Filomat 40:9 (2026), 32393254
https://doi.org/10.2298/FIL2609239R

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2y

‘&,
g,
T &

&
Ipapor®

Solutions of a double phase singular Kirchhoff type equation with
nonstandard growth
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Abstract. A specific category of singular class of double phase Kirchhoff type equations characterized
by variable singularities is studied. By employing variational method, we prove both the uniqueness and
existence of positive solutions for cases of weak variable singularities, where singularity 7 lies within the
interval (0, 1), as well as for strong variable singularities, where 1 exceeds 1. Additionally, we present an
application from composite materials.

1. Introduction
Here, a degenerate Kirchhoff-type equation

=R (ju(w)) div (B (u,p,q,v)) = h(x,u,n) inQ,
u>0 inQ, 1)
u=20 on dQ,

where Q ¢ RY is a bounded smooth domain with Lipschitz boundary dQ, N > 2, R € CH0, +o0),0 <v(-) €
L*(Q) and

a |Vu|P(X) |Vu|17(x) )
Jr (1) —L( () + v(x) proe) dx and

B(u,p,q,v) = VU2V + v(x)|Vu| 102V,

Suppose

(H1) pqe C.(Q)with1 < p~ <p(x) < q(x) < g7 <min{N, p*(x)}, where p*(x) := I\I,\I_’J;X).
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(Hz2) R :(0,00) — (0, o) is a nondecreasing, C! function and
k15971 < R(s) < x5% 7Y, 2)
where k1, k2, a1, ap are real numbers such that k, > x; > 0and ay > a7 > 1.

We suppose two types of singularities of the nonlinearity #(x, u, ) as defined below:

 Bu® 0 <n(x) <1,
Ii(x, u, 77) = { g)(x)u_”(x) if 1 < n(x) < oo. ©

where 7 is a continuous function over Q, p € CY(Q) is a nontrivial nonnegative function, J € LY(Q)is a
positive function (see [8} [19]23H25, 28]).
The double phase operator, expressed as

dio (IVuP®2Vu + v VUl 2), u e W (Q),

is associated with

VP V1) 1H
M—)L( ) + v(x) pree) )dx, ue Wy (Q). 4)

This functional exhibits variations in ellipticity based on the regions where the weight function v(-) is null,
transitioning through two distinct phases of elliptic behavior (see [1},9H11], [16H18| 21| [29] [30]).

The problem (I) encompasses various models that illustrate intriguing phenomena examined in math-
ematical physics (refer to the works of [15} 20} 22]). Singular Kirchhoff-type issues concerning the double
phase operator have been examined extensively see [3]. When v(x) = 0, Avci [4-7] by using the Ekelands
variational principle and a constrained minimization approach (introduced by Yijing and Duanzhi in [27]),
studied the positive solutions for the weak and strong variable singularities.

The primary findings of this article demonstrate the existence of a unique solution within the function

space Wé’ﬂ(Q). This space is significant as it provides a coherent framework for understanding the problem

0.

The following theorems are presented in this paper.

Theorem 1.1. Suppose|[(H1)}[(Hy)} and
(A1) neC(Q)and1 <~ <n(x) <n* < oo,
(A2) p(x) € LYQ) and p(x) > 0 a.e. in Q,
hold. The problem
~R (W) div (B (u,p,q,v)) = p()u™™ in Q,

u>0 in Q, (5)
u=0 on 9Q),

admit a unique positive Wé’(H(Q)-solution iff there exists u € Wé’(H(Q) satisfying f ()" "M dx < co.
Q

Theorem 1.2. Suppose|(H1)}[(Hy)} and
(A3) ne C(Q)and 0 <~ <n(x) <n* <1,

(Ay) 0 < I(x) e CHQ),
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hold. The problem

R () div (B (1, p,9,v)) = I inQ,
u>0 in Q, (6)
u=0 on 0Q),

admit a unique positive Wé'(H(Q)—solution with a negative energy level.

