllayre) sup(é‘eZ(z P el (ﬂi =)™

e>0 k=0 I=k+1

- =
o ) 1 (k= I)u(lﬂ») u(l+e)
< C”bHAﬁ(IR") sup(&e Z(le( )u(lﬂ)||jr)(l||zsl(f;(€];}1 Z 2
e>0 1=0 k=0
. 1 u(l+£)
< Cllbllay ey sup(e? Y, 219 e )
e>0 1=0
1
1 e
% Cllblay ey sup(e? Y 2O 1 )
e>0 17,
1
1 u(l+¢)
< Cllbllaymey sup(e? Y 1270 fall ek )™
>0 1eZ,

= ClIbllag @)l fll r00.0 gy
70

p(k ])(14(1+é)) pk=Du(l+e) I)u(l+z)

where u > 0and k—1<0, then Y7, 2 and Y| 42" 7 converge.
Next, we estimate E;, by using Lemma 2.9 and Minkowski’s inequality, we get

C”bHAﬁ (R") sup Z 21(0) ku(1+s) Z ”Xk”[ﬂz” Rn)z la+p—n

>0 I=k+1

u(l+e) m
x| fxl||m<.>(m||xl||Lqi<.)(W ) )

< Cllla, ) sup(e Z 21Ok 2 DXl ey 2@
I=k+1

u(l+e) m
I xillmogn il o) )

_2 oo
+ Cllbllayr sup(e® ) 21 (Y il 27"
>0 k=—oo =

u(l+e) ﬁ
x| fxl||w>(w)||xl||Lqi<.>(W ) )

+ C“b“Aﬁ(]R”) Sup Z 2N(Oku(1+¢) Z ”Xk”qu()(Rn)z l(a+p—n)
k=-1 I=k+1

u(l+e) ”(fiﬂ)
I xillmomn il o) )

=: E11 + E12 + E13.
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Indeed, the estimation methods of Ej; and E; are similar, and it is only necessary to replace g;(c0) with
71(0). According to Fubini’s theorem, the fact a + g —1/41(0) < n(0) < n/4;(0), by Lemma 2.9 and Holder’s

inequality with —— u(l i m =1, we obtain

(1=K
E; < C”b”Aﬁ(]RV’) sup( Z 2k1](0)u(1+ (Z 21(a+ﬁ k(a+ﬁ—n)2 170
€0 I=k+1

u(l+e) u(lﬂ)
Xl flsoms) )

(I=k)( "= +a+p-n u(l+e) u 1+s)
= Clll e s 3" ouc0 (Z 2 o))

k=—oo I=k+1
—2 — k(-2 ) u(1+¢) ”(fiﬂ)
. I (e

< C”b”Ap(]R”) Sup(ge Z zkﬂ(o)u(1+é)(z 2 7100) B “le“L‘ﬁ(')(]R")) )

00 "o I=k+1

0N (N7 o0 k=D( s a—f) ut+e)) ey

< Cllblla, e sup(g Z (Z 2kn0) =I5 @ ||fX,||LL,1<,)(]R,,)) ) .

