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Affine nontrivial deformation of sl(2) and osp(1|2)-modules of symbols

Khaled Basdouri?

*University of Sfax, Faculty of Sciences of Sfax, BP 802, 3038 Sfax, Tunisia

Abstract. In this paper, we introduce a new notion on deformation: nonrelative deformation. We consider
the sl(2)-module structure on the spaces of symbols of differential operators acting on the spaces of weighted
densities. If we restrict ourselves to the Lie subalgebra of sl(2) generated by {X;, X}, isomorphic to a(1), we
get a family of infinite dimensional a(1) modules. We compute the necessary and sufficient integrability
conditions of a given a(1)-nonrelative infinitesimal deformation of this structure and we prove that any
a(1)-nonrelative formal deformation is equivalent to its infinitesimal part. We study also the super analogue
of this problem getting the same results. This work is the simplest generalization nonrelative of a result

by Imed Basdouri et al., [ Deformations of sl(2) and osp(1]2)-modules of symbols ], Acta Mathematica
Hungarica, Volume 137, Issue 3, Year 2012

1. Introduction

Let Vect(R) be the Lie algebra of vector fields on R. Denote by ¥, = { fdx'| f e C°°(]R)} the space of
weighted densities of weight A € IR. The space ¥, is a Vect(IR)-module for the action defined by

L, (fdx') = (of + Mg’ fyax'.

Any differential operator A on RR can be viewed as the linear mapping f(dx)* - (Af)(dx)" from ¥, to 7,

(A, g in R). Thus the space of differential operators is a Vect(IR)-module, denoted D, , := Homg;e (%2, F ).
The Vect(IR) action is:

Ly“A) =L o A-AoLj.

1)
Feigin and Fuchs computed H! . (Vect(]R) ; DM!)' see [16]. They showed that non-zero cohomology
Hl

4 (Vect(R); D) only appearif yr— A € N.

Each module D, , has a natural filtration by the order of differential operators; the graded module

Siyu i= grDy is called the space of symbols. The quotient-module DX u / Dﬁ‘}} is isomorphic to module of
tensor densities ¥, the isomorphism is provided by the principal symbol o,, defined by

k
A=Y a9 - 0p(A) = ay(@)(d)

i=0
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As a Vect(IR)-module, the space S, , depends only on the difference y = u — A, so that S, ;, can be written
as S, and we have

Denote by D, the Vect(R)-module of differential operators on S,

The space D, ;, cannot be isomorphic as a Vect(IR)-module to the corresponding space of symbols, but is
a deformation of this space in the sense of Richardson-Neijenhuis [23].

If we restrict ourselves to the Lie subalgebra of Vect(R) generated by {X;, Xy, X2}, isomorphic to sl(2),
we get a family of infinite dimensional sl(2) modules, add ¥, D, , and D,. The affine subalgebra a(1) of
sl(2) is

(1(1) = {Xll Xx}

We are also interested in the study of the analogue super structures, namely, we consider the superspace
R with coordinates (x, &) where & is the odd variable: &2 = 0. This superspace is equipped with the

standard contact structure given by the distribution (D) generated by the vector field D = d¢ — £d;. That is,
the distribution (D) is the kernel of the following 1-form:

a =dx+&dé.
Consider the superspace of functions
C*(R") = {F(x, &) = fox) + EA() | fo, fi € CO(R)}

and consider the superspace K (1) of contact vector fields on R!!. That is, K (1) is the superspace of vector
fields on R preserving the distribution (D):

K1) = {X € Vect(R™ | [X, D] = FxD for some Fx € C°°(]R1|1)},

We introduce the superspace &, = {Fa’ | F € C*(R!")} of A-densities on R'!. This space is a K(1)-module
for the action defined by
2 (Fa') = (Xg + AG))(F)a™.

Similarly, we consider the K(1)-module of linear differential operators, Dy := Homyigt (T, &), which is
the super analogue of the space D, ;. The K(1)-action on D, , is given by

H(A) = 2 0 A= (-1yWrPA 0 e} @)
The Lie superalgebra 0sp(1]2), a super analogue of sl(2), can be realized as a subsuperalgebra of K(1):
0sp(1]2) = Span (X1, X¢, Xy, Xye, Xi2).
The space of even elements of 0sp(1]2) is isomorphic to sl(2):
(0sp(1]2))0 = Span(Xi, Xy, X,2) = sl(2).
The affine subalgebra a(1|1) of osp(1]2) is
a(1]1) := {Xq, X, X}

The super analogue of the space S, is naturally the superspace (see [19]):

So = @ -t

keIN
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Denote by D, the K(1)-module of linear differential operators in S, . (For more details about supermanifold
theory, see for example [1-3, 8-12, 14, 22]).