Sectiondelves into the analysis of the space Wé'ﬂ(Q). The problem (5) is studied inand the existence
of a unique solution in W(l)’w(Q) is proved, contingent upon the existence of a function u € W(l)’w(Q) such that

()] dx < co, thereby proving Theorem In Subsection we provide an example to illustrate

Q
Theorem Finally, Section [4] addresses problem (6), demonstrating that it possesses a unique positive
solution in the space Wé’ﬂ(Q) with a negative energy level, which corresponds to the proof of Theorern

2. The space W;’H(Q)
Let H : O x R* — R* be given by
H(x, t) == 'Y +p(x)t1® for all (x, ) € Q x RY,

and pg(*) is defined by
pr(u) = f H(x, lul)dx = f (Iulp‘x) + v(x)|u|q(x)> dx.
Q Q

One can define the Musielak-Orlicz space
L™(Q) := {u : Q - R measurable; Py (1) < 400},

endowed with the Luxemburg norm

[l = inf{T >0: pq{(%) < 1}.
We recall [2], Proposition 2.2] or [14} Proposition 2.13]:
Proposition 2.1. Assume hold, u € L*(Q) and A € R. Then
o Ifu#0,then|lully = A © py(y) =1and |lullyy = 1 © pg(u) — 1,

o |lullgr <1 (resp. >1,=1) © py(§) <1 (resp. >1,=1),
o Ifllully > 1= |lull, < ppe(u) < IIMIIZ:,/
o Iflully < 1= [llly < preu) < Ilull,
o |lullgy = +00 & pgy(u) = +ooand |lullgy — 0 © pg(u) = 0,
o Ifu, — uin L"(Q), then pyy(uy) — pp(u).
One can define the Musielak-Orlicz Sobolev space
WH(Q) = {u e L*(Q) : IVul € L* (@)},
equipped with the norm
el = IVullge + lloellg,

with |[Vullg = ||Vulllyy and by wér’H(Q) = Cg(Q)ll'”WW(g’. The spaces L¥(Q), W' (Q) and W(l)”{(Q) are
reflexive, uniformly convex and Banach spaces.



A. Razani, M. Avci / Filomat 40:9 (2026), 3239-3254 3242
Proposition 2.2. (see [14, Proposition 2.16]) Assume|(H1)|hold. Then

(i) LH(Q) — L'OQ), WHH(Q) — WIO(Q), Wé’q"(Q) — Wé’r(')(Q) are continuous when 1 < r(x) < p(x) for
all x € Qand r € C(Q).

(i) WHM(Q) = L'O(Q) is compact when 1 < 1(x) < p*(x) for all x € Q and for all r € C(Q).
By [14] Proposition 2.18], we can equip the space Wé’ﬂ(Q) with
llully, 200 = IVullgy.

Now, for any r € C(Q) for which the continuous embedding Wé’(H(Q) — L'(Q) hold (see [2} Proposition
2.3]), and Cy; denotes the best constant for which one has

llull¢) < Coellually,z,0-

Proposition 2.3. (see [14]]) For the convex functional j4((-), we have j¢; € Cl(Wé'(H(Q), R) with the derivative

(];{(u),w:LB(u,p,q,v)'Vvdx,

forallu,v e Wé’W(Q).
Lemma 2.4. [4] Let V be a vector space, and let [ : V — IR. Then I is convex if and only if
((A-MDu+Av)<(1-Ae1+Ae, 0<A<], (7)

whenever 1(u) < €1 and I(v) < e, forall u,v € V and 1,6, € R.

In the rest of the paper, we let X := Wé'(H(Q).

3. The Strong Singularity: 1 < 1(x) < oo
Corresponding to equation (5), we define & : X — R as the singular energy functional

2069) L7

&0 = B () + [ SO

where R(t) = [ R(s)ds.
For any u € X provided |, @(0)u|'"™dx < oo, the functional & is well-defined and coercive on X. Indeed,
using Proposition[2.1} and we have

& 1 —n(x
8001 < LB + g f Pl dx < oo,
Q

Now assume that |[ull; 410 > 1. Then using Proposition and together provides

[2%
7

&) > ot

)1 dy,
" (q+)a1 on( ul

which implies E(u) — oo as [|ully, 210 — oo; that is, & is coercive.
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Definition 3.1. A weak solution to problem (5) is a function u € X such that essin fou > 0 for any domain Q € Q
it holds

R (Jge(w)) f@ B(u,p,q,v) - Vedx = fQ Pu M epdx, (8)

forall p € X.

