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Affine nontrivial deformation of sl(2) and osp(1|2)-modules of symbols
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Abstract. In this paper, we introduce a new notion on deformation: nonrelative deformation. We consider
the sl(2)-module structure on the spaces of symbols of differential operators acting on the spaces of weighted
densities. If we restrict ourselves to the Lie subalgebra of sl(2) generated by {X1,Xx}, isomorphic to a(1), we
get a family of infinite dimensional a(1) modules. We compute the necessary and sufficient integrability
conditions of a given a(1)-nonrelative infinitesimal deformation of this structure and we prove that any
a(1)-nonrelative formal deformation is equivalent to its infinitesimal part. We study also the super analogue
of this problem getting the same results. This work is the simplest generalization nonrelative of a result
by Imed Basdouri et al., [ Deformations of sl(2) and osp(1|2)-modules of symbols ], Acta Mathematica
Hungarica, Volume 137, Issue 3, Year 2012

1. Introduction

Let Vect(R) be the Lie algebra of vector fields on R. Denote by Fλ =
{

f dxλ | f ∈ C∞(R)
}

the space of
weighted densities of weight λ ∈ R. The space Fλ is a Vect(R)-module for the action defined by

Lλ
1 d

dx
( f dxλ) = (1 f ′ + λ1′ f )dxλ.

Any differential operator A onR can be viewed as the linear mapping f (dx)λ 7→ (A f )(dx)µ from Fλ to Fµ
(λ, µ in R). Thus the space of differential operators is a Vect(R)-module, denoted Dλ,µ := Homdiff(Fλ,Fµ).
The Vect(R) action is:

Lλ,µX (A) = LµX ◦ A − A ◦ LλX. (1)

Feigin and Fuchs computed H1
diff

(
Vect(R); Dλ,µ

)
, see [16]. They showed that non-zero cohomology

H1
diff

(
Vect(R); Dλ,µ

)
only appear if µ − λ ∈N.

Each module Dλ,µ has a natural filtration by the order of differential operators; the graded module
Sλ,µ := 1rDλ,µ is called the space of symbols. The quotient-module Dk

λ,µ/D
k−1
λ,µ is isomorphic to module of

tensor densities Fµ−λ−k, the isomorphism is provided by the principal symbol σpr defined by

A =
k∑

i=0

ai(x)∂i
x 7→ σpr(A) = ak(x)(dx)µ−λ−k
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As a Vect(R)-module, the space Sλ,µ depends only on the difference γ = µ − λ, so that Sλ,µ can be written
as Sγ, and we have

Sγ =

∞⊕
k=0

Fγ−k.

Denote by Dγ the Vect(R)-module of differential operators on Sγ.
The space Dλ,µ cannot be isomorphic as a Vect(R)-module to the corresponding space of symbols, but is

a deformation of this space in the sense of Richardson-Neijenhuis [23].
If we restrict ourselves to the Lie subalgebra of Vect(R) generated by {X1,Xx,Xx2 }, isomorphic to sl(2),

we get a family of infinite dimensional sl(2) modules, add Fλ, Dλ,µ and Dγ. The affine subalgebra a(1) of
sl(2) is

a(1) := {X1,Xx}.

We are also interested in the study of the analogue super structures, namely, we consider the superspace
R1|1 with coordinates (x, ξ) where ξ is the odd variable: ξ2 = 0. This superspace is equipped with the
standard contact structure given by the distribution ⟨D⟩ generated by the vector field D = ∂ξ − ξ∂x. That is,
the distribution ⟨D⟩ is the kernel of the following 1-form:

α = dx + ξdξ.

Consider the superspace of functions

C
∞(R1|1) =

{
F(x, ξ) = f0(x) + ξ f1(x) | f0, f1 ∈ C∞(R)

}
and consider the superspace K (1) of contact vector fields on R1|1. That is, K (1) is the superspace of vector
fields on R1|1 preserving the distribution ⟨D⟩:

K (1) =
{
X ∈ Vect(R(1|1)

| [X, D] = FXD for some FX ∈ C
∞(R1|1)

}
.

We introduce the superspace Fλ = {Fαλ | F ∈ C∞(R1|1)} of λ-densities on R1|1. This space is a K (1)-module
for the action defined by

LλXG
(Fαλ) = (XG + λG′)(F)αλ.