In this paper, we study the a(1)-nonrelative deformations of the structure of the sl(2)-modules S, and
their analogues the osp(1]2)-modules S,. We exhibit the necessary and sufficient integrability conditions
of a given a(1)-nonrelative infinitesimal deformation. We prove that any a(1)-nonrelative formal deformation
is equivalent to its infinitesimal part and we give an example of a(1)-nonrelative deformation with one
parameter. Nonrelative deformation is a very important problem in Physics and Science and Engineering
[20, 28].

2. h—nonrelative Deformation of g-modules.

Deformation theory of Lie algebra homomorphisms was first considered with only one-parameter of
deformation [2, 3, 11, 23, 27]. Recently, deformations of Lie (super)algebras with multi-parameters were
intensively studied ( see, e.g., [1, 5-10, 12, 13, 24-26]).

Let g : ¢ = End(M) be an action of a Lie (super)algebra g on a vector (super)space M. It is well known
that the first cohomology space H!(g; End(M)) determines and classifies infinitesimal deformations up to
equivalence. Thus, if dim H'(g; End(M)) = m, then choose 1-cocycles Aj, ..., Ay, representing a basis of
H!(g; End(M)) and consider the infinitesimal deformation

m
0 =00+ Z ti A\,
i=1

where t4, ..., t,, are independent parameters with p(t;) = p(A;). We try to extend this infinitesimal deforma-
tion to a formal one:

m
0200+ZtiAi+ZtitjU§?)+"’ ,
=1 W

@
ij’

o), o] =o(lx, y]), x yeg. )

C)]

where 67,0, .
ijk

.. are linear maps from g to End(M) with p(al(,f)) = p(tit)), p(al(,j,’IZ) = p(titjty), ... such that

All the obstructions appear from the condition (3) and it is well known that they lie in H?(g, End(M)).
More generally, if h is a subalgebra of g, then the h—relative cohomology space H'(g, b; End(M)) measures

the infinitesimal deformations that become trivial once the action is restricted to ) (h-trivial deformations),

while the obstructions to extension of any D-trivial infinitesimal deformation to a formal one are related to

H?(g, b; End(M)).

Definition 2.1. Let gy : ¢ — End(M) be an action of a Lie (super)algebra g on a vector (super)space M. It is well
known that the first cohomology space H' (g; End(M)) and H' (g, b; End(M)). Ifdim (H'(g; End(M))/H' (g, b; End(M))) =
¢, then choose 1-cocycles Ay, ..., A¢ representing a basis of Hy(g; End(M)) =: H'(g; End(M))/H' (9, b; End(M)).
Thus, Hll)(g; End(M)) determines and classifies b—nonrelative infinitesimal deformations up to equivalence. Consider

the h—nonrelative infinitesimal deformation

¢
0=+ Z ti A,
i1

where t1, ..., t, are independent parameters with p(t;) = p(N\;). We try to extend this Y—nonrelative infinitesimal
deformation to a formal one:

¢
Q=Qo+ZtiAi+Zfith§)+'“,
i=1 i
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@ G

where 0if s Qs -+ - ATE linear maps from g to End(M) with p((_of]?)) = P(tifj),P(QSZ) = p(titjty), ... such that

[o(x), o)) = o(lx, yD),  x, y €. 4)
All the obstructions appear from the condition (4) and it is well known that they lie in H%(g; End(M)).

2.1. a(1)-nonrelative-Deformation of the s1(2)-Modules of Symbols

In the following, the differential cohomology; that is, only cochains given by differential operators are
considered. Now we study the a(1)-nonrelative formal deformations of the sl(2)-module structure on the
space of symbols:

S, = @ Fyk-

The a(1)-nonrelative infinitesimal deformations are described by the a(1)-nonrelative cohomology space

HY,(12), Dy) = @5 Hy, (s12), Dy i)
i,j20

In fact, Lecomte computed H! (51(2), Dju ), see [21]. He showed that non-zero a(1)-nonrelative cohomology

1k 1tk

Hi(l) (51(2), DM!) only appear if A = por (A, u) = (5, 57) where k € N". Thus, we distinguish two cases:

(i Ify¢ %(IN + 2), then

HY ) (s12), D) = EH HL ) (s12), Dyt
k>0

The space Hi(l) (s1(2),Dy,1) is one dimensional and it is spanned by the a(1)-nonrelative cohomology

classe of the cocycle I'y given by
TA(FL)(fdx") = F fdx".