Definition 3.2. According to the constrained minimization for problem (5), we define

X, = {u eX: f (*R( 1) [IVaP ) 4+ (V] - go(x)|u|1_"(x))dx > 0}
Q
and

X, = {u €x: L (%( e w) [[VaP ) 4+ (V] - go(x)lull"’("))dx - 0}.

Remark 3.3. Notice that X; is closed in X.
Lemma 3.4. Assume that [(Hp)|holds. Then

(i) R is increasing on (0, 00) and convex.

(ii) The operator G : X — {x € R|x > 0} defined by G(u) := ‘)?\( J94(1)) is convex. Moreover, G is of class C1(X, R)
and G’ : X — X" is given by
(G' (W), @) =R (o)) (3, @), €)
is monotone for u, p € X.

Proof. Here we are working on the function space, X, and provide a concise outline of the proof whenever
a slightly different approach is required (see [4, Lemma 3.4]). In this regard, we skip part (i), and continue

with part (if). Now, by the continuity of R and the Mean Value Theorem

(600, = L B G-+ t) [ (1VG0-+ etglP 2V -+t

+ v(x)|V(u + et(p)IQ(")_ZV(u + et(p))-V(pdx], o
forallu,p e X,and0 < e < 1.
Put
I(u + eto) ::[IV(u + etQ)PI72V (1 + et) + v(x)|V(u + ete)) T2V (u + st(p)]-v(p. (11)
By the Young’s inequality, it reads
13 + etg)] < CylIVul® + [Vl ® + [plL[Vul™® + [Ve®], (12)

where C, := %ﬁ By L1®(Q) c LP™M(Q) c LY(Q), the right-hand side of belongs to L}(Q). In

conclusion, the Lebesgue’s Dominated Convergence Theorem and the continuity of R yield
(G (), p) = lim R (o (u + et)) f lim{ |V (u + et@)PO2V (u + ete)
— Qt=

V@)V (1 + et@)) IO 2V (u + ete)) - Vopdx]|
=R (Jg(u)) (13, (w), @) (13)
Since 0 < v € L*®(Q), G is of class C}(X,R) and G’ is monotone. [J
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Lemma 3.5. If (u, > 0) C Xj is a minimizing sequence for the problem lim,_. E(u,) = infx, &, then there exist
01,02 2 0 for which
01 < lunll g0 < 02

Proof. Considering that (u,) C X; is a nonnegative minimizing sequence for & which is coercive, (1,) would
be forced to have a bounded norm, otherwise, &(u1,) would not approach the minimum value, but would
diverge to infinity as [|u,lli,#0 — oo. Thus, for a minimizing sequence (u,) C X; of &, there exists 6, > 0
such that |[u,l, ¢ 0 < 6,. However, we still must rule out the possibility of having a minimizing sequence
which tends to zero. To this end, by contradiction, suppose there exists a subsequence (u,) C X; such that
u, — 0(strongly) in X.

Then, by Fatou’s lemma,

[ ROsd ¥ 4 v > [ ol
0 Q
liminf jg,(u,)* > P_+ f lim inf ()|, |1 dx. (14)
n—o0 K2q qQ n—o®
However, if f € L1(Q) and p(x) > 0 a.e. in Q, the assumption 1, — 0in X, and Proposition gives a

contradiction. Thus, there exists 6; > 0 such that |[ully 210 = 61. O

Lemma 3.6. Suppose u € X and fQ P()|u|'""dx < co. Thus there exists a unique continuous scaling function
X = {x € Rlx > 0} : u > t(u) such that t(u)u € Xy, and Hu)u is the minimizer of the functional & along the ray
{tu : t > 0}, i.e., infso E(tu) = E(t(W)u).

Proof. The proof is much the same as Lemma 3.8’s of [4], so we omitit. [

Lemma 3.7. Suppose that (u,) C Xj is the nonnegative minimizing sequence for the minimization problem
limy, 0 E(uy) = infx, E. Then, there exists a subsequence (u,) such that u, — i in X.