Similarly, we consider the K (1)-module of linear differential operators, Dν,µ := Homdiff(Fν,Fµ), which is
the super analogue of the space Dν,µ. TheK (1)-action on Dν,µ is given by

L
λ,µ
XF

(A) = LµXF
◦ A − (−1)p(A)p(F)A ◦ LλXF

. (2)

The Lie superalgebra osp(1|2), a super analogue of sl(2), can be realized as a subsuperalgebra ofK (1):

osp(1|2) = Span
(
X1, Xξ, Xx, Xxξ, Xx2

)
.

The space of even elements of osp(1|2) is isomorphic to sl(2):

(osp(1|2))0 = Span(X1, Xx, Xx2 ) = sl(2).

The affine subalgebra a(1|1) of osp(1|2) is

a(1|1) := {X1,Xx,Xξ}.

The super analogue of the space Sγ is naturally the superspace (see [19]):

Sδ =
⊕
k∈N

Fγ− k
2
.
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Denote byDγ theK (1)-module of linear differential operators inSγ. (For more details about supermanifold
theory, see for example [1–3, 8–12, 14, 22]).

In this paper, we study the a(1)-nonrelative deformations of the structure of the sl(2)-modules Sγ and
their analogues the osp(1|2)-modules Sγ. We exhibit the necessary and sufficient integrability conditions
of a given a(1)-nonrelative infinitesimal deformation. We prove that any a(1)-nonrelative formal deformation
is equivalent to its infinitesimal part and we give an example of a(1)-nonrelative deformation with one
parameter. Nonrelative deformation is a very important problem in Physics and Science and Engineering
[20, 28].

2. h−nonrelative Deformation of g-modules.

Deformation theory of Lie algebra homomorphisms was first considered with only one-parameter of
deformation [2, 3, 11, 23, 27]. Recently, deformations of Lie (super)algebras with multi-parameters were
intensively studied ( see, e.g., [1, 5–10, 12, 13, 24–26]).

Let σ0 : g→ End(M) be an action of a Lie (super)algebra g on a vector (super)spaceM. It is well known
that the first cohomology space H1(g; End(M)) determines and classifies infinitesimal deformations up to
equivalence. Thus, if dim H1(g; End(M)) = m, then choose 1-cocycles Λ1, . . . ,Λm representing a basis of
H1(g; End(M)) and consider the infinitesimal deformation

σ = σ0 +

m∑
i=1

tiΛi,

where t1, . . . , tm are independent parameters with p(ti) = p(Λi). We try to extend this infinitesimal deforma-
tion to a formal one:

σ = σ0 +

m∑
i=1

tiΛi +
∑

i, j

tit j σ
(2)
i j + · · · ,

where σ(2)
i j , σ

(3)
i jk , . . . are linear maps from g to End(M) with p(σ(2)

i j ) = p(tit j), p(σ(3)
i jk) = p(tit jtk), . . . such that

[σ(x), σ(y)] = σ([x, y]), x, y ∈ g. (3)

All the obstructions appear from the condition (3) and it is well known that they lie in H2(g,End(M)).
More generally, if h is a subalgebra of g, then the h−relative cohomology space H1(g, h; End(M)) measures

the infinitesimal deformations that become trivial once the action is restricted to h (h-trivial deformations),
while the obstructions to extension of any h-trivial infinitesimal deformation to a formal one are related to
H2(g, h; End(M)).

Definition 2.1. Let ϱ0 : g → End(M) be an action of a Lie (super)algebra g on a vector (super)spaceM. It is well
known that the first cohomology space H1(g; End(M)) and H1(g, h; End(M)). If dim (H1(g; End(M))/H1(g, h; End(M))) =
ℓ, then choose 1-cocycles Λ1, . . . ,Λℓ representing a basis of H1

h
(g; End(M)) =: H1(g; End(M))/H1(g, h; End(M)).

Thus, H1
h
(g; End(M)) determines and classifies h−nonrelative infinitesimal deformations up to equivalence. Consider

the h−nonrelative infinitesimal deformation

ϱ = ϱ0 +

ℓ∑
i=1

tiΛi,

where t1, . . . , tm are independent parameters with p(ti) = p(Λi). We try to extend this h−nonrelative infinitesimal
deformation to a formal one:

ϱ = ϱ0 +

ℓ∑
i=1

tiΛi +
∑

i, j

tit j ϱ
(2)
i j + · · · ,
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where ϱ(2)
i j , ϱ

(3)
i jk , . . . are linear maps from g to End(M) with p(ϱ(2)

i j ) = p(tit j), p(ϱ(3)
i jk ) = p(tit jtk), . . . such that

[ϱ(x), ϱ(y)] = ϱ([x, y]), x, y ∈ g. (4)

All the obstructions appear from the condition (4) and it is well known that they lie in H2
h
(g; End(M)).