e>0 k=—oco I=k+1

Taking p = m +1(0) — a — B, we have

2 -1 b 0 u(l+e)\ it
—1)(—= +n(0)—a—,
En < C”b”Aﬂ(]Rn)Squ(é‘e Z (Z 2O =N @+ ”fX]“LWl(')(]Rn)) )
&> k=—o0 I=k+1
2 -1 u(l+€)\ s
< Clb 91n(0) 2k=Dp
< ClIblla,we sup| e” Ifxilleao e
>0 —oo I=k+1
2 1 k-Du(i+<)
InO)u(1+¢) u(lte) o LD
< Cllly i s Z Y 2O e 255)
k=—c0 [=k+1
- , ul+e) 1
(k=D(u(1+) \ Tucize \ 7ie
X(Z 2%)(0 ) ) (T+e)
I=k+1
2 1 (-l +e) \ \ 7L
0 In(O)u(1+e) u(l+e) u ey
< Clbllae sup(e” 3, (3, 270 Npallin, 25 ))
k=—o0 [=k+1
-1 o o hutieo \y
] I 1+¢ PpEDure) \\ u(+e)
< C“b”AB(]Rn) sup(éﬁ Z (2 q(O)u(1+s)”f)(l“;jgl:;;;”) Z 2 : ))
>0 |=—00 k=—co
-1 1
1 u(l+e)
< Cllllayqro sup(e? Y 21O 150 )
>0 |=—c0
1
. : 1 u(l+e)
% Clblay ey sup(e? Y 201 Frillseonn)
>0 1eZ.
1
0 () u(l+e) \ul+e
< Cllblla, ey sup(e® Y 1270 faall ) )™
>0 leZ,
= Clibllaywnllf ||K3i-(>5;z>,0(]Rny
_ o(k— l)(u(1+é)) (k=Du(1+¢)
where p> 0and k—1 < 0, then Zl:lk+1 * and Z Pf converge.

Moreover, the estimation of E{, and Ej3 is totally Comparable. For the estimation of E;,, according to
Fubini’s theorem, the fact a +  — 1/41(0) < n(0) and a + p — 1/g1(c0) < 1(c0), by Lemma 2.9 and Holder’s
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L1

u(1+s) Gy = L we have

inequality with ———

-2

E1p < Cl|bllaymwery sup(ee Z 2k’7(0)”(1+")(z Mam A lgm-ap
>0 =0

k=—co

u(l+6)\ e
Xl flsoms) )

-2 )

< C”b”/\ﬁ(]R") Sup(ee Z (Z zlﬂ(m)zk(ql +1(0)—a—p)—I( x5 +1(c0)—a—p)
>0

k=—co =0

u(l+e) iEs)
X ”le“th(')(]Rn)) )

-2 oo s
< Cl[bllas(rr Sup(ee Z (Z 2171(00)”(1+é‘)(Zk(ﬁﬂy(o)—a—ﬁ)_l(ﬁ+n(w)_a_ﬁ)) 2 )
’ >0 he—oo =0
(u(l+e))  u(l+e)
u(l+¢) k +1(0)—a—p)-I 1(00)—a— 7 oy ﬁ
||f l”[ﬂl )(]R” Z 2 (ql(O) n() ﬁ) (ql(oo) T]( )— ﬁ)
1=0
-2 00 o
+ _n_ o
= C”b”Aﬂ(Rn)sup(EG Z (Z 2 1Jré)”f l”zw);IR"( Ham tn(0)-a=p)
>0 fe—oo =0

u(l+e) 1

Xz—l(ﬁm(w)—a—ﬁ)) ’ )ﬁ

(o)

. u(l+e)
< c||b||Aﬁ(Rn)sup(EGsz< " il v e Z (2 7 0-ap)
>0

1=0
u(l+e) 1

Xz—l(ﬁm(@—a—ﬁ)) : )ﬁ

0o 1
» u(l+e) \u+o)
< Clllay ey sup(e® Y, 2709 e
>0 1=0

1
1 u(l+e
 Cllblla, ey sup(e? Y, 2710419 frg 150 )

>0 leZ.
< Clblly ey sup(e? Y 1270 £l )™
>0 leZ.
= Clibllazarnllf ||1<g§'3;;‘>’9<1R">’
<u(1+< )

k(2= +7(0)— )l(,”+°°) =)
wherek<Ol>0,, 5 +1(0) a—ﬁ>0thenZ°f( R O " aﬁ)

converge. Since

+¢)

k(= +1(0)—a—p)-I( /" +1(0)-a ﬁ))

+ 1(e0) —a — B > 0, then Z;::z_oo( no converge.