Proof. Notice that (1,) is bounded in X, since it is a minimizing sequence. Thus, due to the reflexivity of X,
d(u,), not relabelled, and #i € X such that

o u, — il (weakly) in X,
e 1, — 0in LH(Q),
e u,(x) — fi(x) a.e. in Q.
Using Fatou’s Lemma and Lemma it follows

i)r(1f8 = lim &(u,)

R 1-n(x)
> lim inf [‘R (g (un)) + f de]
n—oo a

nx) -1
o~ ()1
> R (jn(w)) + fQ @ -1
= &(i) > E(1(@)i) > infE, (15)

since the functional || - ||, ¢ is weakly lower semicontinuous. This result means that
lim [[unlly, 240 = [lill1,240- (16)
n—oo0

In conclusion, and the fact that u, — 7 in X ensure that 1, > 1in X. [

Now we present the proof of Theorem [1.1]
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Proof. Necessity. If u € X is a weak solution to problem (5), then replacing u with ¢ in Definition
immediately leads to fQ P dx < oo.

Sufficiency. Assume there exists 1 € X with fQ P(@)[u'""dx < co. Then I a unique number () > 0 s.t.
t()u € X, (by Lemma3.6). Since & is and bounded below on X; and coercive, one can apply Ekeland’s
variational principle to infx, &. Therefore, there exists a minimizing sequence (,) C X; for which:

(E1) E(un) —infx, < 1,
(E2) E(up) — Ew) < Ly — wlly 40, Yw € X

Since &(|uy|) = E(uy), one can assume that u,(x) > 0 a.e. in Q. Moreover, considering that (u,) C X, it reads

w< P 1-n(x)
) = 2o [ oy 7)

However, if we consider Lemma 3.5} [(4,)} and Proposition 2.1} then u,(x) > 0 a.e. in Q.

Next, building up on the result of Lemma we claim that when 7 is large enough # is contained in X,
regardless (u,) C X \ Xo or (u,) C X,. As a result, it is a weak solution to (5).

Case I: Assume that (11,) C Xj \ X, when n is large enough. Then I € X,.

For a function ¢ € X with ¢ > 0, and t > 0, using [(A1)} [(A2)] give
[ o+ oy < [ ou
Q Q
< RO [ [V + vVt (18)
Q
Thus, for small enough t > 0
[ o0t + tg-ax
Q
<R + 1) [ [, + 1)+ vVt + 1], (19)
Q

thatis, u, + tp € X5 \ X».
Next, we apply (Ez). Thus

1-n() 1-n(x)
g, f P(0)(un + te) i
nx) -1 Q nx) -1

By dividing both sides of the inequality by t and passing to the limit infimum as ¢t — 0, and applying
Fatou’s lemma, we obtain

gl > R ) = K i + 09 + [

llell

n

+ R (e (0n)) f B, p,q,v) - Vepdx > f P, " pdx.
o) o
Using Lemma 3.7} and considering[(H3)|and Fatou’s Lemma, we have
R (j(1)) f B(a,p,q,v) - Vodx - f P()(@) " pdx 2 0. (20)
Q Q

If weletp =1 in , we obtain that 7 € Xj.
Hence, by applying Lemma 3.7 it reads

e X, (where t(@1) = 1), (21)
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which concludes Case L.
Case II: There is a subsequence of (u,) (without relabeling) contained in X,. Then i € X,.

For a function ¢ € X with ¢ > 0, and t > 0, using[(A1)} [(A,)] gives
[ o+t < [ ot
Q Q

R (1) f V16, 4+ vVt 1L 22)
Q
<00,

According to Lemma3.6there exists a unique continuous scaling function, denoted by o,,(t) := t(u, +t¢) > 0,

corresponding to (u, + t@) so that 0,(t)(u, + tp) € X, for n = 1,2,---. Then, by the means of the definition
of X,, we can write

0> R(J(0nlitn + t0))) f (V610w + 1))+ vV 0 + )1 i
Q
(23)
=370 [ o + 1),
Q

and
0= RO [ [V 4+ vV 1~ [ otcomy”™ . 4)
Q Q
Then by and (24) we have
02[~(1= 1) [6,(0) + T(6 (1) = ()] fQ P00 + t)! x| (0,(0) = 74(0)
+ Rip(0u (1t + 1)) f [Vt + )P+ vV B + )1 |
Q
— Ryl + t)) f (1900, + t@)P® + @IV (1t + b)) dx
Q
+ R(Jg(ttn + 1)) f IV, + t)P + v (¥ (1 + tp) 1] dx
Q
= ROt [ [0, 1V ]
Q
- [ o gy [ o, 25)
Q Q

for some constant 0 < 7 < 1. The function ¢, is a continuous real-valued function (Lemma . However,
we don’t have any information about o7,(0). Therefore, suppose o7,(0) = lim;_,o M € [~00,00]. If this
limit doesn’t exist, we can instead use a subsequence f; > 0 of t such that t, — 0 as k — oo.