(ii) If 2y = € € (N + 2), then

-1
H. (s1(2), D,) = @ H ) (512), D pe ) @ g} HLy) (s12),Ds e ).
k=[] 20

The space Hiu) (51(2), D e, %k—(’) is one dimensional and spanned by the a(1)-nonrelative cohomology

classes of the 1-cocycles, © given by

242k=C

O(FL)(fdx'T) = F fA-C+Dgx ™3

In our study, a a(1)—nonrelative infinitesimal deformation of the sl(2)-module structure on the space S,
is of the form

Lx=Lx+ £§), ®)
where Ly is the Lie derivative of D, along the vector field X defined by (1), and

0 { Lok P Tt (X) if y ¢ 1(IN +2)

x = 1 : (6)
ZkZO ABk r%—k(x) + Z‘k:[%] 6k ®k(X) if 27/ ={¢e (N + 2),

and where g; and by are independent parameters.
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Theorem 2.2. The following conditions are necessary and sufficient for integrability of the a(1)—nonrelative infinites-
imal deformation (5):

k= €+ 1)0kPrk-1=0, [F1<k<t-1. 7)
Moreover, any formal a(1)—nonrelative deformation is equivalent to its infinitesimal part.

Proof. Note thatif 2y = £ ¢ (IN + 2) then the parameters a; can be assumed to be zero, and then, there are no
integrability conditions. Assume that the a(1)—nonrelative infinitesimal deformation (5) can be integrated
to a a(1)—nonrelative formal deformation

Lx=Lx+ LY+ LY+ LY+

where .Eg) is given by (6) and .Eg?) is a quadratic polynomial in a; and by with coefficients in ,. We compute
the conditions for the second-order terms £®.
Consider the quadratic terms of the homomorphism condition

[Lx, Ly] = Lix ;- (8)

By a straightforward computation, the homomorphism condition (8) gives for the second-order terms the
following equation

5Ly =LY v LY, &)

where 6 is the Chevalley-Eilenberg differential and V stands for the cup-product of 1-cocycles, so that the
right hand side of expression is automatically a 2-cocycle. In our case, we obtain explicitly:

(-1 -1
(L) = QBT+ Y, 0OV QY AT+ ), 6:OX)). (10)
k=0 k=[] k=0 k=[41]

By a straightforward computation, the homomorphism condition (8) gives the following Maurer-Cartan
equation for the second-order terms:

~

-1
(2k = m + 1)OkBr-k-1W2k-+1, (1)
k=[]

5(LP) =

N =

where wy is the trivial 2 cocycle given by

w(FL,GL)(fdx'?) = (FG' - F'G)f*Ndx's (12)

So there are integrability conditions, because war_¢41 € Hﬁ(l) (sI(2), D = %k—l’)

The solution £® of (11) can be chosen identically zero. Now, we show that these conditions are
sufficient. Choosing the highest-order terms L with m > 3, also identically zero, one obviously obtains
a a(1)—nonrelative deformation (which is of order 1 in B and 6y). Any a(1)—nonrelative formal deformation
is equivalent to its infinitesimal part since different choices of solutions of the Maurer-Cartan equation

correspond to equivalent a(1)—nonrelative deformations. [

Example 2.3. Let us consider y = g € %(]N + 2) and let (k=0 be a sequence of real numbers such that, for
[£1] <k < €—1.. Put Ok = tand B = ax t. So, we obtain a a(1)—nonrelative deformation of S, with one parameter
t:

-1
Lx=Lx+ Y o Ty x(X) + ), Ox(X)).
k>0 k=[]

Of course it is easy to give many other examples of true a(1)—nonrelative deformations with one parameter or with
several parameters.
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2.2. a(1|1)-nonrelative Deformation of the osp(1]2)-Modules of Symbols

We study the super analogous of the previous case. That is, we study a(1|1)-nonrelative deformations of
the 0sp(1|2)-module of differential linear operators in the space of symbols on R

Sy = @ 8yt
k>0
The infinitesimal a(1|1)-nonrelative deformations are described by the cohomology space
H o (0sp(112), D) = D HY (05p(1|2), o )
ij20
In [4], it was proved that non-zero cohomology H! (05p(1|2), D Ml) only appear if A = por (4, ) = (5%, %)
where k € IN. Thus, as before, we have to distinguish two cases:
(i) If y ¢ (N + 1), then

H(11(1|1)(05p(1|2)/ D;/) = @ Hi(lll) (DSp(1|2), 9)/_%,}/_%) .
k>0

The space Hi(m) (05p(1|2), D #,z,vsz) is one dimensional and it is spanned by the a(1|1)—nonrelative

cohomology classe of the cocycle A’y_k given by
’ dy —
Ay W(FR) =F.