9 (°°
For the eatimation of E3, according to Fubini’s theorem, the fact a+p—-n/q1(0) < n(0) and a+p—n/g1(e0) <
1(0), by Lemma 2.9 and Hoélder’s inequality with —— u(l s m =1, we have

-1

Eis < Cllllay ey sup(e” Y 201000+9( " oGl =o-h Mg
>0 k=—1 I=k+1
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u(l+e) iEs)
X ”fXI“m(')(]Rn)) )

-1 )

< Cllblla sup(ee Z Z 2l1(0) Ky +1(0)~a=) L5 (o))
00 =1 1=kl

u(l+e) (ES)
X ||fxl||m<.)(m) )

-1 )
< C|IbI|Aﬁ(1Rn)Sup(e‘9 Z(Z 2”7("")”(“5)(2 7o +10)-a=p)- l(mfw)*”("")‘“‘ﬁ)) ’ )
€0 =21 =kt

”f l”ul(hltg{n (Z (2 7o

w+e))  u(l+e)

1
2 T \ 1D
ql(oo>+n(°°) a—, ﬁ) )(u< +0) )u e

I=k+1
-1 0
o ; u(l+e) k(L +1(0)—a—
< C“b”Aﬂ(]R") sup(ee Z(Z oln( )”(H{)“f)(l“mﬂ')(]R")(z (50 *10)-a-p)
e w— v |
u(l+e) 1

Xz—l(ﬁm(w)—a—ﬁ)) : )ﬁ

— oo u(l+e) k 0
< Clbly ey sup(e” Y27, Z(z 00
& 1=0

u(l+e) 1

xz‘l<ﬁ+n(oo>—a—ﬁ)) : )““*‘)

1
< Clbllaywe) sup( Z Al 1+€)“ fx 1||Z§j(+>1 )“(M)

_1_
= Clblly ey sup(e” Y 270, )

LHOR
£>0 leZ o
1
1 u(1+o)
< Cllbllay ey sup(e® Y 12"l 85, )™
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= Clbllagwnll f ||K3i-()_/;t>,e<w),

(u(1+¢)
2

where k < 0,1 >0, 775 +1(0) —a = g > 0, then Yok (2 a0 100~ ~lGr +ne) a_ﬁ)) converge. Since

u(l+e)
2

converge.

(o) —a = f > 0, then XL, (2160 i)

Combining E11, E1» and Ei3, we get the estimation of E;,
Ey < C”b“/\ﬁ(R”)“f”K;li’()j;‘)ﬂ(]Rn)‘
In summary, combining the estimation of E;, E,, we can obtain
|16, H;1£]| k09gey < bl o
which implies the proof of Theorem 1.3. [J

Proof. [Proof of Theorem 1.5] For x € R, by triangle inequality, we have

max{xl, |#]} = %(|x| + [t + [l = 1H])-
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When |t| < |x|, one hand, we have

Sl + 11+ it = 1) < 2 (1 + 1+ 1 + 1)

= |x| + [¢]
< 2,

the other hand, we have |x| < max{|x|, |t|}, then max{|x|, |{|} = |x].
When |x| < |t|, one hand, we have

(11 + i = 1) < 2 (] + 1+ 1+ 1)

= |x| + |4
< 2/,

the other hand, we have |f| < max{|x|, ||}, then max{|x], |t|} = |¢|.
In summary, we obtain

1w M<K,

=~

max(ixl, [} | &, 1> Jx]
By Definition 2.4, if b € A4 (R), we can obtian
IIb, TIf ()| = [p)Tf(x) = TRAX)|
b(x) S dt — f Mdt‘
R\ R

10 max{lx, [#]} \ioy ax{lx], [}

VR
fJR\eo: max{|x]|, [¢} (b(x) b(t))dt
1 ) o,
I \t|s|x|(b(X) b(t))f(t)dt f|t|>|x| [¢] (b(x) b(t))dt

[Hof )| + [H; £ -
By virtue of Minkowski’s inequality and (3.3), we obtain

||[b, Tlf ” xomeR) < € ”be “K’“’
00 n

IA

IA

IN

+

,10),0,

) 1),0,
1w

), .
1w

Il
It follows from Corollaries 1.2 and 1.4 (n = 1), then the proof of Theorem 1.5 is finished. [
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