(7) 07,(0) # oo.

By [(Hy)} Proposition 2.1} and dividing the both sides of (25) by  and passing to the limit as t — 0 leads to

0> [p‘%uw(un» f [V, ") + v (0) Vit 1)k + (3 — 1) f (™ gy
Q Q
2
+R’ (jg(10n)) ( f (V20,7 + v<x>|wn|ﬂ<x>1dx) ] 77,(0)
Q

+[P_‘R(](H(“n))+%, (e () fQ [IVunI”(")+V(X)|Vunlq(x)]dX]
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x [ Bunpgn) Votx -1 [ o pdx (26)

Q Q
Considering Lemma 3.5 (26) means that there is a constant ¢ > 0 such that 0},(0) < ¢ uniformly in all large 7.

(if) 5,(0) # —oo.
Using Ekeland’s variational principle, the definition of X5, it reads

L lou(® Ul + to, 0]

= pu, "™ P[0t (1 + t<p>11 e
2R () + [ s = R (ot + t) — [ T
25{ (]H(un)) - % (]’H(On(un + t(P))) - 17_—_1% (]ﬂ(an(un + t(P)))
x f [IVou(t)(un + t@)PS) + v()IVo, () 1ty + LT ] dix.
Q
(27)
Or, using and Lemma 3.5 gives
P ap N
L o) = Ul + 10, 0Nl + R (it + 199) = R (ipelun)) + % Il
2 R (J(ttn + 1)) = R (21(0nt + ). (28)
Thus when t — 0, it follows
1 e .
L1l + B Gn)) [ B q,0)- Ve + 2ol
(-8 () [ [V vV~ el ot ) - 11} 0, (29)

which shows that 0;,(0) # —oco. Thus, 0,,(0) > ¢, ¢ is a constant, uniformly in large n. Putting all these
together implies that there exists a constant Cy > 0 such that |07,(0)] < Cyp when 7 is large enough.

(ii)) 11 € Xo.

Using Ekeland’s variational principle once more,

U lou) ~ il + £l
= = pu, " D) (1t + tp) 71
2R (J3(un)) = R (e (un + t)) + fgmdx—fg o dx
+ R (Jp(un + 1)) = R (J31(0n (un + )
PO + ) 10 ()0 (E) (i + b)Y
+ fQ o dx fQ ) - dx. (30)

Then when t — 0, we get

%[IOZ,(O)IIIMnIHII(pII]+?’\(]ﬂ(un))LB(un,MzV)'prdx

R (i) fQ (V16 + () Vit 1 ) + fQ oy x| 0) + fQ o(u;" . (31)
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However, since |07,(0)| < Co uniformly in 1, by letting n — oo

ROw(@) [ Bap,a)- Vot [ w0 @
Q o
forall ¢ € X, ¢ > 0. Substituting ¢ = 1 in implies that 7 € X;. Then by Lemma[3.7]
€ X, (where t(#1) = 1). (33)

Putting it all together, we conclude that #i € X;, and holds for both cases. Aswell, sincel > 0and i # 0,
by the strong maximum principle it follows that 7i(x) > 0 almost everywhere in Q.

Next, we shall show that 7 € X is a weak solution to problem .

Let ¢ € X be a random function, and let ¢ = (@ + e¢)* = max{0,i + €}, ¢ > 0. Let Q = Q; U Q., where
Qy = {x € Q:d(x) + ep(x) = 0} and Q. := {x € Q : fi(x) + ePp(x) < 0}.