2.1. a(1)-nonrelative-Deformation of the sl(2)-Modules of Symbols
In the following, the differential cohomology; that is, only cochains given by differential operators are

considered. Now we study the a(1)-nonrelative formal deformations of the sl(2)-module structure on the
space of symbols:

Sγ =
⊕
k≥0

Fγ−k.

The a(1)-nonrelative infinitesimal deformations are described by the a(1)-nonrelative cohomology space

H1
a(1)(sl(2),Dγ) =

⊕
i, j≥0

H1
a(1)

(
sl(2),Dγ− j,γ−i

)
.

In fact, Lecomte computed H1
(
sl(2),Dλ,µ

)
, see [21]. He showed that non-zero a(1)-nonrelative cohomology

H1
a(1)

(
sl(2),Dλ,µ

)
only appear if λ = µ or (λ, µ) = ( 1−k

2 ,
1+k

2 ) where k ∈N∗. Thus, we distinguish two cases:

(i) If γ < 1
2 (N + 2), then

H1
a(1)(sl(2),Dγ) =

⊕
k≥0

H1
a(1)

(
sl(2),Dγ−k,γ−k

)
.

The space H1
a(1)

(
sl(2),Dλ,λ

)
is one dimensional and it is spanned by the a(1)-nonrelative cohomology

classe of the cocycle Γλ given by

Γλ(F d
dx )( f dxλ) = F′ f dxλ.

(ii) If 2γ = ℓ ∈ (N + 2), then

H1
a(1)(sl(2),Dγ) =

ℓ−1⊕
k=[ ℓ+1

2 ]

H1
a(1)

(
sl(2),D ℓ−2k

2 , 2+2k−ℓ
2

)
⊕

⊕
k≥0

H1
a(1)

(
sl(2),D ℓ

2−k, ℓ2−k

)
.

The space H1
a(1)

(
sl(2),D ℓ−2k

2 , 2+2k−ℓ
2

)
is one dimensional and spanned by the a(1)-nonrelative cohomology

classes of the 1-cocycles, Θk given by

Θk(F d
dx )( f dx

ℓ−2k
2 ) = F′ f (2k−ℓ+1)dx

2+2k−ℓ
2 .

In our study, a a(1)−nonrelative infinitesimal deformation of the sl(2)-module structure on the space Sγ
is of the form

LX = LX +L
(1)
X , (5)

where LX is the Lie derivative of Dγ along the vector field X defined by (1), and

L
(1)
X =


∑

k≥0 βk Γ ℓ
2−k(X) if γ < 1

2 (N + 2)∑
k≥0 βk Γ ℓ

2−k(X) +
∑ℓ−1

k=[ ℓ+1
2 ] θkΘk(X) if 2γ = ℓ ∈ (N + 2),

(6)

and where ak and bk are independent parameters.
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Theorem 2.2. The following conditions are necessary and sufficient for integrability of the a(1)−nonrelative infinites-
imal deformation (5):

(2k − ℓ + 1)θkβℓ−k−1 = 0, [ ℓ+1
2 ] ≤ k ≤ ℓ − 1 . (7)

Moreover, any formal a(1)−nonrelative deformation is equivalent to its infinitesimal part.

Proof. Note that if 2γ = ℓ < (N+ 2) then the parameters ak can be assumed to be zero, and then, there are no
integrability conditions. Assume that the a(1)−nonrelative infinitesimal deformation (5) can be integrated
to a a(1)−nonrelative formal deformation

LX = LX +L
(1)
X +L

(2)
X +L

(3)
X + · · ·

whereL(1)
X is given by (6) andL(2)

X is a quadratic polynomial in ak and bk with coefficients inDγ. We compute
the conditions for the second-order terms L(2).