(ii) If2y = € € (N + 1), then

‘
HY 0y (05p(112), Dy) = @D H gy (050(112), Dt s ) @ @D Hy) (050(112), Dt 1)
k=1 k20
The space Hi(lu) (DSp(lIZ), D ) is one dimensional and spanned by the a(1|1)—nonrelative cohomol-

ogy classes of the 1-cocycles, Ax given by

A(Xe) = (-1)9DXG)D .

Any a(1|1)-nonrelative infinitesimal deformation of the osp(1|2)-module structure on &, is of the form
2, = &, + 2, (13)
where Ly, is the Lie derivative of D, along the vector field Xr defined by (2), and

{ Y20 Q2y-k Ny, (XF) ify ¢ GN+1)

8(1) _
Yhoo ek Ay (Xp) + Yoy be Ax(Xp)  if2y = L€ (N +1),

Xr
and where a; and by are independent parameters.
Our main result in the super setting is the following

Theorem 2.4. The following conditions are necessary and sufficient for integrability of the a(1|1)-nonrelative in-
finitesimal deformation (13):

brapx =0, 1<k<m. (14)

Moreover, any a(1|1)-nonrelative formal deformation is equivalent to its infinitesimal part.
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Proof. Assume that the a(1|1)-nonrelative infinitesimal deformation (13) can be integrated to a a(1|1)-nonrelative
formal deformation:

Y 1 2
L, = U, + ) + 87 + -

By a straightforward computation, the homomorphism condition
[2xp 8xc] = Lx

gives for the second-order terms the following equation
m
5(2@) = Z brag Py
k=1

where @ : 0sp(1|2) X 0sp(1]2) = D1s

k
272

is defined by

D(Xp, X6) = (-1 OO — 1)F'G” —F'G)D .

O
We will prove the following lemma and then we conclude as for Theorem 2.2.

Lemma 2.5. The map Oy is a nonrelative and nonrelative odd 2 cocycle:

O € Hi(m) (D5p(1|2)/ blT—k%) .

Proof. The map () is a 2 cocycle since it is the cup-product of 1 cocycles. It is easy to see that () is an odd
map, so, Or(sl(2) X sl(2)) C (D Lk )1. In [6] it was proved that, as sl(2)-module, we have

)1 = H(Dz—k,k @Dl—kll+k) (15)

where IT is the change of parity operator. We check that the restriction of @y to sl(2) X sl(2) is a nonrelative 2
cocycle. Indeed, let Xr, X¢ € sl(2) C osp(1]2), it is easy to see that

(=1 Ou(Xg, X6) = (k = Dwp1(Xp, Xc) © 9,
or equivalently, according to the decomposition (15), we have
(~DfDylapair) = o ((k = )awg_1)
where wy is the nonrelative 2 cocycle defined by (12). Thus, @y is a nonrelative 2 cocycle. [J

Obviously, as for the sl(2)-module S,, it easy to construct many examples of true a(1|1)-nonrelative
deformations of the osp(1|2)-module &, with one parameter or with several parameters.

Example 2.6. Let us consider y = § € 1(IN+1) and let (C)rez be a sequence of real numbers such that, for 1 <k < ¢,
we have Cy # Cy—. Put by = tand o = (i t. So, we obtain a a(1|1)-nonrelative deformation of S, with one parameter
t:

14
5332 = tZ Coke Ny (XF) + tZ Ae(Xp).
k>0 k=1
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3. Open problems

3.1.

Problem 1

The sl(2)-nonrelative cohomology H!

JQ) (Vect(lR) ;D ,W) determines and classifies sl(2) nonrelative infinites-

imal deformations up to equivalence.

3.2.

Conjecture: Any sl(2)-nonrelative formal deformation is no equivalent to its infinitesimal part.

Problem 2

Determine the space of a(1)-nonrelative conomology Hi(l) (Vect(]R); D;\,y) and study the affine nonrelative

deformation.

The authors have no conflict of interest to declare that are relevant to this article.
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