To this end, switching ¢ with (i + ¢) in (32), we have

0 <R (jo (1) fQ B(@,p,q,v) - V(@ + ep)dx — f ) (@)@ + ep)dx

Q>

:%(]w(a))[ fo [IVAPD + v()|Val®dx + ¢ fg B(ﬁ,p,q,v)-V(pdx]

- f @) Vdx — ¢ f P(@) et — R (15(8) f B(8,p,4,v) V(@ + eg)dx
Q Q

<

- f P(0) (@)@ + ed)dx. (34)

Qc

However, since i1 € X5, it reads

0 <e [W}w(ﬁ)) fQ B(i,p,q,v) - Vepdx - fQ p(x)(ﬁ)‘“"’d)dx]

— e[ R(u (@) f B(0,p,q,v) - Vodx + f g)(x)(ﬁ)‘”(’”cpdx] : (35)
Q. Qo

Dividing (35) by ¢ and considering that |[Q.| — 0 as ¢ — 0, we obtain

R (@) [ B@pa)-Vode> [ o oy, (36)
forall ¢ € X.
However, due to the randomness of the function ¢ € X,

R (@) [ Bpg,)- Vo= [ oo s )

Q Q

Thus, 71 € X is a weak solution to problem (5).
Lastly, we show that i € X is the unique positive solution to problem (5).
Argue by contradiction. Assume that ¢ is an another positive weak solution to (5). Thus

R (J4(2)) fg B(8,p,4,v) - Vodx — R (x(0)) fg B(0,p,q,v) Vobix

(38)
= [ o[ - @] g
0
Then, by replacing ¢ with il — 9 in (38), and applying Lemma 3.4} we obtain
0> [ ot [@7 - @] @ - o)
Q [ ] (39)

=(G'(1) - G'(0),4-0) 2 0.
Thusi=9in X. O
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3.1. Application to Composite Materials

We provide an application from composite materials to illustrate the problem (5) and the result of
Theorem [I.1]in a concrete way.

Description of the Problem and Modeling
In composite materials, the mechanical properties can vary significantly from one region to another due
to the presence of different constituents (e.g., fibers embedded in a matrix). The double phase operator is
particularly useful for modeling such materials because it can capture the variation in material behavior
across different phases (see, e.g. [13,126]).
We can consider a composite material occupying a domain Q in R, consisting of two distinct phases:
Soft Phase (v(x) = 0). Represented by regions where the material is more compliant or softer.
Hard Phase (v(x) > 0). Represented by regions where the material is stiffer or harder.

As mentioned before, we can model the mechanical response of this type composite materials using
div (IVuP®=2Vu + v(x)|Vul"®-2Vu)

A weighted version of the double phase operator might lead to the following equation, i.e. problem (5),
that governs the equilibrium state of the material under external forces

p(x) (%)
—R (f [Vul + v(x)M)div[qulp(")zVu + v(x)IVulq(")*ZVu]z e() ™™ in Q,
o)

p(x) q(x)
u>0 in Q, (40)
u=20 on 0Q),
where:

e u represents the displacement field in the material.
e Vu is related to the strain in the material.
e p(x) and g(x) satisfy 1 < p(x) < g(x).

e v(x) is a measurable weight function defined as:

(x) = 0 if x is in the soft phase (matrix),
Vi) = vo > 0 if x is in the hard phase (inclusion).

The functional R depends on the integral of the energy functional over the entire domain Q, that is, it
introduces a nonlocal effect into the equation. In the context of composite materials, this might suggests
that the stress-strain relationship at a point is influenced by the overall deformation energy of the material.
On the other hand, the singular external force, 1™ could represent stress concentrations or defects in the
material where the strain (related to Vu) becomes large.

Now, we shall present a specified example for problem (40).
Let Q:=Byp ={x € RN : |x| < 1/2, N > 3}. We split Q into two disjoint regions as follows:

Q,—o :=The soft phase (matrix) and
Q.50 :=The hard phase (inclusion).

Assume the following;:

. _ 0, if xisin Q,—,
VX =9 >0, ifxisin Q.

e p(x) =2in Q.
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| 2, ifxisin Q,—,
* q(x) —{ 4, if xisin Qyso.

e p(x) = (" log|x| ™)k, k> 1;and @ = (¢ log x| ™)), x # 0, > 1.
e R(t) =a+Dbt,a>0, t,b> 0 are constants.

Theorem 3.8. Suppose holds. Additionally, if 1 <n* <1+ Eand a > &=, then problem (@l) has a unique
positive X-solution.