Consider the quadratic terms of the homomorphism condition

[LX,LY] = L[X,Y]. (8)

By a straightforward computation, the homomorphism condition (8) gives for the second-order terms the
following equation

δ(L(2)) = −L(1)
X ∨ L

(1)
X , (9)

where δ is the Chevalley-Eilenberg differential and ∨ stands for the cup-product of 1-cocycles, so that the
right hand side of expression is automatically a 2-cocycle. In our case, we obtain explicitly:

δ(L(2)) = −(
∑
k≥0

βk Γ ℓ
2−k(X) +

ℓ−1∑
k=[ m+1

2 ]

θkΘk(X)) ∨ (
∑
k≥0

βk Γ ℓ
2−k(X) +

ℓ−1∑
k=[ ℓ+1

2 ]

θkΘk(X)). (10)

By a straightforward computation, the homomorphism condition (8) gives the following Maurer-Cartan
equation for the second-order terms:

δ(L(2)) =
1
2

ℓ−1∑
k=[ ℓ+1

2 ]

(2k −m + 1)θkβℓ−k−1ω2k−ℓ+1, (11)

where ωk is the trivial 2 cocycle given by

ωk(F d
dx ,G

d
dx )( f dx

1−k
2 ) = (F′G′′

− F′′G′

) f (k−1)dx
1+k

2 (12)

So there are integrability conditions, because ω2k−ℓ+1 ∈ H2
a(1)

(
sl(2),D ℓ−2k

2 , 2+2k−ℓ
2

)
.

The solution L(2) of (11) can be chosen identically zero. Now, we show that these conditions are
sufficient. Choosing the highest-order terms L(m) with m ≥ 3, also identically zero, one obviously obtains
a a(1)−nonrelative deformation (which is of order 1 in βk and θk). Any a(1)−nonrelative formal deformation
is equivalent to its infinitesimal part since different choices of solutions of the Maurer-Cartan equation
correspond to equivalent a(1)−nonrelative deformations.

Example 2.3. Let us consider γ = ℓ
2 ∈

1
2 (N + 2) and let (αk)k≥0 be a sequence of real numbers such that, for

[ ℓ+1
2 ] ≤ k ≤ ℓ − 1.. Put θk = t and βk = αk t. So, we obtain a a(1)−nonrelative deformation of Sγ with one parameter

t:

LX = LX + t(
∑
k≥0

αk Γ m
2 −k(X) +

ℓ−1∑
k=[ m+1

2 ]

Θk(X)).

Of course it is easy to give many other examples of true a(1)−nonrelative deformations with one parameter or with
several parameters.
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2.2. a(1|1)-nonrelative Deformation of the osp(1|2)-Modules of Symbols
We study the super analogous of the previous case. That is, we study a(1|1)-nonrelative deformations of

the osp(1|2)-module of differential linear operators in the space of symbols on R1|1:

Sγ =
⊕
k≥0

Fγ− k
2
.

The infinitesimal a(1|1)-nonrelative deformations are described by the cohomology space

H1
a(1|1)(osp(1|2),Dγ) =

⊕
i, j≥0

H1
a(1|1)

(
osp(1|2),D

γ−
j
2 ,γ−

i
2

)
.

In [4], it was proved that non-zero cohomology H1
(
osp(1|2),Dλ,µ

)
only appear if λ = µ or (λ, µ) = ( 1−k

2 ,
k
2 )

where k ∈N. Thus, as before, we have to distinguish two cases:

(i) If γ < 1
2 (N + 1), then

H1
a(1|1)(osp(1|2),Dγ) =

⊕
k≥0

H1
a(1|1)

(
osp(1|2),Dγ− k

2 ,γ−
k
2

)
.

The space H1
a(1|1)

(
osp(1|2),D 2γ−k

2 ,
2γ−k

2

)
is one dimensional and it is spanned by the a(1|1)−nonrelative

cohomology classe of the cocycle Λ′2γ−k given by

Λ′2γ−k(F d
dx ) = F′.

(ii) If 2γ = ℓ ∈ (N + 1), then

H1
a(1|1)(osp(1|2),Dγ) =

ℓ⊕
k=1

H1
a(1|1)

(
osp(1|2),D 1−k

2 , k
2

)
⊕

⊕
k≥0

H1
a(1|1)

(
osp(1|2),D ℓ−k

2 ,
ℓ−k

2

)
.

The space H1
a(1|1)

(
osp(1|2),D 1−k

2 , k
2

)
is one dimensional and spanned by the a(1|1)−nonrelative cohomol-

ogy classes of the 1-cocycles, Λk given by

Λk(XG) = (−1)|G|D2(G)D
2k−1

.