Proof. Since p(x) = (¢ log |x|1)* < 251 for all x € Q, p € L}(Q). Therefore, conditions|(H;)| [(H2)| and |(A,)|
hold. It is straightforward to show that @ € X, so it’s omitted.
To show that j;) ()| dx < oo, we switch to spherical coordinates, that is,

f (@ log [x| 1Y (e" log [x[~1)* =1 dx
Q

1/2
< On-1 f (erZ log prlyfra=n") N=-1g,
0
< o, (41)

where Qy_; is the surface area of the unit sphere SN-1in RN given by the formula Qy_; = rz& //2) and I' is
the gamma function. Therefore, by Theorem[I.1} problem has a unique positive X-solution. [J

4. The Weak Singularity: 0 < n(x) < 1

We study problem (6) and prove it has a unique positive X-solution with a negative energy level. We
define the singular energy functional & : X — R corresponding to equation (6) by

_ 5 () u[1-10
&) = B (jye(u)) + fﬂ %‘%d

Definition 4.1. A weak solution to problem (6) is a function u € X such that essinfou > 0 for any domain Q € Q
it holds

‘R(](H(u))LB(u,p,q,v)'V(pdx=Lﬁ(x)u”(")godx, (42)

forall p € X.

Lemma 4.2. For the functional &, we have the following:
(i) & is well-defined on X.
(i1) &is continuous on X.

(iii) & is coercive on X.

)
Proof. Holder inequality and the continuous embedding X < Lt (Q) together give

3 ()[ul' 1™
fo nx) —1 dx'
) az I (@)|ul 1™
Sa_z(]‘l-l(”)) + -1 dx‘

)2 """’" )
0[ (p )az 17‘{0 1,H,0

1E@) <R (Je(u)) +

(43)

< +o00,
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that is, & is well-defined on X.
Considering that G is of class CY(X,R), and using the inequality ok — b < |Ja —bfF with 0 < k < 1, for any

9(x)
a,b > 0, and the continuous embedding X < L™+ (Q), we get

1E(w) - E(@)| < 1G(u) — G@)| + %H“ ~llygry <€

for any u,v € X, provided |[u — || < C(e). Therefore, & is continuous on X.

Let u € X. In the similar fashion, one can get
K1
ay(q)
Considering that a1p~ > 1 — n*, we obtain that & is bounded below on X and coercive. [

Lemma 4.3. If[(Hy)|holds then & is convex.
Proof. We apply Lemma 2.4} thus, it is enough to show that & satisfies

- |g|<>o 1-n~
P prer L (44)

E(u) > LH0"

[Jull

E((1 = Mu+ ) < (1 - Yo + A5,

whenever &(u) < 0 and E(v) < 9, for all real numbers 0 < A < 1and 7,0 > 0.
Using and Proposition[2.Twe obtain

C1k2 * - A
8(u) < (Il + Mallsy ) = 6,

a(p)™ 1LH,0 1LH,0
and
C2K2 arq*t ap” . &
60) < o5 (ol + i) = &
for all u,v € X. Therefore,
_ _ C3K2 wmgt ap” C4K2 aq* ap”
E((1 =M+ do) < (1 =N o = (a0, o + a2 ) + o (ol o + Nl )
— 6 0 —— 5 by s
If weseto := max{%, %} and 0 := max{a, E}’ it reads

E((1 = Mu+ 10)) < (1= D)o + A6,
Thus, by Lemma[2.4 & is convex on X. [
Considering the Lemmas[4.2land .3] the next lemma implies that & attains a global minimum in X.

Lemma 4.4. & attains a global minimum in X, that is, there exists a function uy € X such that

m = E(ug) = irel}f(é}(u) <0. (45)

Proof. Notice that since & is convex, coercive and continuous, it has a global minimum in X.
Set
m = inf E(u), (46)
ueX

where m is a real number by {@3).
For a nontrivial function ¢ € X, we have

L‘(zq

wllelgy A1
E(tg) < —— 0 g™ f Il "dx,
(tp) PN ETS =1, (e
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which shows that for ¢ > 0 small enough, &(tu) < 0. Let tg = u with [[ull; 4o < 1. Then, m = inf,ex E(u) < 0.
As well, by (@46), there is a minimizing sequence (u,,) of X such that

m = lim &uy) < 0. (47)

Considering the fact that &(u,) = E(|lu,l), suppose u, > 0.
Due to and (@7), (u,) is bounded in X. Thus, there is a subsequence (u,), with the same label, and 1y € X
for which

U, — upin X,

Uy = 1o in L'(Q), 1 < r(x) < p'(x),

Uy (x) = up(x) a.e. in Q.