Any a(1|1)-nonrelative infinitesimal deformation of the osp(1|2)-module structure on Sγ is of the form

L̃XF = LXF + L
(1)
XF
, (13)

where LXF is the Lie derivative of Dγ along the vector field XF defined by (2), and

L
(1)
XF
=


∑

k≥0 a2γ−kΛ
′

2γ−k(XF) if γ < ( 1
2N + 1)∑

k≥0 aℓ−kΛ
′

ℓ−k(XF) +
∑ℓ

k=1 bkΛk(XF) if 2γ = ℓ ∈ (N + 1),

and where ak and bk are independent parameters.
Our main result in the super setting is the following

Theorem 2.4. The following conditions are necessary and sufficient for integrability of the a(1|1)-nonrelative in-
finitesimal deformation (13):

bka1−k = 0, 1 ≤ k ≤ m . (14)

Moreover, any a(1|1)-nonrelative formal deformation is equivalent to its infinitesimal part.
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Proof. Assume that the a(1|1)-nonrelative infinitesimal deformation (13) can be integrated to a a(1|1)-nonrelative
formal deformation:

L̃XF = LXF + L
(1)
XF
+ L(2)

XF
+ · · ·

By a straightforward computation, the homomorphism condition

[L̃XF , L̃XG ] = L̃X{F,G}

gives for the second-order terms the following equation

δ(L(2)) =
m∑

k=1

bka1−kΦk

where Φk : osp(1|2) × osp(1|2)→ D 1−k
2 , k

2
is defined by

Φk(XF,XG) = (−1)p(F)+p(G)(k − 1)(F′G′′ − F′′G′)D
2k−3

.

We will prove the following lemma and then we conclude as for Theorem 2.2.

Lemma 2.5. The map Φk is a nonrelative and nonrelative odd 2 cocycle:

Φk ∈ H2
a(1|1)

(
osp(1|2),D 1−k

2 , k
2

)
.

Proof. The map Ωk is a 2 cocycle since it is the cup-product of 1 cocycles. It is easy to see that Ωk is an odd
map, so, Φk(sl(2) × sl(2)) ⊂

(
D 1−k

2 , k
2

)
1
. In [6] it was proved that, as sl(2)-module, we have(

D 1−k
2 , k

2

)
1
≃ Π
(
D 2−k

2 , k
2
⊕D 1−k

2 , 1+k
2

)
(15)

where Π is the change of parity operator. We check that the restriction of Φk to sl(2) × sl(2) is a nonrelative 2
cocycle. Indeed, let XF, XG ∈ sl(2) ⊂ osp(1|2), it is easy to see that

(−1)kΦk(XF,XG) = (k − 1)ωk−1(XF,XG) ◦ ∂ξ,

or equivalently, according to the decomposition (15), we have

(−1)kΦk|sl(2)×sl(2) = Π ◦ ((k − 1)ωk−1)

where ωk is the nonrelative 2 cocycle defined by (12). Thus, Φk is a nonrelative 2 cocycle.

Obviously, as for the sl(2)-module Sγ, it easy to construct many examples of true a(1|1)-nonrelative
deformations of the osp(1|2)-module Sγ with one parameter or with several parameters.

Example 2.6. Let us consider γ = ℓ
2 ∈

1
2 (N+1) and let (ζk)k∈Z be a sequence of real numbers such that, for 1 ≤ k ≤ ℓ,

we have ζk , ζ1−k. Put bk = t and ak = ζk t. So, we obtain a a(1|1)-nonrelative deformation ofSγ with one parameter
t:

L
(1)
XF
= t
∑
k≥0

ζℓ−kΛ
′

ℓ−k(XF) + t
ℓ∑

k=1

Λk(XF).
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3. Open problems

3.1. Problem 1
The sl(2)-nonrelative cohomology H1

sl(2)

(
Vect(R); Dλ,µ

)
determines and classifies sl(2) nonrelative infinites-

imal deformations up to equivalence.
Conjecture: Any sl(2)-nonrelative formal deformation is no equivalent to its infinitesimal part.

3.2. Problem 2
Determine the space of a(1)-nonrelative cohomology H1

a(1)

(
Vect(R); Dλ,µ

)
and study the affine nonrelative

deformation.
The authors have no conflict of interest to declare that are relevant to this article.
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