The function & is weakly lower semi-continuous on X, Since it is convex, continuous on X. This implies

m <&(uo)
poy I (x)fuo| 1)
=R (14 + f T
(mtuo) + | =05
<liminf&(u,) = m,
that is,
m = E(up) = ir}}f&(u) <0. (48)

This concludes that 1 € X is a global minimum for & O
Now, we present the proof of Theorem

Proof. We claim that the global minimizer u, € X is a positive weak solution to problem ().
We know that 1y > 0, ug # 0 since m = E(up) < 0 = E(0). Let ¢ € X with ¢ > 0, and t > 0. Then

¢ E(ug + tp) — E(uo)

0 <limin
t—0 t

Un + t 1-n(x) _ ul*!](x)
Sf R (j4(140)) (IVMOI”(")’2 + v(x)|vu0|q(X)72) Vg - Vpdx — lim supf I(x) L0 + t9) 0 ]dx,
Q t—0 Q 1-n(x)

which gives

[(”O + t(P)lﬂ](x) _ u(l)—’l(x)]d
X
< f R(J20(10)) (IVeto" 2 Vatg + v(x) | Vitg "2V ) - Vepeh.
Q

limsup | J(x)
Q

t—0

There exists ¢ € (0,1) (the Mean Value Theorem) such that

1-n(x

[(uo + t) =10 —
fo 3@ 1-n(x)

)
]dx: f I(x) (1o + tep) " @epdx. (50)
Q
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Next, using Fatou’s lemma provides

Uy + t 1-n(x) _ ul—r](x)
lim supf I(x) [0 + £¢) 0 ]dx
o)

t—0 1- 77(3‘)
Un + )1 — 4171
Zliminff 5(x) L0 + ) o4
=0 Jo 1-n(x) (51)

=lim 1nff S(X)(MO + té‘(p)_ﬂ(X)(pdx
t—0 Q

Zf 5(x)u5”(x)(pdx > 0.
Q

Considering and together, we have

%(]ﬁ(uo))fB(uo,p,q,v)-V(pdx—fﬁ(x)u(;”(x)(pdeO, (52)
Q Q

for all p € X with ¢ > 0. However, since uy > 0 and 1 # 0, by the strong maximum principle
ug(x) > 0, almost everywhere in Q.

Next, we prove that uy € X satisfies (42). To do so, for a given € > 0, define & : [—€,€] — (-0, ) by
E*(t) = E(ug + tup). Due to Lemmald.4] & assumes its minimum at t = 0. Therefore

d.. d
ES (t)|t=0 = ES(uO + tuo)lt:() = 0,
which means
ROwtu) [ Bluop,a e = [ Seug 53
Q Q
Let p € X and € > 0. Set ¢ = (g + €¢)* = max{0,up + ¢¢}. In the similar way (as we did in the proof of

Theorem|[L.1), we split Q) into the same sets Q> and Q.. Then, replacing @ with (1 + £¢) in (52), using (53),
and applying the similar steps, we obtain

0 S%(]ﬁ(uo))f B (uo,p,q,v) - V(ug + ep)dx — f S(x)ua"(x)(uo + e@)dx
Qs Qs

=%<Jw(uo))( |- )B(uo,p,q,vw(uo+e¢>dx—( (- )5(x>u5"<x><uo+g¢)dx

<e [‘R(]W(uo)) fQ B (uo,p,q,v) - Vodx — fQ S(x)uo’?"”q)dx] o
— & |R(a(u0)) fﬂ B (uo, p, q,v) - Vopdx + fQ S(x)u;”(’”(pdx].
Dividing (54) by ¢, when ¢ . 0, it reads <
R(J94(10)) L B (40, p,q,v) - Vepidx — fQ Iy "™ ddx > 0. (55)
Since ¢ € X is arbitrary
R (J#4(u0)) fQ B (uo, p, q,v) - Vpx = fo 3 (@)uy " pdx, (56)

that is, 1y € X is a positive weak solution for equation (6). As well, since (i) < 0, this solution has a
negative energy level.
The uniqueness of the solution follows from Lemma O
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